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 A B S T R A C T

This study combines experimental and theoretical approaches to investigate steady-state, multi-dimensional 
heat conduction in polymeric fins. Surface temperature fields are measured using infrared thermography, 
while a normalized two-dimensional heat conduction model is developed and solved via integral transform 
techniques. Two base boundary conditions — prescribed temperature (Dirichlet) and prescribed heat flux 
(Neumann) — are analyzed to evaluate their impact on thermal behavior and parameter estimation. The Biot 
number is estimated using two approaches: (1) an inverse problem solved with the Levenberg–Marquardt (LM) 
algorithm and (2) a machine learning model based on Gradient Boosted Trees (GBT). Synthetic data generated 
from the forward model serve as the training set for the GBT approach, aligning with Problem-Informed 
Machine Learning (PIML) methodologies. Both approaches are then employed to estimate the convective 
heat transfer coefficient, while the material’s thermal conductivity is experimentally measured using a Heat 
Flow Meter (FOX 50). Results indicate that the LM method provides interpretability and strong performance 
when sensitivity is adequate and regularization is applied, while the GBT demonstrates greater robustness in 
nonlinear regimes and with ample training data.
1. Introduction

Infrared (IR) thermography has become an essential optical diag-
nostic technique in Engineering, particularly within the domain of 
Thermal Sciences. It is a non-destructive technique that enables the vi-
sualization of temperature distributions across object surfaces, offering 
significant advantages for experimental investigations. Over the past 
decades, a growing number of studies have explored the applications 
of IR thermography in Heat Transfer research, including convective 
heat transfer measurements around complex geometries [1], detection 
of internal defects in civil engineering structures such as concrete 
and masonry bridges [2], and even biomedical diagnostics, where 
dynamic infrared thermography has been employed to support the 
non-invasive identification of skin tumors [3]. Fundamentally, IR ther-
mography operates by detecting infrared radiation naturally emitted 
by objects, which lies outside the visible spectrum detected by the 
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human eye, specifically beyond wavelengths of approximately 700 nm. 
By employing specialized infrared cameras, this radiation is converted 
into a visible, computerized thermal image, allowing both qualitative 
and quantitative temperature measurements. In addition to being non-
intrusive, infrared thermography offers high sensitivity, low response 
time, full two-dimensional data acquisition, and improved accuracy 
by minimizing errors associated with tangential conduction within the 
sensor [4], making it a powerful tool for both fundamental and applied 
thermal investigations.

The historical evolution and technological advances of infrared 
thermography, particularly in its application to heat transfer and fluid 
flow visualization, have been extensively documented by Carlomagno 
and Cardone [4] and Astarita et al. [1,5]. These works trace the devel-
opment from the introduction of IR cameras in the 1960s (originally 
designed for military purposes) to the emergence of non-cooled Focal
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Nomenclature

𝐴 Integral Coefficients [−]
𝐵𝑖 Biot number [−]
𝑐𝑝 Specific heat at constant pressure [J∕kgK]

𝑓 Unknown function [−]
ℎ Convective heat transfer coefficient 

[

W∕m2K
]

𝐻 Height [m]
𝐽 Sensibility matrix [−]
𝑘 Thermal conductivity [W∕mK

]

𝐿 Length [m]
𝑁 Norms [−]
𝑃 Parameter [−]
𝑞̇′′ Heat flux [W∕m2]

𝑆 Objective function [−]
𝑡 Time [s]
𝑇 Temperature [K]
𝑌 Experimental/Simulated data [K]
𝑍 Eigenfunctions [−]
𝑥, 𝑦, 𝑧 Spatial coordinates [m]

Greek Symbols
𝛼 boundary condition factor [−]
𝛿 Thickness [m]
𝜖 Error [−]
𝛾 Aspect ratio [−]
𝜇 Eigenvalues [−]
𝜌 density [kg∕m3]

𝜎 Standard deviation [K]
𝛩 Estimated dimensionless temperature [−]
𝜃 Dimensionless Temperature [−]
𝜑 General boundary condition parameter [−]
𝜉, 𝜁 Dimensionless spatial coordinates [−]
Superscripts and Subscripts
𝑎𝑣 average
𝑏 base
𝑒𝑥𝑝 experimental
𝑓 fluid
𝑖 index associated with the predicted temper-

ature
𝑗 index associated with the measured/syn-

thetic temperature
𝑛, 𝑚 spatial indexes for truncation order
𝑚𝑖𝑛 minimum
𝑚𝑎𝑥 maximum
∗ Dimensionless
− Transformed
𝑡 total

Abbreviations and Acronyms
CITT Classical Integral Transform Technique
FPA Focal Plane Array
GBT Gradient Boosted Trees
GITT Generalized Integral Transform Technique
IP Inverse Problem
IR Infrared
LM Levenberg–Marquardt
2 
MAE Mean Absolute Error
ML Machine Learning
MSE Mean Squared Error
PDE Partial Differential Equation
PIML Physics-Informed Machine Learning
PINNs Physics-Informed Neural Networks

Plane Array (FPA) thermal detectors, such as microbolometers, in the 
1990s, which marked a major shift toward more accessible, sensitive, 
and complex imaging systems. As infrared thermography matured tech-
nologically, its applications expanded beyond traditional heat transfer 
visualization to encompass a broader range of fields. Notably, in civil 
engineering, Balaras and Argiriou [6] enumerates the use of ther-
mal infrared imaging for identifying structural anomalies, estimating 
potential energy savings, scheduling interventions, and prioritizing pre-
ventive maintenance actions. For the last few years, the technique has 
gained increasing relevance in the study of polymeric materials, where 
its ability to capture detailed thermal responses has been particularly 
valuable. Measurement accuracy in these contexts can be influenced by 
several factors, including surface emissivity, atmospheric attenuation, 
ambient temperature fluctuations, wind conditions, and sensor–target 
distance [7]. Beyond qualitative inspections, infrared thermography 
has been successfully employed for quantitative analysis and material 
parameter estimation. For instance, Moslemi et al. [8] conducted a 
thermal response analysis of additively manufactured polymers, using 
infrared measurements to predict key thermal parameters and evaluate 
the materials’ performance under varying thermal loads. Such ap-
proaches demonstrate the growing potential of infrared thermography 
not only as a diagnostic imaging technique but also as a robust tool for 
extracting thermal properties, a concept especially important for poly-
meric or composite systems characterized by low thermal conductivity 
and complex thermal behavior.

To move beyond surface observations and fully harness the capabil-
ities of infrared thermography for material characterization, it becomes 
necessary to apply inverse analysis techniques. These techniques allow 
for the estimation of unknown thermal quantities, such as thermal 
conductivity, heat transfer coefficients, among other properties and 
parameters, directly from measured temperature fields. By solving in-
verse heat transfer problems, researchers can uncover information that 
would otherwise be difficult to access through direct measurements, 
especially in materials where the thermal response is often sensitive 
to small variations in properties. Even without the use of infrared 
imaging, inverse analysis has been widely explored in the literature 
to determine unknown parameters in complex thermal systems. For 
instance, Knupp [9] introduced an integral transform technique for 
the direct identification of thermal conductivity and thermal capacity 
in heterogeneous media. This method allowed for the simultaneous 
estimation of spatially variable thermal properties, enhancing the accu-
racy of thermal analyses in materials with non-uniform characteristics. 
Similarly, Naveira-Cotta et al. [10] utilized integral transformed tem-
perature fields to identify thermophysical properties in heterogeneous 
media. Their work highlighted the effectiveness of integral transforms 
in stabilizing inverse solutions and improving the reliability of property 
estimations in complex materials. In the context of thermal contact 
conductance, Asif et al. [11] employed a transient approach with 
inverse heat conduction problems to estimate thermal contact con-
ductance between metallic contacts. Their findings indicated that the 
transient inverse method provided accurate estimations with shorter 
experimental durations compared to steady-state approaches, making 
it advantageous for practical applications. Chen et al. [12] focused 
on estimating space-dependent thermal conductivity in functionally 
graded hollow cylinders by developing an inverse analysis framework; 
this approach successfully determined the spatial variation of thermal 
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conductivity, which is crucial for the design and analysis of advanced 
composite materials. Moreover, Mohebbi et al. [13] addressed the 
determination of space-dependent heat flux in heat conduction prob-
lems with variable thermal conductivity; their study presented an 
efficient inverse analysis method that accurately estimated heat flux 
distributions, even in the presence of complex thermal conductivity 
variations, thereby enhancing the understanding of heat transfer in 
non-homogeneous materials.

Another notable example of application of inverse methods was pro-
vided by Pacheco et al. [14], who proposed a real-time inverse analysis 
method for identifying high-magnitude boundary heat fluxes applied to 
flat plates. Their approach relied on the forward solution of the two-
dimensional heat conduction problem, combined with regularization 
techniques to stabilize the estimation process. The study demonstrated 
the feasibility of accurately recovering large transient boundary fluxes 
using limited and noisy surface simulated temperature data. Instead of 
relying solely on infrared imaging, inverse analysis techniques have 
been widely implemented in conjunction with various types of ex-
perimental data. In particular, the combination of inverse methods 
with experimental velocimetry has proven effective in addressing prob-
lems in fluid mechanics. Pinheiro et al. [15] employed micro-Particle 
Image Velocimetry (micro-PIV) measurements to estimate irregular 
microchannel geometries by applying an integral transform-based in-
verse framework. Their study demonstrated that detailed flow field 
data, when coupled with inverse analysis, enables accurate reconstruc-
tion of complex geometrical features that are otherwise challenging 
to characterize. Collectively, these studies underscore the versatility 
and effectiveness of inverse analysis techniques in extracting critical 
parameters across various complex systems.

Integrating inverse methods with infrared thermography has signif-
icantly expanded the possibilities for quantitative thermal characteriza-
tion, particularly in cases where direct measurement is impractical. One 
early example of this integration is the work of Sousa et al. [16], who 
demonstrated how thermographic measurements could be effectively 
used as boundary conditions for solving three-dimensional inverse heat 
flux problems, leading to improvements in both spatial resolution and 
estimation reliability. Following this direction, research efforts have 
evolved toward increasingly sophisticated formulations that combine 
infrared measurements with inverse problem strategies to characterize 
not only boundary fluxes but also internal material properties and 
thermal behavior. The application of infrared-based inverse techniques 
has been extended to the detection of internal defects, as shown by Liu 
et al. [17], who addressed delamination defects in multilayered struc-
tures through a Fourier series-based inversion scheme. This reflects 
a broader trend in the literature toward extracting detailed internal 
information from surface temperature fields, a challenge also tackled in 
electronics, where Egger et al. [18] used Kalman filtering to estimate 
spatially varying heat sources in microprocessor hotspots, highlighting 
the potential for real-time thermal monitoring.

Other works have emphasized refining the estimation of heat trans-
fer coefficients and heat flux distributions from infrared data. For 
example, Bozzoli et al. [19] applied inverse analysis to evaluate con-
vective heat transfer in displaced enhancement devices, while Sanches 
et al. [20] focused on overcoming the ill-posed nature of explicit 
heat flux estimation by employing regularization techniques based on 
eigenfunction truncations. These studies demonstrate how stabilization 
methods and careful mathematical formulation are critical when re-
covering physical parameters from thermal images. At the material 
characterization level, infrared thermography has been combined with 
inverse methods to determine thermal properties directly. Chudzik 
[21,22] explored the estimation of thermal parameters such as conduc-
tivity and diffusivity in insulating materials, showing how non-invasive 
infrared measurements can provide quantitative results comparable 
to traditional intrusive methods. Similarly, Mohebbi and Sellier [23] 
applied a two-dimensional inverse analysis to irregular bodies, con-
firming the feasibility of using infrared-assisted inverse approaches for 
3 
complex geometries. Several studies have also addressed the estimation 
of dynamic or time-varying thermal behaviors. Le Niliot and Gallet 
[24] and Huang and Fang [25] investigated methods for recovering 
transient boundary conditions and dynamic surface heat fluxes using 
infrared measurements, while Bauzin et al. [26] extended the concept 
to 3D transient heat source identification. This shift toward transient 
analysis reflects a growing interest in capturing not only steady-state 
properties but also temporal evolutions in thermal systems. Finally, 
advances have been made in the simultaneous estimation of multiple 
thermal properties, particularly in anisotropic or heterogeneous materi-
als. Somasundharam and Reddy [27] addressed orthotropic materials, 
integrating infrared measurements to estimate directional conductivi-
ties, whereas Helmig et al. [28] developed experimental methods to 
quantify multi-scale thermal resistances at non-conforming interfaces, 
essential for the thermal management of layered composites. Millan 
[29], in turn, proposed a parameter reduction strategy for sequentially 
solving complex three-dimensional unsteady inverse problems with in-
frared thermography data, further pushing the computational efficiency 
in this field. These developments reveal a progression from simple 
flux estimation to advanced property recovery, supporting the present 
study’s use of inverse methods to estimate the Biot number in polymeric 
materials.

As evidenced by the cornucopia of reviewed studies, the integration 
of infrared thermography with inverse analysis techniques for estimat-
ing thermal properties is well established in the literature. Traditional 
inverse methods have demonstrated considerable success in recovering 
heat fluxes, boundary conditions, and material parameters across a 
wide range of applications. However, despite the maturity of these 
approaches, there remains a notable scarcity of investigations explor-
ing alternative methodologies, particularly those based on Machine 
Learning techniques. Classical inverse formulations typically rely on 
explicit mathematical models and regularization strategies to mitigate 
the ill-posedness of the problem. In contrast, Machine Learning offers a 
flexible, data-driven framework capable of capturing thermal behaviors 
and inferring parameters even under high measurement noise, con-
ditions which are often encountered in polymeric materials. Recent 
studies have begun to highlight this potential: Zhu et al. [30] demon-
strated that deep learning methods can effectively estimate boundary 
condition parameters in transient heat transfer problems, while Sarhadi 
et al. [31] applied Machine Learning to thermal imaging for damage 
detection in glass–epoxy composites. Nevertheless, few studies have 
systematically explored the generation of synthetic thermal datasets 
from forward thermal problems to train Machine Learning models 
for quantitative parameter estimation, nor have they rigorously com-
pared the performance of these data-driven approaches with classical 
inverse methods under different boundary conditions. This is a gap 
that Physics-Informed Machine Learning (PIML) have recently begun 
to address. By embedding physical laws, such as governing partial dif-
ferential equations, directly into the training process, Physics-Informed 
methods combine the predictive flexibility of neural networks with 
the rigor of classical formulations, allowing for more robust parameter 
estimation even with sparse or noisy measurements. Recent works have 
applied Physics-Informed Neural Networks (PINNs) to estimate thermal 
conductivity in practical scenarios, including battery thermal modeling, 
as shown in studies investigated by Jo et al. [32]. Moreover, Cai et al. 
[33] provided a detailed review for heat transfer problems, demonstrat-
ing the application of PINNs to canonical heat conduction problems 
and validating their effectiveness in reconstructing temperature fields 
and material properties. Although promising, these methodologies are 
still relatively recent, and comprehensive comparisons with traditional 
inverse techniques under varying experimental and boundary condition 
complexities remain a rich area for future research.

The purpose of this work is to introduce an investigation into two-
dimensional heat conduction in polymeric materials and the estimation 
of thermal properties using inverse analysis and machine learning 
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Fig. 1. Schematic diagram of the considered problem, addapted from Moreira et al. [45].
techniques. Building upon the extensive literature on infrared thermog-
raphy and inverse problems, this study advances toward a more sys-
tematic integration of classical modeling and data-driven approaches 
for characterizing thermophysical parameters. The experimental data 
used in this work was obtained from the setup developed by Moreira 
et al. [34], who also proposed a simplified one-dimensional lumped-
parameter analytical model using infrared thermography to estimate 
the thermal conductivity of epoxy nanocomposites. While their ap-
proach provided valuable insights into thermal conductivity trends, it 
did not address the estimation of dimensionless parameters such as 
the Biot number, nor did it incorporate regularization strategies to 
stabilize the inverse solution. Unlike Moreira et al. [34], the present 
investigation focuses on estimating the Biot number in polymeric ma-
terials by employing a reduced-order thermal model with enhanced 
sensitivity to boundary conditions. In addition, rather than relying on 
a simple one-dimensional model, a full two-dimensional formulation is 
employed. The model is solved using the integral transform technique, 
building upon previous applications of this methodology [35–44]. The 
forward solution of the 2D model is used to generate synthetic ther-
mal data for training and evaluation purposes. Unlike prior studies, 
which predominantly relied on inverse analysis methods alone, this 
work systematically compares the classical and regularized Levenberg–
Marquardt-based inverse solution with a supervised machine learning 
model trained on synthetic datasets. Moreover, two different base 
boundary conditions — Dirichlet and Neumann — are investigated to 
evaluate the sensitivity of parameter estimation strategies. All simu-
lations, dataset generation, and training procedures are implemented 
within the Wolfram Mathematica® environment, ensuring consistency 
and methodological integration. This combined analytical, numeri-
cal, and data-driven framework provides a comprehensive approach 
for the thermal characterization of polymeric systems using infrared 
thermography.

2. Problem statement

2.1. Forward problem

The problem herein considered is that of steady heat conduction 
in a rectangular cross-section fin: a prismatic body with a heat source 
applied at one face. The other faces are thermally insulated or exchange 
heat with the environment, as depicted in Fig.  1.
4 
As can be seen, the base of the fin is positioned at 𝑥 = 0 and two 
heating models are considered: the first is characterized by a Dirichlet 
boundary condition, whereas the second involves a Neumann boundary 
condition. Also, a long-fin model is considered such that the fin tip (𝑥 =
𝐿) is in equilibrium with the environment temperature, 𝑇𝑓 . The steady 
regime is achieved with all heat input at the base being lost to the 
environment at the surface 𝑧 = 𝛿, where a Robin boundary condition is 
applied to represent this configuration. Naturally, this implies that the 
remaining surfaces are surfaces (𝑦 = 0, 𝑦 = 𝐻 and 𝑧 = 0) are thermally 
insulated. The heat transfer coefficient at the surface 𝑧 = 𝛿 is allowed 
to vary with the axial coordinate only, such that a two-dimensional 
formulation can be employed.

According to the previous description, the heat transfer problem is 
governed by the following equations: 
𝜕2𝑇
𝜕𝑥2

+ 𝜕2𝑇
𝜕𝑧2

= 0 in 0 < 𝑥 < 𝐿 and 0 < 𝑧 < 𝛿, (1a)

−𝑘 𝜕𝑇
𝜕𝑥

= 𝜑 (𝑇 − 𝑇𝑏) + 𝑞̇′′𝑏 at 𝑥 = 0, for 0 < 𝑧 < 𝛿, (1b)

𝑇 = 𝑇𝑓 at 𝑥 = 𝐿, for 0 < 𝑧 < 𝛿, (1c)
𝜕𝑇
𝜕𝑧

= 0 at 𝑧 = 0, for 0 < 𝑥 < 𝐿, (1d)

𝑘 𝜕𝑇
𝜕𝑧

+ ℎ𝑓 (𝑇 − 𝑇𝑓 ) = 0 at 𝑧 = 𝛿, for 0 < 𝑥 < 𝐿, (1e)

where 𝑇  is the temperature, 𝑥 and 𝑧 are the spatial coordinates, 𝑘 is 
the thermal conductivity, ℎ𝑓  is the convective heat transfer coefficient, 
𝑞̇′′𝑏  is the heat flux at the base of the fin, 𝜑 is a generalized boundary 
condition parameter, 𝐿 is the length of the fin and 𝛿 is the thickness 
of the fin. A general boundary condition at the base is used, where 
𝜑 → ∞ gives a uniform base temperature (Dirichlet condition) while 
𝜑 = 0 yields a uniform flux (Neumann condition) at the base.

In order to facilitate the inverse analysis, a normalized version of 
the problem is employed. The normalization process is carried out by 
introducing the following dimensionless quantities: 

𝜉 = 𝑥
𝐿
, 𝜁 = 𝑧

𝛿
, 𝜃 =

𝑇 − 𝑇𝑓
𝛥𝑇

, (2a-c)

where 𝛥𝑇 = 𝑇𝑏 − 𝑇𝑓 , with 𝑇𝑏 representing the base temperature and 
𝑇𝑓  denoting the ambient air temperature surrounding the fin. In cases 
where a heat flux is imposed at the base, 𝑇𝑏 is not explicitly prescribed; 
rather, it emerges as part of the solution and is not known a priori. 
Naturally, in these cases, 𝑇𝑏 depends on the imposed heat flux 𝑞̇′′𝑏 ; 
however, rather than using the traditional definition 𝛥𝑇 = (𝐿∕𝑘) 𝑞̇′′, 𝑇
𝑏 𝑏
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is retained as a separate parameter to enable direct comparison with 
the Dirichlet base boundary condition case.

The dimensionless mathematical formulation for the two-
dimensional steady heat conduction problem can be rewritten as: 
𝜕2𝜃
𝜕𝜉2

+ 1
𝛾2

𝜕2𝜃
𝜕𝜁2

= 0 in 0 < 𝜉 < 1 and 0 < 𝜁 < 1, (3a)

− 𝜕𝜃
𝜕𝜉

= 𝜑∗ (𝜃 − 1) + 𝑞∗, at 𝜉 = 0, for 0 < 𝜁 < 1, (3b)

𝜃 = 0 in 𝜉 = 1, for 0 < 𝜁 < 1, (3c)
𝜕𝜃
𝜕𝜁

= 0 in 𝜁 = 0, for 0 < 𝜉 < 1, (3d)

𝜕𝜃
𝜕𝜁

+ Bi 𝜃 = 0 in 𝜁 = 1, for 0 < 𝜉 < 1, (3e)

where 𝜃 is the dimensionless temperature, while 𝜉 and 𝜁 are the 
dimensionless spatial variables. As previously outlined, an important 
dimensionless parameter is obtained in the dimensionless problem, the 
Biot Number (Bi). Also other dimensionless quantities are obtained, 
such as the aspect ratio of the bar 𝛾 and the dimensionless heat flux 
𝑞∗ of the base, respectively: 

Bi =
ℎ𝑓 𝛿
𝑘

, 𝜑∗ =
𝜑𝐿
𝑘

, 𝛾 = 𝛿
𝐿
, 𝑞∗ =

𝐿 𝑞̇′′𝑏
𝑘𝛥𝑇

, (4a-c)

One can readily show that, for the Neumann boundary condition case, 
the dimensionless heat flux 𝑞∗ is directly related to the average base 
temperature 𝜃𝑎𝑣,𝑏, defined as 

𝜃𝑎𝑣,𝑏 = ∫

1

0
𝜃(0, 𝜁 ) d𝜁, (5)

which is not known a priori. As previously discussed, to facilitate 
comparison with the Dirichlet case, the value of 𝑞∗ is selected such that 
𝜃𝑎𝑣,𝑏 = 1.

3. Integral transform solution

The direct analytical solution is calculated for both cases through 
the use of the Classical Integral Transform Technique (CITT), exten-
sively revised by Mikhailov and Özisik [46]. The solution procedure 
requires the definition of the transformation pair, as follows: 

Transform ⟹ 𝜃𝑛(𝜉) = ∫

1

0
𝜃(𝜉, 𝜁 )𝑍𝑛(𝜁 ) d𝜁, (6a)

Inverse ⟹ 𝜃(𝜉, 𝜁 ) =
∞
∑

𝑛=1

𝜃𝑛(𝜉)𝑍𝑛(𝜁 )
𝑁𝑛

, (6b)

where 𝑍𝑚 are orthogonal functions stemming from the solution of 
a Sturm–Liouville problem, herein defined by the one-dimensional 
Helmholtz problem: 
𝑍′′

𝑛 (𝜁 ) + 𝜇2
𝑚 𝑍𝑛(𝜁 ) = 0, for 0 ≤ 𝜁 ≤ 1, (7a)

𝑍′
𝑛(0) = 0, 𝑍′

𝑛(1) + Bi𝑍𝑛(1) = 0, (7b)

which admits the infinite nontrivial solutions in the form: 
𝑍𝑛(𝜁 ) = cos(𝜇𝑛 𝜁 ), (8a)

where the eigenvalues are obtained from the solution of the transcen-
dental equation: 
𝜇𝑛 sin (𝜇𝑛) = Bi cos (𝜇𝑛), (8b)

in which 𝑛 is a positive integer, and the norms 𝑁𝑛 are calculated 
through: 

𝑁𝑛 = ∫

1

0
cos2

(

𝜇𝑛 𝜁
)

d𝜁 =
𝜇𝑛 + cos

(

𝜇𝑛
)

sin
(

𝜇𝑛
)

2𝜇𝑛
. (8c)

The Integral Transform Technique procedure relies on the transfor-
mation of the given problem by multiplying Eq. (3a) by 𝑍𝑛, integrating 
within 0 ≤ 𝜁 ≤ 1: 

1 𝜕2𝜃 𝑍𝑚 d𝜁 + 1 1 𝜕2𝜃 𝑍𝑚 d𝜁 = 0. (9)
∫0 𝜕𝜉2 𝛾2 ∫0 𝜕𝜁2
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Because of the homogeneous boundary conditions in 0 ≤ 𝜁 ≤ 1, the 
final transformed ODE is obtained: 
𝜕2𝜃𝑛
𝜕𝜉2

−
𝜇2
𝑛

𝛾2
𝜃𝑛 = 0. (10)

The solution for the transformed potentials 𝜃𝑛 is readily obtained 
as: 

𝜃𝑛 = 𝐴𝑛 sinh
[

𝜇𝑛
𝛾

(

1 − 𝜉
)

]

. (11)

This solution is applied to the inversion formula (6b) and an ana-
lytical solution for 𝜃(𝜉, 𝜁 ) is finally obtained, valid for both Case 1 and 
Case 2: 

𝜃(𝜉, 𝜁 ) = 𝛼
∞
∑

𝑛=1

𝐴𝑛
𝑁𝑛

sinh
[

𝜇𝑛
𝛾

(

1 − 𝜉
)

]

cos
(

𝜇𝑛 𝜁
)

. (12)

The constants 𝐴𝑛 and 𝜎 depend on the boundary condition at 
𝜉 = 0 and must be separately determined for each case. In Case 1, 
the parameter 𝛼 parameter is equal to 1, and the coefficients 𝐴𝑛 are 
calculated through the expression: 

𝐴𝑛 =
sin

(

𝜇𝑛 𝜁
)

𝜇𝑛
csch

(

𝜇𝑛
𝛾

)

, (13)

and there is no need to calculate 𝑞∗. Conversely, for Case 2, the direct 
analytical solution is obtained with 𝐴𝑛 and 𝑞∗ given by: 

𝐴𝑛 =
sin

(

𝜇𝑛 𝜁
)

𝜇𝑛
𝛾
𝜇𝑛

sech
(

𝜇𝑛
𝛾

)

, (14a)

𝛼 = 𝑞∗ =

[ ∞
∑

𝑛=1

𝐴𝑛
𝜇𝑛

sin
(

𝜇𝑛
)

sinh
(

𝜇𝑛
𝛾

)

]−1

. (14b)

From the solution given by Eq.  (12), the surface temperature distri-
bution can be directly obtained as: 

𝜑(𝜉) = 𝜃(𝜉, 1) = 𝛼
∞
∑

𝑛=1
𝐴𝑛 cos(𝜇𝑛) sinh

(

𝜇𝑛𝛾
−1(1 − 𝜉)

)

, (15)

4. Parameter estimation

4.1. Inverse analysis

For the estimation of the Biot Number, an inverse analysis is con-
ducted with the application of the Levenberg–Marquardt Method for 
parameter estimation. This technique consists on an iterative method 
that tends to the Gauss–Newton method in the neighborhood of the 
minimum of the ordinary least squares norm. It was named after Lev-
enberg [47], who first developed the technique in 1944, and Marquardt 
[48], who modified the method using a different approach.

First, the inverse analysis procedure requires the reformulation 
of an ill-posed problem into a well-posed approximation. There are 
different stabilization techniques to fulfill this requirement, such as 
the Tikhonov’s Regularization [49], Alifanov’s Iterative Regularization 
Methods [50,51] or Beck’s Sequential Function Specification Tech-
nique [52,53]. In the present work, an in-house Levenberg–Marquardt 
algorithm was employed that incorporates diagonal-scaled damping 
and a reference-guided regularization scheme. A flowchart illustrating 
the complete inverse methodology is shown in Fig.  2.

Since this problem involves the estimation of a single parameter, 
the ordinary least squares norm is used as the objective function (𝑆) to 
stabilize the inverse problem, as shown in the following equation: 
𝑆 = (𝐘 − 𝐓)𝑇 (𝐘 − 𝐓). (16)

Here, the residual vector, 𝐑, is expressed as the difference between 
the measured temperature data, 𝐘, and the temperature predicted by 
the direct model, 𝐓: 
𝐑 = 𝐘 − 𝐓. (17)
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Fig. 2. In-house code flowchart for Biot number estimation using Levenberg–Marquardt (LM) with a scaled damping and reference regularization.
This residual vector quantifies the mismatch between model and data 
and is fundamental in both the gradient and update steps of the 
Levenberg–Marquardt algorithm.

Following the steps outlined by Özışık and Orlande [54], the algo-
rithm begins with a sensitivity analysis. The sensitivity coefficients (𝐽𝑖𝑗) 
provide insight into the relationship between the model output and the 
estimated parameters, and can guide experimental design and improve 
inversion robustness. In this work, the sensitivity matrix is calculated 
using finite-difference approximations, as expressed in the following 
equation: 

𝐽𝑖𝑗 =
𝑇𝑖(𝑃1, 𝑃2,… , 𝑃𝑗 + 𝜖 𝑃𝑗 ,… , 𝑃𝑚𝑎𝑥) − 𝑇𝑖(𝑃1, 𝑃2,… , 𝑃𝑗 ,… , 𝑃𝑚𝑎𝑥)

𝜖 𝑃𝑗
, (18)

in which 𝑃𝑗 refers to the parameter being perturbed, and 𝜖 is a small 
perturbation factor. The index 𝑖 refers to the spatial or measurement 
location of the temperature field, whereas the index 𝑗 corresponds to 
the parameter under estimation (the Biot number).

As previously noted, sensitivity analysis reveals important infor-
mation about the problem. A more specific criterion for assessing 
the influence of the sensitivity matrix on the stability of the inverse 
problem is the identifiability condition, defined by: 
|

|

|

𝐉𝑇 𝐉||
|

≠ 0. (19)

Small values of the determinant |
|

𝐉𝑇 𝐉|
|

 may indicate difficulties in 
the implementation of the iterative procedure due to near-linearly 
dependent columns in the sensitivity matrix, which can amplify nu-
merical instabilities. While the Jacobian product |

|

𝐉𝑇 𝐉|
|

 may not be as 
critical in problems governed by Dirichlet boundary conditions where 
the temperature values are directly prescribed, it becomes significantly 
more influential in the case of Neumann boundary conditions. Under 
Neumann conditions at the base of the fin, the boundary input is a 
heat flux rather than a fixed temperature, which often leads to a flatter 
or less sensitive temperature distribution in the domain. As a result, 
the corresponding columns of the sensitivity matrix (Jacobian) can 
become nearly linearly dependent, making |

|

𝐉𝑇 𝐉|
|

 poorly conditioned 
and prone to numerical instability. In order to mitigate this effect, a 
diagonal-scaled damping term is applied to the Jacobian product with a 
scaled diagonal form 𝜇𝑘 𝑑𝑖𝑎𝑔(𝐉𝑇 𝐉), enhancing numerical stability while 
respecting parameter scaling.

To further stabilize the solution and guide the inverse process, a 
reference-guided regularization term is introduced to softly constrain 
parameter estimates around a nominal or expected value. This penalty 
term is activated adaptively: if the relative deviation between the 
current parameter estimate and the reference value exceeds a threshold 
6 
(e.g., greater than 100%), the regularization weight 𝜆 is dynamically 
adjusted based on this deviation. Specifically, when the estimated 
parameter deviates by more than 100% from the reference, a strong 
penalty (𝜆 = 10) is applied to suppress divergence and reinforce 
solution stability. Conversely, when the parameter remains within an 
acceptable range (less than or equal to 100% deviation), a milder 
penalty (𝜆 = 0.5) is used, maintaining flexibility in the estimation 
while still providing numerical damping. This adaptive weighting strat-
egy is particularly well-suited to Biot number estimation, where the 
parameter directly affects thermal boundary conditions and typically 
varies within a limited physical range. Excessive deviations may yield 
nonphysical interpretations of heat transfer behavior; thus, the selected 
𝜆 values serve to constrain the solution within thermally meaningful 
bounds, especially in ill-posed scenarios or when model sensitivity to 
the Biot number is low.

The modified parameter updating equation thus becomes: 
𝛥𝐏𝑘 =

(

𝐉𝑇 𝐉 + 𝜇𝑘 𝛺𝑘
)−1 𝐉𝑇 (𝐘 − 𝐓) , (20)

where 𝛺𝑘 = diag(𝐉𝑇 𝐉). Additionally, the cost function is augmented to 
include the reference-guided regularization term: 
𝑆 = (𝐘 − 𝐓)𝑇 (𝐘 − 𝐓) + 𝜆Ψ𝑇Ψ (21)

where, 

Ψ(𝐏) =
𝐏 − 𝑃𝑟𝑒𝑓

𝑃𝑟𝑒𝑓
(22)

The full Levenberg–Marquardt code was designed to accommodate 
flexible inputs from analytical–numerical models and enables real-time 
monitoring of convergence. To improve numerical stability, especially 
during the early iterations or when the residual norm is large, a stabiliz-
ing strategy is adopted by defining the regularization parameter as 𝜇𝑘 =
0.01 ‖𝐘‖. This choice ensures that the damping parameter scales ap-
propriately with the magnitude of the experimental or simulated data, 
preventing divergence due to ill-conditioning of the Jacobian matrix, in 
line with scaling-based heuristics commonly adopted in nonlinear in-
verse problems and inverse heat transfer analysis [52,54]. In addition, 
the reference parameter 𝑃𝑟𝑒𝑓  used in the regularization term is taken 
equal to the initial guess of the estimated parameter, acting as a nu-
merical scaling reference without biasing the solution. This algorithm 
was implemented using the Wolfram Mathematica® platform [55].

4.2. Machine learning

In this work, a supervised Machine Learning method is also ap-
plied to estimate the Biot number from infrared thermographic data 
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Fig. 3. Schematic of Biot number estimation using Gradient Boosted Trees (GBT). (a) Forward problem setup with synthetic data generation. (b) GBT architecture 
illustrating successive predictions from weak learners and weighted samples.
of polymeric fins. The Machine Learning model is trained to perform 
regression, not classification, since the objective is to predict a quantity 
(the Biot number), which reflects the ratio of convective to conductive 
heat transfer at the surface of the material.

The training data for the Machine Learning model are not based 
on direct experimental measurements but instead on synthetic data 
generated by solving a dimensionless two-dimensional steady-state heat 
conduction problem using Biot numbers ranging from 0.001 to 20. 
For different Biot numbers, synthetic temperature fields are generated 
at the surface of the fin (at 𝑧 = 1). Each generated temperature 
distribution is a spatially correlated input, reflecting how temperature 
varies smoothly across the fin under steady-state conditions.

Additionally, because experimental datasets will not be extremely 
large, but rather moderate in size, the selected Machine Learning 
approach must perform well under small-to-medium dataset conditions. 
Therefore, the Gradient Boosted Trees (GBT) methodology is selected. 
This technique builds a strong prediction model by sequentially adding 
decision trees, each one trying to correct the errors made by the previ-
ous one, resulting in a robust and highly accurate regressor even when 
the data is noisy or limited in volume. Fig.  3 illustrates the flowchart 
for Biot number prediction using Gradient Boosted Trees (GBT). On 
the left (a), the forward problem involves defining input parameters 
and computing the corresponding dimensionless temperature field 𝜃
through a forward model, generating datasets. Before inputting this 
dataset into the GBT model, the data is randomized using the Mathemat-
ica function RandomSample to avoid bias in model training due to any 
ordering in the dataset. On the right (b), the GBT estimation proceeds 
iteratively by training a sequence of weak learners. The first model 
provides an initial Biot number prediction, after which the residual 
error is computed and used as the target for the next learner. At each 
iteration, the training samples are re-weighted to emphasize regions 
associated with larger residuals, allowing subsequent models to focus 
on correcting the remaining error. The final Biot number prediction is 
obtained by combining the contributions of all weak learners, yielding 
a robust estimator even for noisy or moderately sized datasets.

Mathematically, the training process is framed as minimizing a 
Mean Squared Error (MSE) loss function: 

MSE = 1
𝑁
∑

(

𝑦𝑖 − 𝑓 (Θ𝑖)
)

(23)

𝑁 𝑖=1

7 
where 𝑁 is the number of synthetic samples, Θ𝑖 is the 𝑖th temperature 
profile input, and 𝑦𝑖 is the corresponding true Biot number.

The prediction model 𝑓 is built incrementally, with the following 
update rule at iteration 𝑚: 
𝑓𝑚(Θ) = 𝑓𝑚−1(Θ) + 𝜈 ℎ𝑚(Θ) (24)

where ℎ𝑚 is the new weak learner fitted to the residuals of the previous 
model, and 𝜈 is the learning rate controlling the contribution of each 
learner to the ensemble.

Once trained, the final prediction for a new experimental tempera-
ture profile Θ𝑒𝑥𝑝 capture by the infrared camera is given by:

𝑦̂ = 𝑓 (Θ𝑒𝑥𝑝) (25)

Thus, this ML strategy provides a flexible and noise-resilient method 
for estimating the Biot number, complementing classical inverse prob-
lem solutions while potentially offering greater robustness. As already 
stated the computational process will be implemented using Wol-
fram Mathematica® [55]. In particular, the training of the Gradient 
Boosted Trees model is performed using the Predict routine with the 
method ‘‘GradientBoostedTrees’’. The main hyperparameters, including 
the learning rate, maximum number of training rounds, and maximum 
tree depth, are automatically selected by the internal optimization 
procedure of Mathematica according to the specified performance goal. 
For the present study, the resulting configuration corresponds to a 
learning rate of 0.2, a maximum of 50 training rounds, and a maximum 
tree depth of 6, with a minimum leaf size of 200. Model validation is 
further enhanced using the ‘‘CrossValidationReport’’ option to assess 
generalization performance and robustness. Once trained, the resulting 
‘‘PredictorFunction’’ is employed to estimate the Biot number from new 
infrared thermographic data.

5. Experimental setup

In order to acquire the experimental temperature data, the IR 
thermography apparatus is prepared with an initial elaboration of a 
supporting structure to hold the samples. The complete experimental 
setup can be visualized in Fig.  4. The adaptation of the experimental 
procedure aimed to replicate as closely as possible the assumptions 
made in the mathematical modeling. To maintain a uniform and con-
stant temperature at the bar base (𝑥 = 0), a Peltier plate was employed. 
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Fig. 4. Experimental setup.

Table 1
Specifications for the IR camera Flir A325G.
 Vision Field/minimum distance from the object (Built in) 25◦ × 18.8◦∕0.4m  
 Vision Field/minimum distance from the object (with lens) 45◦ × 33.8◦∕0.2m  
 Type of detector Microbolometer  
 Spectrum Range 7.5 − 13 μm  
 Resolution 320 × 240 pixels  
 Temperature measurement range 0 − 350 ◦C  
 Sensibility < 0.07 ◦C to 30 ◦C 
 Precision (in percentage of reading) ±2 ◦C or ±2 %  
 Maximum frequency of imaging capture 9 Hz  

Additionally, to enhance thermal contact and minimize interface resis-
tance, a thin layer of silicon-based thermal paste was applied between 
the Peltier plate and the base of the sample. According to the theo-
retical assumptions, the surfaces at 𝑧 = 0, 𝑦 = 0, and 𝑦 = 𝑏 were 
thermally insulated, while the frontal surface was coated with black 
paint — providing near-unity surface emissivity — and exposed to 
natural convective heat transfer with the surrounding air at ambient 
temperature.

The infrared camera model used in the experiments was the Flir 
A325G, equipped with a 9.7 mm focal length lens. Temperature field 
acquisition was performed using the Flir Thermacam Researcher 2.9 
Pro software. The main specifications of the infrared camera are sum-
marized in 1.

All experimental tests were conducted under stationary regime con-
ditions to ensure steady-state heat transfer throughout the fin during 
data acquisition. Fig.  5 shows one of the infrared images of the sample 
superimposed with a visible image for reference. The surface tem-
perature distribution measured under steady-state reveals a thermal 
gradient along the bar length, with temperatures ranging approxi-
mately from 38.4◦C at the base to 25.1◦C at the tip. Notably, the 
temperature variation along the 𝑦-axis appeared negligible, validating 
the two-dimensional model assumptions. Furthermore, it was observed 
that nearly one-third of the bar length stabilized close to 25.1◦C, 
corroborating the use of prescribed temperature boundary conditions 
at the tip and confirming the validity of the experimental setup for the 
intended modeling analysis.

6. Results and discussion

This section presents the numerical results obtained by the di-
rect mathematical formulation described in this work, the experimen-
tal data from 5 tests performed through the Infrared Thermography 
camera and the parameter estimation conducted by both Levenberg–
Marquardt Method and the Gradient Boosted Trees. A preliminary 
analysis of the experimental data is presented, so as all the graphics 
and values of the temperature field can be seen. The direct problem 
is solved for two boundary conditions at the base of the fin: Case 1 
8 
Fig. 5. Experimental Temperature field.

corresponds to a Dirichlet condition (prescribed temperature), while 
Case 2 to a Neumann condition (prescribed heat flux).

6.1. Experimental data and input parameters

The thermal characterization was performed on an acrylic sample 
with thermal conductivity of 0.179 ± 0.003W∕(mK), according to the 
data obtained by the Heat Flow Meter Instrument FOX 50. While 
the Heat Flow meter measurements were conducted to determine the 
thermal conductivity, the IR experiments were conducted to estimate 
the rest of the thermal parameters through Biot number analysis.

Five independent tests were carried out under stationary regime 
conditions using the infrared thermography setup described previously. 
The surface temperature fields were captured by the infrared camera, 
and the first set of results is presented in Fig.  5, illustrating the typical 
thermal behavior along the fin surface.

The physical dimensions of the tested sample correspond to those 
used in the direct mathematical model formulation. The rectangular fin 
presents a length of 𝐿 = 100.36mm, a width of 𝐻 = 12.62mm, and a 
thickness of 𝛿 = 4.84mm. From these dimensions, the aspect ratio can 
be calculated as: 
𝛾 = 𝛿

𝐿
= 0.04823 ≈ 0.05 (26)

This two-dimensional configuration ensures that the conduction 
along the longitudinal (𝑥) and thickness (𝑧) directions is properly cap-
tured, while conduction along the width (𝑦) direction can be considered 
negligible, as corroborated by the primary experimental observations.

A summary of the main input parameters used in both the experi-
mental measurements and direct numerical calculations is presented in 
Table  2. It is important to note that the surface was coated with black 
paint to ensure high and uniform infrared emissivity, and the value of 
approximately 0.95, provided by the infrared camera, was obtained.

For each test, the temperature distribution was acquired along 
different positions in the dimensionless longitudinal coordinate 𝜉. Fig. 
6 shows the experimental temperature distribution along the acrylic 
sample, with 𝑇𝑒𝑥𝑝 plotted against 𝑥 (mm). The individual curves in Fig. 
6a correspond to five independent tests, illustrating the reproducibil-
ity and variability of the measurements. Fig.  6b presents the fitted 
temperature profile obtained from these data together with the associ-
ated error bars, which provide a quantitative measure of experimental 
uncertainty along the sample length.

As can be observed, the temperature consistently decreases along 
the longitudinal direction (𝜉), following the expected heat dissipation 
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Fig. 6. Temperature distribution measured along the acrylic sample for five independent experimental tests. Each curve represents a different test, showing the 
variability of the measured temperatures as a function of the position 𝑥 (mm).
Table 2
Summary of input parameters for the experimental setup and 
mathematical modeling.
 Parameter Value  
 Sample material Acrylic  
 Thermal conductivity, k 0.17866W∕(mK) 
 Sample length, L 100.36mm  
 Sample width, H 12.62mm  
 Sample thickness, 𝛿 4.84mm  
 Aspect ratio, 𝛾 0.05  
 Emissivity (painted surface), 𝜖 ≈ 0.95  
 Ambient temperature, 𝑇𝑓 25 ◦C  

trend from the heated base toward the cooler tip of the fin. Fig.  6 
illustrates the measured temperature profiles obtained in the five ex-
perimental tests. The good agreement among the profiles indicates the 
reproducibility of the experimental procedure and provides a reliable 
basis for subsequent parameter estimation using inverse and Machine 
Learning techniques.

6.2. Preliminary training data analysis

In order to enable the application of inverse analysis and ma-
chine learning techniques for the estimation of thermal parameters, 
synthetic datasets were generated based on the forward solution of 
the two-dimensional steady-state heat conduction problem described 
previously.

The synthetic data were created by solving the dimensionless two-
dimensional heat conduction equations using the Integral Transform 
Technique. For different prescribed Biot numbers, ranging from 0.001 
to 20 (separated by 0.01), the surface temperature distributions 𝜃(𝜉, 𝜁 =
1) were computed. The aspect ratio 𝛾 was set according to the physical 
dimensions of the experimental sample (𝛾 ≈ 0.05), and convergence 
analyses were performed to guarantee the accuracy of the temperature 
fields. In all cases, a convergence criterion of 10−6 was adopted for the 
truncation of the infinite series solutions, ensuring the precision of the 
synthetic profiles.

Each synthetic data sample corresponds to a specific Biot number 
and its associated dimensionless surface temperature profile along the 
fin length (𝜉 direction). To mimic the infrared thermography measure-
ments, only the temperatures at the surface 𝜁 = 1 were extracted, 
replicating the experimental conditions where the infrared camera cap-
tures the outer surface of the polymeric fin. These temperature profiles, 
discretized along 𝜉, were then stored along with their corresponding 
Biot number labels, forming the complete dataset used for training and 
testing the supervised machine learning model. Prior to the training 
process, the forward model predictions were compared against the 
experimental temperature profiles. This comparison was performed by 
9 
normalizing the temperature data and calculating the mean squared 
error between the predicted and experimental profiles along the fin 
surface.

The Gradient Boosted Trees (GBT) model was trained using three 
randomized subsets of the synthetic dataset, containing 200, 1000, and 
2000 samples, respectively. Randomization was employed to eliminate 
ordering bias during training and to promote model generalization 
across the full spectrum of thermal behaviors. Fig.  7 presents the 
learning curves based on Mean Absolute Error (MAE) analysis for Biot 
number estimation under Dirichlet (Case 1) and Neumann (Case 2) base 
conditions. The MAE is showed for training and test sets versus training 
data percentage. As can be seen, as the sample size increases from 200 
to 2000, a noticeable reduction in MAE is observed for both cases, 
reflecting improved prediction accuracy and greater consistency. The 
curves tend to stabilize as the proportion of training data increases, 
indicating that beyond a certain point, the inclusion of additional 
data yields some improvements. For the Dirichlet boundary condition 
(Case 1), the training and test errors remain closely aligned across 
all sample sizes, suggesting good generalization and low susceptibility 
to overfitting. In contrast, the Neumann boundary condition (Case 
2) presents slightly higher test errors compared to training errors, 
especially with smaller datasets, indicating greater sensitivity to mea-
surement noise and higher uncertainty in parameter estimation based 
on surface heat flux information, which is seen also in the Levenberg–
Marquardt analysis. Nonetheless, in both cases, the methodology shows 
satisfactory performance, with reduced error dispersion as the dataset 
size increases.

To ensure independent validation, a separate synthetic dataset — 
generated using the same forward model but excluded from the training 
phase — was reserved to assess the accuracy of both the inverse method 
and the machine learning approach. This test set simulates unseen 
experimental scenarios and is specifically designed to evaluate the 
robustness of the predictive strategy, particularly in estimating the Biot 
number. To further mimic real experimental conditions, an additional 
synthetic dataset was created by perturbing the exact temperature 
distribution 𝐘 with Gaussian noise. This noise, modeled as a standard 
normal variable 𝜔, was scaled by 10% of the maximum temperature 
value across all 100 spatial points, yielding the noisy measurement 
data. These perturbed measurements simulate the variability typically 
observed in infrared thermography and are used specifically to test the 
inverse estimation process using the Levenberg–Marquardt algorithm. 
The combination of clean and noisy synthetic data enables rigorous 
validation of both deterministic and machine learning-based estimation 
frameworks under controlled and realistic conditions.

Finally, it is important to note that the synthetic training dataset is 
independent of the simulated data used in the subsequent evaluation 
steps. Moreover, the same synthetic dataset was employed to predict 
different Biot number values, highlighting the model’s adaptability 
across varying thermal scenarios.
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Fig. 7. Learning curves for Biot number estimation using Gradient Boosted Trees (GBT) under two base conditions: (a) Dirichlet and (b) Neumann.
6.3. Estimated parameter with simulated data

In order to evaluate the performance of the proposed estimation 
strategies for both considered boundary conditions, a parameter esti-
mation was implemented using simulated data. This approach allows 
for controlled testing of the inverse methodologies. The primary goal 
involves assessing the accuracy and robustness of both classical and 
data-driven techniques in retrieving thermal parameters such as the 
Biot number. The simulated datasets employed in the following analy-
sis, as previously described, incorporate measurement noise in order 
to emulate conditions that closely resemble experimental scenarios. 
Fig.  8 presents a comparative visualization of the temperature fields 
generated from the reference Biot number, the Levenberg–Marquardt 
(LM) estimation, and the Gradient Boosted Trees (GBT) prediction. 
These temperature distributions enable a qualitative assessment of the 
accuracy of each method with Biot number values of 0.01, 0.1 and 1.

It is important to mention that various initial guesses were tested for 
the LM code in order to determine its sensitivity to starting conditions. 
Even for initial guesses differing by more than 90% from the reference 
value were successful in estimating the Biot number in Case 1. For 
10 
the considered results for Case 1, the visual comparison highlights the 
ability of both methods to approximate the reference solution, with 
the GBT offering performance comparable to the LM across all tested 
cases. In order to obtain a more quantitative analysis, an additional 
set of synthetic data corresponding to different Biot number values 
was generated. Thus, Fig.  9 presents a direct comparison between the 
reference values and those predicted by the Levenberg–Marquardt (LM) 
and Gradient Boosted Trees (GBT) method. The solid red line represents 
the fitted model, while the dashed red lines denote the ±10% rela-
tive error bounds. Points within these bounds correspond to estimates 
with less than 10% relative error. As can be inferred, both methods 
demonstrate good agreement with the reference values. The Gradient 
Boosted Trees (GBT) model achieves slightly higher accuracy for larger 
Biot numbers, whereas the Levenberg–Marquardt (LM) method yields 
lower errors for smaller Biot number values. A comparative analysis of 
the estimation accuracy reveals that the GBT method outperforms the 
LM approach, achieving an average relative error of 5.33% compared 
to 6.83% for LM. Although the LM method under Dirichlet bound-
ary conditions exhibits reduced sensitivity to initial guesses — due 
to relatively stable residuals with respect to Biot number — it can 
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Fig. 8. Comparison of two-dimensional dimensionless temperature fields for different Biot numbers for Case 1. (a) shows the reference temperature distributions 
for 𝐵𝑖𝑟𝑒𝑓 = 0.01. 0.1 and 1; (b) shows the estimated temperature using the Levenberg–Marquardt (LM); and (c) presents those predicted by the Gradient Boosted 
Trees (GBT) model.
Fig. 9. Comparison for Case 1 between reference Biot numbers and estimated values obtained using (a) the Levenberg–Marquardt (LM) algorithm and (b) the 
Gradient Boosted Trees (GBT) model.
still encounter convergence challenges and fall into non-physical local 
minima. However, no such issues were observed in the present analysis. 
On the other hand, while the GBT can be more robust to measurement 
noise, its accuracy tends to degrade when estimating closely spaced Biot 
number values. This decline stems from the reduced sensitivity of the 
temperature field near the base for small Biot values, where profiles 
tend to become flatter and less distinguishable. This limitation was 
evident during training dataset verification, where various ranges and 
extremal values were examined.

As already perceived, for low Biot-values, the LM incorporates 
better estimates. In order to evaluate higher Biot numbers, for Case 2 
with Neumann boundary condition at the base of the fin, Biot-values 
of 0.1, 1 and 10 are analyzed. Fig.  10 shows the comparison between 
reference heat flux streams and the estimated streams obtained using 
11 
the Levenberg–Marquardt (LM) and Gradient Boosted Trees (GBT) 
methods for three different Biot numbers. Each subfigure shows the 
dimensionless heat flux along the fin, with contour colors indicating the 
vector fields representing the gradient direction. As one can observe, for 
Bi = 0.1, both methods show excellent agreement with the reference: 
the LM method estimates Bi = 0.1013, and GBT predicts Bi = 0.09227, 
both well within a 10% relative error.

For Bi = 1, the LM method slightly overestimates the reference value 
with Bi = 1.079, while GBT slightly underestimates it at Bi = 0.928. At 
the higher Biot number of 10, both methods approximate the target 
with reasonable accuracy; LM yields Bi = 12.08, and GBT predicts 
Bi = 9.765. Although the LM estimate shows a greater relative deviation 
in this case, the results demonstrate that both inverse techniques can 
reliably estimate the Biot number from experimental temperature data 
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Fig. 10. Comparison of two-dimensional dimensionless heat flux for different Biot numbers for Case 2. (a) shows the reference temperature distributions for 
𝐵𝑖𝑟𝑒𝑓 = 0.1. 1 and 10; (b) shows the estimated temperature using the Levenberg–Marquardt (LM); and (c) presents those predicted by the Gradient Boosted Trees 
(GBT) model.
— LM performing slightly better at lower Bi values and GBT exhibiting 
more stable performance across a broader range, as also seen in Case 
1.

It is important to note that when the initial guess for the Biot 
number is relatively large, even a small perturbation can result in 
extremely small gradient values for the Neumann boundary condition. 
This leads to a near-singular Jacobian matrix, which compromises 
the quality of the gradient information required for the Levenberg–
Marquardt (LM) method. As a consequence, the LM algorithm produces 
erratic/divergent updates, as it relied on unreliable directional cues 
from the sensitivity matrix. This issue was particularly evident under 
Neumann boundary conditions, where naturally the solution is more 
sensitive to noise and numerical instabilities. In such cases, proper 
tuning of the perturbation parameter 𝜖𝐽  becomes one of the essential 
steps in the numerical implementation to improve the stability and 
resolution of the Jacobian. Differently from Case 1 where all error and 
perturbation parameters were kept at 10−6, in Case 2, higher values 
were implemented; however, it was still kept below 1%. Additionally, 
the Tikhonov regularization was implemented in this cases with 𝜆 =
0.01, which helped to suppress ill-conditioning and guided the solution 
away from non-physical regions in the parameter space, enabling a 
reliable convergence implementation.

Similarly to Case 1, Fig.  11 presents a direct comparison between 
the reference Biot numbers and those estimated using the Levenberg–
Marquardt (LM) algorithm and the Gradient Boosted Trees (GBT) 
model. Each subplot includes a fitted solid red line, along with dashed 
red lines indicating ±10% relative error margins. As can be seen, in 
both comparisons, the majority of the estimated values fall within the 
12 
±10% bounds, demonstrating the overall reliability of both methods. 
The LM results show a slight overestimation trend for higher Biot 
numbers, especially above Bi = 8, although estimates for lower Bi
values remain closely aligned with the reference. On the other hand, 
the GBT results exhibit more consistent behavior across the entire 
range, with a slightly better performance in high Bi situations. These 
observations align with the earlier quantitative error analysis, where 
the GBT achieved a lower maximum relative error of 5.4%, while the 
LM had an average error of 8.0%, where in some cases, the relative 
error was about 10% (For Bi = 7.5, for instance). Nonetheless, both 
methods prove effective in retrieving Biot numbers from temperature 
data, with their respective strengths depending on the Biot range 
considered.

After converting the dimensionless variables, the residuals were cal-
culated in Celsius. The residuals were computed across both boundary 
condition cases in comparison with the simulated data for all Bi-values 
considered, highlighting the local discrepancies as a function of the 
longitudinal position 𝑥 in millimeters. Overall, the residuals for both 
analysis are described in Fig.  12. As can be seen, the maximum residuals 
reveal that the values vary spatially along the fin, with fluctuations gen-
erally staying below 1◦C in all cases. In Case 1, both methods present 
similar behavior with slightly lower and more stable residuals for the 
LM method compared to the GBT. In Case 2, residual magnitudes tend 
to be slightly lower overall, particularly for the GBT method, which 
appears more affected by measurement noise and spatial irregularities 
near the base. These results reinforce the observation that Dirichlet con-
ditions yield more consistent parameter estimation performance, while 
Neumann conditions can amplify numerical instability and sensitivity 
to experimental fluctuations.
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Fig. 11.  Comparison for Case 2 between reference Biot numbers and estimated values obtained using (a) the Levenberg–Marquardt (LM) algorithm and (b) the 
Gradient Boosted Trees (GBT) model.
Fig. 12. Maximum residuals between the experimental and estimated temperature profiles along the fin for two boundary condition cases: (a) and (b) refer 
to Case 1 (Dirichlet condition at the base) using the Levenberg–Marquardt (LM) and Gradient Boosted Trees (GBT) methods, respectively, while (c) and (d) 
correspond to Case 2 (Neumann condition at the base)
Complementarily, Fig.  13 presents the spatial distribution of the 
sensitivity coefficients of the dimensionless surface temperature with 
respect to the Biot number, obtained from the finite-difference Jacobian 
employed in the LM algorithm, as seen in Eq. (18). The results compare 
Case 1 with an isothermal base (blue lines) and Case 2 with an isoflux 
base (red lines), using the same axial discretization along the fin length 
adopted in the inverse analysis. Sensitivity profiles are shown for Biot 
numbers Bi = 0.1, 1, and 10.

As can be seen, the analysis reveals a clear distinction between 
the two formulations in terms of sensitivity magnitude: although the 
sensitivity coefficients are negative in both cases, the Dirichlet for-
mulation exhibits higher absolute values with a more pronounced 
peak, whereas the Neumann formulation presents lower sensitivity 
magnitudes that progressively decrease as the Biot number increases. 
The sensitivity information is strongly concentrated near the fin base 
and decays rapidly along the axial direction, indicating that the in-
fluence of the Biot number on the dimensionless temperature field is 
predominantly localized in this region, as expected. Despite the larger 
absolute sensitivities observed for the Dirichlet case, this information 
is highly localized and strongly constrained by the prescribed base 
temperature, particularly at low Biot numbers, where the thermal field 
becomes weakly dependent on convective effects. In contrast, under 
13 
Neumann conditions the imposed heat flux allows the temperature field 
to respond more freely to variations in the Biot number at low Bi, 
distributing the sensitivity information more uniformly along the fin. 
However, for Bi = 10, the Neumann sensitivity coefficients approach 
zero over most of the domain, indicating that the temperature field 
becomes nearly insensitive to further changes in the Biot number. 
This loss of sensitivity reflects a saturation of the convective effect at 
the boundary and leads to a severely reduced information content for 
parameter estimation in this regime, emphasizing that identifiability 
is governed not only by sensitivity magnitude but also by its spatial 
persistence across the domain. Thus, under Neumann conditions, the 
progressive reduction of sensitivity magnitude at higher Bi reflects a 
weakening of the coupling between the thermal response and the Biot 
number, leading to reduced parameter identifiability in this regime, 
while the Dirichlet condition preserves a stronger sensitivity magnitude 
over a wider range of Bi.

The final comparison of Biot number estimations is presented in 
Tables  3 and 4, corresponding to isothermal and isoflux base condi-
tions, respectively. These tables summarize the performance of two 
inverse methods — the Levenberg–Marquardt (LM) algorithm and the 
Gradient Boosted Trees (GBT) — across a range of reference Biot 
numbers (Bi = 0.01, 0.1, 1, and 10). As seen in Table  3, both methods 
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Table 3
Comparison of Biot number values for isothermal base at different reference Biot numbers. 
 Cases Isothermal base
 Reference Bi = 0.01 𝜖𝑟 Bi = 0.1 𝜖𝑟 Bi = 1 𝜖𝑟 Bi = 10 𝜖𝑟  
 Estimated by LM 0.01174 17.4% 0.09087 9.1% 1.09322 9.3% 9.31645 6.8% 
 Estimated by GBT 0.00847 15.3% 0.08636 13.6% 1.05395 5.4% 9.85432 1.5% 
Table 4
Comparison of Biot number values for isoflux base at different reference Biot numbers. 
 Cases Isoflux base
 Reference Bi = 0.01 𝜖𝑟 Bi = 0.1 𝜖𝑟 Bi = 1 𝜖𝑟 Bi = 10 𝜖𝑟  
 Estimated by LM 0.01026 2.6% 0.10127 1.3% 1.07916 7.9% 12.07774 20.8% 
 Estimated by GBT 0.01684 6.8% 0.09227 7.7% 0.92803 7.2% 9.76488 2.4%  
Fig. 13. Sensitivity coefficients with respect to the Biot number for Case 1 
(blue lines) and Case 2 (red lines).

demonstrate strong agreement with reference values under isothermal 
boundary conditions, with only minor deviations that become more 
pronounced at higher Biot numbers. A similar pattern is observed in 
Table  4, where slightly larger deviations occur, particularly for the LM 
method at Bi = 10 under isoflux conditions. These results underscore 
the strengths and limitations of each technique across different thermal 
boundary scenarios. The GBT generally provides higher accuracy at 
elevated Biot numbers due to its robustness in resolving steep ther-
mal gradients near boundaries, which is an advantage that depends 
heavily on the availability of well-sampled and representative training 
data. Poorly sampled datasets can compromise the GBT’s generalization 
capability, especially when extrapolating beyond the training domain. 
Moreover, the GBT is more sensitive to measurement noise and requires 
carefully selected training conditions to ensure reliable convergence. In 
contrast, the LM method, while widely effective in inverse problems, 
depends on proper regularization to manage the ill-posed nature of 
parameter estimation. Without adequate regularization, the LM may 
experience instability, slow convergence, or reduced accuracy, particu-
larly under strong nonlinearities or when the parameter space is poorly 
conditioned.

Ultimately, neither the GBT nor the LM method can be deemed 
universally superior — their effectiveness is context-dependent. GBT 
tends to excel in complex, nonlinear regimes such as high Biot number 
scenarios, provided that high-quality, representative training data are 
available. Conversely, the LM method is more appropriate in settings 
where analytical sensitivity is accessible and effective regularization 
can be applied. Therefore, the selection between these approaches 
should be guided by the nature of the available data, the complexity 
of the inverse problem, and the stability requirements of the solution.
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Table 5
Comparison of the Biot number (Bi) and the convective heat transfer coef-
ficient h, estimated using the Levenberg–Marquardt (LM) algorithm and the 
Gradient Boosted Trees (GBT) model for isothermal (Dirichlet) base.
 Cases Isothermal base
 Estimated parameters Bi h  
 Estimated by LM 0.108 ± 0.037 3.978 ± 0.175 
 Estimated by GBT 0.191 ± 0.055 7.009 ± 0.134 

Table 6
Comparison of the Biot number (Bi) and the convective heat transfer coef-
ficient h, estimated using the Levenberg–Marquardt (LM) algorithm and the 
Gradient Boosted Trees (GBT) model for isoflux (Neumann) base.
 Cases Isoflux base
 Estimated parameters Bi h  
 Estimated by LM 0.108 ± 0.037 3.988 ± 0.144 
 Estimated by GBT 0.229 ± 0.055 8.418 ± 0.146 

6.4. Estimated parameter with experimental data

This section presents the results of the parameter estimation using 
experimental temperature data obtained through infrared thermogra-
phy. The inverse analysis was conducted using both the Levenberg–
Marquardt (LM) algorithm and the Gradient Boosted Trees (GBT) 
method, aiming to determine the Biot number that best fits the mea-
sured temperature distributions. Prior to the estimation, the experimen-
tal data were pre-processed and aligned with the spatial domain of 
the numerical model. The results are analyzed in terms of confidence 
intervals and consistency with reference values, allowing a comparison 
between the performance and robustness of both estimation approaches 
when applied to real, noise-affected data, as can be visualized in Fig. 
14. For both cases, the 𝑥-axis represents the longitudinal position along 
the fin, and the 𝑦-axis denotes the temperature in degrees Celsius. The 
black dashed line corresponds to the fitted reference profile, while the 
green and red lines represent the LM and GBT estimates, respectively. 
The shaded blue region indicates the 95% confidence interval (CI) for 
the experimental measurements. As can be seen, in Case 1 (Dirichlet 
condition at the base), both the LM and the GBT estimations closely 
follow the fitted curve within the confidence bounds, with the GBT 
showing slightly better alignment throughout the domain. In Case 2 
(Neumann condition at the base), the discrepancy between the LM 
and the fitted profile is more evident near the base, indicating a 
reduced sensitivity of the model to Biot number variations under this 
boundary condition. Despite this, both methods remain within the 
95% CI, validating their applicability even in the presence of greater 
uncertainty in the measured data.

Table  5 presents the estimated Biot numbers and convective coef-
ficients ℎ obtained using the Levenberg–Marquardt (LM) and Gradient 
Boosted Trees (GBT) methods for Case 1, while Table  6 presents the 
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Fig. 14. Comparison of temperature distributions estimated by the Levenberg–Marquardt (LM) algorithm and Gradient Boosted Trees (GBT) model against the 
fitted temperature profile for two boundary condition cases.
same results for Case 2. The results are shown for both isothermal 
(Dirichlet) and isoflux (Neumann) boundary conditions at the base of 
the fin. As observed, for the isothermal base, both methods yield close 
Biot number values, with the LM estimating Bi = 0.10822 and the 
GBT estimating a higher value of Bi = 0.19066. This difference leads 
to corresponding estimates of ℎ as 3.97818 and 7.00868, respectively. 
For the isoflux base, the LM method again yields a lower Biot number 
(0.10848) compared to GBT (0.22900), with the estimated ℎ values 
increasing accordingly. The GBT model tends to estimate higher Bi and 
ℎ values under both boundary conditions, which may reflect its greater 
sensitivity to small variations in the temperature profile, especially 
in regions where the gradient is less pronounced. These differences 
highlight how the choice of estimation method and boundary condition 
influences the inferred thermal parameters.

The results reveal important contrasts between the two estimation 
methods and boundary conditions. The Levenberg–Marquardt algo-
rithm demonstrated high sensitivity to initial guesses, particularly in 
Case 2 (Neumann condition), where an initial value far from the true 
Biot number often led to instability due to irregular or near-zero partial 
derivatives of the temperature field with respect to Biot. This behavior 
compromises the conditioning of the Jacobian matrix, resulting in 
poor update directions or even divergence. Nevertheless, when the 
initial guess was close to the correct value, Case 2 provided better 
identifiability and convergence than Case 1, as the Neumann condition 
amplifies the surface sensitivity of the model, especially near the base. 
In contrast, the Gradient Boosted Trees model proved more robust to 
initial input variation but suffered from reduced accuracy when the 
training data lacked sufficient resolution around the true Biot number, 
particularly under the isoflux condition. Overall, while Case 1 offers 
more stable performance for LM under limited data, Case 2 presents 
superior sensitivity and convergence characteristics when appropriately 
initialized or when data coverage is sufficient, reinforcing its utility in 
inverse parameter identification problems.

From the experimental analysis, it can be inferred that the
Levenberg–Marquardt method provides accurate and physically con-
sistent estimates of the Biot number when the temperature field ex-
hibits sufficient sensitivity to the parameter, as observed primarily 
under Dirichlet base boundary conditions. In these cases, the physi-
cally grounded formulation, combined with appropriate regularization, 
yields stable, convergent, and interpretable solutions. On the other 
hand, the Gradient Boosted Trees approach exhibits enhanced robust-
ness to measurement noise and reduced sensitivity regimes, providing 
estimates that are, on average, closer to the experimental data, par-
ticularly under Neumann boundary conditions where gradient-based 
information becomes weak. Therefore, for the experimental case an-
alyzed herein, the regularized classical inverse method remains a 
15 
reliable and interpretable tool when favorable sensitivity conditions are 
present, while the machine learning approach offers superior robust-
ness and complementary accuracy in scenarios characterized by lower 
identifiability or higher experimental uncertainty.

7. Conclusions

This study presented a unified framework integrating infrared ther-
mography, analytical modeling via integral transforms, and two dis-
tinct inverse estimation approaches — Levenberg–Marquardt (LM) and 
Gradient Boosted Trees (GBT) — to determine the Biot number in 
polymeric fins under both Dirichlet (temperature-controlled) and Neu-
mann (flux-controlled) base conditions. A dimensionless steady-state 
heat conduction model was employed with two boundary conditions at 
the base — prescribed temperature (Dirichlet) and prescribed heat flux 
(Neumann) — allowing for a comparative analysis of their influence on 
the identifiability and stability of inverse solutions. Synthetic datasets 
generated from the analytical solutions enabled a systematic evaluation 
of each method’s performance. Infrared thermographic measurements 
from acrylic samples served as the experimental benchmark, enabling 
validation of the predictive capacity of each estimation approach.

The LM method demonstrated reliable performance for lower Biot 
number values, particularly under Dirichlet boundary conditions, ben-
efiting from the regularization strategies implemented to address the 
inherent ill-posedness of the inverse problem. These strategies, which 
are based on scaled damping and reference-guided penalization, were 
essential to stabilize the parameter estimation process and improve 
convergence. However, in scenarios involving Neumann boundary 
conditions, LM encountered limitations due to sensitivity matrix ill-
conditioning, particularly at high Biot number values.

On the other hand, the GBT method showed higher accuracy and 
robustness across a broader Biot number range, especially at higher 
values. Its performance benefits from enhanced pattern recognition in 
strongly nonlinear regimes and reduced sensitivity to noise. Neverthe-
less, the effectiveness of the GBT model depends heavily on the quality 
and diversity of the synthetic training data. Poorly sampled datasets or 
insufficient representation of low-gradient regions can lead to reduced 
resolution and estimation uncertainty.

Ultimately, the appropriate choice between LM and GBT depends 
on the problem context: the LM offers interpretability and strong 
performance where sensitivity conditions are favorable, while the GBT 
is preferable in complex, nonlinear scenarios with sufficient training 
data. These findings reinforce the complementary nature of classical 
inverse methods and machine learning strategies in thermal parameter 
estimation.
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