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ABSTRACT

Representation of set operators by artificial neural networks and design of such operators
by inference of network parameters is a popular technique in binary image analysis. In this
paper, we propose an alternative to this technique: sutomatic programming of
morphological machines (MMach’s) by the design of statistically optimal operators. We
propose a formulation of the procedure for designing set operators that extends the one
stated by Dougherty for binary image restoration, show the relation of this new
formulation with the one stated by Haussler for learning Boolean concepts in the context
of machine leamning theory (that usually is applied to neural networks), present a new
learning algorithm for Boolean concepts represented as MMach programs, and give some
application examples in binary image analysis.
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1. Introduction

Binary image analysis is an important tool for various imaging applications, including
industrial process control, office automation, and quantitative microscopy. A central
problem in binary image analysis is the design of efficient image processing procedures to
perform desired tasks. Historically, design of imaging procedures has been performed on
an ad hoc basis with algorithm performance depending on a designer's knowledge of and
experience with image processing tools. Ad hoc design restricts the users of image
analysis systems to experts in image processing — or, worse, to experts in some particular
branch of image processing. To overcome this limitation, recent research has addressed
the problem of automatic generation of image processing procedures. The goal is to find
suitable knowledge representation formalisms and develop tools that translate them into
efficient image processing procedures. Some of these tools use examples (collections of
input-output pairs of images) as the knowledge source for representation formalism.

A natural model for a procedure used in binary image analysis is a set mapping
(operator) applied to a discrete random set (Goutsias [16]). In this framework, procedure
design from examples can be modeled by statistical estimation of set operators from
observations of input-output image pairs. Formulation of this statistical approach can be
decomposed into two basic steps: (1) estimation of the operator input S and ideal output I
random sets; (2) design of a set operator ¥ such that ¥(S) is statistically close to L

The second step can be formulated as an optimization problem: given a family 3 of set
operators, where the closeness of the ideal I and estimated ¥(S) random sets is measured
by some probabilistic error measure, an element ¥,,c € 3 is called optimal in 3 if it
posseses minimum error. If all elements of 3 can be characterized by some algebraic
representation or formal language, then optimization can be viewed as finding an efficient
representation defining an optimal operator.

Artificial neural networks (Hassoun [18]) provide a general framework to study set
operators. An artificial neural net is a parallel computational model comprised of densely
interconnected adaptive processing units, called neurons. A neuron is a multiple input and
multiple output device. It receives excitatory and inhibitory inputs from other neurons,
integrates these inputs and, when the result of the integration exceeds a given threshold,
sends excitatory or inhibitory inputs to other neurons. There are many possible
architectures for neural nets. In the feedforward architecture, the neural net is organized as
Iayers of neurons that receive inputs from another layer, process the information and send
the outputs to different layers. This is a general architecture that is sufficient to represent
any set operator. Using neural nets to represent set operators, the optimization procedure
consists of finding a net architecture and estimating the parameters of the neurons of this
net that characterize an optimal operator.

Mathematical morphology (Serra [31]) is another general framework to study set
operators. Two simple families of operators are erosions and dilations, and these are
characterized by subsets called structuring elements. A central paradigm in mathematical
morphology is representation of set operators by concatenations of erosions and dilations
via the operations of composition, intersection, union, and complementation. This
paradigm can be stated by the use of a formal language, called the morphological
language (Barrera [5]), whose vocabulary is composed of erosions, dilations, intersection,
union and complementation. This language is complete (i.c., it is enough to describe any



set operator) and expressive (i.e. most useful operators can be described by relatively few
words). A phrase in the morphological language is called a morphological operator.
Since the 1960s, special machines, called morphological machines [MMach's] (Klein [20,
21), Barrera [6]), have been built to implement this language. A MMach program is just
an implementation of a morphological operator. Using the morphological language to
represent set operators, the optimization procedure consists of finding a phrase structure
and estimating the structuring elements that characterize an optimal operator. In this
context, the complete design procedure (steps | and 2 above) is called automatic
programming of morphological machines (Barrera [7]).

An important family of operators is the family of W-operators. These are translation
invariant and locally defined operators. Any W-operator can be represented by a single
phrase structure, called the siandard morphological representation (Banon [3], Barrera
[9]) and the argument of the operator at a particular pixel consists of random pixel values
in a predetermined window W translated to the given pixel. Restricted to W-operators in
the standard morphological representation, optimization can be seen as estimation of the
structuring elements of this representation.

In this paper, we present a formulation of the procedure for designing set operators
that extends the ones stated by Dougherty [10] and Dougherty and Loce [11] for the
respective cases of increasing and nonincreasing optimal binary set operators image
restoration; we discuss the relation between the proposed formulation and the one stated
by Haussler [19] for leaming Boolean concepts in the context of machine leamning theory
(a formulation often applied to neural nets), and we provide a new learning algorithm for
Boolean concepts (or, equivalently, W-operators) represented as MMach programs.

Following this introduction, Sections 2 presents the proposed statistical model.
Section 3 recalls the standard morphological representation of W-operators. Section 4
specializes the proposed statistical model for the family of W-operators. Section 5
discusses suboptimality. Section 6 gives analytical expressions for the precision of
estimation of W-operators. Section 7 shows the relation between machine learning theory
and the proposed formulation. Section 8 discusses the modeling of prior information.
Section 9 presents the proposed algorithm for learning Boolean concepts. Section 10 gives
some application examples in binary image analysis. Finally, we discuss some aspects of
the results presented and propose some furture steps for this research.

2. System Model

The central thrust of the current paper is to explain the manner in which set operators are
sutomatically and optimally designed to estimate an image when it is observed after going
through some system. Images are modeled as discrete random processes (sets). If ¥ is a
binary image (set) operator, then for each random image S there is an output random
image W(S). If S is any observed realization of S, then ‘¥(S) is a realization of ‘¥(S). The
task is to design an operator ‘¥ so that, given the input process S, ‘¥(S) is probabilistically
close to some desired process I. We shall call S, L, and ¥(S) the observation, ideal, and
estimator processes, respectively.

The closeness of the ideal and estimator processes is measured by some probabilistic
error measure e[, ¥(S)]. Assuming the operator belongs to some operator family J, an
optimal operator relative to J is an operator W, € 3 for which



e[l, YodS)] s e[l. ¥(8)] (1)

forall ¥ € 3. If 3 is characterized by some operator representation, then every operator
¥ € 3 has a representation and optimization can be viewed as finding the representation
defining an operator possessing minimum error e{L, ‘¥(S)].
Operationally, the optimization model includes a system transformation = such that
= Z(I); that is, the observation process is assumed to be the output of some system
operating on the ideal process. Optimization involves minimizing the error €[, ‘¥(Z(I))].
In general, £ is a multivalued image operator, meaning that, given a realization / of the
ideal image, there are many possible output realizations Z(/).

Set-theoretic system models. A much-studied application of the method is when I
represents some ideal image process and = is a degradation (noise) transformation — the
ideal image is obscured by noise [11,12, 23-25). E can take many forms, any particular
form depending on the physical system causing the degradation. For instance, if I is an
ideal binary image process and N is some other binary process, then the signal-union-
noise model is defined by the degradation transformation

S=EZM=1uUN (2)

Each observed realization is of the form § = 7w N, where I and N are realizations of I and
N, respectively. Unless there are no restrictions placed on the ideal and noise processes,
Eq. 2 does not fully define the system transformation. For instance, it might be required
that I and N are statistically independent or that the union is restricted in such a way that
there is no intersection between signal and noise. In document processing, the noise is
often restricted to character edges, so that the noise process is strongly dependent on the
signal process. Rather than union noise with the signal, one might subtract the noise,
thereby having the degradation transformation Z (I) = I — N. There could be two noise
processes, N; and N,, with the degradation process involving both the adjoining and
deletion of pixels, the system transformation being

= MH=0uN)-N; 3)

Morphological system models. Another system model is the dilation/erosion model. If
we assume a structuring element B contains the origin, then, for any realization 7 of the
ideal image process, /® B > and /0 B c 1, where @ and © denote dilation and erosion,
respectively. Since these inclusion relations hold for any realizations, the observation
process satisfies the relations 1 ® B > 1and 160 B c 1. Whether or not 0 € B, if we define
the system transformation by Zo(F) = 1 ® B or by £ (1) = 10 B, then E is single-valued:
for each realization of the ideal process, a single determined observation results from the
system. If the designed operator needs to be applied across various possible dilations or
erosions, then it is better to treat the structuring element as a random set B, in which case
the dilation and erosion system transformations take the forms Z¢(I) =1® B and Eo(T) =



10 B, respectively, both which multivalued. The dilation/erosion model is not logically
distinct from the union/subtraction model since, if 0 € B, then

16B=1U[1®B)-1] )

so that the dilation model is a union model with noise process N = (I & B) - 1. A dual
statement applies to the erosion model, with erosion being expressed as a subtraction
model when 0 € B.

System models can be defined by other morphological operations. For instance, if B
and B are random structuring elements, then the system transformation might be erosion
followed by dilation or dilation followed by erosion,

Zes(D=(10 B)O®B; (5)
Ze.0(N=(1©B)O B; (6)

respectively. If B, =B, = B, then these system transformations are, respectively, opening
and closingby B, E(I)=1cBand Z(I)=1¢B.

Edge detection. To characterize binary edge detection in terms of a system model, we
assume the existence of a canonical edge detector: given a binary deterministic image L,
there is an edge operator I such that T'(L) is, by definition the edge of L. For the system
model, the ideal image process is a process of edges, the class of edges consisting of all
possible edges that might be observed. To avoid undue mathematical complexity, assume
that, for each ideal edge realization J, there exists a unique binary image L, having edge /
[T(L;) = I} and we know the algorithm H that produces L, from I. For instance, I' might
be the 3 x 3 dilation of the image minus the image and H might be a contour filler. If the
system function is merely equal to H, then perfect edge construction would result from
applying T and there would be no operator-design problem. A more practical model
results by assuming the system model is H followed by noise degradation. If the noise is
union noise, then the system transformation takes the form Euge(l) = HI) U N. An
optimal edge detector minimizes the error

e[l, V(Ew(M)] = efL, Y(HT w N)] ¢)

Matched filtering. For matched filtering, the ideal image is a set of points at which the
object of interest is located. We assume there exists an operator that places an object to
be recognized at each point of the ideal image process. An object to be recognized is a
random set (shape) A. Givena realization I = {21, 22,..., 2.} of the ideal image (point set at
which instances of the object are located), a realization of the observed image is given by a
union of of translated realizations Ay, 4,..., 4. of A to the points z;, 2,..., Z», respectively.
As a random process, the observation image is defined by the system transformation

S=Zoum®= A, +2, ®)



where N is a random variable giving the number of points in the ideal image, A,, A,,.... Ay
are random sets identically distributed to the primary shape A, and zy, 2,,..., zv are the
random points composing the ideal image. The system is generally not completely
characterized by these minimal conditions. For instance, there may be a constraint that
objects cannot overlap (intersect) or, if they do overlap, overlapping is constrained. There
are also independence assumptions: Are Ay, A,,..., Ay mutually independent? Are they
independent of the points at which they are located? The randomness of A also needs to
be modeled. It might be that A is a fixed shape distorted by union noise: there exists a
deterministic set 4o such that A = 4, U N. 1t might also be that A is analytically described
with random parameters, such as an ellipse with random axes and angle of rotation.

The system transformation of Eq. 8 can itself be more general. In character
recognition, there exist random primary shapes (characters) different from A, say A’
A%, A" and random point images F', F*..._ F™ such that

Eannd) = (UA, +z,) L,(U UA; +z”J ©®)

#=1 t=1 =t

where Naj, Noy..... Ny are the random numbers of points in F', F,..., F™ for k=1, 2,...,
m, F* = {2y, 2a..... zoww). and, forj =1, 2,.., N(k), A" is identically distributed to A"

Algorithm emulation. Suppose we wish to construct a window-based operator to
emulate an algorithm, say A; that is, we desire a window operator that optimally estimates
A. If A operates on a random image process R, then the ideal image process is I = A(R)
and the system transformation is Za(I) = A™(I), where =, is multivalued because many
realizations of R might yield the same ideal realization. The optimal emulator ¥ of
algorithm A minimizes the error of emulation,

e[L, W(EA))] = €L, P(A™'(M))] (10)

If A is a segmentation algorithm and the emulator estimates the segmentation, then I is
composed of segmented images from R and A™'(I) consists of unsegmented images.

One situation that can be treated by algorithm emulation is adaptation of an algorithm
10 & noisy environment. Suppose A™'(I) is the observation process resulting directly from
algorithm inversion. As designed originally, A is meant to be applied to this process. But
suppose the observations have been degraded. Then the system transformation is given by
Ea() = ®(A"'(D)), where @ is a noise-degradation operator. For instance, if the
presegmented images are degraded by dilation by a random structuring element B, then
Ex(D) = A”'(I) ® B and the optimal emulator is the filter ¥ minimizing the emulation error
ell, ¥(A™(I) ® B)). With direct emulation using the system function Z,, the only
advantage of emulation is the translation of the algorithm into an MMach program that
represents a window operator;, when emulation involves a degraded version of AT(D),
there is the added advantage that the original algorithm may not work well in the degraded
environment, whereas the optimal emulation will optimally estimate the algorithm as if it



were applied in a nondegraded environment. For example, this method might be used to
transform a neural net into an improved MMach program.

Probability structure. Since we have assumed a finite grid, the ideal image process I has
a finite number of realizations, with each realization / having a probability P(/) of
occurrence and

Y P()=1 (1)
1sl

The system transformation is multivalued but not all observations resulting from an ideal
realization need have equal probability. Moreover, a given observation realization might
result from system action on a number of ideal realizations. To quantify matters, suppose I
has n realizations I, I;,..., I, and, for k= 1, 2,..., n, Z(J;) can be any of n(k) realizations,

E(L) € (S, Siz,-.s Simnr} (12)

If S is a realization of the observation process, then
Se |JRU) =801 820 s Sy} (13)
k=1 k=1

Z(Nh), E(f),..., E(1,) need not form a partition of S because they need not be mutually
disjoint — there can exist realizations S;, and S;,, k # /, such that §;, = §,,. Given /;, each
realization S;, has a conditional probability P=(S;, | /i) of resulting from =.

For any observation realization .S, its probability of resulting = is given by

P‘;‘(S)= z ZPs(st.,llk) (14)

# IS} 15=8 ,)

There is one term in the double sum for each possible occurrence of S resulting from the
system transformation. According to Bayes' formula, given an observation S, the
probability that that the ideal process has realization /; is given by

2 P:(S1,)P1,)

A Bayesian approach would be to define ¥(S) to be the ideal realization /; that maximizes
P=(I;| S). Typically, there are too many realizations to make this approach feasible. Also,
as formulated, the family 3 of set operators consists of all set operators. To obtain a
practical formulation, we will take 3 as the family of W-operators

3. Standard Morphological Representation of W-operators



To design translation-invariant windowed digital filters we will employ pixelwise emor and
base design on morphological representation. The present section gives the basics of
binary morphological representation, tying it directly to classical AND-OR representation
of logical functions. Let W= {w;, w,,..., w,} be a finite window (set of pixels),

W:={W1+7-. W2+:,....“'n+z} (]6)

be the translation of W to the pixel z, and S be a digital image. The set operator ¥ is
translation-invariant with window W (a W-operator), if there exists a window function v
defined on » variables such that the filter output ‘¥(S) is defined at pixel z by

Y(SHz) = w(S ~ W)
= Y(S(w; +2), S(wz + 2),..., S(wa +2)) 17)

Note that we are simultaneously treating S and W(S) as subsets of the digital plane and as
binary-valued functions. In the first instance, S n W, is the intersection between the sets
S and W, in the second, S ~ W, is the {0, 1}-valued function S restricted to W;.

Since each variable is binary-valued, v is a Boolean (logical) function on n binary
values and has a logical sum-of-products disjunctive-normai-form representation in terms
of the n variables x,, x,,..., x, in the translated window. Letting S(w; + z) = x;,

\U(xl. X x.) = z xlp(:.l)x:‘p(l.z)_._x:(:.n) (18)

where the "sum” denotes OR, the "product” denotes AND, p(i, k) is either "c" or mull
depending on whether the variable is complemented or not complemented, and there are at
most 2" terms in the expansion. The representation can be (nonuniquely) reduced by logic
reduction to a sum of products containing a minimal number of logic gates. Then

W(xl. ... x") = Z xr(r,l)xzp(l.l)_"x:(('l).n(l)) (19)
i

The classical Boolean representations have corresponding morphological forms.
Suppose ¥ is a W-operator and L and U are binary functions defined on W such that L <
U. The imterval defined by the pair (L, U) is the set of all binary functions V defined on W
such that L < ¥V < U. This interval is denoted by [L, U] and L and U are called the lower
and upper endpoints, respectively. For any binary image S, the hit~or-miss transform
corresponding to the pair (L, U) is defined at pixel z by

1,ifL, SSAW,<U,

0, otherwise (20)

[S® (L U)=2)= {



where L. and U, denote the functions L and U operating on the translated window W,. If L
= U, then the pair is said to be canonical and [S ® (U, L)}(z) =[S ® (U, DJz) =1 if and
only if S ~ W, = U,, which means there is an exact pattern match.

Classically, the hit-or-miss transform has been expressed differently (but equivalently)
For subsets E, F c W, the hit-or-miss transform has been defined by

1, ifE, cSnWandF, c SN,
0, otherwise

[S®(E Pl = {

{l. ifE, cSnWandF,A(SAW,)=
g @n

0, otherwise
To see that the two definitions agree, let £ and F be the sets of all pixels at which L is 1-
valued and Uis O-valued, respectively; that is, E= L and F= U”. Then L, < S ~ W, < U, if

andonly if E,c S W,and F, n (SN W)= Q.
For an illustration, let ' be the 3 x 3 square centered at the origin and

111 1 11 0 00
E=L={0 10 U=|1 11 F=U=10 0 0
000 000 d 1 0

Then

11 Y1 11
1 1 0,j0 11

o 3

E and F are often expressed in a single matrix, with 1 and 0 denoting the pixels of £ and
F, respectively, and "x" denoting a (don't care) pixel in neither E nor F. In this notation,
the hit-or-miss-transform structuring pair corresponding to (L, U) is expressed by

111

(ERN=|x 1 x

000
Corresponding to the logical sum-of-product representation (Eq. 19) is the morphological

union-of-hit-or-miss representation for a W-operator (Banon {3]),

¥®= (JS® (EF) 22)
(EF)eCy



where Cy denotes the collection of structuring pairs defining the operator Y. The result of
Eq. 22 is called the standard morphological representation. The exact correspondence
with Eq. 19 results from recognizing that there is a one-to-one correspondence between
set pairs and the logical products:

(E. F) & x[tVgfd... grieneD | e

where x; corresponds to the pixel w, € W, x: appears uncomplemented if w; € E, x;
appears complemented if w; € F, and x; does not appear in the product if x; ¢ EU F. Itis
immediate from this correspondence that a structuring pair is canonical if and only if the
corresponding logical product contains all » variables in the window.

4. Optimal W-operators

For operator optimization, let / be a loss function defined from {0,1} x {0,1} — [0, 1],
where /(a, b) measures the cost of the difference between @ and 5. When Y is a random
binary process, X is a (not necessarily binary) random process in a given class of random
processes, and h is a binary function defined on this class, we will write (Y, /(X)). Our
concem is measuring the goodness of #(X) as an estimator of Y. To design set operators
in conjunction with morphological representation, we shall define error pixelwise by

L ¥(EM)] = Tli 2. E1I(X(2), PEMN2))] 29

where D is the domain (image frame) of I, M is the number of pixels in D, and / is a loss
Junction specifying the cost of the difference between I(z) and W(E(I)X2).

If we make no furfher assumptions on I and ¥(Z(I)), then the optimal operator (filter)
chosen from the family of translation-invariant set operators is not necessarily the same
operator that would be chosen if the family considered were the family of all possible set
operators (not necessarily translation invariant). However, if I and ¥(Z(1)) are assumed
to be jointly stationary, then the error expression reduces to

dLY(EMD)] = E(E), Y(EDN))] (25)

where z is an arbitrary pixel, and the set operator chosen from the family of translation-
invariant set operators is the same as the one chosen if optimization is over all possible set
operators. Stationarity is a modeling assumption commonly used to make both design and
digital implementation feasible (as is wide-sense stationarity in the case of optimal linear
filters). When 1 and ‘W(E(I)) are jointly stationary, z (the pixel where the error is
evaluated) is arbitrary and need not be specified, so that the pixel z can be omitted from
Eq. 25. Since our concern is with translation-invariant operators, we assume stationarity.
We shall also assume = is fixed and write the observed process as S.
The loss function / defined by

KiGz), Y(EMX) = 1z) - P(EDNz)| (26)



is the mean absolute loss function. The associated error is the mean absolute error
(MAE) and is denoted by AMMAFE(¥). Under stationary conditions, we write

MAECY) = EJi1 - Y(E(D)]) @7
The optimal filter corresponding to minimum MAE is the dinary conditional expectation,

1, if E[Iz)S A W,}> 05

0, if E[I(z)|S ~ W,]< 05 (28)

Yus(S)2) = {

where S ~ W, is S restricted to the window W transiated to z. Assuming some canonical
way of reading the values in the translated window, S n W, is a binary random vector
whose components are given by the window values. Because images are binary,

ENIZ)ISNH,]= P(I(2) = IS ) (29)
and the binary conditiona! expectation can be rewritten as

LifP(l(z)=1SAW)>05

0, if P(I(z) = |SNW,) < 05 (30)

Yauus(S)z) = {

Denoting a deterministic realization of the binary vector S ~ W; by x, some algebra yields
Winus(S)z) =

PSAW,=x)P((2)=0x) + Y PSnW,=x)P((z)=1x) (31)
{(x P(T= >0 5} {x P(Y=Ims0 S}

If we list the possible realizations of S ~ W, in a table along with the a priori probabilities
P(S N W, = x) and the conditional probabilities P(I(z) = 0jx) and P(I(z) = 1|x), then MAE
for the binary conditional expectation is obtained by summing the conditional probabilities
corresponding to the value (0 or 1) not chosen for Wius.

Whea the loss function / is defined by

1(z) = W(ET)N2) =0
o, if yor

11(z), ¥EMX) = i WEDXz) = 1 and PAE) = USAH,) =1 -

1, otherwise

11



it is called the shape recognition (SR) loss function. The operator Wgs that minimizes the
error associated with the shape recognition loss function is defined by

¥Yso(SX2)=1 o PI()=1|SnW)=1 (33)

Under the assumption that I(z) = 1 if and only if a certain shape 4 is positioned at pixel z,
this means that Wsz(SXz) = 1 if and only if A occurs at z given the observed random
patten S n W;. If xy, x5,..., X denote the m = 2" possible realizations of $ ~ W, and
(without loss of generality) we let x,, x3,..., X,, 7 <m, be the patterns which when observed
guarantee that the shape A4 occurs at z, then, as a Boolean function on realizations,
Yse(SX2) =1 ifand only if S~ W.=x, j =1, 2,..., r. Wsn is called & marker because it
identifies the shape characterized with certainty by the pattemns x;, x,..., x,. It may be
that, the shape 4 occurs when S N W; = x,, j > r, but this is not certain because, for j > 7,
PAz)=1|S~W,=x)<1 (34)
Since the optimal operator is chosen from among W-operators, it can be canonically
represented as a union of hit-or-miss transforms and optimization is over all operators of
the form given in Eq. 22, where Cy is a subset of the set of all canonical structuring pairs
associated with # and where ¥ operates on random images. Owing to the restriction to
canonical structuring pairs, ‘W(S)z) = 1 if and only if there exists a pair (E, F) € Cy such

that E=S ~ W, and F = §° ~ W,. The class of structuring pairs defining the optimal
filter 'V, is denoted by C, and (E, F) € C; if and only if

E[KI(z), 1) | S ~ W, =E] < Eli(I{z), 0) | S ~ W, = E] (35)
where S n W; = E means that the observed windowed process equals E and, because the
structuring pair is canonical, S\ W, = F.

The structuring-pair classes defining the optimal operators W,z and W for the MAE
and SR loss functions are denoted by Cyz and Csx. For the MAE loss function,

El(1z). 1) |SNW;=E)=1 - P(I(z) = IS~ W, = E) (36)
and, according to Eq. 35, (E, F) € Cuug if and only if

P((z)=1SNW,=E)> 05 37
For the SR loss function, (E, F) € Cs if and only if

PA)=1S~W,=E)=1 (38)
Since the hit-or-miss expansion corresponds to a logical sum of products, once the

canonical expansion for the optimal operator has been determined, logic reduction can be
employed to (nonuniquely) reduce the expansion. The result is a hit-or-miss expansion

12



with structuring pairs that are not necessarily canonical, but one which may involve
significantly fewer logic gates.

5. Suboptimality

For various reasons, it is often necessary to employ a suboptimal (hopefully, close-to-
optimal) filter ‘¥, instead of the optimal filter ¥;. In terms of filter representation, this
means that the expansion of Eq. 22 is taken over some structuring-element class Cp
instead of C,. This increase in error can be quantified.

We define the advantage of a structuring pair (E, F) for which P(S ~ .= E) > 0 by

Ayen = (EIHIz), 0) | S N W, = E] - EJKI(2), 1) | SN W, =EDP(S N W.=E)  (39)

According to Eq. 35, Ay > 0 if and only if (£, F) € C,. There are two ways an increase
in error can arise from using ¥, instead of '¥;: (E, F) € C;but (E, F) ¢ Co, or (E, F) ¢ G,
but (E, F) € Co. In either case, error increase from using ¥ instead of ‘¥, is given by

(¥ -e(¥y= YA ;p) (40)
(E.F)aC,aC,

where C; A C, is the symmetric difference between C; and C,.

One way suboptimality is introduced is when there are too many structuring pairs for
practical implementation, even after logic reduction. Focusing on canonical structuring
pairs, these have been chosen according to Eq. 35. All contribute to a smaller error but
some contribute very little. Those that contribute very little can be omitted from the
expansion with a small loss in filter performance. If C, € Cuur and ¥, is the filter
corresponding to C;, then the increase in error owing to using ‘¥'; in place of Wyur is

E(‘P))" G(“’ms)“ ZAL([_F) (41)

(EF)C g -G,

In practice, structuring pairs with positive advantage are listed in order from largest to
smallest advantage. Filter logic is reduced by not including some number of structuring
pairs at the bottom of the list prior to logic reduction.

For the MAE loss function, advantage is defined by

AMusen= (P(1z) = IS, = E)- P(2) =0SW, = ENPS W, = E) (42)

In image restoration, Auuz s has been called the restoration effect of (E, F). For the SR
loss function, advantage is defined by

1, ifP(I(2)=1ISNW,=E)=1

. (43)
-P(I(z) = 1|S n W, = E), otherwise

-
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6. Optimal Estimation of W-Operators

In practice, the optimal filter (operator) is estimated by an derived from realizations.
Statistically, filter error 1, W(S(1))] is estimated by taking realizations I, L,..., I, of I,
applying E to each realization to obtain corresponding observations, applying ‘¥ to obtain
estimates, and then computing the average

HLYED)) = i Z 21U, (2)- W(E)X2) “44)

J=) 1eD

where the “hat" is used to indicate that the double empirical sum yields an estimate of the
actual error and, owing to stationarity, the pixel z is irrelevant.

For realization-based design of the optimal filter in terms of the representation of Eq.
22 using the criterion of Eq. 35, the conditional expectations of Eq. 35 need to be
estimated. Hence, for every structuring pair (£, F) we employ estimators

£,5(0) = E(I(1(z), 0)| S ~ W. = E] (“5)
éx(1) = E[II@), 1)|S ~ W.=E) (46)

The designed "optimal” filter, ¥, is defined by Eq. 22 using the set C, of structuring pairs
(E, F) for which

éu;(l) < 3,5(0) 47

Relative to a given structuring pair (E, F), there is an increase in loss owing to estimation
of the optimal filter if and only if the inequality of Eq. 35 holds but the inequality of Eq. 47
does not, or if Eq. 35 does not hold but Eq. 47 does. These cases correspond to two

types of filter estimation error: (E, F) € C;but (E, F) ¢ C,; and (E, F) ¢ C;but (E, F) €
c - This is precisely the suboptimality situation covered by Eq. 40, where in the present
case ‘i’, is the suboptimal filter being used in place of the optimal filter ¥, Hence, the
increase in etror owing to estimation of the optimal filter from realizations is given by

(B -e¥d= TIA (“48)
(B F)eCAC,

For the MAE and SR loss functions, we can employ Eq. 35 or the respective equivalent
conditions of Eqs. 37 and 38. For the latter, we can use the probability estimator

#(I(z)= IS ~ W, = E)

Lo e e

(49)
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where the numerator gives the number of times the sample ideal images are 1-valued given
(E, F) and the denominator gives the number times (E, F) is observed across the sample
observed realizations. (E, F) € Cyy of (E, F) €Cg if and only if Eq. 37 or Eq. 38,
respecﬁvely,holdswhhtheeaimneuwdhphceofﬂnmmdwndiﬁondpmbabiﬁty.

As stated, the error increase of Eq. 48 corresponds to a given designed structuring-pair
class €, In fact, C, is a random collection depending on the realizations (randomly)
selected. Thus, e(‘i‘,) ~ &('¥)) is a random variable. From the perspective of statistical
estimation, the derived filter estimates the actual optimal filter and the increase in filter
error provides a measure of estimation goodness. Because this error increase is random,
we can measure the precision of estimation by the expected error increase,

&= Ele(¥) - () (50)
Note that (E, F) € C;- €, if and only if iz, > 0 and €,5(1) 2 é.(0). Also (E, F) e
€, - Crif and only if Aus) < 0 and &,5(1) < &,5(0). Hence,

&= Z -A,‘”,P(e‘,'s(l)zé,j(O))— ZA,_,”,P(E,,(I)<3,.,(0)) (51)

(B F)eC-C, (EF)eC,-C;
For the MAE loss function, this error has been studied in the context of binary-image
restoration (Dougherty [12, 13]) and the analysis applies to the general binary theory. In
particular, for the MAE loss function, Eq. 51 takes the form
Eruar = (52)

2 PP(I(2) = IS ~W, = E)- |P(P(I(z) = IS~ W, = E) S OS)P(S~ W, = E)

UEFYP(U2)=18~W,=E 0 5}

+ Y RP(I(z)= IS~ W, = E)- I\ P(P(i(z) = IS~ W, = E) > 0S)P(S ¥, = E)

UEFYP(Uz)=18~W,=E)<05)

As the number of observations increases to infinity, exus — 0.
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7. Machine Learning Theory and Optimal Operator Design

Computational learning theory (Anthony [1]) is considered to be one of the first attempts
to construct a mathematical model for the cognitive concept-learning process. It provides
a framework for studying a variety of algorithmic processes, such as those currently used
for training artificial neural nets. We briefly review basic elements of the model.

Consider a finite set (domain) of objects D structured by an unknown distribution . A
concept ¢ is a subset of objects in a predefined domain D or, equivalently, a Boolean
function from D — {0,1). An example of a concept c is a pair (x, b), where x is an object
in D and b is a binary label (0 or 1) indicating whetherornotx e ¢. If b= 1, thenx € ¢
and the example is called positive; otherwise, x ¢ c and the example is called negative. An
object is taken randomly from the domain and a reacher, who knows the concept,
classifies the object as a positive or negative example. In more sophisticated models, the
teacher is assumed to be imperfect, that is, the teacher may erroneously classify some
objects. In the imperfect case, the teacher is modeled by a conditional distribution P(B|X),
where X is the random process, with distribution p, representing the domain, and B is a
binary random process labeling a domain object when it is observed.

Concept learning is the process by which a learner constructs a good approximation to
an unknown concept from a number of examples and possibly some prior information
sbout the concept to be leamed. After observing labels of a sequence of objects taken
randomly from the domain, the learner will obtain a Boolean function, which will be able
to answer if an object taken from the domain is an element of the concept with a small
probability of error. The set of all possible concepts to be learned is called the hypothesis
space and denoted by H. The concept t € H to be determined is called the larget concept.
The task is to find a concept 4 € H, called a hypothesis, that is a good approximation of 7.

A training sample s of length m is a sequence of m examples,

s =((x1, &), (x2, By),..., (Xm, bu)) (53)

where, fori=1,2,..., m, x,is an object and 4, a label. Assuming that object selection from
the domain is independent, it may happen that an object occurs more than once in the
examples that constitute s. When the teacher does not make mistakes the training sample
is said to be consistent, that i, if x, =x,, then b,= 5, When the teacher may er, the training
sample is said to be nonconsistent; that is, it may happen that b, = b, whenx, =x, For fixed
m, the class S of training samples is a random process with

PS=9)= []PX=x)PB=5)x) (54)
=1

ThemobabﬂitymfmSisindxwedbyﬂwpmbabiﬁtymsmthedomﬁninconjmcﬁon
with the conditional labeling probabilities. A learning algorithm is a function L that
assigns to any training sample s, for a target concept t€ H, an hypothesis he H. We
write & ~ L(s).

Consider a fixed target concept ¢ € H and a given loss function /. Let B be the
Boolean random process describing the label attributed to a domain object when it is
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observed in the leamning procedure. For any hypothesis & & H, the risk r(h, ¢) of choosing
hypothesis / for the concept ¢ is defined by

r(h, 1)= ET(B. h(X))] (35)

where X is the random process modeling the domain. Because B depends on X, the
distributions of both B and /#(X) depend on the distribution of X. Let h" € H be the
hypothesis of minimum risk for #, meaning r(h, ) 2 r(h", ) forall he H.

Algorithm L is called a Probably Approximately Correct (PAC) leamning algorithm for
the hypothesis space H if, given real numbers € (0 <€ < 1) and & (0 < 8 < 1), there exists a
positive integer m(e, 8) such that m 2 m(e, §) implies

P(r(L(S), - (i, ) <€)>1 -8 (56)

for any target concept ¢ € H, distribution p on D, and conditional distribution P(BIX).
The value m(e, 5) and the pair (g, 8) are called, respectively, the sample complexity and
precision of the learning algorithm.

If the size (number of elements) #H) of the hypothesis space H is finite, then the
sample complexity of any PAC learning algorithm L is bounded by

1 1
m(e, ) = F(IOg #H) ~ logg) N

(Haussler [19]).
PAC learning theory was developed first by Valiant [33] for the case of consistent
tmmng samples and extended by Haussler [19], in a broader context, for nonconsistent

training samples. The formulation we have presented is a simplification of the formulation
of Haussler to concepts understood in the sense defined here. If the loss function is

(B, H(X)) = B - A(X)| (58)
and the training sample for a given target concept ¢ is consistent, then r(h", 1) = r{t, 1) = 0,
rih, 1) = p({x € D: K(x) % h(x)}) (59)
and the formulation reduces to the definition of PAC learning algorithms in the original

formulation of Valiant. Under these conditions, when the size of the hypothesis space is
finite the bound for the sample complexity reduces to

1
m(e, ) = -;—(Iog ) + log5) (60)

The complete procedure of estimation of set operators that we have proposed
(estimation of the conditional probabilities and estimation of the best operator by
optimization) is equivalent to the learning-concept formulation just presented. W-
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operators are equivalent to Boolean functions and concepts (in the sense we have defined)
are Boolean functions defined on a given domain. When interpreting W-operators as
concepts, the domain is the set of patterns observed in #, the distribution p gives the
relative proportions of observed patterns and is determined by the probabilities P(X = x),
and the conditional probability P(B|X) results from nondeterminacy in the ideal image
given an observed pattern and noise affecting the images.

Under the hit-or-miss representation of Eq. 22, for a hypothesis (Boolean function) A
(determining a W-operator '), a loss occurs if and only if (E, F) € Cy, where (E, F) is the
canonical structuring pair equivalent to x, and B = 0 when x is observed, or (E, F) ¢ Cy
and B = 1 when x is observed. Since (E, F) € Cy can be equivalently expressed as x €
Cyand A(x) =1 if and only if x € Cy,

r(h, 1) = E[I(B, h(X))]
= 2 E[/(B. Wx))x]P(X =x)

= Y EUB.)Ix]P(X =x)+ 3 E[[(B.0)}x]P(X = x) (61)
3€Cy x€Cqy

Assuming the target function / is a possible hypothesis,

rth,0)-r(1, 0 (62)
= D (EUMBDIx]- ENBOIDP(X =x)+ 3 (E[/(B.0)x]- E[(B.x])P(X = x)
36Cy-C; 20C;-Cy

where C; is the class of structuring pairs corresponding to the W-operator defined by the
target Boolean function ¢. Since the r(h, 1) is minimized for h = ¢, according to Eq. 61
applied to «, EJX(B, 1)|x] < ETAB, 0)lz] if x € C; and E[/(B, 0)\x] < ETAB, 1)jx] if x ¢ C,.
Hence, Eq. 62 reduces to

rth, ) - r(t, 0= 3 |E[I(B,1)x] - ET/(B,0)x]| P(X = x) _ (63)
2eCe8C;

which is equivalent to the suboptimality error-increase expression given in terms of
absolute advantages in Eq. 40.

Relative to sampling, this equivalence involves Eq. 48. In these terms, the concept-
learning precision inequality of Eq. 56 takes the form

Pe(¥)) - e(¥)l <€) > 1 -6 (64)



Z|A,ﬂﬂ|<£)> 1-8 (65)

(E.F)CAC,

for m 2 m(g, d).

A theoretical contribution of machine leaming theory is the sample complexity bound
of Eq. 57, however, general machine-learning sample complexity bounds are unrealistically
loose when compared with practical results found in the literature (Dougherty [13],
Barrera [8)). In the next section, we will point out some reasons for this discrepancy.

8. Modeling Prior Information

Prior information is information that a learner has about the domain or concept to be
learned. If this information is used properly, then the training-sample size needed to get a
given precision (g, 5) can become smaller or, equivalently, training samples of a fixed size
can give sharper estimates.

For learning W-operators, a key point is the choice of a proper window W (Loce (24]).
Window size should be as small as possible since the size of the domain D is affected
exponentially by the size of W, #(D) = 2*™. In this task, prior information plays a salient
role. Usually knowledge of some geometrical properties expressed by the concepts is
sufficient to properly choose . For instance, if the target concept is an operator to
detect edges, an edge in digital topology (Kong [22]) depends just on a small
neighborhood of 4 or 8 pixels, depending on the connectivity required; if the target
concept is a filter of connected components or holes, then shape recognition can be
described trivially by canonical hit-miss operators that depend on the smallest window that
contain all the components to be filtered.

An important factor related to window size is image resolution. Window size should be
proportional to image resolution: higher (sharper) resolutions require larger windows.
Low resolutions require less training data to achieve a given estimation precision. For
instance, consider a training-data set consisiting of N pairs of square images with n lines
and a square window of 7 lines, with r << ». There are m = 2", pattern vectors X, %z,..,
x. defining the full observation domain. The training data yields N examples
(observations) and, owing to repititions, many fewer than Nn® of the potential m pattemns
are observed to cover the full observation domain of size m. If images with half the
resolution are sufficient for the task at hand, then we could employ N square images with
n/2 lines and a square window with r/2 lines. In this case, we observe Nr’/4 examples and

the domain size is 2”'*. At half resolution the number of examples is divided by 4, as is
the exponent of the domain size. Choosing a minimum resolution sufficient solve an

imaging problem is & basic preliminary step in automatic programming of MMach’s.

In applications of W-operators to solve practical image analysis problems, we are
almost always restricted to specific contexts, that is, to particular classes of images for
which the operators should perform properly. There are many examples of common
contexts: images of a family of similarly printed circuits, images of texts printed by the
same printer or line of printers, microscopic images of particular materials or cell cultures,
images of ZIP codes and addresses written on letters, images of objects under industrial
automatic quality control, etc. To restrict to a given context implies that the domain D
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becomes a subset of the power set of W. Usually, it is not easy to estimate the number of
pattems in a given context, but it is often significantly smaller than 2™

The worst probabilistic structure for the domain is the uniform distribution, which
models the most disorganized space. This distribution is bad for concept leaming because
to get small risks for an hypothesis / that estimates a target concept ¢, a large portion of
the domain must be covered by examples of the training sample. Thus, very large training
samples are needed. The best probability structure for the domain is the deterministic one,
where there is just one pattern with probability 1. Practical applications involve neither of
these extreme situations and are usually far from both.

For certain types of applications, such as noise restoration in document processing
(Baird [2]) or texture analysis in material science (Serra [31]), good stochastic models for
describing image classes are known. In these cases, besides the domain being restricted by
the context, its distribution is known from the stochastic model. Knowledge of the
probabilistic structure of the domain may be used to guide the choice of the training
sample: the size of the training sample must be sufficient to cover the most significant part
of the domain. In other situations, a large quantity of data is available and it is possible to
make good estimations of the most significant parts (where the probability mass is
concentrated) of the distribution. The computational cost of estimating the significant
parts of a distribution is low, relatively to the cost of estimating a concept from a learning
algorithm using the same amount of data. Hence, a large amount of data may be used to
estimate the distribution and just a portion of data be chosen for the training samples.

Information concerning properties of the target operator is also useful. If the target
operator is a marker for shape recognition, it is antiextensive; if the target operator is a
size classifier, it is increasing, antiextensive and idempotent; etc. These kind of properties
can be interpreted as constraints that characterize families of operators in the hypothesis
space (the increasing operators, the antiextensive operators, etc.). Under the knowledge of
target-operator properties, the hypothesis space considered will be the intersection of the
families of operators defined by the constraints. This is an obvious procedure. Of course, if
we know that an operator is antiextensive, there is no reason to look for it among the
extensive operators. Specialized algorithms for learning increasing operators have been
developed (Loce [23-25], Han [17), Mathew [27]). In addition, estimation precision
under the family of increasing operators has been studied, in particular, the significant
decrease in sampling size for the increasing class (Dougherty [13]).

A last kind of information that should be considered is knowledge of a good initial
hypothesis for the target operator. In this case, instead of learning the target operator
directly, we can leam the symmetric difference between the target operator and the initial
hypothesis. The nearer the initial hypothesis to the target operator, the easier will be the
task of learning the symmetric difference between them. Dougherty and Loce [12] have
used this technique to design operators for restoration of text images. When there is a
very small amount of noise affecting just the edges of text characters, the identity
operator is a reasonable initial hypothesis.

In general, learning a target concept corresponds to generating a function (the
hypothesis) by the specifications of values (labels) for the most probable subsets of . For
generating the hypothesis, patterns are chosen randomly from the domain. If the number
of pattems with unknown classification is large, then it will be necessary to have large
training samples to get good precision; otherwise the training samples may be smaller to
get the srme precision. All types of Frior information discussed have in common the fact
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that they reduce the number of subsets of # with unknown label. Therefore, they imply in
smaller sample complexities. The choice of a small window reduces domain size. Context
can determine subsets of W that should be labeled; others will be taken as don’t-cares.
Dstributional knowledge allows the patterns with small probabilitics to be treated as don't-
cares. Operator properties facilitate deduction of some pattern labels from knowledge of
other pattern labels — for instance, when learning an increasing operator, if a pattem is
labeled 1, then all patterns including it must also be labeled 1. Finally, an initial hypothesis
may label a large number of patterns.

9. Detailed design procedure

The design procedure of set operators for binary image analysis is composed of two main
steps: (1) estimation of conditional probabilities; (2) computation of an operator of
minimal cost in accordance with a given loss function and the estimated conditional
probabilities. The detailed design procedure may be outlined as follows:

1. Shift the observation window to all pixel locations within the observation image;

2. At each location, record the observed canonical template.

3. At each location, record the value of the pixel in the ideal image that is
colocated with the window origin in the observation image.

4. For each template, tally the number of times a one was observed in the ideal
image and the number of times a zero was observed.

5. For the operator representation select, for each canonical template observed, the
value (0 or 1) of minimal cost.

6. To reduce the representation cost, perform logic minimization assuming that the
unobserved templates are don’t cares.

Except for the fact that a large sample may be required, the computational cost of the first
five steps is low; however, the computational cost of the sixth step may be high.

Simplification of a Boolean function consists of transforming a given expression into
another expression with less terms or literals. A Boolean expression is considered a
minimal expression if: (1) there does not exist an equivalent Boolean expression with a
smaller number of terms; (2) there does not exist an equivalent expression with an equal
number of terms but with a smaller number of literals. Boolean expressions can be
simplified or minimized according to laws and theorems of Boolean algebra. We consider
some options to perform the logical minimization.

In order to present these options, we recall some basic definitions. Let /¥ be a finite set
and P(W) be its power set (set of all subsets of /). Earlier we defined an interval in terms
of binary functions on . Because a binary finction can be treated a subset (the set of all
1-valued elements), the interval definition can be reformulated in terms of substs: if 4, B €
P(W) and A c B, an interval, or cube, [4, B} in P(W) is the collection of all sets X such
that A c X c B. The dimension of a cube [4, B] is defined by

dim([A,B}) = #(B) — #A) (66)
A cube of dimension n is called an n-cube.
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9.1. Quine-McCluskey minimization

A classical simplification algorithm for Boolean expressions is the Quine-McCluskey
tabular algorithm (Quine [29], McCluskey {28]). This algorithm provides & minimal
expression and is well-suited for computer implementation since it systematizes the
simplification process. The Quine-McCluskey algorithm is composed of three basic steps:

1. Complete with 1s the table describing the Boolean function.

2. Take the set of 1-valued patterns as vertices (points) in an n-dimensional space
and perform a systematic minimization: from the set of vertices (O-cubes), try to find all
adjacent vertices (1-cubes); from the set of 1-cubes, try to find all adjacent 1-cubes (2-
cubes); and so on. The set of cubes resulting at the final step of the process is called the
set of prime implicants.

3. Select the essential prime implicants from the set of prime implicants generated
in step 2. A term is not essential in the set of prime implicants if it can be represented by
two other terms of the set. The central point in this step is to compute the smallest subset
of the set of prime implicants that is sufficient to represent the function.

Figure 1 illustrates the generation of the set of prime implicants in a simple example. The
drawback with the Quine-McCluskey algorithm is that step 1 generates an enormous
amount of data, even when the number of known points in the function is small relative to
the size of the domain. In practice, this algorithm cannot be used for functions with more
than twelve variables.

9.2, 151 learning algorithm

The Incremental Splitting of Intervals (IS) algorithm has been proposed (Barrera [7]) to
deal with functions that have a large number of variables and a relatively small number of
fixed values, a common occurrence in the leamning of set operators. The main idea under
the Quine-McCluskey algorithm is repetition of a process that joins cubes (from the 0-
cubes) to get cubes as large as possible. The main idea under the ISI algorithm is dual to
this: it is a repeated process that splits cubes into lower order cubes while there are
negative examples that must be satisfied. Successive application of this procedure, with
some basic caveats, results in a minimal expression.
The ISI algorithm is composed of five basic steps:

1. Let T be an initial set of prime implicants. Usually, in a space of dimension n, T
is the set whose single element is the n-cube. If there are no negative examples, then the
algorithm stops and T itself is the output.

2. Separate the cubes in T according to the following criterion: put the cubes of T
that cover the next negative example to be extracted in N and the othersinP. Set M =0Q.

3. Split each cube in N and represent it by its low order cubes. The low order
cubes that were not covered by some cube in P are put in M.

4. Put T = P U M and repeat steps 1 through 3 for the next negative example,
while negative examples exist.
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5. Select the essential prime implicants (by the same method used in the
QuineMcCluskey algorithm).

A fundamental aspect of the ISI algorithm is splitting a cube by a negative example. A
cube [4, B) c P(W) is split by a negative example X € [4, B} into a collection of intervals,
the collection denoted by [4, B] - X, in the following manner

[A,B]-X= {[A,Bn{a) :aeX}U{[Au(b}),B):beX) (67)
where the complement is taken with respect to . It can be proved that

#([A, B] - X) = dim([4, B)) (68)

where the number on the left is a count of intervals and the number on the right is a count
of elements. Moreover, for any interval [{4,, By] € [4, B] - X,

dim([Ay, B\)) = dim([4, B]) - 1 (69)

Thus, the split of an r-cube by a negative example produces » cubes of dimensionn - 1.
It can be also proved that the intervals of {4, B] — X are maximal.

The ISI algorithm is recursive. Each execution of step 4 gives a set of prime implicants.
Iterations of the algorithm can be visualized via a tree, where nodes at a given level are
cubes resulting after the execution of the iteration. If we consider the root at level zero,
then the nodes in the first level are the cubes resulting after the extraction of the first
negative example and so on. The dynamics for minimization of a function of three
variables are shown in Figure 2. The same process can be viewed in a 3-space in Figure 3.

Table 1 shows comparative experimental results between the Quine-McCluskey and
IS1 algorithms for an example with twelve variables. The columns “negative”, “positive™
and “d.c.” indicate the numbers of distinct negative examples, positive examplu, and
don’t cares, respectlvely, the column terms indicate the number of terms in the minimal
expression; “mem” mdlcatcsthemmnmnlqummyofwbuthnmhmmlslymst
during the minimization process. Table 2 gives experimental results of the application of
the ISI algorithm for minimization of functions with large numbers of variables that are
not treatable by the Quine-McCluskey algorithm. These experiments have been performed
using an INTEL-586 processor. Processing time is measure in hours (h), minutes (m) and
seconds (s). From Table 1, we conclude that application of the ISI algorithm uses much
lessstoragespwetlnntheQMllgomhmnndthateﬂicnmcydependsontheqummymd
distribution of the examples given. Table 2 shows that the ISI algorithm can be applied for
mmmnnngexpmonswnhlargemnnbersofvmnblu, g0 long as the number of don't
cares is also large.

10. Application examples
In this section, we present some example applications of optimal design of set operators in

binary image analysis using the ISI learning algorithm. Example 4 employs the SR loss
function; all others use the MAE loss function.
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Example . Edge detection - The window is the 3 x 3 square and the training sample is
consistent. The training sample is taken from the images of Figure 4a. The size of the
training sample was 3,844. The number of distinct observed examples was 46, 24 positives
and 22 negatives. Learning time was 1s. The error measure was zero. The resulting basis
is composed of the following maximal intervals:

0 x x x x 0 S X X X
x 1 x x 1 x| |x 1 x x 1 x
X x X X x X x x 0 0 x x

Figure 4b shows application of the leamed operator.

Example 2: Edge Detection in Noise - The window is the 3 x 3 square. The training
sample of size 80,392 was taken from the images of Figure 5a. There were 363 distinct
examples observed, 278 negative and 85 positive. Learning time was 1s The resulting
basis is composed by 44 intervals. The noise is punctual, additive and subtractive, and
uniformly distributed, with density 5% The error measure was 0.48%. Figure 5b shows
application of the learned operator.

Example 3: End-Point Detection in Noise. The window is

0 0
1 1
W=|1 1
1 1
0 0

— e st bt b

1
|
1
1
1

— e et et e

where the Os in the corners mean that these pixels are not part of the window. The
training sample of size 36,290 was taken from two image pairs, one being shown in Figure
6a. There were 1,545 distinct observed examples, 1,538 negative and 7 positive. Learning
time was 1s. The resulting basis is composed of 4 intervals:

x 01 0 x x 0 0 0 x x x 0 x x I i SR
0 x 1 0O 0 x 0 x x 0 0 x x 0 0 0 0O
0 x 1 0 x|, (1 1 1 O0 x|, |x 01 1 1|, |0 x 1 0 x
x 0 0 x x x x x 0 x| |x 0 0 x x 0 x 1 x x
X X X X X X X X X X X X X X X XXlXX

Note that, since the comers are not part of the window, each corner pixel in the basis
mudy be a don't-care pixel. The noise is punctual, additive and subtractive, and uniformly
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distributed, with densities 1% and 0.1%. The error measure was 0.005%. Figure 6b
shows application of the learned operator.

Example 4: Letter Recognition - The window is the 3 x 3 square. The training sample of
size 24,426 was taken from the images of Figure 7a. There were 273 distinct observed
examples, 27) negatives and 2 positives. Learning time was 1s. The resulting basis is
composed of 2 intervals. The error measure was zero. Figure 7b shows application of the
learned operator. For a more sophisticated OCR application, see Barrera [9].

Example 5: Texture Recognition - The window is the 5 x 5 square. The training sample of
size 90,126 was taken from the images of Figure 8a. There were 5,098 distinct observed
cxamples, 5,024 negatives and 74 positives. Learning time was 1s. The resulting basis is
composed by 12 intervals. Figure 8b shows application of the leamned operator.

Example 6: Image Restoration - The window is the 3 x 3 square. The training sample of
size 48,852 was taken from the images of Figure 9a. There were 482 distinct observed
examples, 247 negative and 222 positive. Leamning was 1s. The resulting basis is
composed by 28 intervals. The noise is punctual, additive and subtractive, and uniformly
distributed, with density 5%. The error measured was 1.2%. Figure 9b shows the result of
the application of the operator learned. We have included this example only for
completeness. Optimally designed hit-or-miss-based algorithms have been studied
extensively by Loce [23]. The resuits obtained here are consistent with those expected
from a small window; better results are obtained by using a larger window.

Example 7T: Defect Lines - Detection of defect lines in eutectic alloys is a classical problem
in mathematical morphology. A first ad hoc solution for this problem was given by
Christian Lantejoul (Serra {31]) and this problem was subsequently addressed by Schmitt
[30]. The goal is to find defect lines in an image of a transversal section of an eutictic
alloy. We have applied our approach of designing set operators to this problem, At first,
we have performed a homotopic transformation on the image and a shrink in such a way
that we can observe the defect lines in a low resolution image. The transformed image has
been divided into two halfs, the first to be used as training data and the second for testing
the result. Figure 10a shows the images used as training data and Figure 10b shows
application of the operator. We should remark that the desgined operator is not rotation
invariant as are the operators proposed by Lantejoul and Schmitt; however, the results can
be considered quite good if one takes into account the small amount of data available for
training. The window was the 5 x 5 square. The size of the training sample was 7,260
There were 3,812 distinct observed examples, 3,519 negatives and 293 positives.
Learning time was 30s. The resulting basis is composed of 127 intervals.

Example 8: Barcode Segmentation The goal in this application is to separate the bar
code region in document images. The images were acquired by a scanner, thresholded,
closed by a large vertical segment, and strongly shrunk before been used in the automatic
programming. The training phase used 4 pairs of images and an 11 x 11 window (121
Boolean variables). The size of the training sample was 20,764 with 13,067 distinct
examples, 11,659 negatives and 1,408 positives. The time of learning was 1m28s. The
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resulting basis is composed of 23 intervals. The error measured was 0.035%. Figure 11a
shows a pair of images used in trainning and Figure 11b shows an application of the
learned operator. It is of interest to note that we have used a large window and, even with
the small amount of examples used, the precision is quite good.

11. Conclusion

This paper has presented a generalization of the formulation proposed by Dougherty for
the design of set operators by statistical optimization in the context of morphological
representations. The original formulation deals just with the problem of restoration and
(later) enhancement of binary images; the new one provides a general approach to the
problem of designing set operators for MMachs. This formalism gives a solid
mathematical structure to the design morphological operators from examples, a topic
initially approached by Vogt [34] in heuristic terms. It has also been demonstrated that
the new formulation can be interpreted as a restriction of the theory proposed by Haussler
for the generalization of the concept of PAC learning algorithms (proposed by Valiant).
Haussler understands concepts as functions on a real interval, while the restriction
considered takes concepts as Boolean functions. Reasons have been given why the
analytical bounds for sample complexity given by PAC learning are quite unrealistically
loose in practice. The IS algorithm for reducing W-operators in canonical form has been
discussed and applied, along with the entire procedure, to image analysis problems.

The mathematical fundamentals applied in the proposed methodology are canonical
operator representation by mathematical morphology and statistical optimization. Because
statistical optimization is a quite general theory and any complete lattice operator can be
represented in a canonical form (Banon [4], Dougherty [15]) the present formulation can
be extended to other application domains such as signal processing, gray-scale and colored
image processing (Dougherty [14]). The theory has a natural counterpart in the theory of
supervised neural networks, since both methodologies involve training via input-output
image pairs with the result being a designed set operator. An essential difference between
neural networks and morphological machines is the use of networks of artificial neurons in
the former as opposed to morphological operator representation in the latter.
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CHARLES BABBAGE Everyone from bankers to navegators de-
pended on mathematical tables during the Industrial Revolution.
However, these hand—calculated tables were usually full of erros. Af-
ter discovering that his own tables were riddled with mistakes.
Charles Babbage envisioned a steam powered differential engine and
then an analytical engine that would perform tedious calculations ac-
curately.
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| Negatives | Positives | D.C. Terms | Time-ISI | Mem-ISI | Time-QM | Mem-QM
835 601 2660 82 21s 2160 16m 80682
712 724 2660 90 24s 2202 20m10s 89824
1035 3061 0 430 Tm 4580 Tm7s 38524
2048 2048 0 418 1m30s 1942 1m22s 15876
2467 4823 1147 122 3m33s 2804 15s 11902
2859 90 1147 40 2mS2s 2525 6s 7807
3061 1035 0 411 26s 993 14s 3069
Table 1
Variables | Negatives | Positives DC. Terms Memory Time
15 42 18 32,708 6 4146 29s
15 16,384 16.384 0 1768 12,728 6h46mlds
20 21 1,052 1,047,503 25 744 9s
25 36 2,493 33,551,903 32 32,880 1h42m1ls
49 56,191 4,239 1,348 Th46m1Ss
81 67,119 7,823 2,798 14h42m39s

Table 2
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