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Abstract

We show that each non-hyperbolic ergodic measure of a partially hyperbolic diffeo-
morphism on T3 which is homotopic to Anosov admits a full measure subset which in-
tersects each center leaf in at most two points.

Mathematics Subject Classification (2010). 37D30, 37A05, 37C05.
Keywords. Partial hyperbolicity, non-hyperbolic ergodic measure, Anosov diffeomor-
phism.

1 Introduction

1.1 Background

One attempt of research in smooth ergodic theory is to verify up to what extent the known
ergodic features of hyperbolic dynamics appear in beyond uniformly hyperbolic dynamics.
Several weak forms of hyperbolicity are proposed to relax the notion of uniform hyperbolic-
ity. Partial hyperbolicity had attracted many attentions. Classification of partially hyperbolic
diffeomorphisms and proving ergodicity of volume measure are two main research topics.
The following statement of Pugh and Shub: "a little hyperbolicity goes a long way toward
guaranteeing ergodicity", has been a driving force for many ergodicity results in the partially
hyperbolic setting.

In this paper we would like to address hyperbolicity in terms of global measure theo-
retical properties. Observe that for genuinely partially hyperbolic diffeomorphisms, a non-
trivial center bundle is the obstruction to uniform hyperbolicity. In our quest for “a little
hyperbolicity", we calculate the Lyapunov exponents along center bundle. If all the cen-
ter Lyapunov exponents are non-zero almost everywhere, we are in the setting of so-called
nonuniform hyperbolicity and several methods including Pesin’s theory are available. So,
vanishing center Lyapunov exponent is one of the main obstructions to understand ergodic
properties of partially hyperbolic diffeomorphisms.
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Program of China (2021YFA1001900), NSFC 12001027 and the Fundamental Research Funds for the Central
Universities.



A naive way of getting rid of center bundle is to study the quotient space of center foli-
ation (whenever it exists). However, in general this quotient space is not even a Hausdorff
topological space. By the way, one may consider disintegration of volume along the center
foliation and it turns out that in some cases the Lebesgue measure disintegrates into Dirac
measure (or finitely many Dirac) along the global center leaves! Shub and Wilkinson [SW]
considered A x Id : T3 — T3 where A is a linear Anosov diffeomorphism of T2 and by pertur-
bations, they obtained an open set of volume preserving partially hyperbolic dynamics with
non-vanishing center Lyapunov exponent. Using compactness of center foliation and non
vanishing center Lyapunov exponent, they proved that the center foliation is non-absolutely
continuous, and in fact the volume disintegrates into atomic measures along center folia-
tion [RW]. See also Pesin and Hirayama [PH] who proved atomic disintegration in higher di-
mensional center case where they assumed that the sum of the center Lyapunov exponents
is non-zero.

Here we would like to address this phenomenon of Dirac disintegration in the setting of
partially hyperbolic diffeomorphisms on 3-manifolds. Sometimes it is called virtual hyper-
bolicity (This term was coined by E. Lindenstrauss and K. Schmidt in [ D: the existence
of a full volume subset which intersects every center leaf in at most finitely many points (or
orbits). This “little (virtual) hyperbolicity" may be useful to prove ergodic properties. For in-
stance, the Dirac disintegration of Lebesgue measure along center foliation of derived from
Anosov diffeomorphisms plays an important role to prove Bernoulli property in [ ], and
the examples of Dirac disintegration of volume along center foliation of derived from Anosov
diffeomorphisms enabled the authors of [ ] to construct examples of minimal yet mea-
surable foliations.

In this paper, we will consider non-hyperbolic ergodic measures and study their disinte-
gration along the center foliation.

There are many deep results in the active area: the classification of partially hyperbolic
diffeomorphisms on 3-manifolds. In the spirit of these classification results, we highlight
following three classes:

* fibered maps,
 perturbation of time-one map of Anosov flows,
* derived from Anosov diffeomorphisms.

By the results in the works of Avila, Viana and Wilkinson ([ 1, 1 D, in the first
two categories there is a “Dirac versus Lebesgue" dichotomy. R. Vardo [V] gave an example
to show that in the derived from Anosov case, the disintegration along center foliation may
be neither atomic nor Lebesgue. It is important to note that in the first two categories, if the
center Lyapunov exponent is non-zero then we are in the atomic disintegration case of di-
chotomy. However, there are examples with vanishing center Lyapunov exponent but Dirac
disintegration along the center foliation (See examples in 1.3.2 and 1.3.3).

Our main result is in the derived from Anosov setting where we prove that vanishing cen-
ter exponent always yields atomic disintegration. In fact, this result holds for any invariant
ergodic probability measure. This shows a main difference between our result and previous
disintegration results where smoothness of measure is crucial. Besides its intrinsic interest,
we use this result in some class of derived from Anosov examples to show that the so called
invariance principle [Fur, [, AV] does not hold in this context. In this way we shed more



light on the atomic disintegration along the center foliation of all three partially hyperbolic
categories above (See Section 1.3).

1.2 Statement of the results

Recall that a diffeomorphism f € Diff' (M) is partially hyperbolic if there exist a Df-
invariant continuous splitting TM = E* & E° @ E¥ and N € N such that

IDfNgs (ol <min{l, m(D £ | gex)} < max{L, | D fN|geoll} < m(D N puy).

A diffeomorphism f € Diff!(T3) induces an isomorphism f, : H;(T3,Z) — H;(T3,Z) which
can be considered as a matrix in GL(3,Z), and one says that f is derived from Anosov (or
homotopic to Anosov) if f, induces an Anosov automorphism on T3.

The existence of non-hyperbolic ergodic measures for robustly non-hyperbolic systems
has been extensively investigated, see for instance [ , KN, , B7]. Now, we investigate
the disintegration of non-hyperbolic ergodic measures for derived from Anosov systems on
T3 which is one of the classical partially hyperbolic models and whose study originated from
Mané [M].

Theorem A. Let f € Diff' (T®) be a partially hyperbolic diffeomorphism which is derived from
Anosov. For any non-hyperbolic ergodic measure v, there exists a v-full measure set A, which
intersects each center leaf in at most two points.

Remark 1.1. 1. It has been shown in [VY] that if the linear Anosov diffeomorphism has 2-
dimensional unstable bundle, then each ergodic measure with negative center Lyapunov
exponent admits a full measure set which intersects each center leaf in at most one point.

2. Note that the center foliation of f is orientable. If f preserves the orientation of the
center foliation, the v-full measure set \,, can be chosen to intersect each center leaf in
at most one point. If the v-full measure set A, intersects almost every center leaf in two
points, then the conditional measures of v along the center foliation are equidistributed
on these two points.

3. In terms of vanishing of transverse entropy (defined in [LY?]), E Ledrappier and ]. Xie
[L.X] showed that for C?-diffeomorphisms, if the transverse entropy of an ergodic mea-
sure vanishes, then the conditional measure along a typical unstable manifold is ac-
tually carried by a single strong unstable manifold. Thus the disintegrations along the
weak unstable manifolds are atomic. While we work for the case where the center Lya-
punov exponent of a C' -partially hyperbolic diffeomorphism vanishes, so our result is
not implied by theirs.

In [GS], the authors show that C1*% volume preserving partially hyperbolic diffeomor-
phisms f which are derived from Anosov on T3 are ergodic. Observe that this implies that
the Lebesgue measure is ergodic for f* (k€ Z\ {0}), as f* is also derived from Anosov. Thus,
one has the following corollary.

Corollary 1.2. Let f € Diff,,"*(T3) be a partially hyperbolic diffeomorphism which is derived
from Anosov. If the center Lyapunov exponent of f vanishes, then there exists a Lebesgue-full
measure set which intersects each center leaf in at most one point.



1.3 Atomic disintegration and vanishing center exponent

In this section we first mention some byproducts of our main result for derived from
Anosov diffeomorphisms. Then we give some examples of vanishing center Lyapunov ex-
ponent and atomic disintegration in the case of partially hyperbolic diffeomorphisms which
are close to time one map of geodesic flow on negatively curved surface or have compact
center foliations.

1.3.1 Derived from Anosov diffeomorphisms

We will show that there exist derived from Anosov diffeomorphisms such that the invari-
ance principle does not hold.

Recently, Crovisier and Poletti [CP] obtained the following invariance principle result.
They consider partially hyperbolic and dynamically coherent diffeomorphisms f which act
quasi-isometrically in the center: there exist K = 1 and g > 0 such that for every x, y € M with
y € F¢(x) and every n € Z, one has

K'd®x,y)—q<d°(f"(x), f*(y) < Kd“(x,y) + q,

where d°(-,-) denotes the distance along the center leaves.
The following result is a direct consequence of Theorem B in [CP] (see the paragraph
before Theorem B in [CP]).

Theorem 1.3 ([CP]). Let f € Diff" (M) (r > 1) be a partially hyperbolic and dynamically coher-
ent diffeomorphism, and let m be an ergodic measure. Assume, in addition, that

* f acts quasi-isometrically in the center;
e m has local cu x s-product structure' and A°(f, m) = 0.

Then there exists a family of local center measures {m$} xesuppim) Which are continuous, f -
invariant, s-invariant, u-invariant and extend the center disintegration of m to the whole
support.

Now, we present an example showing that the above invariance principle does not hold
in derived from Anosov setting. In particular we conclude that the quasi-isometric hypoth-
esis in the above theorem is a necessary condition. Consider a family of examples in [PT]
where the authors begin with an Anosov automorphism and make Baraviera-Bonatti [BB]
type of perturbation carefully to obtain derived from Anosov diffeomorphisms with some
nice properties. More precisely, they begin with a linear Anosov automorphism (chosen from
a suitable family of automorphisms) A: T3 — T3 with eigenvalues 1° < A€ <1 < 1% where A°
is very close to one (see Section 4 in [PT]), and after C 1_small perturbation they find a smooth
path { i} e(0,1) < DiffS2(T?) such that each f; is partially hyperbolic, fo = A and f; has positive
center Lyapunov exponent. It is proved in [PT] that the disintegration of Lebesgue measure
along center foliation of f; is atomic. As the center bundle is one dimensional, there ex-
ists 7y € [0,1] such that f;, has vanishing Lyapunov exponent (notice that f;, is homotopic

'Roughly speaking, m has local cu x s-product structure if 7 restricted to a small product neighborhood of
z (that is a neighborhood can be identified as & lcouc(z) x F foc(z)) is equivalent to the product measure m*(z) x
m®(z) where m“(z) is the conditional measure on & ICO”C(z) and m*(z) is the quotient measure on & lsoc(z). One
can refer to Definition 1.5 in [CP] and references therein for a precise definition.



to A). By Corollary 1.2, the disintegration of m along center foliation of f, is given by Dirac
measures.

The family of diffeomorphisms {f;}:c[0,1) is obtained by perturbing A locally (supported
on a small ball) and the center-unstable bundle of A is preserved by the perturbations. Thus
center-unstable foliation of f and A are the same and consequently all the leaves are planes
and it is an absolutely continuous foliation (in fact smooth). This implies that volume mea-
sure m has local cu x s product structure (see [CP, Proposition 6.1] for a proof).

Now we claim that the conclusions of the above theorem can not hold for such an ex-
ample. Indeed, by theorem A the center disintegration is atomic. So take any such atom
x € T® and consider a small neighborhood of x. As f;, is not Anosov, by [GS, | the dif-
feomorphism f;, is accessible? (here we have local non-joint integrability). We can take an
su—path beginning from x and ending at some y # x in the center plaque of x. As m is fully
supported, if there exists a continuous disintegration of m which is both s-invariant and u-
invariant then we would conclude that y is also an atom of the disintegration of m along the
center plaque of x which is a contradiction.

In all the known examples of volume preserving derived from Anosov diffeomorphisms
on T3 with Dirac disintegration (along center leaves), the center Lyapunov exponent is either
zero or has opposite sign to the center exponent of their linear part. Thus it is natural to ask
the following question.

Question 1. Is there any example of volume preserving derived from Anosov diffeomorphism
f such that the sign of its center Lyapunov exponent coincides with the sign of the center Lya-
punov exponent of its linearization and the disintegration of Lebesgue measure along center
foliation is Dirac?

1.3.2 Perturbations of time-one maps of Anosov flows

Perturbations of time-1 maps of geodesic flows on the unit tangent bundle of negatively
curved surfaces are classical examples of partially hyperbolic diffeomorphisms isotopic to
identity. In this case a deep result of Avila-Viana-Wilkinson proves a dichotomy: either the
center foliation is virtually hyperbolic or the dynamics is embedded into a flow.

Theorem 1.4 (Main Theorem 1 in [ 1). (Dirac - Lebesgue dichotomy) Let ' : T'S — T1S
be the geodesic flow for a negatively curved closed surface S and let m be the ¢'-invariant
Liouville probability measure.

Then there is a C'-open neighborhood % < Diff. (T'S) of ¢' such that for any smooth
diffeomorphism f € %, one has

1. either there exist k = 1 and a full m-measure set Z  T'S that intersects every center leaf
in exactly k orbits of f,

2. or the center foliation is absolutely continuous; in this case, [ is the time-one map of an
m-preserving C* flow.

The study of Lyapunov exponents and the so called Invariance Principle is crucial in the
proof of the above theorem. We point out that the above dichotomy does not coincide with
hyperbolic versus non-hyperbolic behavior in the center direction. If m is non-uniformly

2Recall that a partially hyperbolic diffeomorphism is accessible if any two points can be joined by a path
which is a concatenation of finitely many curves lying either in a strong stable leaf or in a strong unstable leaf.
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hyperbolic (the center Lyapunov exponent is non-zero), then we are in the first item of di-
chotomy. However in the presence of zero Lyapunov exponent we may still be in the first
case.

We construct a family {g;}se[_1.1) < Diff} (T1S) of diffeomorphisms in a C' small neigh-
borhood of ¢! such that gy = ¢! and g; (resp. g_1) has positive (resp. negative) center Lya-
punov exponent. Indeed, by Baraviera-Bonatti [BB] local perturbation method consider two
families of volume preserving diffeomorphisms (¢¢) rejo,1] and (7¢) re[-1,0; Such that

e 1o =1Id and A°(gpon;) >0,
* {o=1Idand A°(gpo¢-1) <0,
* the supports of all {; and n; are in some small disjoint balls B; and B, respectively.

Now define

_ J&oon: rel0,1]
o goo¢; te[-1,0].

Let € be a periodic orbit of ¢’ which is disjoint from B; and B,. Then € is normally hyper-
bolic for gy, and thus admits continuation under small perturbations. By the conservative
version of Franks lemma (see Proposition 7.4 in [ 1), there exists g arbitrarily C! close to
8o such that g admits a sink on the compact center leaf €, (continuation of € for g) and
g coincides with gy in the complement of a small neighborhood of €. Finally we define
fr=8°8 1o g;. As the center bundle is one dimensional, the center Lyapunov exponent
varies continuously. Since A°(f;) > 0 and A°(f-;) < 0, by mean value theorem there exists ¢,
such that A°(f;,) = 0. Observe that f;, restricted to 6, admits a sink and thus it can not be
embedded into a flow as in Theorem 1.4.

1.3.3 Fibered partially hyperbolic diffeomorphisms (Circle center leaves)

Animportant class of partially hyperbolic diffeomorphisms are the so called fibered maps
and they include skew products. A diffeomorphism f: M — M is fibered partially hyperbolic
if M admits an f-invariant structure = : M — B of continuous fiber bundle with C! fibers
where the fibers are tangent to the center bundle of f (See [ | for more details.) Here
we assume the fibers are homeomorphic to circle. In this setting, the phenomena of Dirac
center disintegration can appear in systems with non-vanishing center Lyapunov exponent
as well as in systems with vanishing center Lyapunov exponent.

Shub and Wilkinson [SW] obtain a volume preserving skew-product system which has
non-vanishing center Lyapunov exponent and has atomic center disintegration for the vol-
ume.

Katok’s example shows that zero center Lyapunov exponent and Dirac disintegration can
occur simultaneously. We recall Katok’s example here. Let {f;};cs1 be a smooth family of vol-
ume preserving Anosov diffeomorphisms of T2 such that for any s # ¢ one has that f; and f;
are topologically but not smoothly conjugate. By a result of de la Llave [d]] the conjugacy
between f; and f; can not be absolutely continuous. Now define F: T? x S' — T2 x S! by
F(x,t) = (fi(x), 1). It is not difficult to see that A°(F, vol) = 0 and the center holonomy be-
tween two transverse tori T2 x {s} and T2 x {¢} is given by the conjugacy between f; and f;
and hence not absolutely continuous. In fact considering the union of generic points of f;



for t € S', one obtains a full Lebesgue measure subset of T3 which intersects any center leaf
in at most one point.

Note that Katok’s example is not accessible. One can also construct an example of an ac-
cessible volume preserving partially hyperbolic diffeomorphism on a nilmanifold M* which
has vanishing center Lyapunov exponent and Dirac center disintegration. Take a one pa-
rameter family of volume preserving partially hyperbolic diffeomorphisms on M? as in Sec-
tion 1.3.2 and after a perturbation introduce a sink in a periodic center leaf of all diffeomor-
phisms in the path. There exists a parameter with vanishing center Lyapunov exponent and
by rigidity result of [ | (Theorems A and B) the conditional measures along center fo-
liation are atomic. Finally, notice that all the partially hyperbolic diffeomorphisms on the
nilmanifold M? are accessible due to | .

Acknowledgments: We would like to thank S. Crovisier, A. Wilkinson, S. Gan, M. Poletti and
Y. Shi for helpful comments. We would like to thank the anonymous referee whose com-
ments and suggestions helped us to improve the presentation of this paper.

2 Preliminaries

In this section, we collect the notions and results used in this paper.

2.1 Rohlin’s disintegration theorem

Given a compact metric space X, a partition & of X is called measurable, if there exists
a sequence of finite (Borel) measurable partitions &) < & < --- < &, < --- such that & =

Vnel\lc@ n-
Given a probability measure u and a measurable partition &2 on X, we denote by i the
quotient measure induced by p on the Lebesgue space X /2.

Theorem 2.1 ([Ro]). Given a probability measure L and a measurable partition &2 on X, there
exists a (essentially) unique family of probability measures {|ip}pecg such that

e up(P)=1forfia.e. Pe2?;

e for any measurable set Ac X, the map P — up(A) is measurable and
u(A) = f,up(A) dg.

The family of probability measure {up}pes is called the conditional measures or the dis-
integrations of u with respect to 2.

2.2 Partially hyperbolic diffeomorphisms homotopic to Anosov

In this section, we recall some properties of partially hyperbolic diffefomorphisms on T3
which are homotopic to Anosov.

Theorem 2.2 ([F'1]). Let f be a homeomorphism on T3, which is homotopic to a linear Anosov
diffeomorphism A. Consider a lift F of f to T3. Then there exists a unique continuous surjec-
tive map 7 : R — R3 such that



e ToF=Aom;
* n(x+n)=mn(x)+n, foranyxe R3 and n e 73.

Remark 2.3. 7 is homotopic to identity and nr induces a continuous surjective map on T3, still
denoted by i, such thatmo f = Ao.

Theorem 2.4 ([B], Ha, U, Pol). Let f be a partially hyperbolic diffeomorphism on T which is
homotopic to a linear Anosov diffeomorphism A. Let  be the semi-conjugacy between f and
A. Then one has the following properties:

* there exist unique foliations F°, " and F° tangent to the bundles E* & E¢, E° & E*
and E€ respectively;

the lift of Z€ to R3 is quasi-isometric’;
* A has simple spectrum;
* the semi-conjugacy sends the center foliation of f to the center foliation of A;

e for a point x € T3, the set n='(x) is a center closed segment (including a single point
case).

2.3 Entropy along an expanding foliation

The entropy along unstable manifolds is defined in [L.Y], ] and is generalized for an
expanding foliation in [VY, Y, 1.

Letge Diff! (M). A measurable partition ¢ is increasing if g¢ < . A measurable partition ¢
is called u-subordinated to a foliation & on M if for u a.e. x, the element {(x) is contained in
the leaf 7 (x) and there exists 6 > 0 such that the 6, neighborhood %5 (x) of x (with respect
to the leaf topology) is contained in ¢ (x).

A foliation & on M is called an expanding foliation of g € Diff! (M), if

* & is g-invariant;
e each leaf of & is C! and g is uniformly expanding along the tangent bundle of .

Lemma 2.5 (Proposition 3.1 in [.5] and Lemma 3.2 in [Y]). Letg€ Diff! (M), U be an invari-
ant measure and & be an expanding foliation g. Then there exists an increasing measurable
partition which is u-subordinated to & .

Let 1 be an invariant measure of a partially hyperbolic diffeomorphism g, then the un-
stable (metric) entropy of u is defined as

hy(g’f/;u) = Hy((ﬂg‘f),

where ¢ is an increasing partition u-subordinated to the unstable foliation & . It has been
shown in [LY1] that the unstable entropy is independent of the choice of (. Analogously, one
can define the stable metric entropy along a contracting foliation by considering g !.

The following results show that the disintegration of an ergodic measure along an ex-
panding foliation is closely related to its metric entropy along this foliation.

3A foliation with Cl-leaves on RS is quasi-isometric, if there exists a, b > 0 such that dz (x, y) < ad(x,y)+b
for any x € R® and y € & (x).



Proposition 2.6 (Proposition 2.5 in [VY]). Let g € Diff! (M), v be an ergodic measure and &
be an expanding foliation. Then the followings are equivalent:

° hV (g;g) = 0-
* there exists a v-full measure subset intersecting each center leaf in at most one point.

Proposition 2.7 (Proposition 2.7 in [VV]). Let g € Diff' (M), v be an ergodic measure and F
be an expanding foliation. Then the followings are equivalent:

* h,(g,%F)>0.
* anyv-full measure subset intersects almost every center leaf in an uncountable set.

In Section 3, we will apply the results of this section to g = A and &% = W€, where A is a
linear Anosov with expanding center foliation W°.

3 Entropy and disintegrations along the center foliation: Proof
of Theorem A

In this section, we first show that the projection of a non-hyperbolic ergodic measure has
zero entropy along the center foliation, then we study the disintegration along the center
foliation.

Proposition 3.1. Let f € Diff'(T®) be a partially hyperbolic diffeomorphism homotopic to
a linear Anosov diffeomorphism A. Let 7w : T3 — T3 be the semi-conjugacy between f and A
given by Theorem 2.2. For any non-hyperbolic ergodic measurev, one has h; (A, W¢) = 0 where
Vi=mv.

Ledrappier and Young [L.Y2] considered the entropy along Pesin unstable laminations.
And by Ruelle’s inequality, positive entropy gives positive Lyapunov exponents. However,
here we need to deal with the entropy along a foliation with a vanishing Lyapunov exponent.
To overcome this difficulty, we use the semi-conjugacy to the hyperbolic automoprhism.

Proof of Proposition 3.1. Up to replacing f by f~!, one can assume that A is expanding along
the center, as the result is symmetric in considering f~!. Let us denote by % and W°¢ the
center foliations of f and A respectively. Let v be an ergodic measure with vanishing cen-
ter Lyapunov exponent, then ¥ := 7, v is an ergodic measure of A. The proof proceeds by
contradiction. Assume, on the contrary, that i (A, W¢) > 0.

Claim 3.2. (f,v) is isomorphic to (A,V) viar.

Proof of Claim 3.2. By Theorem 2.4, the set 7~ !(x) is a center segment (could be trivial) for
any x € T3 in particular, on each leaf of W*, there are at most countably many points whose
pre-images under 7 are non-trivial center segments. Consider the set

S ={xe T3|72~ 1 (x) is a non-trivial center segment}.

Notice that f‘1 1) =77 YA 1 (x)) for any x € T3. Thus, the set .# is A-invariant. By the
ergodicity of ¥, one has V(%) = 0 or 1. As hy(A, W°) > 0, by Proposition 2.7, for any v-full



measure subset K, one has that K n W¢(x) is an uncountable set for ¥ a.e. x € T3. Since on
each leaf of W€ there are at most countably many points whose pre-images under 7 are non-
trivial center segments, thus () = 0 proving that 7 is an isomorphism between (f,v) and
(A, V). O

Now, consider a measurable partition ¢° ¢ which is increasing and v-subordinated to the
foliation W€ with Diam(£€) < 1. Let {#$} be the conditional measures of ¥ with respect to the
measurable partition £¢. By Shannon-McMillan-Breiman theorem for unstable entropy [1.Y2,
Lemma 9.3.1], one has

_ log¥S(viT) AT (x))
lim —

n—oo n

= hy(A, WS, forva.e. xeT°.

As 7 : T® — T3 is continuous, the partition &€ := 771 () is measurable. Since 7 is homotopic
to identity and the center foliation is quasi-isometric, there exists 7o > 0 such that Diam(¢€) <
no*. By Theorem 2.4, m sends the center leaves of f to the center leaves of A and 7! (x) is
a center segment for any x € T3, and thus the partition ¢€ is v-subordinated to the center
foliation W°. Notice that € = n_l(fc) < n_lA_l(éc) = f‘ln_l(éc) = f‘l(g‘c). To summarize,
the partition ¢¢ is an increasing measurable partition which is v-subordinated to #°¢. We
denote by {v¢} the conditional measures of v with respect to the measurable partition ¢°.
Since 7 is an isomorphism between (f,v) and (A, V), one has

_logvfc(\/?:'o1 “IEC(x)
n

, forva.e xeT3.

hy(A,W€) = Hy(f (€159 = lim
Now fix € € (0, min{h; (A, W€)/20,1/ 8}) small, and let us denote
Ane={x€ T3V EC(f (X)) < e M AWI=8) o1 any n > N},

Kye={xe T3| &7 <log||D f"|ge ol < ™€, for any |n| = N}.
Then v(An, N Kp,) tends to 1 when N tends to infinity for any € > 0.
For 6 > 0, we define the set
Ls = {x e T’|F{(x) c &)}

As &€ is v-subordinated to the center foliation ¢, v(Ls) tends to 1 when § tends to 0. Choose
6 > 0 small such that v(Ls) > 3/4, and up to shrinking §, one can assume that

e <IDflgel/IDflgeyll < e foranyx,ye T3 with d(x, y) < 8.

We consider the set

1zl .
Rye={xeT? v(ls)—e< — 2 X (f'(x)) <v(Ls) +¢, forany n= N}.
0

i=

By Birkhoff ergodic theorem, v(Ry () tends to 1 when N tends to infinity. Let 7, = [8n¢e] +1
for neN.

“The diameter of a partition 7 is defined as Diam(n) := supce, Diam(C).
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Claim 3.3. For any n > N and any x € Ry ¢, there exists j € {n,---,n+ T, — 1} such that
fl(x)€eLs.

Proof of Claim 3.3. By the definition of Ry ¢, for n > N, one has

n-1

Xz, (f1(0) <v(Ls) +e,

v(Ls) —e< —
nizo

N+Tpe—1

X1 (F1(0) < v(Le) +e.
=0

v(Ls)—€<
n,e i

Thus for n > N, as € < 1/8, one has
n+Tpe—1

Y x (FL0) > (4T, (VL) —€) —n(V(Ls) +€) > T (V(Ls) —€)—2n€ > Tp o 12—21€ > 0.

i=n

This ends the proof of Claim 3.3. O

Fix N large enough such that there exists a subset A = Ay ¢ N Ky N Ry e N Ly satisfying
that

e v(A)>1/2;
e v¢(AneNKneNRyeNLs)>1/2forany x € A.

Recall that € < f71(¢9). Foreach x € A and n > N, the elements of the partition f~"&|ee(y)

on £€(x) which contain points in Ay Ky ¢ NRy sNLs have v¢-measure at most e~ (AW9=8)

and therefore there are at least [, := [e”(hV(A'WC)_S)/Z] elements of f~"{|sc(y) intersecting
AneNKneNRysNLs. Let x1,+--,x;, € ANe N Kne N Ry,5 N Ls N EC(x) satisfy that

FEx)nf"x) =0 fori#j.

By the definition of Ls, one has & (x;) < {°(x). Now, we decompose the set {xi,---, x;,} ac-
cording to their return time to Ls. For each j € {0,---,7,,— 1}, let Z; = {xilfj+”(xi) € L5}.
By Claim 3.3, it holds U;Z’g_lZ]- = {x1,---,x,}, then there exists jy € {0,---,7,¢ — 1} such that

l"g . By the definition of Ls, one has

Tn

#Zjo = max#Zj =

FSP(x) E(fPH ) for x; € Zj,.

Let us denote y, = CN.e™37¢.§5 where C = sup,es I Dflgell > 1.

Claim 3.4. Foranyn> N and any x; € Zj,, one has chnﬂ'o (x;) c f—jo—n(€C(fjo+n(xi)))_

Proof of Claim 3.4. We shall inductively show that f/ (Fy () cFi(f I(x;)) for j < jo+n.
n+jo
For any j < N, one has that

@ aeFy, (e and Oy, <e 5 <8,

n+jo
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Assume that ff (9; (x) < 950 (fj(xi)) already holds for some N < k < jo+n—1 and any
n+]0
j < k. Then for any point y € g}f ~ (x;), one has
n+]0

A ), £ @) = 1D g 1 d°0n X < ID P e - Ve

where yx41 € F;  (x;) and d°(-,-) denotes the distance along the center leaf. Since f/ (yi1) €
i n+]0
F5(f(xi)) for 0 < j < k, by the choice of §, one has that

k
2(k+1
1D f1gefigey Il < €%,
j=0

k
k+1 k+1
1D M ge el = TTID fliepigye,nll < €
j=0

Thus d°(f¥* (), £ () < 2**De-y, <6, proving that f5 (F L (x) = T FE ().
n+jo
I

As f¢€ <€, by Claim 3.4, for any x; € Zj, one has
Fy @) S fRTIEEI ) @ fTEES ).

By the choice of x;, the element {¢(x) contains at least #Z;, -pairwise disjoint center segments
oflengthy,, ., and thus

no = Diam(E° (X)) = #Zj, Y, ;0 = InY oy, [ Tne = [€" 7AW 79 2] 07N g 3 BREITVE 5 (18 ) +1).

By the choice of ¢, the right side tends to infinity when 7z tends to infinity, which gives the
contradiction. O

Now, we are ready to give the proof of our main result.

Proof of Theorem A. Let m: T3 — T3 be the semi-conjugacy given by Theorem 2.2. By Theo-
rem 2.4, the set 77! (71 (x)) is center segment (could be trivial) for any x € T3.Sincen: T3 - T3
is homotopic to identity and the center foliation is quasi-isometric, there exists a constant
K > 0 such that for any x € T3, the length of 77! ((x)) is bounded from above by K. For any
x €T3, letus denote I'y = 77! (71(x)) € F€(x), then f(I'x) =T (.

Let v be a non-hyperbolic ergodic measure, then v := 7, (v) is an ergodic measure of A.
By Proposition 3.1, hy (A, W) = 0. By Proposition 2.6, there exists a ¥-full measure subset A
intersecting each center leaf in at most one point. Let A = 77! (A) which is a v-full measure
subset. For any x € A, one has that AN “(x) = I'y which is a center segment (could be trivial).
As 7 is a continuous map and the partition ¢ of T2 whose elements consist of a single point
is measurable, the partition {I'y} = 7-19) (v almost everywhere) is measurable.

If there exists a v-positive measure set in which the center segment I'y is trivial, then one
can conclude by the ergodicity of v.

It remains the case where T’y is a non-trivial center segment for v a.e. x € T3. Let {v¢} be
the conditional measures of v with respect to the measurable partition {TI'y}. As f(I'y) =T f(y)
and v is f-invariant, by the uniqueness of the conditional measures, one has f.v$ = v;(x).
By the ergodicity of v, one has that

o either v§ has atoms for v. a.e. x € T3; or

12



* v¢ has no atoms for v. a.e. x€ T3,

We claim that the later case cannot happen.

Claim 3.5. Forv. a.e. x € T3, the conditional measure v< has atoms.

Proof of Claim 3.5. Assume, on the contrary, that v¢ has no atoms for v. a.e. x € T3. Notice
that the center foliation .Z¢ is orientable and we fix an orientation. Up to replacing f by f?
and v by its ergodic components under f2, one can assume that f preserves the orientation
of #¢. We denote by I', = [ay, w,]¢ such that the orientation from a, directed to wy gives the
same orientation on I', as we fixed.

For v. a.e. x € T>, one can consider the function ¢ : [ay, w,]¢ — [0, 1] defined by ¢¢(z) =
v ([ax, z]°). As the conditional measures have no atoms, the function ¢ is a continuous and
non-decreasing function. Let B € [ay, w,] be the point such that ¢$(B,) = % and the length
of the center segment [ay, B,]° is the smallest one. By the fact that f(I'y) =T f(y) and fi (v}) =
v;(x), one has f(Bx) = 7). Now, we can consider the family of measures {2-v$ |4, 5,1} which
gives an invariant probability measure p of f. By definition, the measure y is absolutely
continuous with respect to the v and p # v which contradicts the ergodicity of v. O

By Claim 3.5, there exists an integer ky € N such that
v({x € T°| there exists z € T, with v<(z) = 1/ko}) > 0.

As fiv§ = v;(x) and f(Ty) =y, the set {x € T3| there exists z € Ty with v$(2) = 1/ko} is f-

invariant, and thus by the ergodicity of v, one has
v({x € T°| there exists z € Ty with v5(2) = 1/ko}) = 1.

Notice that the center foliation Z¢ is orientable and now we fix an orientation of &°. For
each Ty, let x~ € T’y and x* € T’ be the leftest and rightest points in T’y with v¢-measure no
less than 1/kq (one could have x~ = x™). If f preserves the orientation of the center folia-
tion, then f(x7) = (f(x))” and f(x™) = (f(x))* due to the fact that f,v§ = v;(x). Consider
the probability measure p = [, dv, then p is absolutely continuous with respect to v and
the probability measure p is f-invariant. By the ergodicity of v, one has that v = u. Thus the
disintegration of v along the center foliation has exactly one point. If f reverses the orien-
tation of the center foliation, then f(x™) = (f(x))* and f(x¥) = (f(x))” due to the fact that
fevs = v;(x). Consider the probability measure y = % J (6 +8,+)dv, then p is absolutely
continuous with respect to v and the probability measure p is f-invariant. By the ergodicity
of v, one has that v = u. Thus the disintegration of v along the center foliation has at most
two points, and the conditional measures along the center foliation are equi-distributed on
the atoms. O

Remark 3.6. 1. Foranon-hyperbolic ergodic measurev, if its disintegration along the cen-
ter foliation has two atoms, then [ must reverse the orientation of the center foliation
andv = %(vl +v,) where vy,v, are two different non-hyperbolic f?-ergodic measures,
and the disintegrations of vi and v, along the center foliation have only one atom. By
our proof, (V1) =m0, (v2) and thus n.(v) is A?-ergodic.

13



2. Consider a linear Anosov diffeomorphism A on T3 which reverses the center orientation.
Consider a fixed point p of A, then one can deform A at p (following [M]) to get a par-
tially hyperbolic diffeomorphism g such that p is still a fixed point of g and g admits a
non-hyperbolic periodic point which is on the center leaf of p and whose period is ex-
actly2. This gives a non-hyperbolic ergodic measure of g whose disintegration along the
center has exactly two atoms.
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