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ABSTRACT. We study the orbital stability of standing waves with discontinuous bump-like
profile for the nonlinear Schréodinger model with the repulsive ¢’-interaction on the line.
We consider the model with power non-linearity. In particular, it is showed that such
standing waves are unstable in the energy space under some restrictions for parameters.
The use of extension theory of symmetric operators by Krein-von Neumann is fundamental
for estimating the Morse index of self-adjoint operators associated with our stability study.
Moreover, for this purpose we use Sturm oscillation results and analytic perturbation theory.
The Perron-Frobenius property for the repulsive ¢’-interaction is established.

The arguments presented in this investigation has prospects for the study of the stability
of stationary waves solutions of other nonlinear evolution equations with point interactions.
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1. INTRODUCTION

In the last years the study of nonlinear dispersive models with point interactions has at-
tracted a lot of attention of mathematicians and physicists. In particular, the prototype
of framework for description of these phenomena have been on all the line and more re-
cently on star graphs. Such models appear in nonlinear optics, Bose Einstein condensates,
Wannier-Stark effect, and quantum graphs (or networks) (see [7,22,25,26, 36, 56| and ref-
erence therein). The prototype equation for description of these models on the line is the
nonlinear Schrodinger equation

iug(z,t) — Au(z,t) + F(u(x,t)) =0, x#0, (1.1)

where (z,t) € RT X R, F(u) represents the nonlinearity, and A is a self-adjoint interaction
operator with particular boundary conditions at x = 0. The most studied recently are the
following two specific operators:

e Schrddinger operator A = A;_, with the d-interaction of intensity —a defined by

As_qv(z) = =0"(x), x#0,

D(As—o) = {ve H'(R)NH*(R —1{0}) 0'(0+) — '(0—) = —av(0) }.



2 J. ANGULO AND N. GOLOSHCHAPOVA

The operator Aj; _,, is formally defined by the expression As _, = —% — ad(z), where 6(z)
is the Dirac delta distribution centered at = 0. In this case, equation (1.1) is called the

NLS-6 model.
e Schrodinger operator A = Ay _p with §’-interaction of intensity —/3 defined by

Ay _gv(z) = =0"(z), x #0,
Dy = D(Ay_s) = {HA(R — {0}) : o(0) — o(0-) = —0/(0), /(0+) = /(0-)}.

We recall that Ay s is formally defined by the expression Ay _5 = —% — B(-,0"d"(x),
and that the elements in Dy do not need to be continuous, however they have a continuous
derivative at = 0. Thus, the function v € Dg such that v'(0) = 0 obviously belongs to
H?*(R). In particular, every even function belonging to Dy is a H*(R)-function.

The mathematical study of these two point interaction models with nonlinearities F'(u) =
|ulP~tu, p > 1, and F(u) = uLog|u|?, has attracted a lot of attention, and currently it is a
very active research area (see [2-6,12-16,19,20,23,28,31-35,37,38,40,44-47,50| and reference
therein). Numerous analytical, numerical and experimental works deal with special solutions
of (1.1). In particular, a big part of them consider so-called standing wave solutions which
preserve the spatial shape and harmonically oscillate in time, namely, solutions of the form
“o(x).

For example, in the case of nonlinearity F(u) = |u[P~'u, we induce that the profile ¢ satisfies
the equation

u(z,t) =e

Ap+wp —lplPlo =0, ¢ € D(A). (1.2)
In this paper we investigate the orbital stability of the standing waves of the NLS-¢’ model
with power nonlinearity
iuy — A pu+ |ulPlu =0 (1.3)
in the case of < 0 (repulsive ¢§'-interaction). One of the main advantages of using delta-
type potentials is the existence of an explicit expression for the profile ¢ in (1.2). This
allows one to prove very specific stability results, the proofs of which are considerably harder
in the case of an effective linear potential term V(z) in (1.1), i.e. for A = —9? — V(x)
(see [21,48,53,54,59,67] and reference therein). We recall that the general NLS model with
external potential
Wy + Uy + V(x)u+ F(u) =0 (1.4)
has been studied theoretically and experimentally in Bose-Einstein condensates (see [27,64,
65] and reference therein). It model also represents a trapping (wave-guiding) structure for
light beams, induced by an inhomogeneity of the local refractive index (see |7,49, 52, 55,
60,61, 68,69] and reference therein). In particular, the 0- and §’-interaction terms in (1.1)
adequately represent narrow trap which is able to capture broad solitonic beams (see [69]).
For completeness we will briefly describe the main results on the stability of standing waves
for the model (1.1) with the 0- and ¢’-interaction. In [37] the authors showed that NLS-6
equation with power nonlinearity has a unique positive even solution (modulo rotation) for
012
w >,
1
1 -1 p1
Pual(r) = [w sech? (Mm + tanh ™ (%))] , z€eR.

For o < 0 the continuous profile ¢, , has exactly two bumps. In this case the standing
wave ¢!y, , is unstable "almost for sure" in H*(R) for any p > 1 (see [31,37,63]). Mention
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that the classical variational argument (for instance, via the Nehari manifold analysis) is not
applicable for the stability investigation.

Further, as far as we know, the NLS-0’ model has not been studied in the repulsive case,
namely, for 5 < 0. From [3, Proposition 5.1] it follows that for § < 0 equation (1.2) has two
types of solutions (odd and asymmetric, see Figures 1 (a)-(b) below)

gt = sinto) [CE02 wae (L= DB V77 20 gcws 9

P+

[—(“21)“’ sech? <(p*1)\/“7(x + y1)>] pil, x > 0;
, W > ﬁi_l

_[(pgl)w sech? <<p DV (7 92)” a0

where y; and y, are negative constants depending on 3, p, w, and satisfying specific relations,
and yo < 0 in (1.5) is defined by

903)8,5(55) =

1 By/w +2
w= o g a) o

Figure 1(a). p2% for § < 0 Figure 1(b). %5 for 8 <0

For the case > 0, the profiles in (1.5) are still solutions for (1.2) (yo, y1,y2 are positive
in this case) and they are of tail-type profile (see Figure 3 below). Their stability was
studied in [3] by variational techniques and Grillakis, Shatah and Strauss stability approach
(see |42]). In Section 5 below, via extension theory approach, we improved the stability
results in [3].

The main purpose of this paper is to establish the stability properties of the odd discon-
tinuous bump-like profile defined in (1.5) in the case 8 < 0. To our knowledge this problem
is quite new. Our approach is based on the classical Sturm-Liouville theory (on the line and
on the half-line) and the extension theory of symmetric operators by Krein-von Neumann,
which provides the key ingredient for estimating the Morse index of specific self-adjoint
Schrodinger operators associated with go"dd’s profiles. The analytic perturbation theory and
continuation arguments for analytic famlhes of linear operators help us to obtain the precise
values of the Morse indices. Moreover, we use in our analysis the fact that the mentioned
self-adjoint Schrodinger operators satisfy the Perron-Frobenius property in the case of the
repulsive ¢’-interaction (see Lemma 6.5).

Our main stability theorem for the odd bump-like gp"dd

is the following.

Theorem 1.1. Let A=Ay _gin (1.2), 5 <0, and p > 1. Let also <p°dd be defined by (1.5)

for w > 5 CIfwr = 4(p+11)), then the following assertions hold.
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1) Let p € [5,400). Then for all w, the standing wave emgpffg is linearly unstable (also
orbitally unstable) in H'(R — {0}).
2) Letp € (1,3]. Then,
a) for p € (1,2] and w < w*, the standing wave e*'©% is linearly unstable in
(R — {0});
b) for p € (2,3] and w < w*, the standing wave "'l is linearly unstable (also
orbitally unstable) in H'(R — {0});
c) for w 2 w*, the standing wave €@ is orbitally stable in H}y,(R — {0}).

Here H!,(R — {0}) denotes the subspace of odd functions in H'(R — {0}).

The case p € (3,5) is studied in Remark 4.3-a) and it is based in numerical simulations.
The nonlinear instability property of the standing wave ei“tgogflg established in Theorem 1.1,
it is deduced of the spectral instability property of this profile (see Remark 2.4 below). The
stability properties of the discontinuous non-symmetric bump-like profiles ¢’5 in (1.5) will
be the subject of an upcoming study of us.

Lastly, our method have allowed us to establish the first results of the orbital (in)stability
of the Gaussian-type standing waves u(z,t) = '), ., with discontinuous bump-like profile

Yoy () = sign(z)e 3 e 2 (PH" g2, (1.7)
with w € R and v < 0, for the nonlinear Schrodinger equation with logarithmic nonlinearity
and the §’-interaction

iuy — Agr—u + uLog|ul* = 0. (1.8)
This study is currently being written.
Notation

Let A be a densely defined closed symmetric operator on a Hilbert space H with do-
main D(A), and let A* be its adjoint. We denote deficiency subspaces of A by N (A) :=
Ker(A* — i) and N_(A) := Ker(A* + i). The deficiency indices of A are denoted by
ni(A) ;= dim(NL(A)). The number of negative eigenvalues counting multiplicities (Morse
index) is denoted by n(A). The spectrum (resp. point spectrum) of A is denoted by o(.A)
(resp. 0,(A)). The resolvent set of A is denoted by p(A). By dim(Ran(A)) we denote the
dimension of the range of the operator A given by Ran(A) = {Az : 2 € D(A)}.

Let I be interval on the real line, by || - ||, we denote the norm in L”(I). In particular,
| - || denotes the norm in L?(I), and (-,-) denotes the scalar product in L?(I). The Sobolev
spaces are denoted by H*(I), k € N.

2. STABILITY ANALYSIS FRAMEWORK FOR NLS-§ EQUATION

Crucial role in the stability analysis is played by the symmetries of the NLS equation (1.1)
with point interactions. The basic symmetry associated to the mentioned equation with the
nonlinearity F' satisfying F(e”u) = e F(u) is phase-invariance (in particular, translation
invariance does not hold due to the defect). Thus, it is reasonable to define orbital stability
as follows.

Definition 2.1. The standing wave u(x,t) = e“!p(z) is said to be orbitally stable in a
Hilbert space X by the flow of equation (1.1) if for any € > 0 there exists n > 0 with the
following property: if ug € X satisfies |[ug — ¢||x < 7, then the solution u(¢) of (1.1) with

u(0) = ug exists for any t € R and
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inf ||u(t) — e <e.
SttelﬂgggRHU() ollx <e

Otherwise, the standing wave u(z,t) = e“tp(x) is said to be orbitally unstable in X.

In our analysis for the ¢’-interaction models the energy space X in Definition 2.1 will
coincide with one of the spaces H'(R — {0}), Hl (R — {0}).

Investigation of the orbital stability by Grillakis, Shatah and Strauss approach (see [41,42])
requires well-posedness of the associated initial value problem to (1.3). A part of the following
result was proved in [3],

Theorem 2.2. Let p > 1 and 3 # 0. Then equation (1.3) is locally well-posed in H'(R —
{0}), namely, for any uy € H'(R — {0}) there exists T = T(||uolmrz—{o1)) > 0 such that
equation (1.3) has a unique solution v € C([-T,T); H'(R — {0})) satisfying u(0) = uy. For
each Ty € (0,T) the mapping data-solution

¢ € Bs(uo) € H'(R —{0}) = u € C([=To, To]; H'(R — {0})), u(0) =¢

18 continuous for some & > 0 small. In particular, for p > 2 this mapping is at least of class
C?. Moreover, if an initial data uq is odd, then the solution u(t) is also odd.
The equation (1.3) has the following conservation laws (of energy and charge)

E(u) = E(up),  Q(u) = llull* = 3]luol*,
where the energy is defined by
E(u) = 3|lu'|I* = sz llullpi — g5lu(0+) — u(0-).

2 p+1
In particular, for 1 < p <5 the solutions to (1.3) are globally defined in time.

Proof. The local well-posedness result in H#'(R—{0}) follows from standard arguments of the
Banach fixed point theorem and it was proved in [3]. The C?-regularity of the mapping data-
solution is not so standard. By convenience of the reader we give a sketch of the prove for the
case 8 < 0. Consider the mapping J,,, : C([-T,T]; H'(R—{0})) — C([-T,T]; H'(R—{0}))
given by

t
Tulul(®) = Aug i [ e IAu(s) P u(s)ds,
0

with Ag = Ay _p and e~"*4s being the unitary group associated to the linear equation
iug = Ag = —uge — {5, )0 (x)u. (2.1)
One needs to show that the mapping J,,, is well-defined. Using the one-dimensional Gagliardo-
Nirenberg inequality, the relation |(|f[P~1f)| < Co|f|P~*|f’| and Hélder’s inequality, we ob-
tain for u € H'(R — {0})
‘ | ‘u|p—1u| |H1(R—{O}) < Cl | ‘u| ‘II)Jl(Rf{O})' (22)
Moreover, using (2.2) and the L?-unitarity of 45, we get

[T [0} () 11— g0y) < Coal[uol| 1 —oy) + CsT sup ()i @0y
se|0,

where the positive constants Cy, C3 do not depend on ug. Therefore J,,[u](t) € H'(R—{0}).
The continuity and contraction property of .J,, are proved in a standard way. Therefore,

we obtain the existence of a unique solution to the Cauchy problem associated to (1.3) on
H'(R - {0}).



6 J. ANGULO AND N. GOLOSHCHAPOVA

The fact that the solution preserves oddness follows from the particular form of the kernel
K associated to e~#45 (in other words, the fundamental solution for (2.1)). In the case
p <0, Kg is defined by (see [9])

2 [e.e]
Ko,y t) = Klw = y:t) + sign(ay)Klla] + Iyl 1) - 5 sign(zy)e s K(s + [z + [yl; t)ds,
0

where KC(+;t) is the fundamental solution to the classical linear Schrédinger equation tu; =
—y, defined by

67w2/4it

Next, we recall that the argument based on the contraction mapping principle above has
the advantage that if F(u,u) = |u|’"'u has a specific regularity, then it is inherited by

the mapping data-solution. Indeed, following the ideas in [14], we consider for (vg,v) €
B(ug;€) x C([-T,T); HY(R — {0})) the mapping

Pvo, 0)(t) = v(t) = T [0)(1), € [=T,T].

Then I'(ug,u)(t) = 0 for all ¢t € [T, T]. For p— 1 being an even integer, F'(u,u) is smooth,
and therefore I' is smooth. Hence, using the arguments applied for obtaining the local
well-posedness in H'(R — {0}) above, we can show that the operator 9,I'(ug,u) is one-to-
one and onto. Thus, by the Implicit Function Theorem there exists a smooth mapping
A : B(ug;0) — C([-T,T); H'(R — {0})) such that I'(vg, A(vy)) = 0 for all vy € B(ug;9).
This argument establishes the smoothness property of the mapping data-solution associated
to equation (1.3) when p — 1 is an even integer.

If p— 1 is not an even integer and p > 2, then [/(u,u) is CPl-function, and consequently
the mapping data-solution is of class C'”! (see [58, Remark 5.7]). Therefore, for p > 2 we
conclude that the mapping data-solution is at least of class C?. This finishes the proof. [J

To formulate the stability criterium for the NLS-§’ equation in the framework of the
Grillakis, Shatah and Strauss theory, we define the following two self-adjoint linear operators
B d? dd |p—1 B d? dd |p—1
Ll,w = _@_Fw_phoz,ﬂ‘pi ) L2,w = _@—’_w_ ’SOZ,ﬁ‘pi )
dom(L{,) = Dg, j € {1,2}.

(2.3)

The operators L?,w and ng are associated with the action functional S? : HY(R—{0}) = R
defined by

So) = 31 1P + 51917 = lvIE — 5510 (04) = »(0-)?

in the sense of bilinear forms. Namely, for ¢, 5 = ¢4 we have
(S2)"(0w) (1w, 0) = (LY yu, v1) + (Lo uz, v2), (2.4)

where u = u; + iup and v = vy + tv,. The functions u;,v;, j € {1, 2}, are real valued. With
(S5)" (.. 5) we associate the formally self-adjoint operator H,, = (S2)"(¢w.5),

L0
T . 2.

() .
Define the number p(wg) by

1, it Aullgwsll* >0 at w = wy,
ped={ 5 it e 2o o2l
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By Stability /Instability Theorem in [42] we can state.

Theorem 2.3. Suppose that Ker(Lgyw) = [Pw,s], Ker(wa) = {0}, and the rest of the spec-
trum of L’gw and LY

1w
1) If n(H,) = p(w), the standing wave e, 5 is orbitally stable in H'(R — {0}).
2) Ifn(H,)—p(w) is odd, the standing wave €'y, 5 is orbitally unstable in H'(R—{0}).

15 bounded away from zero. Then the following assertion hold.

The same result holds in the space Hly (R — {0}).

Remark 2.4. We note that it is well known that the condition n(#,,) — p(w) odd in Theo-

rem 2.3 implies the spectral instability of ewgofffg, namely, that the spectrum of the linear

operator
0o L
— 7w 2 . 6
g ( - L/f,w 0 > 7 ( )

associated to the linearization of the time-dependent NLS-6" model around cpfjfg, contains an

eigenvalue with positive real part. To conclude orbital instability due to [42], it is sufficient
to show estimate (6.2) in [42] for the semigroup e’ generated by G. In general, it is a
nontrivial issue to be verified in the case of Schrodinger operators with point interactions
(see Ohta [63] and Georgiev&Ohta [39]). However, we conjecture that for the operator G
we have the spectral mapping theorem (that is, o(e9) = e°(9)), which would imply estimate
(6.2) in [42]. On the other hand, if we use Theorem 2.2, Remark 2 in Section 2 of [43] and the
property that the mapping data-solution associated to equation (1.3) is of class C? around
gafﬂg for p > 2, we can obtain that the spectral instability results imply nonlinear instability
in Theorem 1.1 (see Angulo&Natali [17] and Angulo&Neves&Lopes [18] where this kind of

strategy has been used for obtaining nonlinear instability results).

In the following sections we study spectral properties of LS and LY required by the

2w 1w
above theorem.

3. MORSE INDEX OF H,,

The main result of this section is the following.

Theorem 3.1. Let 8 < 0 and w > %. Let also w* = ;2(?_11)) and H,, be defined in (2.5).

Then we have:

1) if w 2 w*, then n(H,) =3, and n(Hy|oaa) = 1;

2) if w <w*, then n(H,) =4, and n(Hyloaa) = 1.
Here H,loaa denotes the restriction of the operator H,, to the subspace of odd functions in
Dyg.

The proof of Theorem 3.1 is given at the end of this section. First we will estimate
the Morse index of the operators wa and ng using Sturm-Liouville theory, the Perron-

Frobenius property, the extension theory of symmetric operators, and the theory of analytic
perturbations.

3.1. Spectral analysis for L[f’w. In this subsection we study the spectral properties of the

operator Lf}w defined in (2.3). For notational simplicity, throughout the paper we will write

¢, 5 instead of @Z‘fg.
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Below we establish some properties of the profile ¢, 3 for § < 0. Initially, we have that
¢l 5(0+) = =@ 5(0—), and ¢, 5(0+) = 0 if and only if w = 1) Indeed, from (1.5) we

\ B*(p—1)
obtain
1 -1
SOZ,B(O+) e O =4 O = W — w Sech2 (Myo>
1— 1 —1
_d=pw D o <p \/C—uy())'
2 2 2
Next, using the definition of y, in (1.6) and the relation
1 1
arctanh(z) = §Log(1 + x)’ lz| < 1,
we obtain tanh (7%1\/5340) = ﬁa, and thus
l-pw (p+lw 4 4(p+1)
" 500 :0<:>O:( Sw=——t.
Fap(0F) > T2 P YT Re-)
Denoting w* = ;2(6:11)), from the above analysis we get
©u3(0+) >0, for w<w’, and ¢]4(04) <0, for w>w" (3.1)

In particular, for w = w* we have the crucial properties
¢l 5 € Dg, and ¢. 5 € H*(R),
while ¢, 5 & Dg for every w # w* (see Proposition 3.2 below).
Next, we consider the following domain (where the one-dimensional Laplacian operator
on the positive half-line remains self-adjoint) Wy for § € R
Wy = {v € H*(0,+00) : v(0+) = 00/ (0+)}. (3.2)
For any w we have ¢, 5/(0,+00) € W_s. Now, we determine ¢ € R such that ¢, ; € Wp,, for
2 )
every w # w*, i.e.,

vw 2 (1-pw (p+1>wtanh2<p;1\/c—uyo)
2

! 0 - 0 ” 0 s —— F—
_(-pw  (p+Dw 4 '
2 2 wp?
Thus, we obtain the relation
—4
0o b (3.4)

T wFR(I—p) A1)
Therefore, from (3.1) it follows that 6y < 0 for w > w*, and 6y > 0 for w < w*.

3.1.1. Kernel of Liw. In this subsection we investigate the structure of the kernel of Lf,w.

Proposition 3.2. Let § < 0, w > %, and @, p = gofff%. Let also w* = 22U Then the

B2(p—1)
following assertions hold:
1) if w # w*, then Ker(Lf}w) = {0};
2) if w = w*, then Ker([/f’w*) = [%gpw*ﬁ}.

Proof. Let v € Dg such that Lfvwv = 0.
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1) Suppose w # w*. Denoting ¢, s(x) = sign(z)y(z) (see (1.5)), we get from Sturm-
Liouville oscillation theory on the half-line (see [24, Chapter IIJ)
_ | om0z, x> 0;
vir) = { —vy/(z), <0, (3:5)
with p, v € R. Since v'(0+) = pp”(0+) = v'(0—) = —v”"(0—) = =" (0+), and
Y"(0+4) # 0, then p+ v = 0. From v(0+) — v(0—) = —£v/(0) and ¢'(0—) = —¢'(0+)
follows — )" (0+) = py'(04) + v¢'(0—) = p(¥'(0+) — ¢'(0=)) = 2uy'(0+). Sup-
pose p # 0, then ¢/(0+) = —gw”(()—i—), which is false due to w > % Indeed, from
(1.5) we have
I64 4 (1-pw (@P+1w 4 4
/ O — _= " O R — = —.
W04 = 5008 & 55 = TP PEE o 2
Therefore, p = v = 0, and finally v = 0.
2) Suppose w = w*. From (3.5) and ¢"(0+) = 0 we obtain (p — v)¢’(0+) = 0, conse-
quently p = v. Therefore, v = . 5.

O

Remark 3.3. Proposition 3.2 (see also Theorem 5.1 below) shows a very peculiar behavior of
NLS models with singular interactions. Indeed, by the breakdown of translation symmetry
for NLS models in (1.1) would expect that the kernel of the self-adjoint Schréodinger operator
Lf,w was always trivial for any admissible phase-parameter w (such as in the case of a J-
interaction ( [31])). We note that there are other settings for NLS models where this kernel
behavior can happen. By instance, in the case of the NLS model in (1.4) with F(u) = |u|P"u,
p > 1, and with an external real-valued, symmetric potential (even in z) V satisfying:
V(z),zV'(x) € L*(R), lim;o V() = 0, and —V having a non-degenerate maxima at
x = 0 we have that the following linearized operator with domain H?(R)
2

d —1
Li=sgs+E- V(z) +plvel’

has zero as a simple eigenvalue for exactly one value E = F, of a solution-curve £ € I —
Y € H*(R) of states for (1.4) (see Theorem 1 in Kirr&Kevrekidis&Pelinovsky [53] for more
details).

3.1.2. Morse index of Lﬁw* for w* = ;2(8;?1)). In this subsection we obtain an estimate

for the Morse index of Lf,w* defined on Dg. We start with the following result which is a
consequence of the Cauchy uniqueness principle.

Lemma 3.4. Let < 0 and w > wiﬁg. Let also Lﬁw be defined by (2.3). Suppose that X\ is a

simple eigenvalue of L‘iw, then the associated eigenfunction is either even or odd.

Proof. Let v € Dz — {0} such that L’iwv = M. Define {(z) = v(—z), for x # 0. Then
¢ € Dg and Liwﬁ = A{. Thus, by simplicity of A, there is u € R such that {(z) = pv(z) for
every x # 0, hence v(—x) = pw(x). Consider two cases.
1) Suppose v'(0+) # 0. Then since —v'(0+) = —v'(0—) = pv'(0+), we have p = —1,
and therefore v is odd.
2) Suppose v'(0+) = 0. Then v(0+) = v(0—) and v € H*(R). Thus, v(—z) = pv(z)
on all z € R. Hence v(0—) = pv(0+) = pv(0—), and by the Cauchy uniqueness
principle, v(0) # 0. Therefore, u = 1, and consequently v is even.
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O

The following two statements follow from Sturm-Liouville oscillation results on the half-
line (see [24]) and from the Perron-Frobenius property satisfied by the Schrodinger operators
with a ¢’-interaction defined in (2.3) for 5 < 0 (see Lemma 6.5 below).

Lemma 3.5. Let f <0 and w* = ;2(5111))- Consider the operator Lﬁw* on the domain (with

Neumann type condition at 0)
So={f € H*(0,+00) : f'(04) = 0}.

Then the Morse index of such operator L[iw* equals one.

Proof. Define ¢ = L, 5](0.400). Then ¢ € Sy and wa@(x) = 0 for all x > 0. Moreover,
since ¢ has exactly one zero on (0, 4+00), then A = 0 is the second simple eigenvalue, and con-

sequently there is a unique negative simple eigenvalue with positive associated eigenfunction.
This finishes the proof. O

Proposition 3.6. Let § < 0 and w* = ;2(‘;’;11)). Then the Morse index of the operator Liw*

defined on the domain Dg satisfies n(wa*) = 2. Moreover, there are at least two different
negative eigenvalues Ao+ < Ao+ < 0, where Mg+ 1s the first simple eigenvalue with an
associated positive and even eigenfunction.

Proof. By item 2) in Proposition 3.2, the function ¢/. = %gpw*ﬁ belongs to Dg, and
Lf,w*gpiﬂ = 0. Moreover, since ¢”.(0) = 0 then ¢,. € H*(R).

Consider the operator Lf,w* defined on the domain H?(R), then ¢/,. € Ker(wa*). Since
¢! . has two different zeros, there exist exactly two negative simple eigenvalues \g < A\; <
0, besides ¥, € H?*(R) being a positive-even eigenfunction corresponding to Ag. The
eigenfunction 1, € H?*(R) associated with A\; need to have exactly one zero at z = a.
Next, by Lemma 3.4 (with Dg substituted by /?(R)), the function ¢ needs to be odd, and
therefore a = 0.

Below we will analyze if the eigenfunctions vy . and/or ¢, belong to domain Dg. First,
since 11(0) = 0 and ¢7(0) > 0 (without loss of generality), then 1, ¢ Dg, and thus ¢, can
not be an eigenfunction for Lim defined on Dg. Further, by 1 +«(0+) = to.+(0—) and
V- (04) = ¥g,,-(0—) = 0, we can conclude that Ao~ := Ao is a negative eigenvalue for
L?,w* acting on Dy with ¢y« € H*(R) being associated positive and even eigenfunction.

Consider the quadratic form F. : H'(R — {0}) — R associated with wa* acting on Dy

> 1
Fo(v) = / (V)" + (w* = plpu- P v de — Elv(0+) —v(0-)[*
R
Using that Fl« (o) = (L] o0, Yow) = Aowr Yo

For (pur ) = (L P s P 8) = (1 —p)/ | i P da < 0,
R

by orthogonality of v ,- and ¢,- g, we obtain that F,- is negatively defined on a two-
dimensional subspace M = [t)g +, @u+ 5] C Ds. Then the Morse index of Lf’w* acting on Dg
satisfies n(Lﬁw*) = 2.

Finally, since 1~ is positive, we obtain from the Perron-Frobenius property in Lemma

6.5 that Ao~ is the smallest negative eigenvalue for L[iw* defined on Dg, and therefore \g -
is simple. This finishes the proof. O

2 <0 and
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Remark 3.7. By using Krein&von Neumann extension theory, we can show the estimate
n(Lf’w*) < 3 (see Remark 3.14 below). Moreover, via perturbation analysis, we will establish
in Lemma 3.17 that n(Lf}w*) = 2. In Corollary 3.18 we show that eigenvalue A, .- has an
associated odd eigenfunction.

4(p+1)
B2(p—1)"
Morse index of Llf,w acting on Dy for w > w* is exactly two. Our approach is based on the
analysis of quadratic forms and the extension theory of symmetric operators. As we will
see in Subsection 2.1.4, this result is basic for calculating (via a perturbation analysis) the
Morse index for L’f’w acting on Dj in the case w < w*.

In this subsection we show that the

3.1.3. Morse index of L’iw for w > w* =

Theorem 3.8. Let § < 0 and w > w* = ﬁz(f’ptlf)- The Morse index of wa defined on
Dg equals two. Moreover, there are two different negative eigenvalues A1, > Aoy, of this

operator, and the associated eigenfunctions are even and odd, respectively.

The proof of this theorem is not so immediate and therefore we will divide it into several
lemmas. We start with the following observations. By Proposition 3.2 and (3.1), we get for
Vw = Yup, that ¢/, & Dg, and ¢! (04+) < 0 for w > w*. Thus, by (3.3)-(3.4), there is 6, < 0
such that ¢/, € Wy,, where Wy, is defined by (3.2), and

L’f}wgo;(x) =0, for z>0.

Therefore, since ¢/, has exactly one zero in (0,400), it follows that there are an unique
negative eigenvalue 7o, and xo. € Wp, such that
Lf,wXO,w = Yo,wX0w, O (O: +OO)'

Moreover, xo. can be chosen strictly positive on [0,400), and from (3.2) it follows that
X0(0+) < 0. Next, from the Spectral Theorem we obtain for f € H'(0,+00) such that

f—LXO,w N
()= [P - p )+ O 20 (3.6)
0 0

Here (Qy, denotes quadratic form associated with Lfyw acting on Wy,. Thus, the above
analysis provides us the following result.

Lemma 3.9. Let f < 0 and w > w* = 642(?;11)). Then the Morse index of the operator L'f,w
defined on the domain W_s equals one. Moreover, for A1, < 0, ¥y, € W_s such that
2 2

Lf,w%,w(i) = Mwrw(x) for x>0, we have 1 ,(0+) > 0.

Proof. Consider the quadratic form ()_s associated to Lf . defined on W_3
2 ’ 2

+o0 2
Q)= [P - 2P
0
where Vi (z) = w — ppP~t. By (3.6), for f € H'(0,+0o0) such that fLxg, we have

Q5N =Qulh) = (i +5)l7ONF 20
B

1w

W s, ny(L? ), satisfies ny(L? ) < 1. Moreover, since ¢, € W_5 and Q_5(p.) < 0, we get
2 ’ ’ 2 2

since 6y < 0 by (3.4). Thus, by the min-max principle, the Morse index of L] acting on

nl(wa) 2 1. Therefore, nl(wa) = 1, and consequently there are A1, < 0, ¢1, € W_s
’ ’ 2
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such that L[iwwLw(x) = Mot w(x) for x > 0. Finally, since ¢ ,(0+) = —gwivw(()—i—)
and assuming that i, ,(04+) > 0 (recall that ¢, > 0 or ¢4, < 0 on (0,+00)), then
1/)£7w(0+) > 0. O

Lemma 3.10. Let < 0 and w > w* = ;2(?_11)). Then the Morse index of the operator Lf,w

defined on Sy = {v € H*(0,+00) : v/(0) = 0} equals one. Moreover, for Ao, < 0, ow € So
such that Liwwg’w(iﬂ) = Nowow(x) for x>0, we have ¢y, > 0.

Proof. Let Qf be the quadratic form associated with Lf,w acting on S

+o00
Qy(f) = / (F)2 + Vi fde,

where Vj(x) = w — pgop_l Then, from (3.6) we obtain for f € H'(0, +oo) such that fLxo.,
Qi(f) = Qo (f) — ]]‘(0—&—)|2 > (), and therefore the Morse index of L? (Lf}w), acting on

So satisfies ng(L} ,w) < 1. From Lemma 3.9 follows that

1w7

« 2 2
Qo(Y1e) = Qs (Y1) + E\wl,w(%)\? = Mol + EWLM(OH\Q <0.
Therefore, ng(L? ) = 1. This finishes the proof. O

Lemma 3.11. Let A\, Ao be the negative eigenvalues for L obtained in Lemmas 3.9-
3.10, respectively, with associated positive eigenfunctions wlw,wgw, such that ¢, € W_ 8

and Yo, € So. Then, A1, > Ao

Proof. From the proofs of Lemmas 3.9-3.10 it follows that without loss of generality we can
assume ¥, > 0 and 1)y, > 0. Integrating by parts, we obtain

Mo, Vo) = (L7 1, Yow) = U1 (04)80w(04) = 1u(04H)85,,(04) + (1w, Litow)
= 1,0(0-0) 80,0 (04) + Ao (U10, You)-

Thus, (A — Aow) (Y10, Yow) = ¥ 5(04)0,5(04) > 0. Therefore, A;,, > Ao O

Below we show the existence of at least two different negative eigenvalues of Llﬁ,w defined
on Dg by (2.3).

— A+D

B2(p—1)°
M ws Ao for wa determined in Lemmas 3.9-8.10. Then A1, Ao are simple eigenvalues for

Proposition 3.12. Let f < 0 and w > w* Consider the negative eigenvalues

L*fw defined on the domain Dg. Moreover, the associated eigenfunctions are odd and even,
respectively, and Xy, 15 the first negative eigenvalue.

Proof. We divide the proof into several steps.
1) Let A\;,, < 0 and ¢y, € W_;s such that wa@bw = Arwthre on (0, +00). Recall that
2 ]
Y1.,(0+) > 0. Then the odd function

_ | (@), z 20,
P u(x) = { _¢117w(_$)7 <0
belongs to H*(R — {0}) and satisfies the relation
(I)l,w(0+) <I)1 w( ) wl w(0+) + 101 w(0+) _Bwll,w(o—i—) = _B(I)ll,w(o—i_) = —6@’1#}(0—)
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Hence &, € Dg. Moreover, Lf,wq)w(x) = MNP o(2z) for x < 0. Therefore, A\, is an
eigenvalue of L’iw defined on Dy with the associated odd eigenfunction ®,.

2) Let A\op < 0 and 1), € Sy such that L/iwwo,w = Nowtow on (0,+00). Recall that
Y0.,(0+) = 0 and g, (0+) > 0. Then the even function

_ wO,w(x); xr 2 07
o) = { )

wo,w(—l' r <0
belongs to H*(R) and satisfies the relations @ ,(0) = 0, and
D, (0+) — P (0—) =0 = —B@G,W(O).

Moreover, Lﬁwq)o,w(x) = MNwPou(x) for x < 0. Therefore, Ag,, is the eigenvalue for Lff,w
defined on Dg with the associated even positive eigenfunction @, € H?(R). Therefore,
4 acting on Dg by the Perron-Frobenius property

Ao is the first negative eigenvalue of Lf ,

established in Lemma 6.5.

3) Let us show that A, is a simple eigenvalue for L'fyw acting on Dg. Indeed, take f € Dy
such that Lf’w f = Auf. In what follows we use the decomposition f = feven + fodd-

Since f'(04) = f'(0—), it follows that f..,(0+) = 0, and therefore fo = feven|(0,40) €
So = {v € H*(0,+00) : v/(0) = 0}. Noting that Lf’w maps even (odd) functions into even

(odd) functions, we obtain wa feven = A feven and Liw fodd = A1wfoaa on all the line.

Therefore, if fy # 0, then A;,, < 0 is an eigenvalue for Liw defined on Sy, and consequently,
by Lemma 3.10, we get A, = Ao, Which contradicts with Lemma 3.11. Therefore, feyen =0

and f = foqq-
The last equality induces that f(0—) = —f(04). Then, by definition of Dgs, we get

f(04) = =2 #/(0+), and therefore f|(+o0) € W-s, and it is the eigenfunction for Liw acting
on W_s. Therefore, by Lemma 3.9, we obtain f(z) = 6y ,(x) for x > 0. Thus, from the
definition of ®; , follows f = 0P, , on the line. This finishes the proof. O

In the following Proposition we estimate the Morse index of L?,w from above.

Proposition 3.13. Let f < 0 and w > w* = ;2(?_11)). Then the Morse index of Lf’w defined

on the domain Dg satisfies the estimate n(wa) <3.

Proof. Our strategy of proof is based in the Krein&von Neumann extension theory of sym-
metric operators. Let p be the unique positive zero of goiuﬂ. From Proposition 6.4 follows
that the symmetric operator L defined by

2
dx?

has deficiency index n. (L) = 3.
Moreover, the operator (L*iw, Dg) belongs to the 9-parameter family of self-adjoint exten-
sions of L. Let us show that L is non-negative for f < 0. Indeed, it is easy to verify that for

v € D(L) the following identity holds

" [w;w%( v )] v £ 0,40 (3.7)

Pl d Plop

L= w—plonsl™, D(L)={ve HR):v(0) = 0,v(xpu) = 0},
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Integration by parts yields

(Lv,v) = /(‘PL,/&)Q (% (#ﬁ)) dx + /(SOL,B)Q <% (@Zﬁ)) dx

e i
H— 2 +oo 2
+/(<p’ i (G d:v+/(<p’ L dz
w,B dr \ ¢, 5 w,B dr \ ¢/, s
0+ ’ pt '
" KT i 1 0— " K= 1" +oo
— [v’v — v2—<pf’ﬁ] — |y — 1)2—@f’5] — [v’v — v2—¢f’ﬁ] — |:"U/U — UZ—SOTJ’/}] .
Pup| Pw,3 oy Pw,B 0 Pw,B o
(3.8)

Noting that v(£u) = 0, and - are the first-order zeroes for ¢, ; (indeed, ¢, 5(£u) # 0),
we have, for instance, for the eighth term in (3.8)

ol . v (x) . v(x)v(x)
27 w,p " "

ITwe = — lim = 29 lim ———=
@Lﬁ] P ,5(T) Puslh) v—ut gy, 5(T)

v — v = 0.

pt

Analogously the fifth term in (3.8) is zero. Next, since ¢}, 5(0+) = ¢, 5(0—) and ¢, 5(0—) =
—¢l, 5(0+) > 0 for w > w*, we obtain

" U Vi H= " —0+ " 0 i 0
w w w r= w )T Fuw +
- [v’v—v2_¢/ ’5] _ [U’U—UQSO/ ,B] _ _UQQO/ B 202(0)90 40 /) l(0+) >0,
Yos] . P | or P la=0- i, (0+)
(3.9)

Therefore, we get L = 0 on D(L), and consequently the family of self-adjoint extension Lf,w
has discrete spectrum in (—oo, 0) that consists of at most of ny (L) = 3 eigenvalues counting
multiplicities (see Proposition 6.3). In particular, the Morse index of Lf,w acting on Dg

satisfies n(wa) < 3. This finishes the proof. O

Remark 3.14. 1) Observe that, when we deal with deficiency indices, the operator L
is assumed to act on complex-valued functions which however does not affect the
analysis of negative spectrum of L'fyw acting on real-valued functions.

2) The strategy used in the proof of Proposition 3.13 does not work for the case w < w*.
Indeed, ¢ 5(04+) > 0 and ¢! ;(0—) < 0 for w < w* (see (3.1)), hence the term
in (3.9) turns to be negative. However, the extension theory still can be applied
for estimating the Morse index. Indeed, by adding the condition v(0) = 0 in the
definition of D(L) we obtain the “rough” estimate n(Lf’w) < 4.

3) The proof of Proposition 3.13 can be adapted to obtain the estimate n(Lfyw*) < 3 for

* _ A(p+1)

W= 801"

Indeed, considering the profile ¢, 5 in equality (3.9), we obtain

90::*,5(0_) - 90::*,5(0+)
Pror5(04)

v?(0) =0,

by @i 5(0—) = ¢l 5(0+) = 0.

Now we are ready to prove Theorem 3.8.
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Proof. [Theorem 3.8] From Propositions 3.12 and 3.13 we have 2 < n(Lf’w) < 3, and there
are at least two simple negative eigenvalues A\g,, < A1, < 0.

Suppose that n(Lf’w) = 3. Since A g, Ao g are simple, there exists one more simple eigen-

value A < 0 such that A\; g # X and Ay 3 # A. Thus, there is ¢ € Dy satistying Liw(b = \o.
By Lemma 3.1, the function ¢ is either even or odd.

1) Assume that ¢ is even. Then ¢|( o0) € So, and, by Lemma 3.10, we obtain Ay 3 = A,
which is a contradiction.
2) Assume that ¢ is odd. Then ¢(0—) = —¢(0+), and, by the definition of Ds, we have

o(0+) = —§¢’(O+). Therefore, ¢ 4+o0) € ng, and it is the eigenfunction for L*f,w
acting on W_g. Then, by Lemma 3.9, we have A3 g = A, which is a contradiction.
2

Finally, n(wa) = 2, and the Theorem is proved. O

3.1.4. Morse index of Liw for w S w* = %. Below we use the analytic perturbation
theory and a classical continuation argument based on the Riesz-projection to describe the
Morse index of the family of self-adjoint operators Lf,w as % <w S wh

The following Lemma states the analyticity of the family of operators Lf’w as a function
of w.

Lemma 3.15. Let § < 0. Then, as a function of w, (wa) 1s a real-analytic family of
self-adjoint operators of type (B) in the sense of Kato.

Proof. The linear operator Lﬁw defined on Dy by (2.3) is the self-adjoint operator on L?(R)
associated with the following bilinear-symmetric form defined for v,w € H*(R — {0}) by

By, (v,w) = (v, wy) + (W = plpusl’ v, w) — %(U(OH —0(0=))(w(0+) —w(0-)). (3.10)

Thus from [57, Theorem VII-4.2], (Liw) will be a real-analytic family of self-adjoint operators
of type (B) in the sense of Kato as long as the family of bilinear-symmetric forms (Bﬁw) is
real-analytic of type (B) on HY(R — {0}) x H'(R — {0}), namely,

a) D(B},) = H'(R - {0}) x H'(R — {0}), for all w,

b) the family (nyw) is bounded from below and closed,

¢) the mapping w — Bﬁw(v, v) is analytic for every v € H'(R — {0}).
The conditions @) and b) above follows immediately from the bounded property of ¢, .
Moreover, noting that the mapping

— @ sech? (W(!w\ + 3/0<W)))

is real-analytic, we obtain the condition ¢) above. This finishes the proof. O

we (%, +00) = w'—plpw st = w

Further, we obtain the following result which is a consequence of the Kato-Rellich Theorem
(see [66]).
Lemma 3.16. There exist 6o > 0 and two analytic functions I1 : (w* — dg, w* + dy) — R and
Q: (w* = b, w* + dp) — L*(R) such that
1) I(w*) =0 and Q(w*) = Loy 5.
2) For allw € (w* — o, w* + do), I(w) is a simple isolated eigenvalue of Liw, and Q(w)
is an associated eigenvector for I(w).
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3) dg can be chosen small enough to ensure that for w € (w* — §g,w™ + o) the spectrum
of Liw 15 positive, except at most the first n(Lﬁw*) + 1 eigenvalues.

Proof. We divide the proof into several steps.

a) There is M > 0 such that O'(Lf’w) N(—o0,—M] =0 for w € [w*—a,w*+a] and a > 0
small enough.

b) Using item 2) of Lemma 3.2 and Proposition 3.6, we define o = {0} UN with N/
being a finite set of negative eigenvalues of Lfﬁw*. Recall that this set consists of at

most three negative eigenvalues due to n(Lf)w*) < 3 (see Remark 3.14). Thus, we
can separate the spectrum U(Liw*) of wa into two parts 0,01 by a closed curve

I' c p(Lf .+) such that og belongs to the inner domain of I' and o; to the outer

domain of I. Indeed, such curve could be chosen a circle passing through the points

—M and 0, — ¢, where € < 6,+/2 and 0, = inf{\: \ € O’(Lﬁw*), A > 0}. Note that

01 C [Or, +00).
c¢) Observe that L[iw converges to Lf,w* as w — w* in the generalized sense. Indeed,
denoting W,, = w — p|gw P!, we obtain

o(LY LY

1wy H1,w*

) = 0L o + (W = Woe), £ )
g HWw - Ww*

— 0, as w — w",

where & is the gap metric (see [57, Chapter IV]). By [57, Theorem 3.16, Chapter IV]
and Lemma 3.15, we have I' C p(Lfvw) for w € [w* — 61,w" + 6] and 4; > 0 small
enough. Moreover, O'(Lf’w) is likewise separated by I' into two parts so that the part
of U(L'fyw) inside I' consists of a finite number of eigenvalues with total multiplicity

(algebraic) n(Lf)w*) + 1 (recall that zero is not an eigenvalue of L/iw for w # w*).

d) For € small enough define I'y = {z € C : |z| = €} such that Ty NN =, Ty C int(T),
therefore from the non-degeneracy of 0 for L’f’w*, we obtain that there exists do < 91
such that for w € (W* — dy, w* + dy) — {w*} we get O(Liw> Nint(Ty) = {A,}, where
Ao 18 a non-zero simple eigenvalue of Lfﬁw, and A\, — 0 as w — w*.

e) Considering the contour I'y above and applying Kato-Rellich Theorem (see |66, The-
orem XIL.8|), we get the existence of 0 < dy < d9 and two analytic functions II, Q2
defined in the neighborhood of w*, (w* — dg, w*™ + Jy), such that 1),2) and 3) hold.

O

Below we analyze how the simple perturbed eigenvalue II(w) moves depending on the
relative position of w and w®.

Lemma 3.17. Let 3 < 0. Then

1) there exists 0 < 0 < g such that II(w) > 0 for any w € (W*,w* +6), and [I(w) < 0
for any w € (w* — §,w*);
2) for w = w* we have n(wa*) = 2, and consequently n(LfW) =3 forw € (w" — J,w").

Proof. 1) As the proof of this part is a bit tedious we divide it into several steps.
a) From Taylor’s theorem we have the following expansions

M(w) = y(w-w)+0(jw—w?), and Q(W):%‘Pw*,ﬂ+¢o(w_W*)+O(‘w_W*’2)a (3.11)
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where v = II'(w*) € R and ¢y = Q' (w*) € L*(R). The desired result will follow if we show
that v > 0.
Observe that there exists xo € H'(R — {0}) such that for w close to w* we have

Pup = Purp+ (W —w")xo + O(lw — W*|2)' (3.12)

Denote ¢, = ¢, . To find v we compute <Lf,wﬂ(w), L o,) in two different ways. Since
Lfva(w) = [I(w)Q(w), it follows from (3.11)

(L] W Qw), ) = 7w — )

From Proposition 3.2 it follows that Lo, € Ker(Lf’w*) for all g, hence

i + O(Jw — w**). (3.13)

a

} . d
S 2 L '

d d d
Lﬁ <_ w*) :LB *(— UJ*) —_— * —_— W w*
Tl 7, ror (709 + (w w)dxsa +p(le
d

Pl — |(pw|p_1)d_w'90w*'

(3.14)

. d
=(w-w )%w + (| puws

Using the relation
[P = lpur P71+ (p — 1) sign()|pur [P *xo(2) (w — w*) + O(Jw — w[*),
self-adjointness of L7 | (3.14) and (3.11), we obtain

lw>

d
L] Qw), — ¢
(L0 o)

- <Q(w), (w— w*)%w —p(p — 1) sign(z)] e

d
p—2. . X %2
Xour (0= )+ Olf - P)

d d d
= (@ =P =l = D { Grursign@lo P o (@ =)+ Olk - w'P)

o . * i 2 o p—3 i 2 K . *|2
=w-w )de%* p(p—1) <X0> | e %*(dxsow*) (w—w") + O(jw — w*[7).
(3.15)

b) The next step in is to study the expression (xo, [fuw+ P> @ur (s p,+)?) in (3.15). Observe
that for every ¢ € H'(R — {0}) the quadratic form Bf .+ defined by (3.10) satisfies

BY (X0 ¥) = ~{pur 1) + Ol — w7, (3.16)
Indeed, since nggow = 0, we induce that for any v € H'(R — {0})

0= (Lg,w%,w = Bng(‘:pmw)a w > 4/B2’

where BY_ is the quadratic form associated with Lg}w defined by (2.3). Let us analyze the

2w

integral term of ng(¢w, ). From (3.12) we obtain

I:= / gL de = /(%*w’ + (W = w)xo¥)de + O(|w — w*[?),
R R
and

1= [ = leu@P eds = [ (-l

= /R [(w = |pur

P Nouth + (Jeur P = lpulP ™ eut] da

P + (W —w)xo)¥ — (p — 1)(w — w )l " xo0v] dz + O(Jw — w*[*).
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Therefore, I + 11 = A+ B where
A =/ [Pl + (W = @ [P purtp] da
R
1
=L, V) + B[%* (0+4) = @ur (0)][Y(04) = 9 (0—)] + (w — w") /R Putpdz

[P (04) = o (0=)][1(0+) = P(0=)] + (w — ") /R Purpd,

™|~

and
B = [ [t + (@ - )il sl ] do
R
=(w —w") / X0t + X0t (w™ = pleus[P™H)] do + O|lw — w* ).
R
Now, on the other hand, we obtain

T+ 11 =B (0 0) + 5l0u(04) = 2u(0-)|[9(0+) = (0-)

=%m<o+> (0] [(04) — $(0-)]
=%mﬁ<o+) — o (0-)|[(04) — (02
45 = )a(04) = XoON04) — 6(0-)] + Oflw - P

thus, we obtain for every v € HY(R — {0}),

By o (X0, ) = /R [Xo¥" + (W* = plow [P xov] dz — l[><o(0+) — X0(0-)][1(0+) — 9 (0-)]

p
= — (pu, V) + OJw — W)
(3.17)

Finally, (3.16) is proven.
Using the above analysis, we conclude that there is go € H'(R — {0}) with ||go|| + |lgp]] =

O(Jw — w*|) and such that Bfw*()(o,w) = (—¢w + 90,v). Therefore, xo € D(Lf,w*) and

L X0 = —pur + Go-
Next we show that for v € H'(R — {0})

BY e (W G = [ [P s ) = p(p — 1) (pur |0 P2 (0L,0) % )

- 1%1|%*(0+)|p‘1[%*(0+) = ¢ur (02)][$(0+) — ¥ (0-)].

Indeed, using that (|, [P o) (x) = plew-(2)|P~ . (z) for every x # 0, we obtain

h= /(|90w*|p_1%*)’¢'dx = plw (04) P71 (0-0) [ (0—) — (0+)] — p/(\%*lp_%*)’@/}dx
R R

(3.18)

= _p/ [(|90w*‘p_190::* + (p - 1>‘S0w*|p_3<pw* (90:.;*)2>77Z):| dx
R

+ gm* (04) P~ e (04) — e (0-)][2(04) — 2(0—)].
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Therefore, since ¢!, (1) = w* @ () — | @ () [P o+ (z) for z # 0, we obtain
Dt [ @ = ol Dl s
= /R [p(p = Dlur P2 pur (0 )*0 + (p = D' [ 00 0] d
+ Gl OV (05) = i (0] [9(04) = (0]
Hence

By (|0 [P o ) = — /R [p(p — D) P20 (@) 8 + (0 — D)w*| o P o] d

p—1

3 | 0w (0H) 1P~ 10w (04) = (0-)][2b(0+) — 9(0-)).

_|_
(3.19)

Thus, combining Blﬁw*(cpw*, W) = <L,f7w*90w*7w> = —((p — D)|pw~P"1pur, ) and (3.19), we
arrive at (3.18). Therefore, by (3.17) and (3.18),
p—3 d 2 B * p—1
—p(p —1) { X0, [0ur| %*(@%*) = =By - (W@ — 0w [P 0w, X0)

~ P )P [ (04) = (0o (0+) — x0(0-)]

= <@w*,W*90w* - |90w* ’pilcpw*>

_ }%1|S%*(0+)|P—1(9%*(0+) — 0o (0-)) (x0(0+) — x0(0—)) + O(Jw — w™]).

¢) Now, from (3.15), (3.20) and using again ¢/ (z) = w* @ () — | () [P Lo (z), x # 0,
we arrive to

(3.20)

d d
B L) — % *2
(L4,000), ) = (0= ) [ S |

~ blp = Do o PP (o) = w7) + Ol = )
= (0 )l (9 — Y 0" — [ P )
= P 9P (0(04) = 0 (0-)(xa(0+) = xa(0-))(w = ) + Olfo = P
= Bl (4Pl

_ %I%(mﬂm[%(oﬂ — oo (09)][x0(04) = xo(0-)](w — w*) + O(lw — w*[2).
(3.21)

d) Define f(w) = ¢, (0+). Then from (1.5) we induce

C(pH 1\ [Bw— 47T
o= ()" 15
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Thus, by (3.12) and Taylor’s theorem, we obtain
(0(04) — X0 (0-)) (@ — ") = 29,(0) — 2 (04) + O — " ?)
= 2f (W) (w — w*) + O(|w — w*[*).

Therefore, from (3.21) we have

(L00), ) = Bl (0P — )

B (3.22)
- %|€0w*(0+)!p_l%*(OJr)f/(w*)(w —w") + O(jw — w*[*).
Combining (3.13), (3.22) and —f¢..(0+) = 2p,+(0+), we obtain
d 2 4(p—1
e | = 16t 00 = 2 0P (04)70) + O - )
4+ (0 =11 % *
= 22 [ 04) = (= Dl (04 07)] + Ol — ),
Therefore, from the definition of f we get
1—
pur (04) = (= Dlpur 0P (w?) = —Lf(w),
and consequently the relation
d 12 4(1=p)pu-(0 . .
|| = 22 ) 1 O - ) (3.23)

implies that v > 0 for |w — w*| small enough. This finishes the proof of item 1).

2) Let w = w*. By Propositions 3.12 and 3.13, 2 < n(Liw*) < 3. Suppose that n(Liw*) =
3. From the analyticity of the mapping w — L“iw we get that n(Lf’w) # 2 for w close enough
to w* such that w > w*, which is the contradiction with the statement of Theorem 3.8. Thus,
n(Lf’w*) = 2, and therefore, by item 1), for w < w* we have n(Liw) =3.

O
Corollary 3.18. Let < 0 and w* = %. Then the second negative eigenvalue A~ of
Lfyw* 18 simple with an associated odd eigenfunction.

Proof. By Propositions 3.6 and 3.17, the second negative eigenvalue A, .- for Lﬁw* is simple,
and, by Lemma 3.4, the associated eigenfunction 1; .~ is either even or odd. Suppose that
Y1+ 1Is even, then ¢ = 1y 4+ |(0400) € So and Lfvw*w(az) = M +¥(z) for x > 0. Therefore,
from Proposition 3.6 it follows that the Morse index of Liw* acting on Sy is two. This
contradicts with Lemma 3.5. 0

Now we are the in position to investigate the Morse index of L[iw for any w > %. We use

the classical continuation argument based on the Riesz-projection.

Theorem 3.19. Let 5 < 0 and [;% < w < w*. Then the Morse index of Lfyw defined on the

domain Dg equals three. Moreover, II(w) is the third negative simple eigenvalue.

Proof. Let w < w*. We define w by,

w = inf {r T e (%,w*) s.t. L{w has three negative eigenvalues for all w € (r, w*)} .
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4

Lemma 3. 17 implies that w is well defined, and @ € [ w*). We claim that w = 7 Suppose

1827
that w > gz. Let N = n(LB@), and I' be a closed curve such that 0 € I' C p(Lm), and all

the negatlve eigenvalues of L/f 5 belong to the inner domain of I'. The existence of such I' can

be deduced from the lower semi-boundedness of the quadratic form associated to Lf@. Next,
using Lemma 3.15 and steps a) and b) of the proof of Lemma 3.16, we deduce that there is
e > 0 such that for w € [0 —¢€,0+¢€] we have I C p(Lf’w), and the mapping w — (Liw -&)t
is analytic for & € I'. Therefore, the existence of an analytic family of Riesz-projections
w — P(w) given by

P(w) = —3m5 $ (I, - )¢

2mi
implies that dim(Ran P(w)) = dim(Ran P(0)) = N for all w € [© — ¢, + ¢]. Further,
there is ry € (C'u, w + €), and Lf’w has exactly three negative eigenvalues for all w € (rg, w*).

Therefore, L? has three negative eigenvalues and N = 3, hence Lf,w has three negative

1,0+€
eigenvalues for w € (W — €, w*), which contradicts with the definition of w. Thus, W = %.
This finishes the proof. O

Proposition 3.20. Let 8 < 0. The function Q(w) defined in Lemma 3.16 and associated to
the third eigenvalue of L’f’w can be extended to (%, +00). Moreover, Q(w) is an even function

forw > %.

Proof. By Lemma 3.15 and Theorem XII.7 in [66], the set Gy = {(w, \)|w > 62’)‘ € p(ijw)}

is open, and (w,\) € Gy — (LY — X\~ is an analytic function in both variables. Thus,
we can repeat the arguments of Lemma 3.16 and Lemma 3.17 at each point w and on
ecach neighborhood of w to see that the functions 2(w) and II(w) are analytic for every
w € (% 57, +00).

Below we consider the case of w > w* (the case % < w < w* is similar). We know
from Lemma 3.4 and Lemma 3.16 that the eigenvectors Q(w) are even or odd, and Q(w*) =
4+ p is even. Therefore, from the equality wkm (Qw), Qw*)) = ||2w*)||* # 0 one has

(Qw), Qw*)) # 0 for w close to w* and w > w*. Thus, Q(w) is even for w € [W*,wW* + 9J).
Let n be defined by

n =sup{r:r > w", Qw) is even for any w € [w*,r)}.

Suppose that n < co. If €2(n) is even, then by continuity there exists dp > 0 such that Q(w)
is even for w € (n — 0, + 0). Thus, from the definition of  we obtain that 2(w) is even for
w € [w*,n + 0), which is a contradiction. Therefore, from Lemma 3.4 it follows that (n)
is odd. Since §2(n) is the limit of even functions, () is even. Hence Q(n) = 0, which is a
contradiction since (n) is an eigenvector. Therefore, n = +oc. O

The following result completes the study of the parity of the eigenfunctions to L’f’w in the
case w < w*.

Proposition 3.21. Let § <0 and w < w*. Then the associated eigenfunctions for the three
negative simple eigenvalues OfL are even, odd and even, respectively.

Ld

Proof. From the Perron-Frobenius property of Lf’w established in Lemma 6.5, we obtain that
the eigenfunction associated to the first negative eigenvalue is positive and even. Moreover,
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by Theorem 3.19 and Proposition 3.20, the eigenfunction associated to the third negative
eigenvalue is also even.

By Corollary 3.18 and Kato-Rellich theorem, there are 3 > 0 small and two analytic
functions IT; : (w* — d3,w* + d3) — R and Q; : (w* — d3,w* + d3) — L*(R) such that
IT; (w*) = A1+ and Qg (w*) = 9y ,+, where ¥+ is an odd eigenfunction associated to Aj .
Following the ideas in the proof of Theorem 3.19, we obtain that II; and €2; are holomorphic
for every w > %. Moreover, IT; (w) represents the second simple negative eigenvalue of Lff,w
for w < w*. Thus, by Lemma 3.4, the eigenfunction ;(w) is even or odd. Then, by the
equality EIQ (Q(w), % (W) = [|U(w)]|* # 0, one gets that (Q;(w), A (w*)) # 0 for w

close to w*. Thus, Q;(w) is odd. O

3.1.5. Spectral analysis for ng. In this subsection we describe the spectral properties of
the self-adjoint operator Lgyw defined by (2.3). Our principal result is the following.

Theorem 3.22. Let f <0, w > %, and ng be defined by (2.8). Then Ker(Lgyw) = [¢w.5],

and the Morse index of Lg’w s exactly one. In particular, the eigenfunction associated to the
negative eigenvalue is even and positive.

Proof. Following the ideas in the proof of Proposition 3.2, we obtain Ker(Lg,w) = [pw.g]-
To determine the Morse index, we divide the analysis into several steps.
1) Let us show n(Lg’w) = 1. Consider the quadratic form F' associated to Lng

F(u) = [l + wllull* = (|pws" v, v) — %IU(OH —u(0-)]*, we H'(R—{0}).

For u = |p, g| € H'(R), we obtain by ¢, 5(04)| = |p,.(0—)], formula (1.2), and integration
by parts,

0_
F(|‘Pw,,3|) - ((pw,ﬁ(o_) - 90w,,6’(0+))99;,ﬂ(0+> +/ %ﬂ(—#)g,ﬁ + Wpw,g — |90w7l3|p_1(pw,ﬁ>dx

—00

+oo
" / ot (=gl s+ 0o lpuslP pua)d = Bl 5 (00 < 0.
0+

Thus, the mini-max principle yields n(ng) 2> 1.
2) Let us show n(ng) < 2. Consider the symmetric operator Ly, defined by
2
da?

The deficiency numbers of Ly, are ny(Lmyi,) = 2 (see [11, Chapter 1.4]). Moreover, the
following von Neumann decomposition holds

D(Lyy) = H (R = {0}) = D(Lunin) & [v, v7] & [01;, 02,

17 71

Luyin = +w —[@usl ™, D(Luin) = {v € H*(R) : v(0) = '(0) = 0}.

where

i/ Fix . 0 0:
1 e x>0 2 ) T >0 ~r T
.= ’ ? .= . - :l: .
Vi { 0, r<0.’ Ui { e"VEE p <0, S(vEi) >0

Thus, all the self-adjoint extensions of L, are given by a 4-parameter family of self-adjoint
operators. In particular, (ng, Dg) belongs to this family.
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Let us show that L, is non-negative for < 0. Indeed, it is easy to verify that for g < 0
and v € D(Ly,,) the following identity holds

-1 d d )
Lopin¥ = — % — , 0. 3.24
’ Puw,p dT [%’ﬁdﬂﬂ <90w,ﬂ>] i (3.24)

Using (3.24) and integrating by parts, we get

oo 2 / 0+
d v Puw B
(Lminv, v) = / ©2 4 (— ( )) dx + [v’v — UQ—’:I . (3.25)
’ dw (‘Dwaﬁ gow’ﬁ 0—

—00

The integral terms in (3.25) are non-negative and equal zero if and ouly if v = 0. Due to the
conditions v(0) = v'(0) = 0, non-integral term vanishes, and we get Ly, = 0 on D(Lpyin).
Thus, the Morse index of ng on Dg satisfies n(LQw) < 2 (see Proposition 6.3).

3) Operator L'g . defined on the domain W_s has Morse index equal to zero. Indeed,
) 2
since L'gwgow’g(x) =0 for all # # 0, @, 8|0,+00) € W_5, and @, 5|(0,4+00) > 0, we obtain from
’ 2

the classical oscillation theory on the half-line that Lg ., defined on W_s has not negative
? 2

eigenvalues.

4) Since f < 0, we have from Lemma 6.5 (Perron-Frobenious property) that the first
negative eigenvalue for ng on Dg, Ao, it is simple with an associated positive and even
eigenfunction ¢q (after replacing ¢g by —¢y if necessary). Thus, ¢y € H*(R) (since ¢{,(0) =
0). Next, we suppose that n(ng) = 2, and ), is the second negative simple eigenvalue with
Ao < A1 < 0. Let ¢ € Ds be such that Ly ,¢1 = A¢r. Then from Lemma 3.4 it follows that
¢ is either even or odd. Suppose that ¢, is even, then ¢; € H*(R), and it has at least two
zeros. Thus, considering Lg’w defined on H*(R), we obtain that there is a simple eigenvalue
A € (Mo, A1) being the second one, and with an eigenfunction f\ € H*(R) having exactly one
zero. Then since f) is either even or odd, we obtain that f) is odd. Further, consider the
quadratic form F—% : H'(0,+00) — R associated to L’gw acting on W—%?

~+0o0
Fyl) = [ @2+ vigtde - Sl

where Va(z) = w — |¢, 5P~ " Therefore, since f,(0) =0,

+00 +00

F_s(fx) = =fa(04) F5(04) + I+ Vafa)de = A fidx < 0.
0 0

This contradicts with item 3) above. Therefore, ¢; is odd. Then, gbl\(o,ﬂO) € W 5, and for
2

every x > 0 we have Lg,wqﬁl (x) = M1 (x), which is again a contradiction with item 3), and
therefore n(ng) = 1. This finishes the proof of the Theorem. O

Proof. [Theorem 3.1]

1) Let w 2 w*. From Theorems 3.8, 3.22, and Lemma 3.17 we have n(Lf,w) = n(Liw*) =
2 and n(Lg’w) = 1. Thus, n(H,,) = 3. Further, from Propositions 3.6, 3.12, Corollary

3.18, and Theorem 3.22 we obtain n(Lf’w|0dd) = n(L[iw* odd) = 1 and n(Lg,w\Odd) =0.
Thus, n(?—[w]odd) = 1.
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2) Let w < w*. From Proposition 3.21 we obtain n(Lf’w) = 3, and therefore from
Theorem 3.22 it follows that n(H,) = 4. Moreover, since n(Lf’w]odd) = 1, we obtain

n(Heyloaa) =1
]

4. SLOPE ANALYSIS
In this subsection we calculate the sign of 9, /¢, s]/*>. The main result is the following.

Theorem 4.1. Let f <0 and w > ,82

1) If p € (1,3], then 9,|¢ws]* > 0.
2) If p € (3,5), then there is wy = wy(p) >

Then the following assertions hold.

[% such that

p—>5 /+°° 4 1 [ 4 } =
sech?=1 (x)dr = 1-—
2(p = 1) Jp(pwo) (@) B/wo JoR

where B(p,wy) = myg, and yo is defined in (1.6). Moreover, 0,,|¢.]|*> < 0 for

w e (%,wo), and 8,||gw s> > 0 for w € (w, +00).
3) If p € [5,400), then d,||¢wsll* < 0.

Remark 4.2. Let w*(p) = ,842%) 1. then from numerical simulations (see Remark 4.3 below)
we obtain for p € (3,5) specific relatlons between w*(p) and wy(p).
Proof. By (1.5),
2 5—p +o0 5—p
luall? = C [ sechst(5)do i= o H(w),

B(pw)
where B(p,w) = (= l)fy and C), is a positive constant depending only of p. Therefore,
2 4 3%? C 7—3p
1 — _] v } = P30 . 4.1
v Pt igw).  (41)
From (4.1) we get immediately that 9, ||, 5> < 0 for p = 5. Next, we analyze the behavior
of the function g(w) for p € (1,5). We have

C, =30 15—p
2_r 2<p—1>[_H
0llpu sl = e L) +

g'(w) = 5j3/2;:]; [1 B /ng] ﬁ’ (4.2)
) — (3_—32 6:5/2 [1_; } [4(22 ) ~3(p-1)].

Thus, from (4.2) it follows that 4(5 p —3(p—1) <0 for all p =2 2. Further, for p < 5 we
obtain

o b U B
ag = wgrfwg(w) =31 /0 sech?=1 (z)dz > 0, (4.3)
and
20/07 (173]7
hn[; g(w) = { —00, p € (3,5). (4.4)

Thus, if we consider p € [2,3], then ¢'(w) = 0 and ¢”(w) = 0. Thus, from (4.3)-(4.4) it
follows that g(w) > 0 for all w > ﬁ4 Next, for p € (3,5) we have g’( ) >0 and ¢"(w) < 0.
Therefore, from (4.3)-(4.4) we obtain the existence of a unique wy > 2 such that g(wg) = 0.
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Thus, for w € (%,wo) we have g(w) < 0, and for w € (wp, +00) we have g(w) > 0. Finally,
for p € (1,2), the analysis based on (4.2)-(4.3)-(4.4) implies that g(w) > 0 for all w > %.
This finishes the proof. O
Proof. [Proof of Theorem 1.1]

4(p+1)

We divide the analysis into several steps. Let w* = 1)

e Case w # w*: we have from Lemma 3.2 that Ker(wa) = {0} and Ker(Lg,w) = [pw.g]-
1) Let p € [5,+00). Since d,/pw s]/* < 0, then we have p(w) = 0 and consequently:
a) if w < w*, then n(Hyloaa) = 1, and therefore ey, 5 is orbitally unstable
in H!jy(R —{0}) (and so is in H'(R —{0}));
b) if w > w*, then n(H,) = 3, and therefore e*’¢,, 5 is orbitally unstable in
1R — {0});
2) Let p € (1,3]. Since 9,/ s]|* > 0, then we have p(w) = 1 and consequently:
a) if w < w*, then n(H,)—p(w) = 4—1 = 3, and therefore €', 5 is orbitally
unstable in H'(R — {0});
b) if w > w*, then n(Hyloaa) = 1 = p(w), and therefore ey, 5 is orbitally
stable in Hl (R — {0}).
e Case w = w*: we have from Lemma 3.2 that Ker(Lf’w*) = [L oy, 5] and Ker(Léw*) =
(0w~ 5]. Therefore, Ker(wa* odd) = {0}.
1) Let p € [5,4+00). From Theorem 4.1 we have p(w) = 0. Next, from Lemma 3.17,
Corollary 3.18 and Theorem 3.22 we obtain n(Liw* loaa) = 1 and n(Lng*\odd) =
{0}. Therefore, n(H,x|oaa) = 1 and so ¢, 5 is orbitally unstable in H, (R—
{0}) (and so is in H*(R — {0}));
2) Let p € (1,3]. From Theorem 4.1 we have p(w) = 1. Thus, since n(Hy«|oaa) = 1,
we obtain e, 5 is orbitally stable in H!;,(R — {0})

This finishes the proof of the stability theorem. 0
Remark 4.3. a) In the case p € (3,5), we can write the mapping J(w) = 1g(w) defined
n (4.1) for w = w*(p) = ;2(6:111)) as
5—p / ! g\ 3=p p—1/ 2 \;%
0 = (1) = Ly ()
=0 = o=y | =) PG

Then, by considering the Gamma function I'(+) and the Gauss hypergeometric func-
tion o F(+, -, -, ) (see [1]) we obtain that

Glp) = 5—p [ﬁr(%) p—lF(lp—?)%p—l)}_ p—l( 2 )f,_’f (4.5)
T 2p-1lor( 2By T Vp 1P N\ p 12+ p+1\p+1/ 7

2(p—1)

Thus, by using the Mathematical software we obtain the graph for the mapping G(p),
p € (1,5.6), in Figure 2 below. Now, from a more accurate analysis we have G(p) = 0
if and only if p = 3.15743 = po. Thus, for p € (3,py) we have J(w*(p)) > 0 and
therefore from the increasing property of g follows that w*(p) > wo(p). For p € (po, 5)
we have J(w*(p)) < 0 and so w*(p) < wo(p). Lastly, since G(py) = J(w*(py)) = 0
then w*(pg) = wo(po)-

Then, from Theorems 2.3-3.1-4.1 we can conclude the following stability results:

i) Let p € (3,po). Then, for wy = wy(p):
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Figure 2. Graph of G in (4.5)

o ifwe (%,wo), then 9,,|¢w5]|* < 0. Thus, p(w) = 0, and by n(Hy|oaa) = 1,
we obtain e“!p, g is orbitally unstable in Hl, (R — {0}) (and so is in
H(R — {0})):
o if w e (wo,w*(p)), then 8, ¢us/> > 0. Thus, p(w) =1, and consequently
n(H,) — p(w) = 4 —1 = 3 which implies that e, 4 is orbitally unstable
in (R — {0});
o if w > w*(p), then d,||p,sl* > 0. Thus p(w) = 1, and by n(H,|oad) = 1,
we obtain that e, 5 is orbitally stable in H}, (R — {0}).
ii) Let p € (po,5). Then, for wy = wo(p):
o ifwe (%,w*(p)), then 0,,/|¢w ]|? < 0. Thus, p(w) = 0, and by n(Hy|oda) =
1, we obtain e™'y,, 5 is orbitally unstable in H!;;(R — {0}) (and so is in
HY(R —{0}));
o if w € (w(p),wo), then 9, l¢w sl < 0. Thus, p(w) = 0, and consequently
n(H,) — p(w) = 3 which implies that e“'¢, 5 is orbitally unstable in
H(E - {0));
o if w > wy, then J,|/¢,sl|* > 0. Thus p(w) = 1, and by n(Hy|oaa) = 1, we
obtain that ‘¢, 5 is orbitally stable in H}, (R — {0}).
iii) Let p = po. Then, w*(py) = wo(po) and so we obtain:
o ifw € (g, W (po)), then O, [lpusll* < 0. Thus, p(w) = 0, and by n(Huload) =
1, we obtain ey, 5 is orbitally unstable in Hl;4(R — {0}) (and so is in
1 (R~ {0}));
o if w > w*(po), then J,||¢w s> > 0. Thus, p(w) = 1, and by n(Hy|oda) = 1,
we obtain that ey, 5 is orbitally stable in Hl (R — {0}).
iv) For p € (3,po) and w = w* > wy(p), we obtain that e“ !y, 5 is orbitally
stable in H!, (R — {0}). In fact, this is deduced from Ker(Lf’w*|odd) = {0},

Ker(Lj - loaa) = [pur 8], 1(Hurloaa) = 1 and 8, [@u, s wmwr > 0.

v) For p € (po,5) and w = w* < wy(p), we obtain that ety . 5 is orbitally
unstable in H'(R — {0}). In fact, this is deduced from n(Hy«|oaa) = 1 and
awHSOw,B”2|w=w* <0.

b) If n(#H,)—p(w) is even, the criterium in Theorem 2.3 does not provide any information
about the stability of e“!,, 5 in all H'(R—{0}). For instance, in the cases p € (1, 3]
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and w > w*, p € (3,po) and w > w*(p), p € (po,5) and w > wy(p), and p = py and
w > w*(po)-

c) For p € (3,5) and due to the ideas in [63], we conjecture that in the case w = wy(p)
(namely, O,||¢w sl/?|o=w, = 0), the standing wave e, 5 is orbitally unstable.

5. EXTENSION THEORY AND TAIL STABILITY PROPERTIES

In this section, we will show that the approach for studying the stability of the bump-
like profiles ¢, g can also be applied for the tail-type standing waves in the case § > 0
(attractive ¢’-interaction) in the model (1.3). We note that an stability analysis for this
case was elaborated in [3]. Our proof does not use variational tools. Further, we improved
Proposition 6.3 and Proposition 6.11 in [3|. In particular, we obtain an stability property of

the standing wave for the case w = ;2(5111)).
Next, we establish the spectral properties of the operators LJB ws J € {1,2}, defined by

(2.3) for 8 > 0 with ¢, 5 = cpfj’ig (see Figure 3 below) having tail-like profile. Our study give
a complete picture of the spectrum of these self-adjoint operators.

Figure 3. goffg for § >0

Theorem 5.1. Let > 0 and w > % Let also LY, j € {1,2}, be defined by (2.8). Then

Jw?
the following assertions hold.
1) If w* = ;2(5;11)), then Ker(Lf}m) = [Lp,- 5], and n(Liw*) = 1. Moreover, the
eigenfunction associated to the negative eigenvalue is odd.
2) If w # w*, then Ker(Lf,w) = {0}.
3) If w> w*, then n(wa) = 2. Moreover, the eigenfunctions associated to the negative

ergenvalues are odd and even, respectively.

e
e

4) If w < w*, then n(Lf’w) = 1. Moreover, the eigenfunction associated to the negative
eigenvalue is odd.

5) Ker(Lfiw) = [@up] and L , > 0.

2w =

Proof. 1) For w* = ;;,(fptll)) we have ¢”.(04+) = 0. Thus, repeating the arguments
from the proof of Proposition 3.2, we obtain Ker(Lf’w*) = [Lp,+5]. Further, from
<L'f,w*c,0w*75, Y+ ) < 0 follows n(LfM*) = 1. Using the extension theory, we deduce
n(L/iw*) < 1. Indeed, the symmetric operator Lo

2

Lo=——
0 dx?

+w = plowsl"™, D(Lo) = {v e H(R) :v'(0) = 0},
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has deficiency numbers ny(Lg) = 1 (see [11]). By the von Neumann decomposition
(see Theorem 6.1), we have

D(Lg) = {v € HR —{0}) : v'(0+) = v'(0—)} = D(Lo) & [vi] & [v-],

where vy; are defined in the proof of Proposition 3.13. All self-adjoint extensions of
Ly are given by the one-parameter family (LB Dg), B € R. Next, we show that

1,w*>

Lo 2 0 on D(Lg) for 8 > 0. Indeed, for v € D(Ly) we obtain (see (3.7) and (3.8))

+oo d 2 (p” 0— (p” +00
U * *
(Lov,v) = /(goiﬁﬂf (— ( p )) dx — [v’v — @2‘/“_’5] / [,U/,U 7 7}2‘/0_,5] '
’ dZU (Vo Q. o .
w*,B w8 w8

% 0+

(5.1)

The non-integral term in (5.1) admits the form
Ug(o)%*ﬁ(o—) — Pl 5(04)

e 5(0+)

since @ 5(0+) = ¢« 5(0—) < 0 and @, 5(0+) = —¢[. 5(0—) = 0. Therefore,

(Lov,v) 2 0. Thus, from Proposition 6.3 it follows n(Liw*) <L
Next, let A\« < 0 and 9, € Dg be such that Liw*@bm = A+Uy+. Let us show that

,+ is odd. By Lemma 3.4 for the case 8 > 0, we deduce that ¢+ is either even or

odd. Suppose that it is even, then 1« € H*(R), and - (0+) = 0.

Consider the operator wa* defined on Sy = {v € H*(R,) : v/(0+) = 0}. Since
¢ = ¢ l(0,100) satisfies Lf’w*qb =0, and ¢ < 0 with ¢/(0+) = 0, it follows L[iw* >0
on Sy. From the other hand, ¥+| +00) € So, and n(Lﬁw*) > 1 on Sy, which is the

contradiction with the positivity of Lf“ Therefore, 1, is odd.

2) The proof is similar to the one of Proposition 3.2.

3) and 4) Combining the analytic perturbation theory arguments, item 1), and Lemma
3.17 applied to @« g, for f > 0, we obtain from relation (3.23) that v < 0 in
decomposition (3.11) (due to .+ 3(04+) < 0). Thus, from (3.11) we obtain that the
second simple eigenvalue II;(w) is negative for w > w*, and II;(w) is positive for
w < w*. Moreover, the associated eigenfunction §2;(w) is even, and the eigenfunction
associated to the first negative eigenvalue is an odd function for all w # w*.

5) Repeating the arguments from the proof of Proposition 3.2, we obtain Ker(ng) =
[0w.5]. Further, by (3.24), (3.25) and inequality ¢, 5(0+)p, 5(0—) < 0,

= 0,

o 0+ N - 2
v, vy =A+ |vv—v—= =A- : : = 0,
L ooy — At [ ea] T _ g lus00(0-) ~ usO0- 1O
’ Pu8 o Bew,s(0+)pu,s(0-)

where v € Dy, and A 2 0 is the integral term.
O

Recall the operator H,, defined by (2.5). Thus, from Theorem 5.1 we obtain the following:
1) if w > w* then n(H,) = 2, and n(Hyload) = 1;
2) if w < w*, then n(H,,) = 1.
3) if w = w*, then n(Hy+|oaa) = 1 and Ker(wa* odd) = {0}
Finally, we can establish the stability result for the NLS-§’ equation in the case § > 0 (see
Proposition 6.11 and Theorem 6.13 in [3]).
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Theorem 5.2. Let 5> 0, w > %, and w* = ;2(5:“_11)). Then

1) if w < w* and p > 1, the standing wave e, 5 is orbitally stable in H'(R — {0});

2) Let w > w*. Forp € (1,2], the standing wave ¢y, g is linearly unstable in H'(R —
{0}). For p > 2, the standing wave €', 5 is nonlinearly unstable in H'(R — {0}).

3) if w = w* and p > 1, the standing wave "¢, 5 is orbitally stable in H!,,(R —{0}).

Proof. a) By Theorem 5.1, for w # w* we get Ker(Lg’w) = [@uw,5], L§7w
Ker(Lf,w) = {0}. Thus, we obtain the following:
1) for every p > 1 and w < w* from Proposition 6.5 in [3] we have d,|¢.5/* >
0. Thus, since n(H,) = 1, the standing wave e“'¢, 5 is orbitally stable in
o' (R - {0})7
2) let w > w*. In this case we have n(H,) = 2. If p € (1,5], by Proposition 6.5
in [3], we deduce 9,,||pw s]|* > 0. Thus, since

n(Hy,) —plw)=2-1=1,

by Theorem 2.3 and Remark 2.4 we obtain that the standing wave ey, 5 is
linearly unstable in H*(R — {0}) for p € (1,2] and orbitally unstable in H'(R —
{0}) for p € (2,5].
Let p > 5. The sign of 9,/ s]|*> was established in Proposition 6.5 of [3]. If
Dwllpwgll? > 0, the instability of ey, 5 follows immediately. Suppose now that
Oullpwsll* < 0. Then, since n(Hy|oaa) = 1, we conclude that e, 5 is orbitally
unstable in H'j;(R—{0}) and, a fortiori, it is orbitally unstable in H*(R —{0}).
b) By Theorem 5.1, for w = w* we get Ker(LSM) = [puwr 5], ng* = 0, and Ker(Liw*
{0}. Thus, we obtain the following:
3) let w = w*. From the proof of Proposition 6.5 in [3]| (see (6.22)-(6.23)-(6.32))
we deduce 9, |0y 5% lw=w > 0. Thus, since n(Hy+|oaa) = 1, the standing wave
e tp,« 5 is orbitally stable in Hl (R — {0}).

> 0, and

odd) =

0J

6. APPENDIX

In this Appendix, we prove some non-standard results used in the body of the manu-
script. In particular, we prove a Perron-Frobenius property for ¢’-interactions. We start by
convenience of the reader establishing some results of the extension theory.

6.1. Extension theory. Let A be a densely defined symmetric operator on a Hilbert space
H with adjoint A*. Consider the deficiency subspaces N1 (A) = Ker(A* F i) of A and the
deficiency numbers ny(A). Then, we have the following two results that have been used in
this work (see [62]).

Theorem 6.1. (von Neumann decomposition) Let A be as above, then
D(A*) = D(A) & NL(A) @ N_(A4). (6.1)
Therefore, for u € D(A*) such that uw = f + fi + f_i, with f € D(A), f+; € NL(A),
Au=Af+if; —if_;.
Remark 6.2. The direct sum in (6.1) is not necessarily orthogonal.

The second result reads as follows.
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Proposition 6.3. Let A be a densely defined lower semi-bounded symmetric operator (that
is, A > ml ) with finite deficiency indices ny(A) =k < oo in the Hilbert space H, and let A
be a self-adjoint extension of A. Then the spectrum of;{ in (—oo,m) is discrete and consists
of at most k eigenvalues counting multiplicities.

The result below was used in the proof of Proposition 3.13.

Proposition 6.4. Let w > [% and B € R. Then, the operator L[f,w in (2.3) belongs to the
family of self-adjoint extensions of the following symmetric operator L

2

d
L=——stw—plpsl, D)= {ve H(R):v'(0) = 0,v(=n) = 0},

where pu denotes the unique positive zero of even function ¢, 5.

Proof. 1t is not difficult to see that the following symmetric operator L,

- 2
A
dz?’

has deficiency numbers ny (L) = 3. Indeed, by classical arguments from the theory of ODE’s,
the deficiency subspaces of L are given by

N_(L) = Ker(T* +1i) = [% Vil ei\/ilzw\}

D(L) = {v e H*R) : v'(0) = 0, v(dp) = 0},

and NV, (L) = Ker(L* — i) = [v_i, etV =ile—nl, e"ﬁ”*“'], where

ivFEix

e x>0 o~ .

Vi = = L S(VE) > 0.
* { —eVET (), ( )

Thus, since ¢, 3 € L>(R) follows from extension theory that ny(L) = ni(L) = 3 and

D(L*) = D(L*). Then by the von Neumann decomposition (see Theorem 6.1) we have
D(L*) = {v e H*R —{0,£u}) N H*(R — {0}) : v'(0+) = v/ (0-)}.

Thus, all the self-adjoint extensions of L are given by a 9-parameter family. Here we restrict

ourselves to the case of separated boundary conditions at each point 0,£u. Therefore,

there exists a 3-parameter family of self-adjoint operators (L, 7., D(L, z,.)) depending on
v, Z4+ € R, and given by

Luz, = 5 +w—plpwpl

_ [ AR {0,20) 0 (R~ {0)): 0(0+) — 0(0-) = —0/(0),
pitaz) =4 O I e vl (e

It is easily seen that we arrive at (Lﬁ Dg) for Z, = 0,v = (. This finishes the proof.

1lwr

O

6.2. Perron-Frobenius property for the repulsive ¢’-interactions. In this subsection
we show that the Schrodinger operators with a repulsive ¢’-interaction defined in (2.3) satisfy
the following Perron-Frobenius property.

Lemma 6.5. Let <0, w > %. Let also Lf’w, Jj € 11,2}, be defined by (2.3). Assume that

NjwB = infU(Lﬁw) is the smallest eigenvalue. Then \;,, 5 is simple, and its corresponding
eigenfunction ;. g is positive (after replacing ;.. by —;. 5 if necessary) and even.
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Remark 6.6. For 5 > 0, the profile gp"dd is of tail-type and Theorem 5.1 shows that the

Perron-Frobenius property for the associated operators Lﬁ s J € {1,2}, remains to be false
on the domain Dy defined by (2.3).

Proof. This result follows by a slight twist of standard abstract Perron-Frobenius arguments.
We prove the assertion for A;,, g, the proof for Ay, 5 is similar. We divide the proof into
several steps.

1) Let g > 0. Denote —Ay = —-L; — 5(-,§)'(x). From the Krein formula follows the

dz?

representation for the resolvent (—Ag + u)~*

as p is sufficiently large (see [10,11])
20
2— B/

where —Ag = d 4 denotes the classical 1-dimensional Laplacian with domain H 2(R)
and (—A¢ + p)~ denotes its resolvent which exists for any p > 0. J, is defined by

Ju@) = 2\1/—

Thus, since (—=Ag + p)~'f = s2=e VI x f, we obtain

(—As+ ) f = (Do + )+ 5= T

sign(x)e VFal

(—Aﬁ+m]f@%zlgﬂ%wfwﬂu

with
1
2\/_6 —Vilz=yl _ gQ—ﬁ\/_ sign (zy)e VAEI+YD,
Moreover, for every z fixed, K(x,-) € L*(R). Thus, the existence of the integral is
guaranteed by Holder’s inequality.

K(x,y) =

Let us show that K(z,y) > 0 for (z,y) € R x R. Indeed, since K(x,y) = K(y, ), it
is sufficient to consider the following cases.
a) Let z >0and y >0or x <0 and y < 0. Smce—§2 ﬁf>0,weobtain
K(z,y) = Lo B 1 il 5 g

21" 22— Byn"

b) Let z > 0 and y < 0. Since + g% > (, we obtain

RN
1 1
2/i 22— B
Moreover, by K(z,y) = K(y,x), we get K(z,y) > 0 for z < 0 and y > 0.

Applying standard Perron-Frobenious-type arguments (see, e.g., Lemma 5 in [8]),
we conclude that there is p; > 0 sufficiently large such that the operator R =
(Liw—l—ul)*l exists, is bounded on L*(R), and is positivity improving, i.e., if f € L*(R)
and f(x) = 0 almost everywhere in R, and f # 0, then Rf(z) > 0 almost everywhere
in R.

Note the spectrum o(R) of R is the image of U(L’iw) under the mapping A —
(A + u1)~t. Denote the greatest eigenvalue of R by A\g = (M w5 + 1) ', and let g
be an eigenfunction corresponding to \g. Thus,

<R¢07¢0> Z <R|¢0|7 ‘¢O|> Z <R7/10,7/10>,

1
NG
4B

K(xz,y) = [ }e_\/ﬁ(z_y) > 0.



32 J. ANGULO AND N. GOLOSHCHAPOVA

where in the last inequality was used the positivity improving property of R. There-
fore, (R|vol, [to|) = (Rtbo, o). Hence for ¢bf = WTH’O and 1), = WT_% being the
positive and negative parts of v follows (Rt , 1, ) = 0. Therefore, 1), must vanish
almost everywhere. Indeed, suppose that ¢y (z) > 0 for all x € E with |E| > 0, while
Ry (x) > 0 almost everywhere in R. In particular, we can assume that there exists
€ > 0 such that Ry (z) > € for all x € E. Thus,

0 = (R, U5) 2 [E U5 (@) R (2)da > 0,

but this is a contradiction. Therefore, we have that any eigenfunction vy of R corre-
sponding to A is positive almost everywhere.

It is easy to see that 1)y is the eigenfunction of wa corresponding to the smallest
eigenvalue Aq g, 3.

Further, suppose that ; and 1, are two different eigenfunctions corresponding to
A w s, then the preceding analysis shows that

(V1,99) = /Rwl(iﬂ)%(if)dﬂ? # 0,

because ¢ (x)(x) > 0 for a.e. € R. Therefore, Ay, 5 is simple.
4) From Lemma 3.4 follows immediately that the eigenfunction corresponding to A, s
is even.

OJ
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