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Summary 

In this paper we investigate maximum likelihood estimation in linear functional relation­
ships with replications. The general formulation considered in Dorf and Gurland (1961) is 
studied. The approach is based on Mak (1982) where general results for maximum likeli­
hood estimation in the presence of incidental parameters is considered. Since the approach 
allows the derivation of the asymptotic covariance matrix of the maximum likelihood esti­
mators of the model parameters it is possible to compute the asymptotic relative efficiencies 
of the maximum likelihood estimators with respect to the estimators suggested in Dorf and 
Gurland (1961 ). Computation of maximum likelihood estimators is discussed. Comparisons 
are also reported for the situation of a small sample selected from a particular generated 
population. 

1. Introduction 

Estimation in functional relationships has been the subject of several papers in the sta­
tistical literature. As shown in Neyman and Scott (1947), maximum likelihood estimators 
are typically inconsistent and as considered in Patefield (1977, 1978) and Gieser (1985), the 
asymptotic covariance matrix is not given by the inverse of the Fisher information matrix. 
As shown in Solari {1969), the solution of the likelihood equations in the case of the func­
tional relationship is not a maximum but a saddle point of the likelihood equation. Further, 
the likelihood function is unbounded. The functional model is important in the evaluation 
of the concentration of a certain mineral ( copper or arsenic, for example), in samples of soil 
(or water) in a certain region where the distribution of the concentration certainly is not 
symmetrical (Ripley and Thompson, 1987) . 

Maximum likelihood estimation in the unreplicated case with the ratio of variance known 
is considered in Mak (1992), where a general treatment is presented for maximum likelihood 
estimation in the presence of nuisance parameters. Consistent estimation for the case of 



one variance known is considered in Cheng and van Ness (1990). Both papers derive their 
main results under the normality assumption. Extensions for the case of elliptical models 
are considered in Arellano-Valle et al. (1996) and Vilcar-Labra et al. (1998). In this paper 
we study maximum likelihood estimation considering replicated observations, which is a way 
of guaranteeing that no assumptions about the model variances are required to make the 
approach feasible. The functional linear relationship relating the variables x and y is given 
by y =a+ (3x, which are not observed sure variables. We observe instead X := x + u and 
Y = y + e with a and (3 being unknown parameters. We consider r; and s; replications on 
x; and Yi, respectively, so that we observe Y;i and X;k, where 

Y;; := Yi + e;; 

and 

(1.2) 

j = 1, ... , s,, k := 1, ... , ri and i = 1, ... , n. Moreover, it is also assumed that 

so that the nonconstant part of the log-likelihood function corresponding to the observed 
sample (X;,1:, Y;;), j = 1, ... , s;, k = 1, ... , r; and i = 1, ... , n, is given by 

(1.3) 

n ,, 

+u;,1 I: 1::(Y.; - a - {3x;)2
}, 

i=lj=l 

where a, (3, O'ee and u,.,. are structural parameters and x; are incidental parameters. Notice 
that our model is similar to the model considered by Dorf and Gurland (1961), where different 
number of replications are considered for each Xi and Yi, i = 1, ... , n. However, Dorf and 
Gurland {1961) do not consider maximum likelihood estimation. A less general replication 
structure is considered in the structural model of Chan and Mak (1979) where the likelihood 
approach is implemented. In that paper Chan and Mak make reference to ANOVA type 
estimators but no efficiency results are reported on the comparisons between those estimators 
and the maximum likelihood estimators. 

The assumption of equal number of replications on x and y is required for studying the 
asymptotic behavior of the maximum likelihood estimators. It is shown that the maximum 
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likelihood estimators of and a and fJ are consistent but the maximum likelihood estimators 
of 0-00 and a,.., are not. However, consistent estimators can be obtained by slightly modifying 
the maximum likelihood estimators of those parameters. 

In the most general situation the maximum likelihood estimator of fJ has to be obtained 
numerically. An EM-type algorithm can be implemented in that situation. Simulation 
studies show that this algorithm typically converges and reasonably fast, except in small 
sample sizes in which case good starting values are required sometimes. In some less general 
situation, the maximum likelihood estimator of /3 can be obtained as the solution of a fourth 
degree equation. The problem of multiple roots can be circumvented by using the likelihood 
function or by picking the solution that follows from the solution of the EM-type algorithm 
when it converges. By using results in Mak (1982) on incidental parameter es~imation, 
the asymptotic distribution of the MLE is obtained, a result so far not available in the 
literature. By using those results it is possible to obtain large sample (efficiency) comp~isons 
by considering the large sample variances for the ANOVA type estimators reported in Dorf 
and Gurland (1961). So far only simulation studies are reported in the literature comparing 
the approaches as in the structural case of Schaffer and Purdy (1996). 

Section 2 reviews the main results in Mak (1982). Conditions for consistency and asymp­
totic normality of the maximum likelihood estimators are derived. In Section 3 properties 
of the maximum likelihood estimators of the structural and incidental parameters are con­
sidered. It is shown that the maximum likelihood estimators of a and /3 are consistent while 
the ma.ximlllll likelihood estimators of <Tee and u,.,. are not and it is shown how to correct 

those estimators so that consistent ones can be obtained. The asymptotic distribution of 
the maximum likelihood estimators is also derived. Section 4 is dedicated to the derivation 
of the maximum likelihood estimators and their modified consistent estimators. In the more 
general situation, the maximum likelihood estimator of fJ can be obtained by implement­
ing an EM type algorithm as considered in Kimura {1992). In the particular case where 
r,/ s; = k, a constant, i = 1, ... , n, the maximum likelihood estimator of fJ follows by solving 
a fourth degree equation. Further simplifications occur if r; = r and s; = s, i = 1, ... , n, 
and, moreover, in the case wheres= 1, that is, only xis replicated, which is the more com­
mon situation in practical studies. In Section 5 the asymptotic covariance matrix is derived. 
In Section 6 two estimators proposed in Dorf and Gurland (1961) are considered. Relative 
efficiencies between the maximum likelihood estimators and estimators considered in Dorf 
and Gurland {1961) are reported in Section 7. As shown the maximum likelihood estimators 
can be significantly more efficient. Technical details are deferred to the Appendix. 

2. Notation and preliminary results 

Let Z1, ..• , Z,., independent p-dimensional random vectors with log-likelihood function 
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given by 

n 

(2.1) L log f;(z;; 6, x;), 
i:l 

where J;(z;;l,x;) is the density of Z;, i = l, ... ,n, I= (01, .•. ,0p)' E 0 C 'R,P and 
x; E X; C 'R., i = l, ... , n, a.re the incidental parameters. Suppose that ff E 0 and 
x? E X;, i = 1, ... , n, where If and x~, ... , x~, denote the true parameter values. The ex­
pected values are taken with respect to 6° and x?, i = 1, ... , n, which will be denoted by 
Eo[-] = E[.llf,x~, ... ,x~]- For each i and given 6, let x; = x;(Z;,6), be an estimator (pos­
sibly depending on I) of x;, with a. possibility of being the conditional maximum likelihood 
estimator, obtained by maximizing (2.1) with respect to x; for fixed 6. Thus, replacing x; 
by x; in (2.1) we obtain 

" n 
(2.2) :Elogf;(z;;9,x,) = Eh,(z;;B). 

i=l i=l 

We also define the following functions: 

(2.3) 
8h;(z,; 0) 

q,9,(z;; I) = 
80

_ , j = 1, ... ,p, 
J 

(2.4) 

and 

(2.5) q;e.,s;(z;; 0) = q;e.(z;; l)q;e, (z;; 6), j, k = 1, ... ,p. 

Morever, let E0 [A,.(0)) be the p x p random matrix with entry (j,k) given by 

n 

(2.6) n-1 LEo[q,e.e;(Z,;6)], j,k=l, ... ,p. 
i=l 

In Ma½_ (198~), Section 2, general conditions are established under which (2.2) has a max­
imum 8,. = 8(z1, ... , z,.), which converges in probability to some 01 in the interior of 0, 
where 61 is a local maximum of the function 

n 

(2.7) "i$(8) = n-1 L Eo[h;(Z;; 6)], 
i=l 
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and 

(2.8) 

where"~,, means convergence in distribution, with the (j, k )-th element of the p x p matrices 
A..(81

) = (a;1r) and Vn(81
) = (v;1r) given, respectively, by 

(2.9) 1 ~ ( ,1 1 ~ 1 1 a;1, = - L..,q;s,,. Z;; ) and v;k = - L..,Cov[q;e,(Z;,6 ),q;s1 (Z;,6 )), 
n i=l n i=l -· 

where, as pointed out before, the expected values are taken with respect to the true values 
6° and x?, i = l, ... , n. The above results are proved in Mak (1982) and Gimenez and 
Bolfarine (1997). It is also noted in Mak (1982) that in some situations it is possible to 
obtain estimators ii; so that 81 depends only on 6° (is independent of x?), that is, there 
exists a function g(.) such that 91 = g(U°). If g is one to one then, a consistent estimator of 
6° is given by Bn = g-1(6n). 

3. Asymptotic behavior of the MLE 

In this section the maximum likelihood estimator of x; is obtained and it is shown that 
the maximum likelihood estimators I of the true parameter value ff = ( a 0

, ,8°, u!, u~u)' is 
not consistent that is, iJ ~ 81 

=f:. ff'. Specifically, we show that iJ ~ 81 = g(8°) with the 
function g(.) presenting a simple form which can be inverted so that we can obtain g-1

(.) 

and then obtain consistent estimators Be by computing Be= g-1 (6). 
Lemma 3.1. Given 8 = (a,/3,u •• ,uuu)' the maximum likelihood estimator of x; is given by 

(3.1) 

where X; = (X;1, ... ,Xir,)', Y; = (Y;1, ... , Y.r,)', X; = Li'=l X;;/r; and Y; = Lj~l Y.;/r;, 
i = 1, ... ,n. 

The proof of the above lemma follows by directly maximizing the log-likelihood (1.3) 
with respect to Xi and keeping 8 fixed. Replacing g; = g((X;, Y;),6) given in (3.1) in 
the expression for the likelihood given in (1.3) we obtain, after disregarding unimportant 
constants, the function 

(3.2) 
r; Sj 1 -1 r; 2 

h,((X,, Y,);6) = --
2 

loguuu - -
2 

logu00 - 2{uu,. ~(X;; - g;) 
,=1 
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., 
+u;,,1 E(Y;; - a - {3g;)2}, 

j=l 

from where we obtain 

n 

(3.3) h((X, Y),6) = Lh;((X;, Y;),6), 
i=l 

which upon maximized yields the maximum likelihood estimator of I. 

Theorem 3.1. Given ff= (a0 ,,B0 ,u~.,u~ .. )' the troe parameter value, the maximum likeli­
hood estimator i converges in probability to 

where r = Lk=i r1c/n ands= Li=l s;/n, for large n, which are expected to be finite. 

Proof. After lengthy algebraic manipulations and disregarding unimportant constants, we 
obtain replacing (3.1) in (3.2) the following expression 

(3.4) 

where X; and 'f'; are given in (3.1 ). Now, with respect to the true 
ff = (oi° ao u0 u0 )' it follows that ,/J , ee, "" 

r, ., 
~( - 2 0 E[L., X;; - X;) ] = (r; - l)u,.,., E[ECY;; - Y,)2] = (s; - l)u~. 
j:l j=l 

and ., 132 
E[E(Y;; - f:JX, - a)]2 = s;u~ + ~u~,. + sn{a - a0

) + x?(fl - ,8°))]2, 
;=1 r; 

· which leads, under t', to 

(3.5) 
1 n - -

~(8) = - E E[h;((X;, Yi),9)] = --
2
r logu,.,. - -

2

8 
logu.., 

n i=l 
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Clearly, expression (3.5) is maximized by taking 

(3.6) a=a.0 and f3 = 130. 

Moreover, differentiating (3.5) with respect to {3, and defining >..0 = a~./ u~., and)..= a:.! u!.,, 
we arrive at the following equation 

n l n r;>..0 + s;/32 

:Er·>..+ s·f32 = ~ (r·>.. + s·/32)2 ' •=1 i • •=l i i 

leading to the solution ,\ = ..\0 that is 

(3.7) 

Notice that (3.7) is an assumption in Mak (1982) and not a consequence of the model 
assumptions. The meaning of (3. 7) is that the ratio of the error variances at the maximum 
and at the true values are the same. Further, differentiating (3.5) with respect to D"uu and 
a •• and equating the derivatives to zero, we arrive at the following equations: 

(3.8) 

(3.9) 

Thus, from (3.7) and (3.8), it follows that 

-ruu,. + ru~u - su.,u + (s - l)u~ .. = 0, 

which leads to 
(r+s-1) 0 u --- r+s 

Furthermore, from (3. 7) and (3.9), it follows that 

(r+s-1) 0 O' - -'-------'-0' .. - r+s .. , 
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which in conjunction with (3.6) concludes the proof. 
Notice that the dominated convergence theorem permits to write 

so that conditions under which the above solution is a local maximum of the equation 

0-
86·1/)(8) = 0, , 

with~(.) in (2.7), are the conditions un~er which the matrix Eo[A11 (91
)] is negative definite. 

See Vilca-Labra et al. (1998). Such conditions are considered in Appendix 4. 

Thus, given the maximum likelihood estimator iJ = (&,p, u,.u, u,.)' of 8, which follows by 
maximizing the likelihood function that follows from (3.2) (or (1.3)), a consistent estimator 
oft' is given by -

(3.10) 

Some special cases of the above general result are in order. 

Corollary 3.1. Under the assumptions of Theorem 9.1, we haue that: 

(a) lfr;/s; = k, i = 1, ... ,n, then the maximum likelihood estimator 8 o/8 conueryes in 
probability to 

81 = ( o 130 (r + k - 1/r) 0 (r + k - 1/f') 0 )' · 
a ' , l + k O'uu, 1 + k a•• , 

{b) If r; = r, ands;= s, i = 1, ... , n, it follows that 

(c) !fr;= rands;= 1, i = 1, ... ,n, it follows that 

al ( o o r o r o , "= a,/3,--lu,.u, --lu,.). r+ r+ 

Case (c) in Corollary 3.1 is the one typically considered in practice. More general repli­
cation schemes, as the one considered in Fuller (1995), for example, may also be entertained. 
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We discuss next the asymptotic distribution of the maximum likelihood estimators and then 
derive the asymptotic distribution of the consistent estimator Sc, 

4. Computing consistent estimators 

The maximum likelihood estimator of 8 follows by maximizing the function h( (X', Y'), 8) 
in (3.3) or, equivalently, the likelihood function in (1.3). Using the same notation as in Mak 
(1982), the following expressions are obtained after differentiating the function hi given in 
(3.4): 

(4.1) 

(4.2) 

with A= u00 /u.,.,, a.s before, 

a.nd, finally, 

(4.4) 

-1 -1 r 

+ 2 ·(fJ;•e_~u_;, -1 )2 [~(Y.; - fJXi; - a)]2. r, au u.,. ,=1 

Equating derivatives (4.1)-(4.4) to zero, we obtain the following equations: 

(4.5) 

(4.6) 
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(4.7) 

and finally 

(4.8) 

Solving the a.hove equations to obtain the maximum likelihood estimators of I is not simple 
and has to he done numerically. One possibility is to consider an EM type algorithm as 
considered in Kimura. (1992), working directly with the likelihood function (1.3). Great 
simplifications occur when 

(4.9) i = 1, ... ,n, 

in which case equations ( 4.5 )-( 4.8) can be written as 

(4.10) 

(4.11) 

(4.12) 

and 

(4.13) 

where 

A= kP(PSh-:- Sh), 
Sh-/3Bxx 

" (- v\2 
S

* _ E,=1 r; X;-X1 
xx - " ' L,=1 r, 

S
* _ ~ s,(X, - X)(Y; - Y) 
xy-~ n ' 

i=l Li=l Sj 
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with Wxx as Wyy with Y replaced by X, 

with S = E:'=1 s; and R = E~1 r;. 
By manipulating with the above equations, the maximum likelihood estimator of f3 under 

the assumption (4.9) is given by the solution of the following equation: 

( 4.14) 

where 
A4 = kSxxSxyWxx + k(S.xx)2S_iy, 

A3 = -2k(S_h)2W.i-x-kS1,xShW.ix+(S1,x)2W;y-(2k-l)S.xx(Sh) 2 -k(Sxx)2Sh, 

A2 == 3kSxvSvvWxx -3S.xxSxyWyy + (k- l)(Sh)3 + (2k-2)S.xxSvxSvv, 

A1 = -k(Syy)2Wxx + 2(S.xy)2Wyy + BxxSvyWyy + (2-k)(S_xy)2Syy + 5xx(Svy)2, 

and 

Some special cases of particular interest a.re: 

(i) r; = s; = r. In this special case, it follows that the coefficients of the fourth degree 
equation (4.14) are given by 

~ = SxxSxyWxx + S.i-xSxv, 

A3 = -2S_hWxx - SxxSyyWxx + Si-xWyy- SxxSi-y - S}xSYY, 

A2 = 3SxySyyWyy -3SyySxyWyy, 

A1 = -S}y-Wyy + 2S,hWyy + SxxSyyWyy + 5'i-y + SxxSh, 

and 

where 

n (X; - X)(Y, - Y) 
Sxv=L ~ - ---, 

i=l n 

11 

S 
Ei~1 (Y, - Y)2 

yy = , 
n 

E~1 E;=1(Yi; - Y,)2 
Wyy = --~--- --, 

nr 



with Wxx as Wyy with Y replaced by X. 
(ii) r; = r, s; = 1. In this case, it follows that the fourth degree equation (4.14) becomes 

where 

(/3Sxy - Syy){{33Sxxtxx + /32(rSXYSxx - 2SXYtxx) 

+/3[Syytxx - (r - l)S.h - (r + l)SnSxx] + rSXYSYY} = 0, 

Li=l Lj=l(X;; - X)2 

txx = --~---- ­
nr 

Thus, in this special case the fourth degree equation reduces to a third degree equation. 
In both situations multiple roots may result so that to pick the correct root the likelihood 
function can be used. 

5. The asymptotic covariance matrix 

As seen in Section 2, the asymptotic covariance matrix of the maximum likelihood es­
timators is given by n-1{.E0[A,.(81)]}-1Vn(61){Eo[A..{61

)]}-1. The matrix V,. depends on 
the first derivatives of the function h;, given by q;g;, which are given in Section 4, where 
81 = a, 82 = /3, 83 = <Tee, and 84 = u,.,.. The second derivatives of the function h; and its 
expected values used to compute Eo[An(91

)) are considered in Appendices 2 and 3. Thus, 
we can write: 

(5.1) 

where 

r;s; 
V; =-; 

d; 

~r• 
E,. 

= - ; 
n 

-Ei=I Vj 

-E?=, v;xf 
0 

0 

d; = r;A + s;/3°
2

; 

r 
c=--r+l· 2w ' 

n r,s; n r~ ,. 8~ 

E,. = ~ d~; E,, = L ~~; E .. = L ~~; 
1=1 1 •=1 ' •=I • 

s r+s b= - -s+I· w= r+s-1· 2w ' 

Now, considering the second derivatives and expected values which are given in Appendix 
3, we have: 

(5.2) 
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.. .. ..,.'Ev; v.?~11,2:~ 0 0 
i•l icl .. .. Q Q 

X w21=tliZ? w2Lv;(z?2 + ). :•• i 0 
. . •=! •~I 

0 • 13°. ~ 0 ;!t(n(r-1)+ E.,) 2:cru .. Er, 

0 0 ~E 2~J' .. (n(i-l)+>.2 Err) vv r, 
~ .. 

Thus, after extensive algebraic manipulations, the asymptotic covariance matrix can be 
written as 

(5.3) 

where 

V; 

w(C1Fs - F2B1B2) 
w(F2B~ - F4Ci) 

n 

B2 = - I:v,x?, 
i=l 
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Da = ~4~2 + ctv;)(/30t Vjy, 
). o-,.,. i=l i=l ti_, 

D,. = -(/302 t v; )[ C2 + >.(t v;)(t ~ )], 
i=l tJ.; U~u i=l i=l tJ.; 

Ds = BaC2 + d: v;)(>./30 t .!:'!_ )2; 
~u i=l i=l ti_, 

" " ). 0 " 
F1 = DiLVi + C1{2D2 + ~1L[v;(x?2 + :~")J}(I:v;x?)\ 

i=l i=l I i=l 

F2 = _ l_ (µo t v; r { ( nr - Ba)( B4 - )./302 t ~ r 
2u~,. ). i=l ti.; 2w i=l ti.; 

-( 2>.,802 t v;.) ( B4 - >.,802 t v;. )( Ba - ).{j02 t v,.) 
i=l ti_, i=l ti_, i=l ti_, 

+( ns - B◄) ( Ba - >.1302 t v,y}, 
2W i=l ti_, 

n n v· " 
Fa = -C1(C2 + (I:v;)>.u~,. L ;.) I:v;x?, 

i=l i=l I i=l 

and 
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A consistent estimator of the covariance matrix in (5.3) follows by replacing B by the 
consistent estimator Be. Another consistent estimator, which may be simple to implement 
computationally is obtained by following the "sandwich" approach in Gimenez and Bolfarine 
(1997). Considering 

·(B) = 8h;(IJ) 
q, 88 and I·(IJ) = 82

h;(B) 
' 8888' ' 

a consistent estimator of the asymptotic covariance matrix in (5.3) is given by 

where 

and 
l ,. 

L(B) = - L l;(B), 
n iacl 

with B replaced by the maximum likelihood estimator 8 considered in Section 4. 

6. Dorf and Gurland's estimators 

Dorf and Gurland (1961), propose using the following estimators for estimating the pa­
rameter /3 in the general replicated situation: 

(6.1) 

where 

• Bxr 
f3va1 = ----­

Bxx - Wxx 

• Byy -Wrr 
and f3vG2 = B , 

XY 

n r; - -)2 " r;(X; -X 
Bxx = L 1 , 

i=l n-
Wxx = (R- nt1 :£:£(X;; - X.)2, 

" s;(Y; -Y}2 

Byy=E~---
i=l n -1 

i=l jacl 

n •i 

and Wyy = (S- n)-1 :£:£(Y;; - Y;)2
, -

i=lj=I 
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with 
n n 

R= 2>, and S = Es;. 
i=l i=l 

Approximations for their asymptotic variances can be written as 

AVAR(Poo1) 

/J2u,,,, E?=1(stf sr,)(x, - x")2 u •• 
= (Et1 s,(x; - xr~)2 + Li=l s,(x, - x)2 

n -1 u,..,ueeEf-1(s;/r;) 
+ - n- (~~ s·(x· - x)2) 2 

L.J,::l I ' 

+ {Q1(sH,S)u~ + Q2(sH,s)(3u~)}(n -1)2 

{32 (E?=1 s,(x; - x")2)2 

where 
n n 

-1 -1 '°' -1 ru = n LJr, , s·;/ = n-1 Es;1, 
ia:1 i=l 

2n-2--+--- +--- 4n-R--1 ( 3n 6n 3 ) 1 ( 3n) 
(n - 1)2 rH R R (R - n)2 rH 

6 6n ( 1 1) 
+R_n-(R-n)(n-1) rH-R' 

1 (~ _ 2n + !) + 1 (~ + R _ 2n) (n - 1)2 rH R R (R- np rH 

2 2n ( 1 1) 
+R-n-(R-n)(n-1) rH-R' 

with corresponding definitions for Q1(sH, S) a.nd Q2(sH, S). 

7. Numerical Evaluations 
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The parameter values used for computing the (approximate) asymptotic variances of 
MLE and the estimators f3vGI and f3va2 are a= 10, f3 = 0.5, Uee = 50 and several values of 
Uuu• It was also considered that the true x; ~ N(µ.,, u.,.,), withµ., = 30 and u.,., = 64. Other 
values were also considered for a.11 the parameters but the values obtained for the efficiencies 
were similar to the ones obtained with the above values. 1n the table presented below, ARE 
is the ratio of the asymptotic variances. Table 6.1 presents the situation where only x; is 
replicated, that is, r; = r = 4, and s; = I. In this case, only f3va1 can be computed. 

Table 6.1: ARE considering n = 100. 

u.,,. 4 9 16 60 100 144 240 
AVAR(,BMv) 0,0085 0,0098 0,0096 0,0080 0,0048 0,0033 0,0025 
AVAR(/3vGI) 0,0095 0,0112 0,0118 0,0345 0,0642 0,1584 0,4146 

ARE(/3Mv,/3vGI) 1,1112 1,1359 1,2261 4,3128 13,442 47,585 165,56. 

Thus, it follows that the performance of the maximum likelihood estimator improves as 
the error variance u,.,. increases. It also follows, as expected, that if the variance u,.,. gets 
too large then the sufficient condition for E[An(81

)] to be negative definite may not hold. 
We also conducted simulations study with the estimator f3vm and the results were similar 

to the ones obtained with f3vGI and so are not reported. 
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Appendix 1. Computing second derivatives 

We compute now first derivatives of the functions q;7 , 1 = a,fJ,u •• ,uuu, given in (4.1)­
( 4.4). After standard algebraic manipulations, it follows that 

q,p[J 

•i •• 

+[}:(Y;; - a)) x [}:(Y;; - fJX; - a)) 
i=l j=l 

-4s,fJu;,/ s1a;;a~1 r, 
= (r;11;;~ + s;fJl11;,,1) X q;{J - (r;11;J + s;fJ211;.1)2 X (];X;;) 

,, ri - r,t7-;,Ja;2 •i 

x[~(,BY;; + ;.AX; - ,Ba)]+ (r;11;J + s,,B2u;,,1)2[];(Y;; - a)] 

•; 

x[}:(Y;; - fJX; - a)); 
j=l 

(1) 
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qjp,, .... 

(2) 

qiD'uuO = Qiat1 .... ; 

qi,,_p = 
qu, .... ,6 •• = 
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•; 

x[E(Y.; - (3X; - a)]2. 
j=l 

Appendix 2. Computing E0[An(81
)] 

In the following the notation E0 [ ( An(81
));) is used to denote the ( i, j)-th element of the 

matrix E(An(8)1]. Using the second derivatives given above, it follows that 

Eo[(A..(81
))13) = 

Eo[(A,,(81))u) = 

Eo[(An ( 81
)) 

22
) 

n Eo( ) - + - n 02 q;pp _ r s '\"" r;s;x; . 
[E n ]18=8' - - nuO (r + s - 1) ~ (r->..0 + s·(/3°)2)' i=l uu 1=1 t 1 

Eo[ ( A,,( 91)) 2) = 

= 

(3) 

Eo[(A,.(lt))
33

] = [I:7=1 Eo~qi<T,.,.u,.,.))!
8
=8 1 = 
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Thus, the matrix E[A,.(61
)) given in (5.1) follows from the above derivations. 

Appendix 3. Derivation of V ,.(81
) 

In the following, (V,.);; denotes the (i,j)-th element of the matrix V,.(81
). As mentioned 

above 

V,.(B1) = t cov(q,((X;, Y;),8
1)id',x?) 

i=l n 

n 

where 
q,(81

) = {q,a{81),q;p(81),q,a._(81),q,11 .. (81
)}. 

After some algebraic manipulations, we obtain 
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1 n 

= [- Ecovo(q,p,q;l7.Jlle=e' = O; 
n i=l 
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1 ,. { 1 -4 02 rfu~>.4 } 
= ;; ~ 2o-ee [(s; - l)o-ee + (r;>. + s;,802)2] · 

Thus, the matrix V,.(61) given in (5.2) and the asymptotic covariance matrix in (5.3) follows 
from the above derivations. 

Appendix 4. Conditions under which the matrix 
E[A,.(81

)] is negative definite 

In the following conditioD.B are stated under which the matrix E'o[A,.(61
)] is negative 

definite. We recall that a necessary conditions for a symmetric matrix A to be negative 
definite is that all its odd principal minors a.re negative and all its even principal minors are 
positive (Fleming, 1966). Thus, after extensive algebraic manipulations, we arrive at the 
following conditions: 

and 

where 

with 

and 

CM-1) 

CM-2) 

• ._,.,. ( 0 - )l 
S':_ = L..i=l V; X; - X 11 

:CZ Ei=t Vi ' 

r+s 
w= ---

r+:J-1' 

S22 = >.2,ao2u~,.E~.{,802(>.~,. + .802E •• ) + v(,802~,. + >.E,,)- (b+c)} 

v{(b - >.2E,, )c - b(:J04E .. + >.2,B04(E,,!: .. - ~.)] 

_ {>.2µ020-~u'E!,{.B°2(>.En+Po2E .. ) + v(,B°2E,.+>.~,,) _ (b+c)} 
- v[bc- (<:A2E., + b,804~ •• ) + ~1 ,B04 (E,,E •• - E~.)] 

using the notation considered in Section 5. 

Special Case 
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We consider now the case where r, = r ~ 2 e s; = 1. In this special case, it follows 
that 

r 
and b = 2(r + 1) > 0. 

Thus, it follows that condition CM-1 is always satisfied. With respect to condition CM-2, 
notice that 

8 = S · = 1 > 2 - - 1
- - ~ ' r+t ti.: • 

Thus, condition (CM-2) is satisfied provided 

1 2r2 1302 1302 1 1 
1 - -- - --, < 0 => r > (- - 1) + 2( -- - -

2 
)2 + -

2 
-

r+l r+~ A ,, 

Finally, with respect to condition CM-3, notice that 

r>..21302 <10 r ,\ 21302 <1~,. 

Sn = (r.X + 1302)[/304 _ c(>. + rf:102)2] = tlr(f:104 - ell~)· 

Since, c < 0, it follows that, 0 < S11 < oo. Thus, condition (CM-3) is satisfied provided 
S.,:r; 2:: max{S11 , S22}, where - · 

_x2 po2(1~ .. r2 ,\2 .ao2ue,.r2 
822 = 2tlr[bctl~ - (cr2.X2 + b,804 )] = 2tl,[-c(r2.X2 - btln - b/304]' 

with 

" ( -)2 
S 

_ ~ x;-x 
ZS - L.,. ) 

i=l n 

r 1 
O<b=2(r+1)<2 e 

-r2 +2 
C = 2(r + 1) < Q. 

The main conclusion is that S,,., being large enough implies that E[A,.(li1l)IB(0),x?] is 
negative definite. Similar results hold for the other special cases. As shown in Bolfarine 
and Galea-Rojas (1995), S:r:., also plays an important role on the asymptotic variance of the 
maximum likelihood estimator in the unreplicated case. 
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