





one variance known is considered in Cheng and van Ness (1990). Both papers derive their
main results under the normality assumption. Extensions for the case of elliptical models
are considered in Arellano-Valle et al. (1996) and Vilca-Labra et al. (1998). In this paper
we study maximum likelihood estimation considering replicated observations, which is a way
of guaranteeing that no assumptions about the model variances are required to make the
approach feasible. The functional linear relationship relating the variables z and y is given
by y = a + Bz, which are not observed sure variables. We observe instead X = z + u and
Y = y + ¢ with « and 8 being unknown parameters. We consider r; and s; replications on
z; and y;, respectively, so that we observe Y;; and X;;, where

(1.1) Y =yitei
and
(1.2) Xk = i + i,

i=1...,8,k=1,...,r; and i = 1,...,n. Moreover, it is also assumed that

()~ ((0) (% )

so that the nonconstant part of the log-likelihood function corresponding to the observed
sample (X, Y;), 7=1,...,8,k=1,...,r;and i = 1,...,n, is given by

(1.3) = —-—E[s, log(oee) + i log(ow)] — E E i — 2i)?

l-—l t=1 k=1

noa
4+ 3 Y (Y — a— Bz)’},
i=1 j=1
where a, 8, 0., and oy, are structural parameters and z; are incidental parameters. Notice
that our model is similar to the model considered by Dorf and Gurland (1961), where different
number of replications are considered for each z; and y;, ¢ = 1,...,n. However, Dorf and
Gurland (1961) do not consider maximum likelihood estimation. A less general replication
structure is considered in the structural model of Chan and Mak (1979) where the likelihood
approach is implemented. In that paper Chan and Mak make reference to ANOVA type
estimators but no efficiency results are reported on the comparisons between those estimators
and the maximum likelihood estimators.
The assumption of equal number of replications on z and y is required for studying the
asymptotic behavior of the maximum likelihood estimators. It is shown that the maximum
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likelihood estimators of and « and @8 are consistent but the maximum likelihood estimators
of o, and gy, are not. However, consistent estimators can be obtained by slightly modifying
the maximum likelihood estimators of those parameters.

In the most general situation the maximum likelihood estimator of A has to be obtained
numerically. An EM-type algorithm can be implemented in that situation. Simulation
studies show that this algorithm typically converges and reasonably fast, except in small
sample sizes in which case good starting values are required sometimes. In some less general
situation, the maximum likelihood estimator of 8 can be obtained as the solution of a fourth
degree equation. The problem of multiple roots can be circumvented by using the likelihood
function or by picking the solution that follows from the solution of the EM-type algorithm
when it converges. By using results in Mak (1982) on incidental parameter estimation,
the asymptotic distribution of the MLE is obtained, a result so far not available in the
literature. By using those results it is possible to obtain large sample (efficiency) comparisons
by considering the large sample variances for the ANOVA type estimators reported in Dorf
and Gurland (1961). So far only simulation studies are reported in the literature comparing
the approaches as in the structural case of Schaffer and Purdy (1996).

Section 2 reviews the main results in Mak (1982). Conditions for consistency and asymp-
totic normality of the maximum likelihood estimators are derived. In Section 3 properties
of the maximum likelihood estimators of the structural and incidental parameters are con-
sidered. It is shown that the maximum likelihood estimators of a and § are consistent while
the maximum likelihood estimators of o, and oy, are not and it is shown how to correct
those estimators so that consistent ones can be obtained. The asymptotic distribution of
the maximum likelihood estimators is also derived. Section 4 is dedicated to the derivation
of the maximum likelihood estimators and their modified consistent estimators. In the more
general situation, the maximum likelihood estimator of § can be obtained by implement-
ing an EM type algorithm as considered in Kimura (1992). In the particular case where
ri/si = k, a constant, i = 1,...,n, the maximum likelihood estimator of § follows by solving
a fourth degree equation. Further simplifications occur if r; = rand 8; = 5, i =1,...,n,
and, moreover, in the case where s = 1, that is, only z is replicated, which is the more com-
mon situation in practical studies. In Section 5 the asymptotic covariance matrix is derived.
In Section 6 two estimators proposed in Dorf and Gurland (1961) are considered. Relative
efficiencies between the maximum likelihood estimators and estimators considered in Dorf
and Gurland (1961) are reported in Section 7. As shown the maximum likelihood estimators
can be significantly more efficient. Technical details are deferred to the Appendix.

2. Notation and preliminary results

Let Zy,...,Z,, independent p-dimensional random vectors with log-likelihood function



given by -
(2.1) Y log fi(z:; 6, 2:),
i=1

where f;(zi;0,%;) is the density of Z;, i = 1,...,n, 8 = (0y,...,8,) € ® C R® and
z; € X C R, i = 1,...,n, are the incidental parameters. Suppose that 6° € © and

22 € X, i=1,...,n, where 8° and 29,...,2%, denote the true parameter values. The ex-
pected values are taken with respect to 8° and z?, i = 1,...,n, which will be denoted by
Eol.] = E[.|6°,25,...,2%]. For each i and given 0, let #; = #;(Z;,#), be an estimator (pos-

sibly depending on ) of z;, with a possibility of being the conditional maximum likelihood
estimator, obtained by maximizing (2.1) with respect to z; for fixed 8. Thus, replacing z;
by &, in (2.1) we obtain

(2:2) > log fi(=i;0,%) = Y hi(zi; 6).

=1 =1
We also define the following functions:

1 y | 6’1.’(2;;0) -
(23) q.a,(z., 0) — 60, % b 1’ IRERY
Bzh.-(zi;ﬂ) .

24 i0,8;\Zi V) = — —F——, = L...,D
( ) qahoj (z 0) aeJaok ] k 1 p
and
(2.5) Gion 0;(2i; 0) = qio, (2i; 0)gis, (2:30), 5 k=1,...,p.

Morever, let Eq[A,(0)] be the p x p random matrix with entry (j, k) given by

(26) n~! Zﬂ: EO[‘I:'O.O,- (Z,~;0)], Hk=1,...,p.

i=1

In Mak (1982), Section 2, general conditions are established under which (2.2) has a max-
imum 8, = &(z,,...,2,), which converges in probability to some 8" in the interior of ®,
where 8" is a local maximum of the function

@7 B(6) =t Y Eolhi(Z::6)],

1=1
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and
(28) VR(V o (81))7 2 (Eo[An(6")]) (B, — 8') = N,(0, 1),

where ” 37 means convergence in distribution, with the (7, k)-th element of the p x p matrices
A.(8") = (aji) and V,.(8") = (vji) given, respectively, by

1 & 12
(29)  aun== S qi;0,(Zi;0') and v = - 3" Covlgis, (Z:,8"), 4is, (Z:,0")],
i=1 =1 .

where, as pointed out before, the expected values are taken with respect to the true values
6° and 29, i = 1,...,n. The above results are proved in Mak (1982) and Gimenez and
Bolfarine (1997). It is also noted in Mak (1982) that in some situations it is possible to
obtain estimators #; so that 8' depends only on ° (is independent of z?), that is, there
exists a function g(.) such that 8' = g(6°). If g is one to one then, a consistent estimator of

#° is given by 6, = g~1(6,.).

3. Asymptotic behavior of the MLE

In this section the maximum erlihood estimator of z; is obtained and it is shown that
the maximum likelihood estimators 8 of the true parameter value 8° = (a?,8°%,¢2,,02,) is
not consistent that is, & 5 8" # 6°. Specifically, we show that & 5 8 = g(6°) with the
function g(.) presenting a simple form which can be inverted so that we can obtain g~*(.)

and then obtain consistent estimators 8, by computing 8. = g~*(8).

Lemma 3.1. Given 8 = (¢, B,0ce,0us)’ the mazimum likelihood estimator of z; is given by

olrX; +s.ﬁa'1(? —a)
(T. + S.ﬂ 20:

where X; = (Xity-- - Xir), Yi = (Y, Y)Y, Xi = Ty Xijfri and Vi = T35, Yi/ri,
1=1,...,n

(3.1) 9((Xi, Y;),0) =

¥

The proof of the above lemma follows by directly maximizing the log-likelihood (1.3)
with respect to z; and keeping # fixed. Replacing ¢; = g((X;,Y;),0) given in (3.1) in
the expression for the likelihood given in (1.3} we obtain, after disregarding unimportant
constants, the function

(2 (% Yi0) =~ logou — S logow — 3oz DXy — )

i=1



+a! i(Y.-J- - a-Bg),

J=1
from where we obtain
(3-3) h((X, Y)v 0) = Z ht'((xi" Yo, 0)1
i=1
which upon maximized yields the maximum likelihood estimator of 8.

Theorem 3.1. Given 8° = (a°,8°%0%,00,)' the true parameter value, the mazimum likeli-
hood estimator @ converges in probability to

(F+§—1)a0 (F+3-1)
F+3 * F+3

where ¥ =30, ri/n and 3 =17, s;/n, for large n, which are ezpected to be finite.

o)

' = (o, 5°,

Proof. After lengthy algebraic manipulations and disregarding unimportant constants, we
obtain replacing (3.1) in (3.2) the following expression

(3.4) hi{((X;,Y:);0) = LY Ouu — S0 Cee
g %8 5 ‘%8
1 - T _ - L _
—5{%3 I(Xu - X+l Y (Y - Y
i= =1

i (SNy X, - o)),

s,(r, v +8iB%0) o

where X, and Y; are given in (3.1). Now, with respect to the true
= (a% 8% 0%,00,) it follows that

E[i(Xij—7¢)°]=(re—1)Uﬁm E[Z(Yu Vi)'l = (si - 1o,

j=1 i=1
and o
EIS (Y — PR = a)f = 0% + 25000, + (e —a8) 4 225 - pO)P,
j=1
" which leads, under 8°, to .
35) B0) = =3 Bl((X:,Y2),0)) = ~Tlogaw, — 5 log e
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0 2.0
o~lg- 0o + $iB°0°)

__ C T ri—1 +O’ oo 8 1 1 1 (7'0'
'z_;( ) ee Z( Cee Ouy o 8,,320"1

n
=11 T'iSi A0 _ A0y,.012
Oce Oyu P 1"0":“1 + s;ﬂ”a;l [(a @ )+ (ﬂ ﬂ )T‘i] :
Clearly, expression (3.5) is maximized by taking
(3.6) a=a® and B=5"

Moreover, differentiating (3.5) with respect to 3, and defining A® = 02, /09, and ) = d, /ol
we arrive at the following equation

2": 1 _ i Al + 5,82
oA+ sB? (rid + 5;82)2°

uwu?

leading to the solution A = A® that is

1 0
g, [e8
3.7) Tee = Zee )
auu Uuu

Notice that (3.7) is an assumption in Mak (1982) and not a consequence of the model
assumptions. The meaning of (3.7) is that the ratio of the error variances at the maximum
and at the true values are the same. Further, differentiating (3.5) with respect to o, and
o.. and equating the derivatives to zero, we arrive at the following equations:

0 n
_ = =0 auu’\ Ti
(3-8) O 2 Tt st 'k
o (m_ 1.0
(3.9) 304 — (83— 1)0d, = - ; Ar, T s,ﬂ’

Thus, from (3.7) and (3.8), it follows that

—FOuy +70°, — 30 + (3—1)02, =0,

which leads to
(r +35-1) .y
b r+s
Furthermore, from (3.7) and (3.9), it follows that
(r +3-1) o,
it r+s
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which in conjunction with (3.6) concludes the proof.
Notice that the dominated convergence theorem permits to write

a_gg_) = Eolqip,(Z:;0)],

so that conditions under which the above solution is a local maximum of the equation

a —
570 =0,

with ¥(.) in (2.7), are the conditions under which the matrix Eg[A,(6")] is negative definite.
See Vilca-Labra et al. (1998). Such conditions are considered in Appendxx 4.

Thus, given the maximum likelihood estimator 0= (&, /9, Guuy Oee)’ of 8, which follows by
maximizing the likelihood function that follows from (3.2) (or (1.3)), a consistent estimator
of 8° is given by

g (T+3) . (F+3) .
(310) ( ﬂ!r+8 lauuv_+__1 02)
Some special cases of the above general result are in order.

Corollary 3.1. Under the assumptions of Theorem 3.1, we have that:

(a) IFrifsi = k, i = 1,...,n, then the mazimum likelihood estimator @ of 8 converges in

probability to

r+k—1/F 0 (r+k 1
1+& uw?

0" = (c°,8°( [ ir) ee)s
() Ifri=r,and s; =s,i=1,...,n, it follows that

= ( o,ﬂo

("+3 1) o0 ("+3 1) o)/
r+s Tuwr r+s

(¢c) Ifri=rands;=1,i=1,...,n, it follows that

1 r r
o =(ao,ﬂu,r+10’2u,r+10'23)'-

Case (c) in Corollary 3.1 is the one typically considered in practice. More general repli-
cation schemes, as the one considered in Fuller (1995), for example, may also be entertained.
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We discuss next the asymptotic distribution of the maximum likelihood estimators and then
derive the asymptotic distribution of the consistent estimator 0

4. Computing consistent estimators

The maximum likelihood estimator of 8 follows by maximizing the function h((X’,Y"),0)
in (3.3) or, equivalently, the likelihood function in (1.3). Using the same notation as in Mak
(1982), the following expressions are obtained after differentiating the function h; given in
(3.4):

0h.~ rio-lo]

(4.1) Gia = 5 WZ( Y;; - X - a),
Oh; rio o
. g = Tt Yunw uu X - }/’ __,\X

(4 2) g aﬂ (3¢B2 ul+r¢ ;ul 2 Z: ﬂ a Jz:(ﬁ J+ ﬂa)
with A = 0,0 /0uu, as before,

6hi 1‘, -1 ;"2 ~ S AY T‘.ﬂ e: uu U 2
(4-3) Gicws = 80 s = 2 uu+'__J_Zl(X'J_X’) +2(3.520';1 +7; ;‘1 Z[JZ(Y;J ﬂX a)]
and, finally,

oh; T _ —2 i -

(4.4) Giow = 5 = —5 0 + o 3 (Y = Vi)’

j=1

o202

2 PNt )
+m_1y[}:‘l(n BXi; — a)]

Equating derivatives (4.1)-(4.4) to zero, we obtain the following equations:

n 2

(45) )P T I P

=1 y=1 =1 j=1 Ti

(46) Z(,_ ""_’;';‘;ﬁa_l), (¥, - A% —a)Z(ﬂYu+ X~ ) =

n i

T S ort T 3 3o, - X

=1 s=1 5=1
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12 TiP " Tee Tyu 2
(4.7) +5.12—:l 2(7', ;? + 8.22 E(KJ IBY‘ 1 a)] =

and finally
ee E + ee Zz KJ 7'_)2
=1 $=] j=1
el e -
& S e e — A% - ) =

Solving the above equations to obtain the maximum likelihood estimators of @ is not simple
and has to be done numerically. One possibility is to consider an EM type algorithm as
considered in Kimura (1992), working directly with the likelihood function (1.3). Great
simplifications occur when

Ti

;=k, i=1,...,n,

(4.9)

in which case equations (4.5)-(4.8) can be written as

(4.10) a=Y - jX,
(4.11) A= kB(B_S}Y—A_S;'Y)’
—BSxx

. 3252
(4.12) 6w =Wxx + (,\ﬂ kﬂ,)(SYY +B*Sxx — 2BSxy)s
and

] L] 32 o 4 5 .
(4.13) Gee = Wyy + m(sw +BSxx — 28Skv),
where

S: _ E?:l T.'(Yi_— 7)" S‘ = Z:?—l 35(7 — 7)2
XX — ?_1 Ti__, YY — Z’_‘ 8 ’
n (X - XY Y ,-):_(y, _Y)

=1
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with Wy as Wy with Y replaced by X,

lna.

—ZZYW X= ZZX'.N

1=1 3=1 i=1 5=1

with S =37 s and R=372,r
By manipulating with the above equations, the maximum likelihood estimator of 8 under
the assumption (4.9) is given by the solution of the following equation:

(4.14) ABt + AsBP + ArB? + A1B + Ap = 0,

to
;UI

where

As = kSxxSxyWxx + k(Sxx)*Sxv>

As = —2k(Sxy Y’ Wix —kSxxSvvWxx +(Sxx) Wy — (2k —1)S% x (Sxv)* — k(Sxx)*Spv,
Az = 3kSxy Syy Wxx — 35%xSxy Wyv + (k — 1)(Sxv)® + (2k — 2)Sx xSy x Sty
Ay = —k(S3y Y Wxx + 2(Sxy ' Woy + SxxSevWyy + (2= K)(Sxy)*Syy + Sxx(Syy)?,
and
Ag = —SxySyvWyy — Siy(sf'y)z-
Some special cases of particular interest are:
() r: = 8; = r. In this special case, it follows that the coefficients of the fourth degree
equation (4.14) are given by
As= SxxSxyWxx + Sk xSxv,
Az = =28%yWxx — SxxSryWxx + Sy xWyy — SxxSxy — SxxSrv,
Ay = 3Sxy SyyWyy — 3Syy SxyWryy,
Ay = =Sty Wyy + 255y Wyy + SxxSryWyy + Sxy + SxxSty,

and
Ao = —=SxySyyWyy — SxySty,
where . o ou
S _ E?:l(xl' - X ? S _ E?:l(yi - Y)
XX = — YY = —
n n
n 71_7 ?l_V :'l= |:= K'——Y_"z
e EDTT) T Tl
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with Wx x as Wyy with Y replaced by X.
(#) ri = r, s; = 1. In this case, it follows that the fourth degree equation (4.14) becomes

(BSxy — Syy){B°Sxxtxx + B*(rSxySxx — 2Sxytxx)

+B[Syytxx — (r —1)Sky — (r + 1)Syy Sxx] + rSxySyvr} =0,
where
Siey Tiea (X = X)?
nr )
Thus, in this special case the fourth degree equation reduces to a third degree equation.
In both situations multiple roots may result so that to pick the correct root the likelihood
function can be used.

lxx =

5. The asymptotic covariance matrix

As seen in Section 2, the asymptotic covariance matrix of the maximum likelihood es-
timators is given by n™* { Eg[A,(6")]} 1V, (8"){ Eo[A.(8")]} 1. The matrix V, depends on
the first derivatives of the function h;, given by gy;, which are given in Section 4, where
0, = a, 8; = B, 6; = 0., and 8, = 5,,. The second derivatives of the function h; and its
expected values used to compute Eg[A(8")] are considered in Appendices 2 and 3. Thus,
we can write:

(5.1) Eo[An(0")] =
—Yhav L uz D 0 0
w - viz? — T T 2 ’\Owﬂozn _ﬂowzrn
- (nag,,) 0 —Aﬂ“wE,, 2 (nc ~ f'5.,) —%_——2 '
0 —fowE,, e x-(nb— M%)
where
R N ] ris; o 3
V¢ i A,‘ y A: - rlA + stﬂ ) Zrn - E Az , Err' '—El Agg zu - g _A_i‘
z F 3 F4+3
TPt T An ] p=nn L T e
e — ¢ 5 F+1; b 5w 3+1;, w e

Now, considering the second derivatives and expected values which are given in Appendix
3, we have:

(5.2) va@®) = ()

nold,
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n

w’Zui wziu.' a:? [+] 0

ix1 =1
n
x wzzu.'z'? u}zz:u.(::o2 + 2 a‘"’) 1]
=1 =1
2
0 o ;r(ﬂ(r - 1)+ 5°8,,) %En
02 4
0 0 £y, Ty (n(G ~ 1) + \25rr)

Thus, after extensive algebraic manipulations, the asymptotic covariance matrix can be
written as

1
- 1\y— 1 - wo,
(53) W BT VA B A = (U )
w(Fy + F3B?)  w(CiFs — F3B1B2)  By(CsFs + C4Fa) - CsFs =By(C3Fy + C4F) — C4Fa
w(C1F3—F,B1B;)  w(FaB}f - FyCy) C3Fy + B2(C3Fy + 0.1:5) By (CsFy + CyFy) + C4Fy
x - - L [0%u(DsFs =Dy Fo)= S4t]  &[0%. (DaFs~DsFyr)- —afl—tc Sem] |
- - - $[o8u(DFr - DsFy) - G4
where
v o= LA = (X +5:8%), A= Tee _ Tee.
t - A“ ? t T * 't 2 - Uu“ - U.;u’
n n 2ﬂ04
B, = —Zv;, B; = Zv. z;, Bg=nr(—-—1)+ Z AT
=1 i=1 i=1 :
_ 1 n 2A2
B4 = ns(%—l)+n—§ A2 3

n

YYo= (L) (St - ()’

=1 4 =1 i=1

Cs = ﬂ—o(g ) (Ba- ﬁ"’i '), =—ﬁ°(2": 2B - ﬂ"’):

A

D = CiCi— "‘”3 l)ﬂ"’(Z )(Z"Z

D, = —C1Evi$?+W(zg)z

=1
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D3=

D4=

D5=

F1=

F2=

F3=

F,

Fy

Fe

Fr

and

= “'Cl(i v,') (Cg + (i Ui)'\dgui: %)’

B,Cy -

T+ ')<ﬂ°2 e

_(ﬂmﬁ ) +A(E”' §A ’

D .gv. e {2D2 +C Z[”'(’m '?u ) ]}(g vt
elF LR (- o) E)
2 (- 7 ) (2075 )

s-l ( =t

+(§; — Bq) (Ba = ﬁ°’§ A")z}v

~Cy (Cg + (; v;)ha?, zn: %) Y vzl

=1 t izl

=1 i=1 =T

1, nF B,C. 02
5(2__33)[/\20: +8 (E v;) E

t—-l

+587 % P+ w3 £
TR ){<Ev-)(2 ro %

i=1

1n3

nEC
+3Ge o b

2M3wol,

- B)|+

—-(ﬂ”E N ){A<Zv.)<z NG = B+ 7 2+ 5

‘_1 =1

14

nTCz
2wo?,

ot}



Fy = —%( Z [ﬂ C’)+Z ﬁ‘”i ——34)}

=1 :—1
1 n§ B3Cg
“o3 3y ‘)o_gu ‘

A consistent estimator of the covariance matrix in (5.3) follows by replacing # by the
consistent estimator #.. Another consistent estimator, which may be simple to implement

computationally is obtained by following the “sandwich” approach in Gimenez and Bolfarine
(1997). Considering

a0 =29 s 10)=200)

a consistent estimator of the asymptotic covariance matrix in (5.3) is given by

(5.4) (T(8.)*Sn(8.)(Ta(8.)) 7,

where

=15 a@a®), wi  LO)=3L0),

n =

with 0 replaced by the maximum likelihood estimator 0 considered in Section 4.

8. Dorf and Gurland’s estimators

Dorf and Gurland (1961), propose using the following estimators for estimating the pa-
rameter 8 in the general replicated situation:

. Bxy . Byy — Wyy
- Jxr .4 - i danlik s
(6.1) Poor =g~ an Boa2 Bry
where e X) S
Byx =) - n(® ; Wrx = (R-n)" Y3 (X - Xo)%,
i=1 n-— 1 i=13=1
n 5(Y; -Y)? A g -
Byy=23(n i Y ana Wyy = (5 —n)™ 33 (Y — Y,
ot - =1 j=1
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with
R= Er. and S= ZS.
i=1
Approximations for their asymptotic variances can be written as

. 20wy Tee Limi (r}/3i)(2i — F)?
AVAR(Bpe1) = E?:lfl'( P + (g?:l(n,(i‘ )_(5)2)7 >
n—10y0c 3% (ri/s:)

n(Th, rila - 7)2)°
B{Qi(ry, R)ol, + Qa(ru, R)(302,)}(n — 1)?
(Tt iz — )’

+

b

. B0, Y83 sr) (2 — z)? Oce
AV AR(Bpea) (= si(zi ~ 7)) + S sz~ 7
n—1 0yyOe E?:l(si/ri)
n (T, si(zi — F)?)°
{Q1(sn, 5)o2, + Qa(su, 5)(302.)}n — 1)?

+ )
B (Tl silzi — 2)?)°
where A a
rR =013, syt =ntt 38t
i=1 i=1
1 3 6
QI(TH,R) = (n—_—l)—:(Zu '—2‘— id + I; R) (471 R- “")

A 1 (%—%)’

Qa(ras, B) = 1 (n 2n 3

=17 E‘F“LE)“L(RI,:)Z( Sl 2")

+Rin_(R—nz)Tzn—1) (71;‘%)

with corresponding definitions for Q;(sx,S) and Q2(sm, S).

7. Numerical Evaluations
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The parameter values used for computing the (approximate) asymptotic variances of
MLE and the estimators ﬂDGl and ﬂncg are a = 10, 8 = 0.5, g.. = 50 and several values of
Ouy. It was also considered that the true z; ~ N(gz, 02z), with g, = 30 and o, = 64. Other
values were also considered for all the parameters but the values obtained for the efficiencies
were similar to the ones obtained with the above values. In the table presented below, ARE
is the ratio of the asymptotic variances. Table 6.1 presents the situation where only z; is
replicated, that is, r; = r = 4, and s; = 1. In this case, only /épcl can be computed.

Table 6.1: ARE considering n = 100.

o 4 9 16 60 100 144 240 |
| AVAR(Buv) |0,0085 0,0098 0,0096 0,0080 0,048 0,0033 0,0025 |
AVAR(Bpe:) [0,0095 0,012 0,0118 0,0345 0,0642 0,1584 0,4146

[ARE(EMV,BDm) 1,1112 1,1359 1,2261 4,3128 13,442 47,585 165,56.

Thus, it follows that the performance of the maximum likelihood estimator improves as
the error variance oy, increases. It also follows, as expected, that if the variance o, gets
too large then the sufficient condition for E[A,(8")] to be negative definite may not hold.

We also conducted simulations study with the estimator Spgs and the results were similar
to the ones obtained with Bpe: and so are not reported.
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Appendix 1. Computing second derivatives

We compute now first derivatives of the functions g;,, v = @, 8, Oce, Ouy, given in (4.1)-
(4.4). After standard algebraic manipulations, it follows that

- _ 0gia _ risio oyl
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0ia -1 -1 28si0) o
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i=1
Appendix 2. Computing Ey[A,.(6")]

In the following the notation Eo[(A,, (01))._1,] is used to denote the (%, j)-th element of the

matrix E[A,(0)!]. Using the second derivatives given above, it follows that
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Thus, the matrix E[A,(8")] given in (5.1) follows from the above derivations.

Appendix 3. Derivation of V,(8")

In the following, (V,),; denotes the (i, j)-th element of the matrix V,(0"). As mentioned
above
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After some algebraic manipulations, we obtain
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Thus, the matrix V,(6") given in (5.2) and the asymptotic covariance matrix in (5.3) follows

R R ¥ § ST riona At }
e n e {2aee [(3; l)aee + (T‘;A + siﬁ02)2] )

from the above derivations.

In the following conditions are stated under which the matrix Eo[A,(8")] is negative
definite. We recall that a necessary conditions for a symmetric matrix A to be negative
definite is that all its odd principal minors are negative and all its even principal minors are
positive (Fleming, 1966). Thus, after extensive algebraic manipulations, we arrive at the

Appendix 4. Conditions under which the matrix

E[A.(8")] is negative definite

following conditions:
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using the notation considered in Section 5.

Special Case

24

3



We consider now the case where r; =r > 2 e s; = 1. In this special case, it follows
that
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Thus, it follows that condition CM-1 is always satisfied. With respect to condition CM-2,
notice that

§=Si=1>2—$—2—§éﬁ.
Thus, condition (CM-2) is satisfied provided
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Finally, with respect to condition CM-3, notice that
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Since, ¢ < 0, it follows that, 0 < Sy1 < co. Thus, condition (CM-3) is satisfied provided
Szz Z ma.x{Sn, Szg}, where o
A280240 12 229250 2

S = 2A,[bcAZ — (cr2X? + bB™)] ~ 2A,[—c(r?X? — bAZ) — 3%’

with

B (e )2 )
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1
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The main conclusion is that S, being large enough implies that E[A.(0"))|6®, 7] is
negative definite. Similar results hold for the other special cases. As shown in Bolfarine
and Galea-Rojas (1995), S. also plays an important role on the asymptotic variance of the
maximum likelihood estimator in the unreplicated case.
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