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1 Commutative Rings and Special Groups

s ¢
Definition 1.1 If R is a ring, a q-subgroup of R is a subset S of R* such that 1, =1 € 5, ¥
under multiplication, and (R*)? C §.

1.2 Examples and Remarks. a) If S is a g-subgroup of R and z € S, then L :
o
S contains all invertible squares. Hence all g-subgroups are subgroups of RX.

1
T'_ges,bec
T

b) The smallest g-subgroup of R is R*? U —R*?%; the largest is, of course, RX itself.

: jons. N
c) It is straightforward that the family of g-subgroups of R is closed under arbitrary mtersectlonjvi
over, the union of any up-directed family of ¢-subgroups is a g-subgroup. Hence, endowed
inclusion partial order, the set of g-subgroups of R is a complete lattice.

d) f T C RX, the set
Ty #= {a’f‘aé"n..aﬁ”xz EZ W B B {e .00 T ly {1, =1} and {kl1"‘7k"} ¢ N
is the g-subgroup of generated by T', the intersection of all ¢-subgroups of R containing T.

. - . the
1.3 Diagonal S-quadratic forms in free R-modules. Let n > 1 be an integer and let R™ be
n-dimensional R-module. Let S be a g-subgroup of R.

a) To (ay,. ., 8n) € S™, we associate:
(1) A diagonal quadratic form, ¢(ay,..., a,), where for z = LBl € B7,
g(ar, ... a,)(z) = 2 sty Gy,

(2) A diagonal matrix in GLn(R), M(ay,..., an), whose non-zero entries are precisely ap,---»%n
order, i.e., the (k, k )-entry of M is ar)

(in
. . . . . » "1
(3) The discriminant of q(a1,...,a,) is the unit q, -++a, of S, exactly the determinant of M(a1:

. . nd
Whenever we write ¢ = (a1,...,8,) for a nform over S, then ¢(¥) and M(¥) will st
g{ay, ... 6,) and MO0 5 5.0 8] respectively, while d(%¥) is the discriminant of .

b) If ¢ = (ar,...,a,), ¥ = (b1,...,b,) are n-forms over S, define
(%) ~ q(¥) iff I M € GL.(R) such that MM(P)Mt = M(P).

a
Note that d(¥) det(M)? = d(¥), where det M is the determinant of M. The relation =, called ™
isometry, is readily proven to be an equivalence relation.

| L
C) If <a], ..-,an> € Sn, <(,‘1, ""Cn> E RX” and o is a permutation of {17 o ”}’ thCIl,JUSt as 1
1.28 in [DM5] we have

(L) gl @y vy y) 5 g(ctay, ..., B, )
d) As usual, if ©, ¥,  are forms over S, then
19) ~ 4(¥) = 4(®) & q(0) ~ ¢(¥) B q(8) and a(?) @ q(8) ~ ¢(¥) @ a(0)

(2) q(ala"')an) ~ q((l’(‘r(l)? ...,ad(n)).

Fora,b e S,
D%, 8) = {t€85:3¢ 5€ Rsuch that z = s%a + 2b)

. .S (
is the set of elements of S represented by (a,b). If § — R*, write DR(a, b) for D*" (a, ). It
that for all a, b € S, {a, b} C D (a, b). Let ’
1 . 2 . v y H
G(S) = S/Rx and g5 : S — G(S) be the canonical quotient morphism- ta

. e b .o NOY
Clearly, G(S) is a group of exponent 2, with distinguished elements 1 = T and —1 = —1. To eas® ’
for 2 € S, write 7 for qs(z) and -7 for —1 . ¥ = <= Wi

G(S) = {T:z¢ .
Note that for z, y € S, T=y f zyeRX? i 3 a € R* such that z = ya®. P
7 D - ) sc

The basic properties of binary represent

abion < g . ollows, Who
5 w8 ation sets are described in the result that follows,
is similar to those of Lemma 1.30

and Proposition 1.31 of [DM2] (cf. also Fact 8.10 in [DM”)'



Eemma 1.4  With notation as above, let x, Yy, u, v € S and t € R*.
ij uDS(z,y) = D5(uz,uy) and DS(z,y) = D5 (%2, ).
C) ;E ?S(w,y) and T=0 = vE€ Dy
i =% and y=v = DS(z,y) = D5 (u,v).
auseej D3(1,2 z) is a subgroup of S.
" : ID)j(l y) = DS(z,zy) = eD%(l,y) = BE Ll
) (-7’.1 y) D5 (u, uzy) = P (w00
[Otrhi e following are equivalent :
1) Zy =uv and D%(z,y) = D5 (u,v);
) 7y =wv and D3(z,y) N DS(u,v) # 0. O
k
] l;:;:r(l; Lll (5b Since the xepresentatlon sets, D°(z, y), are invariant (or saturated) with respect to square
), (c)), they can be seen in G(5), that is,

DSz, y) = D°(x, y)/R** = {7€G

s 5
Important to observe that D

W Deg

;ﬁne a binary relation on G(S) X G5 =
l [t OI:UTyES (uv)E(y) o w5 = zy and D
o = RX write = for =°. Lemma 1.4 yields, with the notation 1

}
"Mna 1.6 4) G(S) = (G(S), =5, -1)

S called binary isometry modu

satisfies the following properties for all u,

(S): 3t t2 € R such that z = tiz + t3y},

fie| "t
M (g s)"Y(D%(z, v)) = D5 (z, y). Hence, for z, y, %, vES
{ u € D3(z, ) o we D3 )
DS(u, v) = DS(z,9) & D@D = DS(7, 7)- (rep)
o

S(1, 7) is a subgroup of G(5).

lo squares, as follows:

(=°)

S(u,v) = Dz, y):
n Definition 1.2 of [DM2]:

v,m,y,zES

S .
%SG 0] : =S is an equivalence relation on G(S) X G(S).
tri)( [SG 1] : ( 6> = <U u> [SG 2] : (Uu ——ﬂ> ES <1a—1>;
[fﬂ (w7 =* (27) = W = T,
S8 (mo) =S (zh) = (73, 75) =5 (75, 7F)-
6.7, G(S) 15 a proto special group (7-SG).

| ]’:e t€T7n27L010JJ of [DM?] Definition

"epresentation in G(S) 9_transversal, that

henG(S : ¥ e By & E.DS(.U’U). 1:?

) is a pre-special group; v-€- it satisfies,

3G 4 . g5y =* (£.7F =
he f ollowing are equivalent :

1 .
() G(S) is reduced, i.e., 1 o

¢

e 2 ;

; ¥ ~1 ¢ RX? and every sum of t
TOf, ) W, e

e comment only on [SG 2]. Since

E . = (A

1‘ 2 2
n

M1 glt;l‘” if we S, then u € D?

l*] ) It .

rf’a{ 1&]&(“ ”> =5 (7Y y), then v = Ty and the
Pr’br U(NI) = (- (~v)y. By Lemma 1.4.(g) the de
g **ntation in S is 2- transversal and y € D°(

oceding equation y

S0
S S ol 2
), 1[1(,( “, = R)( ’ thﬂ l”

_1and foralla €5, (@,a) =

two squares i R is a square (

(1, —1). Since u(—u) = 1(- H~13,

it satisfies
RX such that ¢ = s2u + 2,

is, if
Js, t €

in addition,

(@, %) =° (-7,7)

=5(1,1) = g = 1

and SO TR = Rz).

9 ¢ R, we may write

1—u
()

V4

(]

) - (5

the definition of = S entails (W, —u)

before the statement of 1.4, above)

valent to u € D5(-v, y). Since
stu + t2v,

(qmvalon((‘ g (

d conclusion is equi

there are s, t € R” such that y =

1/ + t¥(-v), as needed.

Sir
w, V),
lds u

1e



S . : S nta
c) If (a,a) = (1,1) and in R the sum of two squares is again a square, then a € D(1, 1)e
a = s* +t* = w? and so @ = 1 = 1. The converse is immediate, ending the proof.

We now show that binary isometry in G(S) is equivalent to matrix isometry.
Lemma 1.7 Forallu, v, z,y € S, (u,v) =" (z,9) © qu,v) ~ q(z,y).

Proof. (=) By the definition of =, (

w =7y and DS(u, v) = D(z, y).
The equations in (1) together with the definition of =5 yield e € R* and s, t € R such that

ury = l—; and u = sz + tgy.
e
Hence, (
v = uzye? = YL p# 4 yalsiel,
st : Ly(R)- ¥
Set M = gl ey then det(M) = azs% + yt?e = we € R*, that is, M € GL2

straightforward, using the equations in (2) and (3) to show that

M(zOM‘:UO. (‘
0 vy 0 v "

(<) Assume there is M € GL,(R) such that (4) holds; then uy — det(M)?zy, and so UV :x‘/y'
Ty

—

straightforward that u = s%z + 2y, where (s, t) is the first line of M. Hence, we have w0
uw € D%(x, y) N D5 (u, v), and Lemma 1.4.(g) entails (u,v) = (Z,7), ending the proof.

\\

- . A '5,71|
Definition 1.8 IfG, H are m-5Gs, amap f : G — H is a 7-SG morphism, if f s @ morpht
groups, taking —1 to —1 and such that foralla, b € G

a € D9(L,b) = f(a) € DH(1, f(b)).
A 7-SG morphism is an embedding if it is injective and foralla, b € G,

a € DS(L,b) & f(a)e DH(1, f(b)).
js !
Remark 1.9 Let f: G — H be a 7-SG morphism. If G is reduced (cf. 1.6.(c).(1)); t’_henl-{es he
embedding iff for all a, b € G, fla) € D”(l, f(®) = ac DG(l, b), because this condition 1mp lci i
[ is injective. Indeed, if f(a) = 1, then f(a) € DH(1, f(1)) and so @ € D%(1, 1), which by reduc™
is equivalent to a = 1, showing that ker f ={i%

(
omem’ {}l

Definition 1.10 Let G be a 7-SG. Just as n the case of special groups, we can define 18 it
i 01,

forms of arbitrary dimension n > 2 over G (ie., (ay,... v@ndy {b1y... b ) € G™), by inductt
usual way: forn > 8

' T4, ¥, 2, covy Zn € G such that
<ala-'-7an>EG <[J[,...,b”> uf <“17I>E(r'<blaf‘/)’ <"’21-'~aan>5("<:"’231”.’Zﬂ
<b21"~|bn>EG <:I/723)'-'7‘Z11'>

) ot

e
’ 0T
Corolk\ry 1.11 Let S be q-subgroup of a ring R. If © Y are forms over S of the same dimenswo™
=Y = q(¥) ~ q(¥).
-ult’ t[li

» inducti . imanas . At b g , the 165 :
Proof. By induction on the common dimension, n, of ®, ¥: the case n — 21is 1.7. Assume tll/ o 7 he

~

for forms of dimension 7 > 2 and let ¢ — (a) ® 6, and ¥ — (b) @ 6y, with dim 8; = n. If¥ ;
there are x, y € S and a (n — 1)-dimensional S-form, 6, such that

(1) (@,z) =5 (b,7); (2) 07, =5 (7) @ B (3) 8, =5 (7) @0
The induction hypothesis, Lemma 1.7 and relations (1) — (3) yield
(4) ale, ) ~ q(b, y); (5) 4(61) ~ q(x) @ q(0); (6) q(0) ~ aly) @ 1O
4

—4
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by
| the set of elements of S value-represented

S e

W, from (4) — (6) we obtain, using the associativity of @ with respect to ~ and the transitivity of the

htter:

0 = o) @q0) ~ ooz @@ ~ by @O = B )@ a®)

X

~ q(b) @ g(02) = a(¥),
Stequired. o
I .
A12 Novtatlon. Let A beasetand n > 2, 1<k <m be integers. If a = (ay,...,an) € A", write
“...,a, ..., a,) for the element of A~ obtained by forgetting the k*h-coordinate of a. O

oups in rings, there are several concepts of

In the general setting of m-SGs associated to g-subgr
h. In the field case, all these notions coincide.

g
e : « oy "
Vesentation, which are of crucial importance to distinguis

,bn) be a

m;f:riltZon 1.13 _Let n > 2 be an integer, let S bt? a q—subgr?up of a ring R, ¥ = (by,...
: nS, and ® = (by,...,bn) be the corresponding n-form n G(S)-
2thDS(W) = {a €S : Thereareaz, ..., Gn in S such that, (@, @z, ..., 0n) =<7},

€ set of elements of S isometry-represented (iso-represented) by ¥.

b
} Dj(w) = {a € S : There are T1,...,Tn € R? such thata = Y=y Tibi}s
(v-represented) by ¥.

( S .
: D‘v(@) = {a €S : Thereare z1,.--,%n c R** such that a = Nt zbi},
t
| he subset of S transversaly v-represented (tv-represented) by ¥. Clearly, D3 () C D5(¥).
With notation as 1.12, let
D (b1, b2) ifn =2;
@S((P) — ] v '
(Meey U {D5(bg,u) : u € Df(bl,...,bk,...,bn)} ifn > 3.

When § = RX and ¢ is a n-form over R, write (e DE(#) and DR () for the value-representation

Set
S defined above.

be
Mark 1.14 Let S be a g-subgroup of a ring R.

U . .
inlt I8 straightforward that all the representation sets defined in 1.13 are invariant modulo units squares
! T' Hence, they may also be seen as subsets of G(S)-
a h? definition of binary isometry in G(5) (or S) entails D3(s,t) = Di(s:t), for all s, ¢ € 5. It is
“ttirely different matter if n > 3, or if we consider transversality. ¢
q;‘nma 1.15 Let S be a q-subgroup of a ring R and let n > 2 be an integer. Let ¥ = blig, .- sqDn)) e
0 - Te Qe
Y "M over S and let o be a permutation of {1, ..., n}. Let¥" = (bo(1), - baln) )-
) DS(p) = pS(¢o); () Du(P) = Dy, (¥7)
) (i) D5(p) = pS(pr); (i) G(S) s @ 5G = DS(#) = D*(¥).
s
L.,g;@) C DI(#).
i LW) C DS(¢) and D3(¥) C DJ(¥) ) |
“UL< k< mbe integers, let N be forms over S and let 2; € Dy [Pih LIS k. Then,
D3 (34y 09+ o) S o (@;ﬂzl @j) :
(¥) C DS

U
bart;,. , S
tu,nlm-, if ¥ is a m-form over S, then D,

by
o o e ekt g 23 (p. ;
‘DM;f- a) Items (i) — (iti) are clear, while (iv) follows from the equivalence in Theorem 1.23 (p. 16) in
uction on 2 < n = dim ¥.

a n-form 0 over S and z,

I e

) |
i s asserted inclusion holds if dim ¥ = 2 (see 1.14.(1))). We proceed b‘y %nd
) z.t (b) @ ¥ and a € D3(¥), with dim ¥ = n, according to 1.10, there are

4, - —_— T
“+y Zn € S such that ¥ = (a) ® 0 and

(@)



(,7) =% (b,7), 9=5(7,%,...,2,) and % =5 (7,23, .12n)- i
r immed!
But then @ = s? b + t%y, while the induction hypothesis guarantees that Y€ Df(‘/’). It is then 1mm
that a € D3 (%), completing the induction step. _
c) It is clear that Dy, (%) C DS (¥). It remains to check that D5 () C D3 (¢). For dim ¥ i 2 thl?i) "
by definition. Assume the result true for n 2 2andlet ¥ = (b) @ ¥, where dim ¥ = n. By 1tem; o
(¢41) in (a), it suffices to check that if ¢ € D3 (b, u), with u € D3 (%), then a € D3(). But we h?
a =35+ t?u and u = 2ol T28G s 1
where ¥ = (c1,...,¢n) and s, ¢, Ziy,...,%y € R; it is immediate from the preceding equalitl
a € D3 (%), as needed. Item (d) is straightforward

hol

_ ) of 11
Our next result shows that important relations between the value sets in items (b) — (d)
particularly transversality, are consequences of very simple axioms.

Theorem 1.16 Let S be a q-subgroup of a ring R and let k, n > 2 be integers. Assume that

[FQ1]: Foralla,be S, D3(a,b) = Dy (a,b);

[FQ2],: Forali2<m < n and all m-forms ¢ over S, ’DS(<P) = D),

Then,
a) For all2 < m < n and all m-forms ¥ over S, D3(¢) = D ().
b) If Py, ..., %% are forms over S and p — Eszl ¥i 15 such that dim ¢ < n, then

Dy(#) = UADS(ur, . w) : wi € DS(0), 1 < i < k)

= U DS (u1y. .., up) : u; € D; (%), 1 < i < k).

ot b

and ¥
I

Proof. a) By [FQ 1], the result is true for m = 2. We proceed by induction on m, recalling
1.15.(c) it suffices to verify that DE(p) C Dy (¥). Let ¢ = (ar) @ ¥, with m = dim P < X
z € Dy(¥). By [FQ 1], [FQ 2], and the fndu.tion hypothesis, there is u € DS(¥) = Df(¥) &%
z € DJ(ay, u) = D, (a1, u). It is now straightforward to see that 2 € D; (¥). Ini(,leud, if ¥ =(cn
there are s, ¢, 21,..., 2, € R, such that z = Fay t2u, with v o Y oy Zvy, Be needed.

b) It suffices to verify the first equality for k = 2. 4 straightforward induction will complete i
while the second follows from (a) and the fact that <n and max; <;<x dim ¥; < n. Moreoveh QZJ’
assume that n > 3, otherwise there is nothing to prove. Suppose, then, that ¢ = @, ® %2 DY )@v
the result is true if dim %1 = 1. We proceed by induction on m — dim ¢, < n, letting $1 = (4

with dim ¥ = m. Fix a € DS (9); by [FQ 2],,, there is z ¢ DY @ ¥3) such that {
a € D3 (ay, &).

Since dim ¥ = m, the induction hypothesis yields u ¢ Df(l/))
¢ € DJ(u, v).

ai, u, v). Because n > 3, we have

D;(ay, u, v) = D%, wv) C | { D3z, v) : z € DS(ay, u)},

|

prt”

and v € D3 (%,) such that (!

It follows from (I) and (II) that o € D3 (

y
. n ép ‘
Wheﬂc‘{;thefe is 2 € Dy/(a1, w) such that a € DS(z, v). Since o € DS (%), 1.15.(d) entails z € D5 ((“‘tzp, |
= &g (SDI) and 50 a € DS(‘Z’ v), with z € Df(@l) and v € D:(Q'z), completing the induction :
We shall now describe axioms that guarantee that the proto-special group
S a g-subgroup of a ring, is a special group, where G($) = S/Rx? improving the l)r(\sont;tti()ll m
Theorem 1.17 Let S be g q-subgroup of ring R. | i
- b oo , o FQY
a) With notation as in 1.13 and 1.16, assume that representation of forms over S verifies [F 2 ()fo

[FQ 2],. If ¥ is a form of dimension < 3 oyer S, then D3(¥) = D3(), that is, an element
v-represented iff it is iso-represented by . k ’

'coﬂ”’yﬂ‘

- ' ntation for forms over S wverify [FQ 1], [FQ 2], and that matrid
satisfies the following cancellation property ’

b) Assume that value represe

6

—;_4




V

N

|

|

3
ls For alla, u, v, T, § €5, q(a,u,v) ~ q(a,z,y) = q(u,v) = q(z,y).

Th _
en, (1) For all 3-forms ¢, Y over S, q(cp) ~ q(w) s P =S q,b’.
: (2) G(S) = (G(S),ES, —1) is a special group-

C DS(9). If dim ¥ = 2,
3.

P]‘o
'0of. a) By Lemma 1.15.(a) and (b), it suffices to show that D3 (¥) = D3(¥)
If ¢ = <b1, bg, b3> and

tis ;
i g;lear (see Remark 1.14.(b)). It remains to treat the case where dim ¥ =
: (%), by [FQ 2], and [FQ 1] there is u € S such that

Bt (1) a€ Dy (by, u) and (i1) u € D3 (ba, b3). (I)
) efore, there are sy, sz, 53 0 R, such that
g = bls% + bgsg + ng%. (I1)
NS
1

lat ¢ —
¢ = bybyu (clearly, ¢ € S); then, (I1) entails
= b3(b282)2 + bz(b383)2,

ug c = bgbgu = bzbf;(bzsg + ()38%) =
S0 ¢ = DS X . ’ -y
r 2 (by, b3) (note that bis; € RX,i=1,2 3); this last relation and the very definition of ¢

D in mind that b; € S, i = 1, 2, 3) yield
W o ¢ o i = bybs and ¢ E—Df(bg, b3),
hat G?S(;ejlvnltlon of~binary isfglet_ry El G(S) yields ( by, b3) E‘? (7, Z) Now, it follows from (1).(4)
e have (@, abju) = (b1, u). Putting all the above information together, we see that
(@ abya) =5 (by, @), (b2 b3) _s (7,c) and (g abiu) =5 (abyu, ), (I11)
)

1‘S()met ; IERS G
ties that entail (@, ¢, abju =5 (b, ba, b3), establishing @ € DS (), as desired.

he

om

‘mark 1,18 The above proof yields pr ow to complete (@, -, -) so as to have
if ¢ = bpbzu and z = abyu, then

Bom e : ve proof ecise information on h
Sometric in G(S) to (by, b2y b3) having selected u € D3 (b2, b3),
O

Leg s\ -5 ;7 = T
(167) =5 (B, by, b3 )

\

)

Il

t&(t) By 1.11, it is enough to establish (=). Let ¢ =(a,z, y ) and P = (by, bz, bs). It is straightforward
°%) w~ q(¥) implies a € Df(T/J) = D5(¥). With notation as in the proof of (a), we obtain

\ (8T abyu) =5 (b, ba, bs),

Ielatiso by 1.11, it follows that q(a, ¢, abyu) = q(by, b2, b3). Since matrix isome

e (;)n and our hypothesis yield g(a, ¢ abyu) ~ q(a, z, y). Now, the cancellation law [FQ 3]; entails

wit‘hatﬁu) ~ q(z, y), whence, by Lemma 1.7, 5%, 7) =5 (abyu, ¢). But then, this last isometry, together

e first two in (III) above furnish
: (@, abju) =5 (b, @), ( ba, by) =" (W€

lag i o c 7% :
.S equivalent to (@, T, ¥) =5 (b1, b2y b3 ), as desired.

try is transitive, this

) and (7, 7) =5 {abyu, £)

guarantees that G(S) is a pre-special

| AS . .

Bty observed in Lemma 1.6.(b); 9_transversality (ie., [FQ 1]) : . > -

Ho P- To be a special group it is necessary and sufficient that the isometry relation = be transitive for
ansitive, this is an immediate consequence of (b).(1). o

I : it .
S. Since matrix isometry is tr
erty [FQ 3] in 1.17 is equivalent to

a(a, ) ~ (e ) o

|
-t :
- Mark 1,19 Since matrix isometry is preserved by scaling, prop

J For all a, b, ¢, d € S, q(1,a b) ~ q(1, ¢ d =
ki
N s in 1.16 and 1.17.(b), assume that value

"t of a Ting R. Notation @

Qorem
1.20 Let S be a g-subgroup
[FQ 1], [FQ3]; as well as

Te
“Sen, . .
tation of forms over S satisfies

P

| 7] [FQ 2], holds for alln > 2.

y hen,

f% For i n-forms ¢ over S, pi(¥) = D5(¥), that is, an element of § is value represented iff ¢ 3

Yo,
ety

1 OMT

Y represented.

I
1 e o
) in arl(h,t'um, S satisfies




[FQ 3] : (Witt cancellation for matrix isometry) For all forms ¥, ¥ of dimensionn > 3 over 5 0"
ala €S, q((a)d¥) ~ q((a)dY) = q(%) ~ q(¥).

then,
b) For all n-forms ¥, ¥ over S, 9P) ~ q(b) o B=S4,

1
c)G(S) = (G(S),=5, —1) is a special group that faithfully represents matriz isometry and vale

resentation of diagonal S-quadratic forms.

Proof. By Theorem 1.17(b.2), G(S) is a special group. By Theorem 1.23 in [DM2], for all » fo;
extension of =° to forms of dimension n is a transitive relation. We shall use this below, without
comment.

. t
a) By Lemma 1.15.(b) it is enough to verify that DJ(¥) C D3(¥), which will be achieved b?’ mduf;
on dim ¥ > 2. It follows from 1.17.(a) that the result holds true for dim ® < 3. Assume it valid for |

of dimension n and let ¥ = (b) @ ¥, where dim ¥ = 7. If a € S is value-represented by (b)® "
[FQ 2],, implies that there is u € S such that

a € DJ(b, u) and ue D3 ().

The induction hypothesis yields 22y ..., 2n € S such that
(T, %2,...,2,) =5 9,

while the first representation relation in (I) implies (7, abu) =5 (b, @). Adding (b) to both sides v
Proposition 1.6.(a) in [DM2] (that holds even for pre-special groups) yields

(0,7, %,...,2,) =5 (b) @ ¥.
Since (@, abu) =5 (b, %), from Proposition 1.6.(a) in [DM2] we obtain

(@, abu, 25,...,7,) =S (Z,E,Eg,...,s,,).

Now, (III), (IV) and the transitivity of =5 entail (@, abu, z,,
conclude a € DS((b) @ ¥), as needed.

. . . h(
b) As observed in 1.11, it is enough to prove the implication (=), that we know, by 1-17'(b)'(1)’ tf §
f(?r forrps of dimension < 3. We proceed by induction on dimension; assume the result holds forf/)o h
dimension n and suppose # = (a) @ 01, ¥ = (b) @ 8, where dim 6; — n, = 1, 2, If g(¢) ~ 9V
a € D7 (¥) and so, as above, [FQ 2], and item (a) yield U, 23, ..., z, € S such that
(@, abu) =5 (b, @) and (B FgyovsgBy)y =5 0.

Adding (b) to both sides of the second isometry in (V) yields

|
(

[
(

7 A om
by i =5 (b) ® P, whereff

\

_ = (
(bv u, 327--'uEn> ES l/)
On the other hand, the first isometry in (V) entails, by adding (Z2,...,%,) to both sides,
(@, abu, z,...,3,) =9 (b, T, 22,0120 ),
that together with (VI) and the transitivity of =9 yield v
)
(@, abu, 7y,...,7,) =5 % |
Corollary 1.11 and the assumption ¢(¥) = ¢() give:
. wo abuizay z) m g8 & g9) = ga) @ g(6y). "
N()W, using [FQ 3] we can cancel out q(a) to get q(abu, z,, ..., Zn) ~ q(8). Since dim 0 /h i
induction hypothesis applies, to vield (abu, z,, ++1Zn) =5 ), wherefrom. adding (@) 1 hot
and using (VII) we get P o '
W =S = = - .
17/) = ((l,(lbu, 22,...,,‘:"> E'(’ <H> &) (}l -;:“S ;5’
as required. Item (c) follows immediately from (b) and Theorem 1.17 (b)
" . ' e
1.21 Discussion. The arguments below suggest that the axioms [FQ 1], [FQ 2] and [FQ b
above are natural. Let S be a q-subgroup of a ring R , (

(1) The hypothesis of 2 transversality for representation in G(S), i.e., [FQ 1] in 1.16, seems to b 00

to show that G(S) satisfies [SG 4]. Note that [SG 4] entails [SG 2] and so one might be tempted

S BEEEE——  add



. However, the hypothesis that 2 € A* has other

r .
by requirement that 2 € A%, used to establish [SG 2]
) and guarantees that all residue fields of A

il consequences (e.g., a preorder P is proper iff ~1 & P

" of characteristic # 2, a classical setting for quadratic form theory.
= (G(S),=5,-1) so that

d be reasonable requirements on G(S) =

J With notation as in 1.3, what woul
forms? The first would be that isometry in

"
fﬂl(;falthfully represents the theory of diagonal S-quadratic
,( ) corresponds to matrix isometry: if ¢, ¥ are (diagonal) S-quadratic forms of the same dimension,
ey
(hét —= o
f q(¥) = ) e ¥ =5 1,

henN
Xt o )
DXt’ since value-representation 1s a
ion“:XPECt that it correspond to representation in G(
) ) aeD3(p) & wE D5 (P).
¢ With notation as Theorems 1.16, 1.17 and 1.20, we have

h that [FQ 1] holds for binary S-representation.

n important ingredient in quadratic form theory, it would be natural
S), that is, for all @ € S and all S-forms ¥

|

Oposition 1.22 Let S be a q-subgroup of a ring R suc
, the following are equivalent:

(1) G(S) is a special group satisfying conditions

() Value representation of diagonal S -quadratic form

==

(+) and (+x) i 1.2142);
s verify conditions [FQ 2] and [FQ 3].

_For the converse first note that since any
D), (*) immediately yields [FQ 3]. Let
heck that Dy(#) C D°(¥).
(S) is a special group,

b
gp:.of' (2) = (1) is the content of Theorems 1.17 and 1.20.(c)
) s 1l group satisfies Witt-cancellation (Proposition 1.6.(b), [DM2
‘Ss: (b,...,b,) be a n-ary S-form. By Lemma 1.15.‘((;), it_is en(;ugh to'c
1l Me that for a € S, we have a E_D,,(@);_t_hen (**) yields @ € D3(®). Since G
I1™eis a S-form # such that (@) @ 0 = i,

v
) @ (E,...,bk,...,ﬂ), as well

Fix 1 < k < m; Theorem 1.23 in [DM 2
(b)) @ (Bry.o by -oes0n))- BY

i :that (Ao d =5 (bk)® (E,,E;,,E:) Hence, @ € D
i PQPOS. £ - i

o ition 1.6.(c) in [DM2], there 15 ¥ € S such that

@ € D5(b, ©),
) and u € DE(by; o= vy b, +«+ 3 Du)s

2] guarantees that 7= {b
g

\2
with @€ D5(B1, - v Oks -0 by)-
as needed to conclude the proof. O

\

Oy
' (**) entails a € D,Us(bk-» U

! Jf The Special Group of a Ring of Continuous Functions

"finges
fnition 2.1 et Y be a topological space:

Y W

mWthe C(Y) for the R-algebra of all continuous, real-
i 75) FCOnst(mt value 2) is a unat in C(Y)-
w " frg € CY), write f A g and f V g for the me

Pited pointwise.

valued maps on Y. It s clear that 2 (the map

et and join of {f, g} in C(Y), which are, as usual,

Jute value of f- Clearly, |f| € C().

‘(_,) |
,I)Forf eECY), |f| = (fV 0) + (~fV0)zs the abso

e Write B Y ‘ A Jopens in Y .

;| the Boolean algebra (BA) of clop

i g, ¥ )L fortner Sooim Y : f(z) < g(2)} Simalarly one defines [f > q], [f < gl

7, g € C(Y), define [f <9) =17 €
"29]) and [f =gq]

|
y
J ark 2.2 ;L) Notation as above,

ol ‘i%r [f <g)and [f> g] are open,

observe that for f, ¢ € C(Y), .
while [f = 9], If = g] and [f = g] are closed in Y.

: F i ) :0Uf>0
) fOVer, for al] fecC(Yy),we have the disjoint union Y = If < oju lf Jul I

J Yot that fe€ C(Y)X iff [f= 0] = (). Hence, for all f € C(Y)X’
‘ y = [f<0ulf>0
18 ; - anver. it 18 clea that
o [F> 0] and [f < 0] are digjoint clopens in Y. Moreover, it is clear tha

9



fecCy)” it |flecC(y)>.
c) Since R is a Pythagorean field, we have
ECY)? = CY)2 = {feCY): [f>0]=Y) <
{ C)** = (C¥))* = {feC¥): [f>0]=Y)

Lemma 2.3 a) For f, g € C(Y) and d € R,
df Adg ifd > 0; @ difvg) df vdg ifd>0;

1) d(f A = 2) d(fvyg) = .
W) df rg) df Vdg ifd < 0. ) df Adg ifd <0

b) C(Y)* is closed under absolute value, as well as finite meets and joins.

c) For all f € C(Y)*, the sign of f, defined as EF) = i, 18 a unit in C(Y). Moreover,
| f] )
[F<0] = [s(f) =-1], [f>0] = [s(f) = 1] and s(f) = f mod C(Y)*"
{
Proof. Straightforward.
in 2.2 M

2.4 The Proto-Special Group Structure of C(Y). a) Taking into account item (c) g
definition of representation (see paragraphs right after Definition 1.1) yields, for f, g, h € c(Y)" (*]

feDY(g,h) if Iste C(Y) such that [s > 0] = [t >0]=Y and f=sg+th
with DY (., ) standing for representation sets with respect to C(Y)* (instead of DC(Y)); we s
write the associated isometry of forms as =Y thus, for f, fo, 91,90 € CLY )X,

hall al

: , ("
(fu,f2) =" (91,02) & fif29192 € C(Y)*? and DY (fi, £2) = DY (g1, 92)- I

. omment |
Lemmas 1.4 and 1.6.(a) apply to our present situation and may be used without further ('Omlr:a[ity i
particular, if G(Y) = C(Y)*/C(Y)*?, then items (a) and (c) in 1.6, together with the first e(ll o o
2.2.(c), entail that GY) = {G(Y), =Y, —1) is a reduced 7-SG; it will be shown shortly that

it is a reduced special group. ’DYM
b) Regarding v-representation (see 1.13), if ¥ is a n-form over C(Y)*, write D:(‘P}, Dg;(("o) and 0
for the sets of value-representation defined in 1.13:
ed !
The next result shows that value representation in C(Y) has properties [FQ 1] and [FQ 2], S-r::gt
1.17 and 1.20. We actually get somewhat sharper results, namely items (a) and (c) in the folloW

|
be "
Theorem 2.5 (Transversality of v-representation) Let Y be g topological space and let ™ 2

integer. Let f, gy, ..., g, be elements of C(Y')*. With notation as in Definition 1.13 and in 24
a) If (*)

then there are hy, ... h, in C(Y)XI2 such that f = E?:l hig;, that is, f € D%(gl, —
b) For all n-forms © over C(Y)*, DY(») = Dy, ().

e} Fizl < k < w, ant asstime that o
[f<0]n ﬂj;&k [g; > 0] C [gx < 0] and If>0)n ﬂ,ﬁ;&k lg; <0] C [gx > 0].
Then, there is « € C(Y)*? such that
(i) u=f- ageCY)"
(22) [u>0]n Njgx lg; <0] = ¢ = [u<0]n ﬂ]v/_k lg; > 0]. o i .30
d) For all n-forms ¢ over C(Y)Xx, ’DY(SD) = DY(¥), that i, C(Y)* satisfies property [FQ ’ pat f
" 3 i . . fll r’ll“'q
Proof. a) Since f, ¢,,... »n are units in C(Y'), there is a clopen partition of h IR 1 TR /m 5”(),”_ itio®
g1, ..., 9n have constant sign in each Vi, 1 < k < m (take the common refinement of the clopen ! ‘ ﬂui(l“t

{[f <0], [f > o]}, {lg: < 0], [g: > 0]}, 1 <t < n). For 1 < J < n, we shall define h; a3 .

~N
gluing of positive units constructed over each Vi. Henceforth, fix Vib 1 < k < m, and set

10




: b, = {j:1<j<nandg;> 0 on Vi} and pp = cardinal of py.
e 1. Vj, C [f > 0] : Note that py # 0, otherwise [f > 0] NN [g; < 0] # 0. Hence, px > 1.

x——————
|
Case 1.1: n — pre < px. For 1 < j < n, set hjTVe = (é—l——m;)l—g—'l Clearly, each h;[Vj is strictly
ke — b

hsit; ; :
Sitive at all points of Vi. Now, on Vi, we have, recalling that f > 0,

Al e Mgyt

bt b |
M=l 595 = : . T -
i = Ljen 2pe — n)lgi] 7 2ign @pe— )lgs] “ ope—n 2pk —
92 =3
F— |f] f.

Case 1.2. 5 — pr > pr. For 1 < j < m, set

("«“Pk‘i’l)‘fl if € br;

k|95l

Jhik if j & -
A

hj [Vk

!
hen, on Vk we gCt
(n—px+1) |f] _ n—pk+1|f|—(n—pk)|f|

N
L;lzl }ng» == Z 1 fl . b E . 2L g = D
4 JEDPK | 9i Ik 9 k Dk

|9
= Ilfl = F

1 %—_pk_f_p_k: In this case set, for 1 <7 < m,

Pkl9;

| 21 if 7 € Py

bV Pkl9;]
Ve =
] it g
j prlg;l
1t. 3 . . .
f1s straightforward that on Vi, E?:l hig; = Pk Z;[)Lﬂ - i lp_fkl = |fl = F ending the discussion
QCa,Se 1 k
> 0] =0, we must have pg # {1, ---» n}, whence

C . n
pﬁﬁiﬁéiLS&&meW<%ﬂﬂFJw

P > 1.

Case 9.1 n—opp > pr-For1<j<m set hj| Vi = = gjk)lgjl' Then, since f < 0 on Vg, it is

ot
ightforward that

1 i — bl = - — .
s b = (72 R

$5 22, n - pp < pu For 1 < < moef
Il if J € Pis
5 Wi 19,1
IV =
d Pk+1|f| if j & b
0, op Vi

EL[ hig: — U, + 5 et OUL oo = g f - ((n—Pk)"‘z'(kar} lfl)
i = Lien |93 9 i#0k (n — px);l it 1
A = flpe - e+ 1) = I = /- n e .
Qy Iearly, the gluing of the pieces constructed above on each Vi will yield positive units, Ry, ..., hn, 1
! Satisfying the conclusion of item (a). hat f = T S
b8t o oF T v are squares a; € C(Y) such that f = ) ;=1 @;9;. Smce
e = (g1,...,gn); if f € D} (¥ there are squar 3 : j= "
‘isse?tj-. are non—n(‘.ga,t:ivc, [f<0]N (=1 [g; > 0] = p = [F>00nN =1 [s; <], 2nd the (ot
o on follows immediately from (a)-

: i £ o= Nz [9; > 01 sidd V= = (e [g; < 0, both clopens in V. We e
i#k 193 “ R

11



VE= (VEnlf<u vt alf>0) = (Ve <o) u(V+n g > 0D
{ Vo= (VTnlf>0Du(vVenlf<o) = (Vg > 0]) U (V- gk < 0D
V* and V= can be written as a disjoint union of clopens in Y, as follows:
{ Vi = (VEn[f<0) U (Vtnlf>01n[g<0]) U (V*n[f > 0] N [gx > OD); (

Vo= (VEnlf> o) u (VIS <0ln fge > 0]) U (VN [f < 0] N gk < 0D 3
We shall construct o > 0 on Y, satisfying requirements (1) and (4i) in the statement, by giving 1S L
on V¥, V- and U = (Vt U V7)€, which constitute a clopen partition of Y.

(1) On U, we set @ = L/  since |-k
2|gx| |9k |

it (/'
(2) On V*, we shall choose a > 0 such that u — f—agr >0, and so [u<0]nV*t =0, entalhfﬂio
and the corresponding part of (i¢) in the statement. Again, we shall proceed by giving the values ©
each clopen of the partition of V* appearing in (I) above:

:1,itisclearthatu:f—agk#()onw

9
On V* N [f < 0] : Recalling that this set is contained in lgx < 0], set a = IH—ILI then,

gk|’
e gy 2 f—%gk = FLi-20) = f+of = Q5 > o0

OnV+r‘|[[f>O]]ﬂ[[gk<O]]:Justtakeoz:ltogetf—_qk>0.

On V*tn[f>o0]n lgx > 0] : Set a = %;then
k

fooge = fo Ml o 1
2|gx| 2 jed:?
(3) On V=, o > 0 must be chosen such that we have 1 < 0, whence [u > 0] N V~ = @, as nee
above, we give its value on each clopen of the partition of V= appearing in (I).

=

N |~

On V= N [f > 0] : Recalling that this clopen is contained in [gx > 0], set o = -lsz‘l Then,
9k

. s —of 9k _ = e
[ = ag f fl!]kl f-2f § < i

OnV“ﬂ|[f<0]]ﬂ[[gk>0]]:Seta:l,togetf—gk<0.

On V= N [f <0] N [gx < 0] : Here, take o = §|Iﬂ~|; then
9k

f—angf—mg“kz L 0
completing the construction of o and the proof of (c).

YY)
Y Lk = iy, on ,9n ) be a form over C(Y)*. By 1.15.(c), it suffices to check that DZ(('O) c %
For f e DY(¥)and 1 <k < n, let
S . . —
VT = i L9, > 0] and v- = Mizx Lgi < 0]. s
Since f = 3% | xigi, with ; > 0 on all of Y in[f<0]nv+, gk cannot be positive, and B0

. . . . m
must be contained in [gx < 0]; similarly, we have [f>0lnv- c lgx > 0]. Consequently; ite
yields & € C(Y)*? such that B

|
!

u=f - agr, € C(Y)X, with [[u > 0]] NV- = @ = l[?/. < 0]] 3.
. . . - 4 -
The first equation in (II) entails f ¢ D}, (gk, w), while the last equalities in (IT) and item (a) 8"
' & v
that w € DY (g1, ..., 9%, -+, On). Since k is arbitrary in {1, ..., n}, we obtain f € DY (¥)-
Remark 2.6 Note that 2.5.(a) and (b) hold for any g-subgroup of C(Y), with the same proof
Corollary 2.7 LetY be a topological space and let S be a q-subgroup of C(Y).

a) With notation as above and for fr9 €S, the following are equivalent:



(1) f € DS(1,9); (2) s(f) € D*(1,5(9));
! (3)[f<0] C [g<0ol; (4) There are hy, hy € (C(Y)X2 such that f = hi + heg.
J}G(S) is a reduced pre-special group.
)
Proof. As registered in 2.6, items 2.5.(a) and (b) hold true for all g-subgroups of C(Y').

s1) §i
#)Since a function is congruent to its sign modulo invertible squares (2.3.(c)), 1.4.(c) entails (1} & 42),
liate consequences of 2.5. For instance,

';V};He (4) = (1) is obvious. The remaining equivalences are immec
if>::)]](3) is clear (the argument is tl'le same as that in the proof of 9.5.(b)) and, since [1 > =¥,
N ([1 < 0] N [g < 0]) = 0, while
\ F<on@sonlg>o) = [F<olnlg>0l =0 €
})) ‘;‘Ce, 2.5.(a) yields (3) = (4).
Y condition (4) above, =5 is 2-transversal (see 1.6.(b)) and so, by this same result, G(S) is a pre-
verifies axiom [SG 4]. ¢

[f<0] Clg <0l

Deci .
lal group, i.e.,

b e
"position 2.8 a) (3-cancellation for C(Y)) LetY bea topological space and let S be a q-subgroup of

). With notation as in 1.3 and 1.17, G(S) verifies [FQ3]s-
resentation faithfully reflect value representation of diag-

e ‘

'))nGl(Y) = (C(Y))‘/(C(Y)Xz is a RSG, whose Tep
% quadratic forms with unit coefficients over L)
b

‘E:;()Of} Item (b) is an immediate consequence of (a) and Theorems 1.17.(b), 1.20.(c) and 2.5.(a). To
| ablish, (a), we first register the following

: ‘Fa
Q?t 29 Forz,y, u,v € c(Y)*, =Y =uv =
S Symmetric difference.

)

[« <0] &y < 0] = [u<0]Av< 0], where

b .
%Toof. Clearly, if f, g € C(Y)* are in the same square class, then [f<0] =1[s< 0]. Since for
Lhy € C(Y)* we have [hihs < 0] = [m< 0] A [k < 0], the Fact’s conclusion follows immediately.

By Remark 1.19, it is enough to show that
q(1, u, v) & q(1, =, y) = q(u, v) = q(z, y), (I)

Z, 7). Since the hypothesis in (I) implies ¥ v = z 7, Fact 2.9

B aryos

‘%ntegulvale“tly, by 1.7, that ("lZ,i)') = o
g
| [u<0]]A[[v<0]] = [[x<0]]A[[U<Oﬂ. (11)

n,
| ® hypothesis in (I) yields M, N € GL3(C(Y)) such that
MM(L, u, )Mt = M(L, 3, y)  and NM(L, 7, y)N' = M(L, % v)- (1)
SienFe, there ¢, t,, t3 € C(Y) such thatw = B3 + 3z + t2y; whence, [u<0] € [z < 0] U Iy < ()]]
Uilar]y, [v<0] C [z< o] u [y < 0], and so [u< 0]V [v<0] C [« <0]U [y < 0]. Symmetry in

Ay
‘ ) wigy then imply
R [u<0]U [v<0] = [« <0]U [y < 0]. (IV)
| Malitios (II) and (IV) yield
b [u<0]Nfv< 0] = [z<0lnly< 0]- (V)
)
- (V)1 we conclude that
[u > 0] N ([x < 0] N [y < ) = 0 (V1)

and recalling that u, v, ¥, Y € S g eYy)”:

\ [u>0] N [v>0] = [« >0]N [y > 0],

ﬂ[x‘. 3 . - e ; 2.r.

t]l;'.r(fl-()xxx we obtain Ju < 0] N (Jz > 0] N v > ()ﬂ) — (). This last relation, (gV;) L‘Ild fo# praiash
‘U € DS(z, y). Now, WV = 7 7, together w1'th Lemma 1.4.(g) and the definition of => (see =1
entail (T,7) =5 (%,7), as needed. o

E(
ua); . 2
ality (IV) also yields, taking complements

' a) guarantee
- :

I‘i(r
St hef, .
before the statement of 1.6)
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2.10 Observation. By a gluing argument which we omit, it can be proved that the ring C(Y) Ve(;l‘
[FQ 3], Witt cancellation for matrix isometry of forms of arbitrary dimension. Hence, by Theorem 1.2
the special group G(Y) faithfully reflects matrix isometry in C(Y) as well.

Our next order of business is to describe the reduced special group G(Y). To this end we recall SE

basic facts concerning Boolean algebras (BAs) and their relationship with reduced special groups: -

comments below apply, in particular to the BA of clopens of a topological space.

2.11 Boolean Algebras and Special Groups. a) In the sequel we assume basic knowledge of 'BOOI'
algebras (BA), in particular Stone’s Representation Theorem. The Boolean algebraic operatmnsl
denoted by A (meet), v (join), while complement of ap element a is written —q. Symmetric differ‘a
is defined by a A b= (a A ) v (bA—-a). T (top) and | (bottom) denote the largest and sm®

. . ]
elements in the partial order < of a BA. Recall that the set of clopens in a topological space form 4
under the set-theoretic operations. i

b) The group of exponent 2, ( B, A\, | ), underlies a

natural structure of reduced special group (RSG)(
details, see section 1 of Chapter 4 of [DM2))

- In this case, 1 = | and —1 = T, and for all a, b € B,D
@€ Dp(1,b) iff ¢ <p, (
where < is the partial order in B. When B ig considered as 3 RSG, we write B — (B,=gp,~1 )

2.12 The Boolean Hull of a Reduced Special Grou : : ¢ is secti0
P. The basic reference this topic 1 )
of Chapter 4, [DM2]. Let G — (G € basic reference for this top

= fl
denoted by Dg(-, ). group (RSG), with binary
:
a) Let B the BA of clopens of the Boolean space X of {+1} special group characters of G, and
each g € G, let eq(g) = {o ¢ Xg:o(g) = —1}, a sub-basjc clopen in Xg;.

b) The Boolean algebra By and the mapeg: G — B

(1) g is an injective group morphism from @G tq (Bg
z1, 3 € G, we have eq(r1z,) = ea(zi) & £a(zy)
(2) £6 is an embedding of RSGs, that s fo, alz,y e G, ;¢ Dg(1,y) & eq(x) Cecl¥)
(3% Bg isfgenerated by Im e¢ as a lattice - for every p ¢ Bg, there 1% a f;lmlily {F; ': 1<i<n Offll:;
:il)lie(t)sf(z;’.a such that b = \/lgi_<_n Naer; €6(a). The diagram e, . ¢ Bg is called the BO?

i
)
1MW | taking —1 in @ to T in B. Hen

)

Let Y be a topological Space and B(Y) be its BA of clopens. De

B Oy —y B(Y),
By 2.2.(b), [f < 0] is indeed in B(y)

. fine a map (f
given by B(f) = [f <o0].

. We now have

Proposition 2.13
is C(Y)x2,

wnnngecwy,feDW1

a) B is a surjective group morphism, taking ¢ ke

LEC(Y)X toY € B(Y), whos

9) & B(f) e Dpyy(1, B(g)).

¢) There 1s a unique isomorphism of RSGs, G

mutaf“’
where qy 1is the canonical quotient morphism,

W%iBW)

s making the following diagram com
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fies
, 0of. a) Clearly, B takes 1 to 0 (=1)€ B(Y), and B(-1)=Y (=T} & B(Y). To see that 3 is onto,

blig .
QQ observe that if U is a clopen in Y, the map defined by

ha) = -1 ifz el
= Y1 ifzgU,
U. Since B(fg) = [f9< 0] = [f<0]A [g < 0], we see

(a), note that for all f € C(Y)*,
f e C(Y)**,

y

me
”‘”:t“;iﬁ in C(Y), with B(h) = [ < 0] =
is a group morphism. To finish the proof of

arel‘“, fer § = (C(Y)X2, as needed.

nceuBy 2'11-(b) and the equivalence between
;i:ig fepra, g & BN =0f<0] C [g<0]=8l < B
fice fis onto, with kernel (C(Y)x2, there is a unique group morphism,
5. Gy) = c)* /ey — BE),
Since representation sets are saturated with respect to

t of Lemma 1.4), items (a) an (b) above imply that B
%

X.

(1) and (3) in 9.7.(a), we have, for f, g € C(Y)
f) € Dp)(1, B(9))-

fo

1

ikin ’

'an,reg the displayed diagram commutative.

oy isclasses (as observed right after the statemen
omorphism of reduced special groups, completing the proof.

301'01

9\‘~the:ary 2.14 G(Y)isa [SMC]-group and so verifies Marshall’s signature conjecture and the mod 2
2 0Ty of G(Y) satisfies Milnor 's Witt ring conjecture.

0

and Lemma 1.2 in [DM7]. O

l
r()Qf o
. This follows from Theorem 2.9 in [DM6]
o
or ! ) )
i :\rk 2.15 In Theorem 4.12 of [DM7] it is shown that if R is a ring with many units in which 2 is a
o R.nd every residue field has at least 7 elements, then Milnor’s mod 2 K-theory of R is isomorphic to
it ‘ltbheory of the special group naturally associated to R. In general, C(Y) 15 not a ring with many
0F by e( Toposition 2.14, [DM5]) and so we do not know if the K-theory of G(Y) is naturally isomorphic
ting-theoretic mod 2 K-theory of C(Y), an interesting question in its own right. O
in 2.13, starting with the following

Let L(S) be the

Fo
U later use, we describe the basic properties of the map f3

te
.
By Position 2.16 Let Y be a topological spac

att;
) "‘ httce of C(Y)* generated by S. Then,
€L(S) and ke CY)* = khel)

¢ and let S be a g-subgroup of C(Y).

JFor all B .f_ » . 1
fecwy), felL(S) < s(f) € L(S), where s(f) = i is the sign of f (2.3.(c)).

) )
(Y)*, {Zn:n 2 0} and

N
:O:f'ni) By induction on n > 0 we construct a double chain of subsets of C
d i 2‘ 0}, as follows: . -
g = Ay = 85 (2) Antr = (NF:Fisa finite subset of Xn};
Ql‘(lil Tnpr = (VG:Gisa finite subset of Aat- |
B F (in (2)) and G (in (3)) to be singletons, it follows that for all n > 0,
: " r, C Antt C Yn42 and An € Sess T Ant2-
I‘ U s Cleatly, S C K and K is closed under finite joins and meets.

. = U.so A
| r . .
e e attice of C(Y)* including S must contain Ko 'U B,

1 COvapr 1

)| °r, induction on n > 08

‘*":riy t? > 0 and thus, also i,
fat for all n > 0,

n>0 <n

hows that any subl

establishing that K finish the proof, it suffices to

— L(S). Hence, to

= kh € An;
(I)

by 3 ,

[J ;I’l‘()vu(l by induction on 7 > (). Since Ao = T == B and § 2 C(Y 1 (I holds for n = 0. Assume

"‘Il(‘.nl“} f()r n >0 }l,Il(l let hr € -&71+l. Th(‘ﬂ, there are fl\ ey fm in S” S“C’h that h = fl A wnad fnl-
" 5(y) > 0 for all y € Y, Lemma 92.3.(a).(1) guarantees that

k € (C(Y)"2 and h € An
k € (C(Y)"2 and hE€Xn = kh € Xn,

l
I
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kwh(y) = kW) fiy) A A k() fuly),
for all y € Y, entailing, kh = kf; A --- A kf,. Now the induction hypothesis implies kf; € Z"Ta
so kh € Apq1. A similar argument, using 2.3.(a).(2) and the induction hypothesis shows that h € 2

implies hk € ¥4, as needed to prove (a). Since for all f € C(Y)*, we have |f|, A € C(Y)Xz’ item

| /]

is an immediate consequence of (a).

Proposition 2.17  With notation as in 2.13, let Y be a topological space and let S, T be q-subgrot¥"
C(Y). Let X be the Stone space of the BA of clopens of Y, B(Y) =gt B,

a) Forall s, t € C(Y)*, B(s) =B(t) & ste CY)x> }
b) B(S), with the isometry induced by B, is a reduced pre-special group. Moreover, there is an isomorpht

' — o ) {
of pre-special groups, Bg : (G(S),=5 1) — B(S), making the following diagram commutativé, v
qs - S —> G(S) is the canonical quotient map:

s —125 . g8

5f~5\ /ﬁs
B(S)
¢)B(S)CB(T) & SCT.

d) S is a sublattice of C(Y)* & B(S) is a Boolean sub-algebra of B.
e) If A is a sub-algebra of C(Y)*, then B(A*) is a Boolean, sub-algebra of B.

f) Let L(S) be the sublattice of C(Y)* generated by S. Then, L(S) = CY)* & L(S) is dens®
C(Y') in the topology of uniform convergence.

Proof. a) Since ker § = C(Y)X2 (2.13.(a)), (<) is clear. For the converse, assume that 8(s) = [[5<
= [t < 0] = B(¢); because s, t € C(Y)*, this entails [s > 0] = [t > 0], and ’st € C'(Y)Xz, as claim® 'trl
b) By 2.13.(a), 8: C(Y)* — B is a group morphism (the group operation in B being symrﬂe(
difference, A), taking —1 to X (= T in B). Hence, if S is a ¢-subgroup of C(Y), A(S) is @ Subgrouie
(B,A,0), containing T, and so, with the binary isometry and representation induced by B, f0!
pre-special subgroup of B. Since ker f = C(Y)x? C S, it follows that g[S : S — B(5) fackin
uniquely through G(S), to yield a group isomorphism, f : G(S) — B(S), taking —1 to —1 and fr)‘(a th
the displayed diagram commutative. Since binary representation in S is1that induced by ‘C(Y) ,

s &V S
argument for 2.13.(c) (using 2.13.(b)) shows that Bs is an isomorphism of reduced pre—speCial gro

T . th
c) The implication (<) being clear, we shall only verify (=). Given s € S, there is t € T such

Bls) =ls <O =t <O = B(t). By (a) we get st = h € C(¥)** C T and so s = * € T.
-— ) t

d) (=) : Since B(S) is a subgroup of B (under A) and closed under complements (—A(5) = ﬂ(/S)e),f
suffices to check that if S is a sublattice of C(Y)*, then B(S) is closed under finite meets ! For %

note that S(s V ¢) = [(sv ) <0] = [s<o0ln[t< 0] = B(s)n B(t) o
(<) : By 2.3.(a), it is enough to show that S is closed under finite joins. If s, t € S5, just 82 ﬂb(a“,
we have B(s V t) = f(s) A B(t) € B(S), and so there is z ¢ g such th.éxt [3(;) = B(s V1)
Z(sVt)=heCY)**C g, entailing s v ¢t = }-j € §. Item (&) is immediate from (d) and 2.3.(

, as needed.

b)-

. A 5 . o Lo G t;}ke
) It suffices to prove («=); for g € C(Y)*, let 5(g) = ﬁ be the sign of ¢ (as in 2.3.(c)). Them A(f

on only the values 41, and for all y ¢ Y,
s@) = -1 if yelg<o0] and s(9)(y) = 1 iff ye[g>0]
'Recall that in a BA, 2 V y = (z Ay) A (z A y).
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cIce L(S) is dense in C(Y), thereis h € L(S) such that supyey Is(g) — h| < % Hence, h and s(g) have

I]‘

& ~ , : : =

same sign on all of Y, that is, s(h) = s(g). Since, h € L(S), 2.16.(b) entails s(g) € L(S), that in turn
¢

#h :
jﬁmg(aga““ﬂ’Q-lﬁ-Uﬁ) g € L(S), as needed.

{
Representable Q-Algebras
0
)
b .
]kocralil‘that' a ring R is a Q-algebra if there
Pism is injective, we may identify Q wit

|
y S of squares in R.
s

is a unitary ring morphism from Q to R; since any such
h a subfield of R and all strictly positive rationals are unit

representable in C(Y) modulo sums

efingt;
Mfnition 3.1 LetY be a topological space. A Q-algebra R is
algebra morphism, R 25 C(Y), such that

Is
Quares or simply representable in C(Y), if there 1s @ Q-
[RQA 1] : The image of ¥ is dense in C(Y) in the topology of uniform convergence;

RQA 2]: Foralla € R, [?(a)>0] = Yy & a€(SRH* =R*N ERZ,
ation of R in C(Y).

»

e
Q-algebra morphism ¥ is called a represent

\e proof of Thm. 2.2.9 and the statement of

b
Mark 3.2 Definition 3.1 originates in (and generalizes) tl
hy ring of a formally real

;lm: 2.2.10 (pp. 28 and 29) in [Be]; as will be shown below, the real holomorp
S a representable Q-algebra (Lemma 3.3 he important properties of real holomorphy

lgg ) and some of t
Proved in [Be] in fact hold true in this gen o

eral context (Lemma 3.4).

(K) is 1ts space of real places, then the real holomorphy

‘Qm
"Mma 3.3 If K is a formally real field and M
M(K))-

Iy -
| Tof K, H(K), is a Q-algebra, representable in C(
"

a] field K. It shown in [Be]:
A C K, whose fraction field is K.
nforallt,n €N, AN, K™

phy ring of the formally re

)
to

°f Let H = H(K) be the real holomor
tely real Priifer ring

)7
!thm, 2111 (p. 20). H is the smallest comple

|
tprotp. 2.1.9.(v) (p. 19). If Ais a completely real Priifer ring, the

| i=1 A?". In particular, A N vK? = TA%.

]

¢

f Jl;r;)-r;l (1) and (2) we immediately conclude
d@t “NH = £H® and PRInH" = L nE = (SH?).

j | ir?/{l(\K) be the compact Hausdorff space of real places of I (Theorem 2.2.53 p. 26, [Be]). By property
z ) heorem 2.2.9 of [Be] (pp- 28-29), H satisfies [RQA 1], while property (iv) of that same result and

%ove entail that H verifies [RQA 2], that is, H is Q-algebra, representable in C(M(K)). o
bra R. Then,

|
8
t ‘mma 84 Letp:R-— C(Y)bea representation of the Q-alge

IR
;JFOT alac R a€ R & ¢(a) € C(Y)*.
il Mallg ¢ R, [¥(a)> =Y & For all rationals 1 > 0, (a + )€ (ERP)

e < {z € R : Forall rationals v > 0, (7 + z) € (ZR?*)*}.
pr
o . .
X °f a) The implication (=) 18 clear; for the converse, if ¥(a) € C(Y)X,' then Y = [(#(a))? > 0] and
a unit in R and hence so 1S @.

| Jlt(i‘:fl entails o2 € (SR*)%; in particular, a? is . S
' @ € R, recalling that ¥ is a Q-algebra morphism, [RQA 2] yields
P> o vr>0mQ Y S [p(a) +7 > 01 = [¢(a+7) > 0]
0inQ, a+71E€ (ZR%)*.

v = [#(a) > 0] = [£(-2)

-2}
r] NotatiOn and Remarks. Let (A, P) be a p-ring as in De

III ~ .
1 g 9¢ A* and Pis 2 preorder of A. If P‘ is
p-Ting- Hence, the only 1mp

& Vr>
I‘E]E R, then ¢(z) =0 <«
D) applied to ¢(x) and —¢(z)

> (], whence (c) follows immediately

5 | [f
¢

—_

finition 6.1 in [DMT], i.e., Ais a unital
a proper preorder of A (equivalently,
roper p-Ting is the pair ( A, A).

|

P""ti"“ ring such that
), we say that ( A, P) is a proper

L7

A



(1) We shall employ the notation and results in Definition 6.3 and of section 8.B in [DM7].
(2) If (A, P) is a proper p-ring,
Gp(A) = AX/P* = {aP:ae A%}

is a group of exponent two, that by Fact 8.11 in [DM7], underlies a reduced proto special grou
Definition 6.3, [DM7]), whose binary isometry is given by

(af,0P) =p (P, dP) iff aPbP = PdP and Dp(a,b) = Dple, d),
where (see formula (D7) in 8.9 of [DM7])

Dp(a,b) = {c€ AX :3¢t;,t; € P such that ¢ = tia + tab}.

(3) If n > 1 is an integer, as usual, a (non-singular, diagonal) quadratic form over A, ¢, is

¢ ={(ai,...,an), where a; € AX, 1< j < n. Let pP = (af',... al’) be the corresponding 1

Gp(A). Since Gp(A) is a m-SG, 1.10 also applies here, furnishing an extension of the binary iso
Gp(A) to forms of arbitrary dimensions.

(4) If P = £A% and a € A%, write Greda(A) for Gp(A), a® for aP and =, .q for isometry in Gred

The analogue of Definition 1.13 for p-rings is the following

Definition 3.6 Let (A, P) be a proper p-ring, let ¥ = (by,....b,) be a n-form over A and

(b, ..., b)Y be the corresponding n-form in Gp(A).
a) Dp(®) = {a€ AX : 3 q,, ooy n € AX such that ¥ =p {af,af ... 0L })

15 the set of elements of AX P-isometry represented (P-iso-represented) by ¥.
b) Dpy(¥) = {a € AX : There are T1y--+yTn € P such thata = Y0 z:b},
is the set of elements of AX value-represented mod P (v-represented mod P) by ¥.
¢) Dpu(P) = {a € A* : There are Z1y.++y2n € P* such thata = Yoy &)
is the set of elements of A% transversaly v-represented mod P (tv-represented mod P
Clearly, Dp,(¥) C Dpyy(¥).
Dpy (b1, by) ifn =2;
d) @P(@) == n \
ﬂk:l U {Dl)v(bk? u) fu € Dpv(bla e & Y bk7 * vy bn)} lf n Z 3.

If there is need of displaying the ring A in which these representation sets are defined, write b
D]A)w and ’D"P} for the representation sets defined above. Moreover, if P = 2 A% is a proper preord
(i.e., A is semi-real), the corresponding representation sets will be written DY, Dé,,, Dgtv and P
Remark 3.7 All of the representation sets defined in 3.6 are invariant modulo units in P. He®
may be also seen as subsets of Gp(A). Moreover, the definition of binary isometry in Gp(4)
Dp(s,t) = Dpy(s,t),forall s, t € AX.

There are analogues of Lemma 1.15 and Theorem 1.16 for the value sets defined in 3.6, Who®
are a straightforward adaptation of those of 1.15 and 1.16. We state only the result correspOr
1.15, that will be used subsequently, omitting the proof.

Lemma 3.8 Let (A, P) be a proper p-ring and let n > 2 be an integer. Let P = (b1, .- bn ) ¢
over A* and let o be a permutation af 11, » s n}. Let ¢* —= (b .

(1.) (7) DPU((’Q) = DPU((PU); (“) DPLU(@) = DPLU((PG)

o(l)y - - -’b(r(n) >

(1) Dp(P) = Dp(¥°);  (iv) Gp(A) is 0 SG = Dp(®) = Dp(¢).

b) Dp(¥) C Dp,(¥). ¢) Dp(¥) U Dpw(¥) C Dpy(9).

d) Let1 < k < m be integers, ¢, .. » Pm be forms over A% and let z; € Dpy(¥;), 1 £ g ¥ :
Drolers-ra) € Doy (@, ¢).

In particular, if ¥ is a m-form over S, then Dp,(¥) C Dp (P ® )
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;heol-em 3.9 (Transversality for representable Q-algebras) Let R be Q-algebra and let X be a compact
wsdorff space. If R is representable in C(X) and ¢ = (by, ..., b, ) is a n-form over R*, then
a) DE,(¥) = Diw(?)- b) DE(?) = DE(9).

p (ﬂ-5G=P
"’OOf. Let | floo = sup,ex |f(z)| be the uniform convergence norm in C(X); recall that for g, h € C(X),

Wllm < J9)oo [Peo- To simplify exposition, write a € R — @ € C(X) for a representation of R in

{X). Let R = {a € C(X) : a € R}.
T)By Lemma 3.8.(c), it suffices to check that DE (¥) C D& ,(¥). Fixa € DE (#); then there are y1, ..., yn

‘ZR? such that
, n-bupl
form i a = yib1 + ...+ Ynbn. (I)
metty in'lce representation is a ring morphism, @, by,...,bn € X, ﬁj is a non-zero sum of squares in C(X)

U (1) entails
C

G = Giby+ . o+ Gubny (11)

th x — [7,>0],1<37<n (IT) and the fact that all y; are > 0on X immediately imply that
[E>0] n M [b<0] =0 = [a<0] n N, [b; > 0].

et ¢ “hese equalities and Theorem 2.5.(a) yield f1,...,fa € (C(X)’(2 such that

@ = fibi 4 ... fabn. (11)
ite that:
Since X is compact and X = [f; > 0], V1< j < n, wehavem; = min {f;(p) ER:pe X} > 0;

Forall 1 < j < n, “/b\}"oo = s
Since @ € C(X)*, [|a] > 0] = X and compactness yields m = min {[a(p)|ER:pE€ X} = 0.
.,Mmp}. Since R is a dense subalgebra of C(X) in the

In
th notation as above, let ¢ = min {m, my,..
8 Blocy of unifor .
ogy of uniform convergence,
" £
For each 1 < j < n, there is ¢; € R such that Ve = file € ——F7 5 (IV)
’ SRR 2n(1 + |bj)oo)

1. For1<j<m, ¢E€ (BR?)X.
) .
4 "f Fix 1 < j < njsince 0 <€ <mj = minpex fi(p), (IV) implies Ic;(p) — f;(®)] < —T%’—, for all

, Yl
'[;r . X; hence,
A x Wi ' filp
50 > H0) -2 2 s - I8 = H s
ce, 1Y N € C(X)"z. Now, property [RQA 2] in Definition 3.1 yields ¢; € (SR?), as needed.

entﬂ‘ils
0 Let » € R be defined by z = ciby + ...+ ¢nbp. Then,

Ya
g\t 2 az € (SRH)*.

> pro ~ PR .
ding "f. We have 3 = &1by + - -+ Eabn; (1) and (IV) entail
-3 = [(i-@b .ot (o= Ebleo S Doy Ui = Eileo Wil
ormh n € "/b\"oo < n BE T E_
(Irf | < Z]:l 2n(1+ “b1“00) J m 9
) : ~
o & o om _ mingex A (v) yields
2 2 = 2 ) .
| [az > 0] = [az>0] = X (V).
Ylagg " e E_m
U for p € X, (V) implies la(p) - 2(p)| < 5 <5 that is,
i m
het alp) - Zg < Zp) < alp)+ 3
Mea i 4
ce, ecalling that X [a > 0] U fa < 0] :
a(p) a(p) 5 o,

o s, ~ :
%) >0, then 3(p) > AP -5 2 A~ T T
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¢ I a(p) < 0, then () < alp)+ 2 < a(p) + L2 i)

establishing (VI). Now, (VI) and property [RQA 2] in 3.1 guarantee that az € (LR*)*, a8 desired.
From Fact 2 we conclude that z € R and % = a—j € (XR?)*. Now, Fact 1 entails z € D{}wﬁ’) o
r 2

soa=z2¢€ DL, (#), ending the proof of (a).
2

Remark 3.10 As in Theorem 2.5, the proof of (a) above shows that if T, 21,...,2n € RY, then
E>00n M [5<0 = 0 = B<0n( [5>00 = oeDE, (a0 ., ).

b) By Lemma 3.8.(c) it is enough to check that DX (¥) C DE(9). Fix a € DE (¢); just as abové,
have equality (II)

~

?Z == glzl++@\nbn: .
with X = [y; > 0], 1 < j < n. Fix k between 1 and n; the preceding equality (i.e., (II)) then lmphes‘

= o o~ ” A ~ V
[a <0) N,z [6; >0] C [bx <0] and [a > 0] N [6; <0] C [bx > 0] (
By Theorem 2.5.(c) there is @ € C(X)*? such that
() u = @-— abg € C(X)%; (VI

(i9) [u > 0] N R [[Zj <0 =0 = [u<0]n ﬂ#k IIZJ > 0].
Let ¢ = min {minpex o(p), minyey |u(p)[}; the density if R in C(X) yields ¢ € R such that
[$-olo < —E
2(1+ Jbkfloo)
Define w = a — (by € R;then:

Fact 3. a) ( € (ZR?*)*.

[

b) X = [uw > 0]. In particular, w € R* and |[li) > [v > of;
[©<0] = [u< o).

€ min,cy «
= < w, and so for all p € X

{p) > oz(;v)—%22 = %m > 0,

showing that [¢ > 0] = X. By property [RQA 2] in 3.1, ¢ € (ZR?)*, as claimed.
b) We have

Proof. a) We have ”Z— A <

5 o P b z - u(p)l
b=l = 10 il € Kol fidos < — Bl ¢ mimex M
_ 21+ l) < 2 y
Hence, forall p € X, [u(p) - d(p)| < TiReex LB _ ulp) 0o ument o
. g . - 2 ’ l 1
proof of Fact 2 will show that X = [uw > 0]. Since u is a unit in C(X) and uw > 0 on all of

conclude that

[w>0] = [u> 0], [w< 0] = [u < 0] and @ is a unit in ‘C(X)‘

The last assertion and item (a) in Lemma 3.4 entail 1 € R*, ending the proof of Fact 3.

, ,- (i)
Since w € RX, Fact 3.(a) implies that ¢ € DE (k. w); moreover, Fact 3.(b), together with (

T ry, \
(VII?) and Re{gnark 3.10 guarantee that w € DE (b, . Zk, ooy bn). Since, 1 < k < nis arbitrd
obtain a € Dy (%), ending the proof. oy

spi
Corollary 3.11 Let R be a Q-algebra, representable in C(X), where X is a compact H(msdofﬂ '
Let B(X) be the BA of clopens in X, Then, with notation

a) For u, w € R, the following are equivalent:

' R p .
B we Dyl o) () we DE,(1,u); ®) fa<o) c [@<0

as in the proof of Theorem 3.9,
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Greq(R) is a reduced pre-special group.

|
lety : R* — B(X) be defined by v(u) = [u< 0]. Then:

d (1) 7 is a surjective group homomorphism, taking —1 to X, whose kernel is (SR?)*;

(2) v factors uniquely through Gred(R), yielding an isomorphism of pre-special groups,

Tt Gt B) — B(X), making the following diagram commutative:

R)( ——’l——> Gred(R)

{
B(X)

— RX/(LR%)* is the canonical quotient morphism.

jecture and whose K -theory satis-

where s RE == Gred(R)
verifying Marshall’s signature COT

H)‘,)G
. ]L;d(R) is a [SMC]-special group,
Unor’s Witt ring conjecture.
a straightforward adaptation of those of items (a) and (b) of 2.7.

e map f of Proposition 2.13 to R with the
phism, taking

A
[J'00f. The proofs of (a) and (b) are

n of the restriction of th

1) S; : -
1) Since v is the compositio
to C(X), it is clear that it is a group mor

Hriets
limtlcln of the representation morphism of R in
L RX to X € B(X). Foru € RX, we have
Jw =0 o X =8> 0],
nsures that u € (TRAY*. It remains to check that 7 is onto B(X). @

!
Property [RQA 2] in Definition 3.1
. X —> R be given by

'V be a clopen set in X and let Xy
” -1 ifpeV;
) = V1 itpg V.

> 1 .
(X) yields v € R such that [v — Xy oo < - It is then clear

le =
U Xy € C(X)* and the density of Rin C
implies that v € R, with

Qg o N

D[[\U<O]]:V,[[ﬁ)()]]:X\V;hence,vEC

TJ =V, as needed.

IClearly, there is a unique bijective group morphism, ¥ : G,ed(R) — B(X), making the displayed
(a) and 9.11.(b) that for u, w € BE,
hism of pre-special groups. Item (d)

(1] = X I follows immediately from
)), and? is an isomorp
[DM7]. o

9.9 in [DM6] and Lemma 1.2 in

(X)* and so Lemma 3.4.(a)

4
‘Kgrggl commute, with ¥
s(lL,w) & 7w € Dpx)(L, y(w

i .
Mmediate consequence of (c), Theorem

L e s
| Mark 3.19 By Lemma 3.3, Theorem 3.9 and Corollary 3.11 apply, ipsis ltters, to the real holomog

4 Y
" fng of any formally real field.

{ .
Representation of Reduced Special Groups by Algebras of Contin-

Uous Functions

0 (1 g3 - . . ;

b7 Am g to represent any reduced specml group 11 the form

4 : =S
GiS} = SO0 = -1),

. X a Boolean space Notation is as in section 1.

QIQ w i ) .
Sis a g-subgroup of C(X )y witl
| group. Then, there is a Boolean space X and

here f € C(X)* — BU) = [f < 0] € B(X)

e a reduced specia
roperties, W

¢ M
lq\sorem 4.1 LetG =(G,=6) -1) b
‘:gtt:Lb{]T()up, S, of (C(X) with the follounlng p
) Y;"“‘P defined just before the statement of 2.13: 3
. ' i ‘ G g o orphis . ¢ .y G, taking —1 in to
1 ‘}“' restriction of B to g B8, 1)5 a surjectve group morphism, BiS : S armg
X2,

Zn v .
G and whose kernel 18 o(X)"

21
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(2) Forall f, g€ S, fe€D%(,9) & B(f) € Da(l, Blg));
(3) If G(S) = S/C(X)*?, there is unique isomorphism of reduced pre-special groups, Bs, making
following diagram commutative:

S —=— G(9)

qs
ﬁrx /ﬂs

G

In particular, G(S) is a reduced special group, isomorphic to G;
(4) If T is a g-subgroup of C(X) such that B(T) = G 2, then T = S.
(5) If L(S) is the sublattice of C(X)* generated by S, then L(§8) = C(X)*.

Proof. Since G will remain fixed throughout the proof, write ¢ : G —» B for the Boolean hull of
(instead of g : G — Bg, as in 2.12.(b)). Let X be the Stone space of B (a Boolean space) a:jl i,l
before, let B(X) be the BA of clopens in X. By Stone duality and 2.12.(b), there is a SG-emb‘? t
a € G+ g(a) € B(X) = B. Thus, without loss of generality, we may forthwith identify G wit

reduced special subgroup {z(a) € B(X):ae€ G} of clopens in X.

For each a € G, set S, = {f € C(X)* : [f < 0] = £(a)}; since &(— a) = — e(a), it follows ®
all ¢Sy,

hat

[[f > 0]] = X \ 5((1) = 5(—(]/).
Moreover,
a) Since £(1) = ), we have, by 2.2.(c),
2
S1o= {(FeCX):[f<0)=0} = {feCX)*:[f>0]=X} = CX)"
In particular, all strictly positive maps on X are in St.
b) Since £(—1) = X, we get
So1 = {fecCX)x: [f <0] = X}.
In particular, all strictly negative maps on X are is 8. i
Now define S = U S
S a = is
Proof of (1). By (a) and (b) above, we have (C(X)XZ C Sand -1e58. To establish that i}he

g-subgroup of C(X) it remains to check that it is closed under products. Let f € Sq and ¢ o
a,b € G. Then,

[f9<0] = [f<0]Ag<0] = c(a) Ach) = e(ab), 25

and so fg € Ssp C S. Since B is a group morphism, taking —1 to X, with kernel C(X)™" =,

¥ s . ' g 4 we ha
restriction to S will have these same properties 3. Furthermore, for each ¢ € G and f € Sa

B(f) = [f<0] = e(a), showing that 1S takes values in G and is surjective. g0
Proof of (2). By the definition of DS (see paragraph right after Definition 1.1),for f,9 € 54 E s |

feD%(l,9) & DX(1,g),

- . . . . 1 1'(‘
i.e., binary representation in S is that induced by C(X)* (cf. 2.4). Now (I), equivalence (Dp) 10 21
2.13.(b) and 2.12.(b)(2) yield, for f, g € i
5 .
FED(Lg) & B(f) C Ble) & B(f) e Da(1, Blg)), ablishf

as desired. Item (3) follows immediately from (1) and (2), with the same argument used in €5
item (c) in Proposition 2.13, while item (4) is an immediate consequence of 2.17.(c).

2C ] Y 3 YLer Yo 4
Or equivalently, by 2.17.(b), ﬂTﬂ G(T) — G is an 1somorphism of pre-special groups.
Sker B1S =ker f N S = (C(X)"‘)‘ NS = (C(X)"?,



Pro s
i “Sm;&: Let L = L(S) be the sub-lattice of C(X) generated by S. By 2.17.(f), it suffices to show that
dense in C(Y). The facts below are tailored to that purpose. Note that 2.3.(b) entails L C C(X)*.
=1 iz el
For U € B(X), let Xy, given by Xpp(z) = Ee
1 ifz¢gU,

be the characteristic function of U.

When 7 = e(a), a € G, we write X, in place of X.(q). We now have,

Pct 4.2 ) For U, V € B(X),
('i) Xy A Xy = Xyuv- (ii) Xy VXy = Xynv. (iii) Xx\v = - Xy.

(iU)~XUUv:-XUv - Xy. (2))—,XUQVZ—Xu/\—Xv.

) For all a € G and all d € R*, dXq € S.
| For all U € B(X) and all d € R*, dXy € L.

Y For d,, dy € R* and U € B(X), let f € C(X)* be defined by f(z) = { dy ifzeU; o
s dy ifz gU. 4
]
fe Proof. Item (a) is straightforward.
e(a) ifd > 0;

and so dX; € S, US4 C S.

le(—a) = (X \ €(a)) entails [dX, < 0] =
of E(—(l) lf d < O,
. a € G} and of B with

jJGivon U € B(X), Stone duality, the identifications of G with {(a) € B(X) :
(X), together with 2.12.(b)(3), guarantee that there is a finite family, F = {F;: 1 <1 < n}, of finite

bsets of G such that 4
U = Ui Naer: €(a)-
= /\:L:l Vaep; X,. Now, if d € R*, Lemma 2.3.(a) yields
/\111:1 VaEF- dX, if d > 0;
(]XU = s
\/?:1 /\(Jelf'i d’Xa lf d & O’

fice, (a) implies Xy

Tld (b) entails dXy € L.

:} It fil, d, are both strictly positive or strictly negativ

en‘::‘ﬁ% of C(X) of constant sign. It remains tg check
erality, assume dy < 0 < dy. As above, we write U®

in U and —d; = dz In Ire;

constant map with value dy on X (

e, then f € S U S_,, since these sets contain
the statement when didy < 0. Without loss of
for X \ U. We discuss three cases:

3

e ij‘ It |dy| = |dy|, then diXye is equal to d

:,l) If |dy| < dy, set f = dXye V dg, where dy is the

:z <0, this map is in S—1 C S). Clearly, f € L and we
ts ‘If ¢ €U, f(z) = sup {d, dy} = di;

i ”Ilfl € U¢, then f(z) = sup {~ dy, d3} = dg, b

)1t dy < |dy, let g € (C(X)XZ C S be given by

dy ifx € U;
T =
! 9(@) 1 if z € US,

rly in L. Then,

note that since

have:

ecause dz = —|da| > —d1;

4 Thd\ Set f = |dy|Xpe A g, which is clea
.i"‘ € U, then f(x) = inf {|da), dr} = di;
1 ")Iil:):lE.U’.’ then f(z) = inf {~ |da], 1} = inf {dg, 1} = d2,

eting the proof of Fact 4.2. §

\ are now in a position to apply the following seminal result of Marshall Stone

!
Hausdorff space, let D be

Coray N
>:u\em. Let K be a compact

a dense subset of R and let L be a sub-lattice

ons in B(X)-

e T S ol s
all finjge joins and meets in B are taken to finite unions and intersectl
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of C(K) such thatifdy, dy € D and z, y are distinct points in K, then there is f € L such that f(z)
and f(y) = dy. Then, L is dense in C(K) in the topology of uniform convergence.

We take D = R*; given dy, dy € D and p # ¢ in X, because the clopens are a basis for the to;))'
of X, thereis U € B(X) such that p € U and ¢ € U°. By Fact 4.2.(d), there is f € L such thz?t f%’;s
and f(q) = dy. Hence, the above Theorem guarantees that I is dense in C(X), and 2.17.(f) imp
L = C(Y)*, ending the proof of Theorem 4.1.

It is well-known that C(X) is the ring of global sections of a sheaf of local rings over X. H;‘)CQ;
is Boolean, then C(X) is a ring with many units (Theorem 2.10 and Corollary 2.11.(b) in [DM5))-
Theorem 4.1 yields

: ) g : _subqra
Corollary 4.3 If G is a reduced special group, there are a ring with many units, R, and a q-5u%
of R such that G 1is isomorphic to G(S).

There is yet another form of uniqueness of representation in the construction, besides th
that we now discuss. As a preliminary step, we register

h,
Proposition 4.4 Notation as in 2.12, let G, H be RSGs and let eqg : G — Bg be the BOO'Z‘;“Z)}
G. Letf : H— Bg and a : G — H be complete embeddings. Theorem 4.17, [DM2], flpphe
yields a unique BA-morphism, T : Bg —s Bg, making the following diagram commutative:

GLH

Te] ¥

BG’ ———— BG‘
T

: th
b i : . i : . S
Then, T is injective. Moreover, iof Im f generates Bg (as a lattice) and « is a SG-isomorphism

15 an automorphism of Bg.

; & 0} of |
Proof. For b € Bg, assume that 7(b) = 1. By 2.12.(b)(3), there is a family {F:: 158>
subsets of G such that

n
b= Vi:I /\aEF,‘ EG((L)'
Since 7 is a BA-morphism and the above diagram commutes, we get

L = 7(Viii Aeer €6(0) = Vi Auer 7(66(@) = V2, Auer f(eda)): o
and so, forall1<i<n, 1 = Naer: f(a(a)), or equivalently, recalling that any SG-morphism p
multiplication by —1,

Poralll £i< =, Vier: fla(-a)) = T.
By Theorem 7.12 (p. 149) in [DM2], this is equivalent to
Forall 1 <4 < n, the Pfister form Quer (1, f(a(=a))) is hyperbolic in Ba-

clude that for

Since the compositions of complete embeddings is again a complete embedding, we co1 Be:

the Pfister form ®{16Fi (1,—a) is hyperbolic in G. Hence, ®a€“ (l,eg(—a)) is hyperbolic 1t
another application of Theorem 7.12 in [DM2] yields

Forall 1 < i < n, VaeF‘,- eg(—a) = Vaer —¢cla) = T,

_ |, sho
that in turn entails that for all 1 < ; <1y Aser €G(a) = L; whence (I) guarantees that b = L
that ker 7 = {1} and that 7 is injective. o, !
: : : : . ach z G
Suppose « is an isomorphism and that Im [ generates Bg as a lattice, i.e, for each ~<€ gL
are finite subsets of H, {4, : 1 < k < m}, such that » = ol Dkt fih); for LSP =

Cr = a7 ' (4;) C G. Clearly,

m

k=1 Neco, flale)) = Y2, Niea, f(h) =
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:d] gnd
d th . . . . .
D"(b) ~€ Commu.tamwty of the diagram 1n the statement implies that if b = \/m A
= z, establishing the surjectivity of 7, as needed. k=1 /\ceCy ea(¢c), theg

LU N
~ - toposition 4.5 Let G be a RSG and let X and S be the Boolean space and q-subgroup of C(X)

=l

mstructed i :
hat, din 4.1. Let B : C(X)* — B(X) b

QJfC(X) clin bl (X) (X) be the map defined before 2.13, and let T be a g-subgroup
i X (1) B(T) is a complete subgroup of Ba 5 that generates B as a lattice;
hus, 2) G and G (T) are isomorphic reduced special groups.

! .
ben, there is an automorphism & of C(X) such that £(8) = T.

b
up S oof. The hypotheses, 2.17 and 4.4 yield a commutative square

9 ;
8(S) = G —— G(T)
1(4)
£q (D) BT
ul of
00 Bg————— Ba
T

lere o is a SG-isomorphism and 7 is an automor hi g i i

y : 2 e phism of Bg. Since 7 is an automorphism, St i

fl;}les at once that its dual S(), given by S(r)(F) =1m"UF), F € S(Bg) = X 12 ;ri?o,meznmeo(i;lﬁlz
onto X. Let £ : C(X) — C(X) be the R-algebra isomorphism induced by S(r) (see 4.7 below)

it is,
¢: C(X) — C(X), given by £(f) = fo S(r).
le ¢ is a ring isomorphism servi ; its i
) a g sm, preserving square units (4.7.(b).(3)), &(S) is a g-subgroup of C(X). I
Nains to check that £(S) = T. We first note that for all f € S Sk oty
" () <01 = (If < 0D- 0
‘ted, the definition of S(r) and the fact that T is bijective, give, for F € X:
() <0] e ENHF) = FEMEF) = friF) <0 e R elf <]
ipite t o  Fer(f<o],
ablishing (I). The commutativity of diagram
(I) Ollows that

(D) and (I) entail [£(f) < 0] € B(T) = Im B, wherefrom

) € B(T)
C B(T), and so 9.17.(c) implies §(5) € T For the

leg £ . ;
¢, fis arbitrary in S, we conclude that B(§
< Im By, whence the commutativity of diagram (D)

Trse i
gves o inclusion, let g € T; then, B(g) = [g

1 (1) above yield f € S such that
' B(9)
2.17.(a) entails £(f)g € C(X

8(f) = [e(H) <0l = BEAN)

=
)"2 C £(S). It is now ;mmediate that g € £(5), as needed. O

y. Theorem 3.9 (p.41) in [GJ], shows that ¥

913 the space Y was arbitrar
without changing C(Y):

Hausdorff and completely regular),
Y and a continuous map, T : Z —Y,

n
)ity hark 4.6 In Proposition
Anl ¢ taken to be Tychonoft (i.e.,
a
Z, there is a Tychonoff space
Z) is a R-algebra isomorphism.
«Tychonoff space”. o

F
s(’r every topological space
 uch that f € C(Y) — foTE C

Ve -
it "W of this, henceforth the word
o

“gpace” will stand for

o hee we shall be dealing with several spaces and to keep notation straight, if K 1s a topological space

|
0 T € O() write [ < O]y for the (open) subset of I where f s negeiive

Jet ’Qm
Ma 47 [eth: K — K bea continuous map of topological spaces. Leth : C

iy

by b(f) — foh. Then, b is aR-alge
e ") = f o h. Then, h 1s a R-aige

B te embedding.

B BT} Be is a comple

(K') — C(K) be

bra morphism. Moreover,

25
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a) For all f € C(K'), h~Y([f < 0g). = [B(F) < 0] -

b) If Im h is dense in K', then:
(1) b is a R-algebra embedding; (2) For all clopen U in K’ R(h—1(T)) . = i
(3) For all f € C(K')*, b(f) € C(K)* & fe CK)*2

Proof. Clearly, h is a morphism of R-algebras. For (a), note that for all y € K,
MWW <0 & fhB) <0 & hyelf<ily o yeh'([f <0k 1
-l
b)(1) If fi, fa are such that h(f1) = b(f2), then f; and f2 coincide on the dense set Im h C K', a8
since R is Hausdorff, we conclude that they must be equal on all of K.
. (
(2) Fix a clopen U in K'. Since h=}(U) = h=Y(U N h(K)), we have h(h=Y(U)) = UnNh(K), aul?
given the density of Im A in K’ and the fact that U is clopen, we obtain
h(A~Y(U)) = Un BE) = §f,
as claimed.

. . . ) ) b
(3) Since b is a ring embedding, (<) is clear. Conversely, assume that h(f) is strictly positive 1 I;
[f <O0]gs # 0. Then, [f < 0l N R(K) # 0, and (a) yields [h(f) < 0], = hY([f< 0]x7) <
which is impossible.

; i

Theorem 4.8 Let w : Y — Z be a continuous map of Tychonoff spaces, whose image 1§ d€"56> i
Z. Then, for each q-subgroup P of C(Z), there is a q-subgroup Q of C(Y) such that (G(P),E o
isomorphic to (G(Q), =9, —1 ).

dding é”d

Proof. Let 0 : C(Z) — C(Y), given by o(f) = fow. By 4.7.(b).(1), 0 is a R-algebra embe nits

hence o(P) is a subgroup of C(v)*, containing —1. Let Q be the saturation of o(P) modulo squar®
that is,
@ = oF)-CY)** = {o(flheCY)*: fe Pandh e C(Y)**}.

Then, @Q is a subgroup of C(Y)*, containing (C(Y)X2 and —1, whence a g-subgroup of c(Y)
o[ P is a group embedding of P into Q, taking —1 to —1. We now have, for f, g € P: (*)

feDP(1,9) & o(f) € DL, o(g)). b
Indeed, since o is a ring embedding, (=) is clear (2.7). For the converse, because [h < 0] i a'.d(;p
Z for all h € C(Z)*, items (a).(1) and (a).(2) in 4.7, together with the equivalence in 2.7.(a) yiel
oD EDL o) = PU<Oy € P@)<0ly = wiff<ol, c wi(ls<)

= oW <01) € (ot <ary)

= w w“l([[f<0]]Z)) G "m

= [f<0lz € [g<0], = ¢ D(1, g),
as asserted. o
Let p: P — G(Q) = Q/C(Y)*? be given by = g9 o o [P, where go : Q — G(Q) 18 e natit i
quotient morphism. Since every element of () is equivalent, modulo C(Y)? to an element of O(P)’e t0
clear that u is surjective, while 4.7.(b).(3) implies that ker # = C(Z)*%. The same argument ug P)
establish 2.13.(c) or 4.1.(3) (that depends only on (*) above) shows that  factors uniquely throug {
to yield an isomorphism of reduced m-SGs, @ : G(P) — G(Q). act

~ Cleatlf

The last step in our discussion 1s determlmng, for each reduced special group G, a P“’Jectlve, L,O' the
K such that G is isomorphic to G(S) for some ¢ -subgroup S of C(K)*. The interest in this lies bt

e Rl e is SUC
fact that the Boolean algebra of clopens in K is complete. In fact, it will be shown that there 1

K universal for countable special groups.
It is well-known that a
compact Hausdorff space is projective iff it is extremally disconnected

74 o ] . . . . 35
iff it is Boolean and its BA of clopens is complete
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[Thtertec;tdeiory'of C‘ompact Hausdorff spaces has ‘enough projectives (for background on projective compacts,

. Gleas(;n mr;.y f(i,onsul't [Mag] or FJhapter 21 in [Mir]). This fact is a consequence of a construction due

1 u.l ‘0 X no_tdm(?n,. let K be a compaf:t space and let &(K) be_the Stone space of the complete

o thg- ?fl‘ f)pens .1n K, ie., .tho'se open U in K sucyh that U = int U (int is the interior operation).

SubSQ’t ere is cx-?ont1n1101}s sur]ec:tzon, g: &(K) '—> K, such that no restriction of g to a proper closed
of &(K) is onto K. The diagram g : &(K) — K is the Gleason projective cover of K.

theorem 4.9 . '

.9 a) If G is a RSG, then there is a projective com

\ pact space Z and a q-sub

ich that G is isomorphic to G(S). trevtarouy 5 of €2
i :

))Any countable RSG is of the form G(S), where S is a g-subgroup of C(2¥).
) There is a ectt ' ' ‘

e projective compact P such that if G 1s countable RSG, then there is a q-sub
U(P) such that G is isomorphic to G(S). i bl

i’roof. d) By Theorem 4.1, there is a Boolean space X and a ¢-subgroup T of C(X) such that G is
170rnorphlc to G(T). Let g: &(X) — X be the Gleason cover of X. Then, Theorem 4.8 yields a
‘):‘Subgroup S of C(6(X)) such that G(T) ~ G(S) = G, as desired. , oY

| Let (& be a countable RSG; then its Boolean hull, Bg, is also countable (this follows straightforwardly
om 2.12.(b).(3)). Hence, the Stone space of Bg, Xg, is a second countable Boolean space and thus
a result of Kuratowski asserts that X¢ is the continuous image of 2, that is, there is

‘letllzd;qbl(‘,. NOW,

B .. o a3

' tontinuous surjection, g :
| ) .
of C(X¢) and the desired conclusion follows from Theorem 4.8.

The same arguments used in the proofs of items

%

| %Let g: P=@(2¥) — 2 be the Gleason cover of 2¢.
“) and (b), yield a g-subgroup S of C(P) such that G(S) ~ G.
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