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pose of these notes is twofold: 
) F'irstl . . . ¼flici Y, we presen t a sirn ple set of axiorns for nngs and q-su bgcou ps of th ern ( cf. Defi ni tion 1. 1) 
Sis • ently strong to ensure that , whencver R is a commutative unital ring in which 2 is invertihle, and 
IOe th q-s u bgro u P of R, the grou p S / ( R x) 2 of sq u are classes of S is a special grou p th at fai thfull y ref ects 
lheor:;;;y of diago nal q u adr ati c forrns with cocffi cien ts_ in S ( cf. axioms [FQ 1], [FQ 2 J and [FQ 3 J in 
%· s 1.17 and 1.20). These axiorns substant1ally improve those presented in [DM5]. This is the 

Ject matter of section l. 

I 
'I'hese axi b d · · I · d · P,l?) iorns can e use , m par ticu ar, to give a new an sirnpler proof of Theorem 3.16 of [DM5] 

"llec '. guar an teeing th at a large class of ri ngs R with m any u ni ts givc rise to s pecial grou ps th at fai thfull y 
l t isometry and represcntation of non-singular qua<lratic forrns with unit coefficients in R. 

letct n general, rings of rcal-valued continuous functions and the rcal holornorphy rings of formally real 
\p s are not ri ngs with man y uni ts; cf. Proposi tion 2 .14 in [D M5]. Howcver, we sh ow that rings of th cse 
"11:s _do verify [FQ 1), [FQ 2] and a restricted form of [FQ 3], giving rise to special groups faithfully 
1.,:ting value representation of diagonal quadratic forms with invertible entries. Thus, the class of rings 
•nr '5ing this property extends far beyond rings with many units. This is done in scction 2 for rings of 

inuous functions, for which we also prove a fairly general transversality result (Theorem 2.5). 

~o~e also identify precisely the special groups associated to these classes of rings: they turn out to be 
k.thean alge b r as ( of clo pens of s ui ta bl e topological spaces). In part.icul ar, these special grou ps have the 
10, eor:tic property [SMC] - that we introduced in [DM3] -- aod hence by rcsults in [DM6] and [DM7], 
I)~ Venfy Marshall's signaturc conjccture and their K-theory verifies Milnor's Witt ring conjecture. 
I tt second goal, achieved in section 4, is to show that any reduced special group (RSG) is isomorphic 
~, e special group of square classcs of a q subgroup of the algebra of continuons real valued functions 
1.itne Iloolean spacc, this algebra heing, itself, a ring with many unit.s (cf. Thcorem 2.lll and Corollary 
io 

1
;)D M5], pp. 9-10) . This res ul t bears oo the l ong-s t.an di n g 1·epresen ta lion pro blem poscd by Marshall 

lijj 4· 
18 
any RSG isomorphic to the spccial gronp of sqnare classes of a Pythagorean fieJd? Thongh 

ia s Problem is still open _ and wiclely believecl to have a negative answer - our results show that as 
%a . 1-sllb 5 the cla.ss of representation objects is broadened from RSGs of fields to tlwse of rings .-. or, rather 
~i _groups of them, and one may even add, rings with many un1ts -, the problem has a positwe answer. 
I~~ "'1;

0
e merits, in our opinion, furthcr examinalion. Observe, for example, that C(X) is the Dedekind 

~ in the topos of sheaves over the topological space X. Ot<lti ' . • . h. h . "1· 0n. In all that follows the word ring stands for commutative umtary rmg rn w 1c 2 1s a 
It. If n . ' 

.r-1, 1s a ring, T C R and x E R 
•}1x - groupsofunitsinR; ,yx TnRx; ,T'={t'ER:tET); 

tr2 - {"'n 2 {t t } c T}· * xT === {xt : t E T}. 
~ wi=lti: 1,, .. ,n - , 

11

1 Jl'he rnain re It L . d h bt · ed in Januai·y 2006 and 2007 were presented by me in a conference held in Paris 
lll)e -su s con aine ere, o ain c , . . . . • • . . . ~<ltL 2007 in h . f M D. I It was a great pleasure to reg1ster this testnnony of our fnendsh1p and frmtful 
11eilJ . , onor o _ 1c cmann. , < 

atical collaboration. 
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1 Commutative Rings and Special Groups 

1 E S is cl Definition 1.1 If R is a ring, a q-subgroup of R is a subset S of Rx such that l, - ' 
under multiplication, and ( R x) 2 ~ S. 

! = x . l_z E S, bec 1.2 Examples and Remarks. a) If S is a q-subgroup of R and x E S, then x x 

S contains all invertible squares. Hence all q-subgroups are subgroups of Rx. 
b) The smallest q-subgroup of R is RX2 U -Rx2; the largest is, of course, Rx itself. . 

5 

N 
c) It is straig_htforward that t_he farnily o: q-subgroups of R i~ closed under arbitrary interse:~~n ~ith 
over, the union of any up-directad farnily of q-subgroups 1s a q-subgroup. Hence, endo 
inclusion partial order, the set of q-subgroups of R is a complete lattice. 

d) IfT ~ RX, the set N} 
Tq = {a}1a~2 

••• a~nx2: n~ 0, x E RX, {a1, ... ,an} ~TU {1, -1} and {k1,···,kn} ~ 
is the q-subgroup of generated by T, the intersection of all q-subgroups of R containing T. 

It" be the 1.3 Diagonal S-quadratic forms in free R-modules. Let n > l be an integer and let 
n-dimensional R-module. Let S be a q-subgroup of R. 
a) To ( a1, ... , an) E 5n, we associate: 

(1) A diagonal quadratic form, q(a1, ... , an), where for x= ( x
1
, ... , Xn) E Rn, 

q( a1, ... , an) (x) = ~n_1 a;x2. (" 
~I- I J!) 

(2) A diagonal matrix in G Ln ( R), M( a1, ... , an), whose non-zero entries are precisely a1, ···'an 
order, i.e., the ( k, k )-entry of M is ak)- 

(3) The discriminant of q(a1, ... , an) is the unit a1 ···an of S, exactly the determinant of M(ai, · ··~ 

) ·11 5tall Whenever we write <p = ( a1, ... , an) for a n-form over S, then q(<?) and M(ifl wi 
q(a1, ... , an) and M(a1, ... , an), respectively, while d(<p) is the discriminant of<?. 

b) If ip = ( a1, ... , an), 1P = ( b1, ... , bn) are n-forms over S, define 

q('P) ~ q(1P) iff :l M E GLn(R) such that MM(<?)Mt = M(1P) · rJlal 

Note that rl(<p) det(M)2 = d(?/J), where det M is the determinant of M. The relation ~, called 
isometry, is readily proven to be an equivalence relation. fl 

. Le" c) If ( a1, ... , an) E S", ( c1, ... , Cn) E Rxn and o is a permutation of {l, ... , n}, then , just as in 
1.28 in [DM5] we have 

d) As usual, if<?, 1/J, 0 are forrns over S, then 

q(<p) ~ q(1P) => q(<?) EB q(0) ~ q(1P) EB q(0) and q(<?) 0 q(0) ~ q(1P) 0 q(B). 

(2) q(a1, ... , an) ~ q(aa(l), ... , aa(n))· 

For a, b E S, 

D
5 

( a, b) = { x E S : :l t, s E R such that x = s2 a + t2 b} . c 
. - x b) [t 1S 1s the set of elements of S represented by ( a, b). If S = Rx, write DR(a, b) for DH (a, · 
thatfor all a, b E S, {a, b}~ D5(a, b). Let 

G(S) = S / Rx
2 

and q5 : S ---------+ G(S) be the canonical quotient rnorphisrn- ta! 
Clearly, G(S) is a group of exponent 2, with distinguished elements 1 = I and -1 = -1. To ease no for x E S, write x for qs(x) and -x for -1 ·x= -x Hence . ) 

G(S) = {x : x E S}. 
Note that for x, y E S, x= y iff xy E RX2 iff :J a E Rx such that x=== va2- e p 

The basic properties of binary representation sets are described in the result that follows, whOS 
is similar to those of Lemma 1.30 and Proposition 1.31 of [DM2) (cf. also Fact 8.10 in [DM7D· 
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telll.ma 1 4 w· h ' · it notatioti as above, let x y ·u v E 5 and t E Rx 
iJ uDs ' ' ' . , . r,J I/ (x, Y) = D5 ( ux, uy) and D8 ( x, y) = D

3 
(t'.,, t'y). 

u E D5 (x, y) and u = v =} v E D5 (x, y). 
c) x -- - - u and y =V ::} D5(x,y) = D5(u,v). 

aused) DS(l . , x) is a subgroup of S. 
e) x E Ds /) · (l,11) c; D3(x,xy) = xD5(1,y) = D

5
(1,y). 

UED5(:c,y) {=? D5(u,uxy) = D5(x,y). 
[ore· 1) The • ll . ;o ountu; are equivalent : 
tii/ (1) . _ xy = uv and D5(:c,y) = D5(u,v); 

(2) xy=11.v and D5(x,y)nD5(u,v) i- 0. 
() 

I t::• k 1. 5 S in ce the rep resen tation sets, D5 ( ., , 'I), are in varian t ( °' sa tmated) with res pect to sq u are 

(1.4.(b), (c)), they can be seen in G(S), that is, 
fil' ijlh D5(X, y) = Ds (x, y)/ R'2 = {Z E G(S) : 3 t,, t2 c R such that z = tjx + tjy), 

(qs)-1(D5(x, y)) = D5(x, y). Hence, for x, y, u, v E 5 

{ 

uED5(x,y) {::} uED5(x,y); (rep) 

It· D5(u, v) = D5(x, y) ., D8(U, v) = DS(x, y). 
IS irn . . portant to observe that D5 (1, x) 1s a subgroup of G(S). () 

that l) . efine a binary relation on G(S) x G(S), =.5, called hinary isometry modulo squares, as follows: 

F .1 Is or u, v, x, 11 E s, (ll, v) c,5 (X, y) ., '"" = xy and D
5
(u, v) = D

5

(x, y). (c,
5

) 

jl ~ R', write =' for c=5. Lemma 1.4 yields, with the notation in Definition 1.2 of [DM2]: 

le1o, tna 1.6 a) G(S) = ( G(S), =.5, -1) satis.fies the following properties for all u, v, x, y, z E 5 
[SG O] : =.5 is an equivalence relation on G ( 5) X G ( 5) . 

. , [SG !] : (ll, v) =s (V, u); [SG 2] : (ll, -ll) =s ( l, -1 ); 
(fl' [SG 3]: (u,v)=.5(x,fJ) ::} uv=xy; 

[SG 5] . ( - -) s ( - -) ( - - ) s (- - ) iflla /~th · u, v == x, y =} zu, zv == zx, zy . 
I) I e terminology o j [DM7], o« finition 6. 7, G ( S) is a proto s p ccial gro u p ( ,r-S G) 

f representation in G(S) is 2-transversal1 that is, if it satisfies 

1
1 V u v x E 5 x E D5(v, v) ::} 3 s, t E Rx such that x = s

2
u + t

2
v, 

'teri ' ' . ! ' q G(S) is a pre-specia.l group, i.e., it sa.tisfies, in addition, 
[SG4]· (--)-s(--) (- -)-5( v1) c) 1' · u, v = x, y =} 11,, -x = - , y . 

he following are equivalent : 
(l) G(S) is reducedJ i.e., 1 -f- -1 and for all a E 5, ( 7i, a) =.

5 
( 1, 1) ::} 7i = l; 

J&' ( 2) - 1 'i R' 2 and every surn o j two squares -in R is a square ( and so ER
2 

= R'). 
~ ~~ . · a) We comment only on [SG 2]. Since 2 E Rx, we may wnte 

jollr u === ( 1 +2 v.) 2 - (1 -2 u f' 
Sita . \ (~ing that if u c S, then u E Ds (1, -1). Since u(-u) = l (-1), the definition of eo

5 

cntails ( U, -ii) 

(1) ~) I '-1 ). ,J li,1:, ~)_ ~s (X, y), then mJ ~ .,y and the :quivalence _(*) _(bef°'.e the statement5 of 1.4, ab~ve) 
''Dre, 

11
(-x) = (--v)y. By Lcmma 1.4.(g) the desired conclus10n 1s equ1valent to u C D (- v, y). Since 

'"11 entation in s is 2-transversal and y E v5(u, v), there are s, t E R' such that y = s

2

u + t
2

o, 
So · . . . Y 2 ( ) d l 's1n ·e s2 E Rx2, the preced1ng equat.1011 y1elds u = s2 + t -v 'as nee ec. 
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. . Ds(l 1) enta c) If ( a, a) =s ( 1, 1) and in R the sum of two squares 1s agam a square, then a E , 
a = 32 + t2 = w2, and so a = I = l. The converse is immediate, ending the proof. 

We now show that binary isometry in G(S) is equivalent to matrix isometry. 

Lemma 1.7 For all u, v, x, y E S, (u, v) =.5 (x, f/) q q(u, v) ::::: q(x, y). 

Proof. (:::;,) By the definition of =.5, 

uv = xy and D5(u, v)= D5(x, y). 
The equations in (1) together with the definition of =.5 yield e E R" and s, t E R such that 

u.1:y = 
Hence, 

v = 

( ) R) It Set M = 
8 

t ; then det(M) = xs2e + yt2e = ue E Rx, tha.t is, M E GL2( · -yte x se 

straightforward, using the equations in (2) and (3) to show that 

M ( x O ) Mt = ( u O ) . ( 
0.1J Ov --,Jt 

--xY· ({::::) Assume there is M E GLn(R) such that (4) holds; then uv = det(M)2xy, and so uv - __, 
3111 

straightforward that u = s2x + t2y, where (s, t) is the first line of M. Hence, we have uv ::::: xy 
u E D5(x, y) n D5(u, v), and Lemrna 1.4.(g) entails (u,v) =s (x,y), ending the proof. 

isrrl I Definition 1.8 If G, H are 1r-SGs, a map f : G ----+ H is a 1r-SG morphism, if f is a morph 
groups, taking -1 to -1 and such that for all a, b E G 

a E DG(l,b) :::;, f(a) E DH(l,f(b)). 
A 1r-SG morphism is an embedding if it is injective and for all a, b E G, 

a E DG(l, b) q f(a) E DH(l, f(b)). 

f is a 
Remar~ 1:9 Let J : G ----+ H be a 1r-SG morphism. If G is reduced (cf. 1.6.(c).(~U, t~en]ieS t~1 
embeddmg 1fffor all a, b E G, J(a) E DH(l, J(b)) =;, a E DG(l, b), because this cond1t10n irnP cibiht 
f is injective. Indeed, if f(a) = 1, then f(a) E Dl-I (l, f(l)) a.nd 80 a E DG(l, 1), which by redu I 

is equiva.lent to a= 1, showing that ker .f = {1}. 

. . . ·sometrY fl Definit.ion 1.10 Let G be a 1r-SG. Just as in the case of special groups, we can define z . ill in 
forms of arbitrary dimensionn ~ 2 overG [i.e., (a1, ... ,an), (bi, ... ,bn) E G"], by inductzon, 
usual way: for n 2' 3 

if! 
{ 

3 .1:, Y, Z3, ... , Zn E G such that arid 
(a1,x) =a (~1,Y), (a2, ... ,an) =G (x,z3, ... ,zn) 
(b2, ... ,bn) =G (y,z3, ... ,Zn.) 

. t!it 
d. ensiori, If 'P, 1/J are forms ouer S of the same zrn Corollary 1.11 Let S be q-subgroup of a ring R. 

T.p =s 1P =;, q(!fJ) ::::: q(?/J). 

t trt, . . 1 resul Proof. By mduct10n on the common dimension, n, of <fJ, ?/J; the ca.se n= 2 is 1.7. Assume t~e _
5 
i, the 

for forms of dimension n ~ 2 a.nd let <p = (a) EfJ 01 and ·tp = (b) El) 0
2
, with dim 0; :::::: n. If ip::::: 

there a.re x, y E S and a (n - 1)-dimensional S-form, 0, such that 

(1) (a,x) =s (b,y); (2) 0P1 ==s (x) EfJ 0; (3) 02 =s (V) EB 0. 
The induction hypothesis, Lemma 1.7 a.nd relations (1) - (3) yielcl 

(4) q(a, x) ::::: q(b, y); (5) q(01) ::::: q(x) EfJ q(0); 
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ii, ~ow' from (4) (6) bt . . h . . . t· . h ~ I - we o am , using t e assooativ1ty o EB wit respect to ;::::; and the transitivity of the 

v atter: 

ii(ti?) == q(a) EB q(01) ;::::; 

;::::; q(b) EB q(02) 
as required. 

q(a, x) EB q(0) ;::::; q(b, y) EB q(0) ;::::; q(b) EB (q(y) EB q(0)) 

q ( 7P)' 

l.12 N t . 1)), 0, at io n. Lct A be a set and n ;> 2, 1 <; k 5 n be intcgers. If a ~ ( a1, ... , a.,) E A", write 

1' · · ·, ak, ... , an) for the element of An-I obtained by forgetting the k
th
-coordinate of a. () 

Z) re In the general setting of rr-SGs associated to q-subgroups in rings, there are several concepts of 
Presentation, which are of crucial importance to distinguish. In the field case, all these notions coincide. 

l)· Defin • • h.f it~on 1. 13 Let n 2' 2 be an integer, let S be a q-subgrov,p of a ring R, r.p = (bi, ... , bn) be a 
»rm i S - - - i, Q) s n , and sp = ( b1, ... , b« ) be the corresponding n-form in G ( S) . 

. D ('P) = {a E S : There are a2, ... , an in S such that, (a, 712, ... , 7in) =.
5 

<f5}, 
~ the IJ D,;'' of elemenis of S iso metry-rcp reseri ted (i_so-rep resented) by 'P, 

I). "(<fJ) = {a E S : There are x1, ... , Xn E R2 such that a = '\""""'n_1 x;bi}, ~th L,,_ 

i, J e set of elemenis of S value-represented ( v-represented) by <p. 
c DS l . tv(<fJ) = {a E S : There are z1, ... , Zn E Rx2 such that a = '\""""'n_1 z;bi}, ~th L,,_ 

i j ;."•bset of S transversaly v-represented (tv-rcprcsented) by 'P- Clearly, Df.,('P) c; v;('P). 
i/ 2th notation as 1.12, let 

{ 

D~(b1,b2) 
'Ds (<fJ) = v n~=l LJ {D~(bk,u): u E Df(b1,---,bk,···,bn)} ifn 2' 3. 

'"~hen S = R x and cp is a n-form ooer R' , write D~ ('i'), D(;; ('i') and 'D R ('P) for the value-representation 
efined above. 

aetn i i) ark 1.14 Let S be a q-subgroup of a ring R. 
i It is t · · · · · d l · ,. i~ s raightforward that all the representat10n sets defined m 1.13 are invariant mo u o uniis squares 

1 I) It. Hence, they may also be seen as subsets of G(S). 
I < 1h: defini tion of binary isometry in G ( S) ( or S) ent.ails D5 

( s, t) = v; ( s, t), for all s, t E 5. It is 
~ntirely different matter if n > 3 or if we consider transversa.lity. 0 

- ' 
,r te t , /'"-na 1.15 Let S be a q-subgroup Of a ring R and let n ;, 2 be an inteyer - Let 'P = ( b, , ... , b,, ) be 
/"" over S and let <7 be a permutation of {1, . - - , n), Let 'I'" = ( b,,(1), · · ·, b,(n) ). 

u (i) D~(<P) = Dt(<?o-); (ii) Dfv(r.p) = Dfu(r.po-) 

if n - 2· - I 

1 
(iii) '.Ds (<?) = 'Ds ('Po-); 

!ns(ip) 
11 cJ Ds s;; Dt (r.p). 

11) L tv('P) s;; D~ (<?) and 1)
5 (<?) ~ D~ (t.P) · 

et l :S k ::; m be integers, let cp
1
, ... , if'm be forms 01Jer S and let X_j E D~('P1), 1.:; j.::; k. 

D~(x1, ... , :rk) ~ D~ ( EBj==l 'Pj) · 
1P is a m-Jorm over S, then D~ ( if?) ~ D; ( r.p EB 7P) · 

(iv) G(S) is a SG =? D5(r.p) 

Then, 

1C 

11 I~ Pa, . 
r ticula.r, if 

p /bt~~]f. a) I tems ( i) _ (ii i) are clear, w hile ( i v) follows from the eq ui valence in T heorem l. 23 (p. 16) in 

0 . /Jhe asserted inclusion holds if dim 'I'= 2 (see 1.14.(b)). We proceed by induction on 2 5 n= dim 'I'. 
I,,,"' (b) Ell ,j; and a E vs ( 'P), with di_:" ,j; = n, according to 1.10, there are a n-form B over S and x 

' . · · , Zn E S s uch tha.t <;5 === (a) EB 0 and 
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(a,x) =S (b,YJ), 7J=S (x,z3, ... ,zn) and 1/J =S (TJ,z3, ... ,zn)- . dial 
. . . s ("1') It · s then 1mrne But then a= s2 b+ t2y, while the ind uction hypothesis guarantees that y E Dv 'Y · 1 

that a E D; (<P), completing the ind uction step. h. hoi1 
s s d. !.p - 2 t is c) It is clear that Dfv(<p) ~ D;(I.P). It remains to check that '.D (1-P) ~ u; (1-P( For_ im B ~tems (i)ar 

by definition. Assume the result true for n 2: 2 and let 1P = (b) EB 1/J, where dim 1P - n. Y have 
(iii) in (a), it suffices to check that if a E D;(b, u), with u E D;(1/J), then a E D;('P). But we 

a = s2b + t2u and u = =ni.=l x;ci, J 

rties t l "
1
' ( ) d t R ·t · · d. t f the preceding equa. 1 where ,y = c1, ... ,cn an s, , x1, ... ,.Tn E ; 1 1s rrnrne 1a e rom 

a E D;f ( <p), as necded. Itern ( <l) is s traightforward. . . _ d) ofl.l 
Our next result shows that important relations between the value sets m iterns (b) ( 

particularly transversality, are consequences of very simple axioms. 

Theorem 1.16 Let S be a q-subgroup of a ring R and let k, n 2': 2 be integers. Assume that 
[FQ 1]: For all a, b E S, Dt(a, b) = Dfv(a, b); 

[FQ 2Jn : For all 2 S m S n and all m-forms i.p ouer S, '.D5 ( <p) = D; (<.P). 
Then, 

a) For all 2 S m S n and all tn-forms <p over S, D; (1P) = Dfi,(1-P). 
b) If 1P1, ... , <pk are forms over S and 1P = EB7=1 <pi is such that dim <p S n, then 

D;(I.P) = LJ {Dt(u1, ,uk): u; E D;(1P;), 1 Si S k} 
= LJ {Dfv(u1, ,uk): u; E Dfv(1P;), 1 Si S k}. 

that b: Proof. a) By [FQ 1], the result is true for m = 2. We proceed by induction on m, recalling and Je 
1.15.( c) it suffices to verify that Df ('P) ~ D;';,(_'P). Let <p =. ( a1) EIJ V', with m = dirn ! : ;u,h tb• 
x E D;(1P). By [FQ 1], [FQ 2Jn and the mduct10n hypothes1s, there is u E Dt(1/J) == Dtv( ) .,c) 
x E D;f ( a1, u) ~ D;;,(a1, u). It is now straightforward to sce that x E Df,,('P). Indee<l, if,;,= ( ~'.' · · 
there are s, t, z1, ... , Zm E Rx, such that x = s2a1 + t2u with 'U = ~11_'._

1 
z2c;, as neede rool 

' L.,,_ 1 ·ts P b) It suffices to verify the first equality for k = 2; a straightforward induction will complete 1 -weJJ'l': 
while the second follows from (a) and the fa.ct that k s; n and maxl$i$k dim <p, s; n. Moreo_v~~ [fQZ\ 
assume tht n ? _3, ~therwise there is nothing t~ prove. Suppose, then, that <p =. 'P1 Ell \?;, ( 

01 
)@f 

the result 1s true 1f d1m 'P1 = 1. We proceed by rnduction on m = dim <p
1 
< n, lettmg 'P1 

with dim 1P = m. Fix a E D;(1P); by [FQ 2Jn, there is x E Dt('I/J ffi <p
2
) such that (l 

a E D~(a1, x). 
Since dim 1P = m, the induction hypothesis yields u E D~ (1/J) and v E D~ ('Pz) such that (!l 

x E Dt(u, v). 
It follows from (I) and (II) that a E D; ( a1, u, v). Because n 2'. 3, we have 

D;f (a1, u, v) = '.ll
8
(a1, u, v) i:; LJ {Df,(z, v) ; z E Dt(a1, u)}, 

5 
) @I 

whcnce there is z E D;f (a1, u) such that a E Dt (z, v). Since u E DJ ('P), 1.15. (<l) entails z E D, (~ ':\,r- 1 
= D~(<p1) and so a E Dt(z, v), with z E Dt(1P1) and v E: D~(<p

2
), completing the inductio 

We shall now describe axioms that guarantee that the proto-special group 

G(S) = (G(S),==5,-1), . [Pjv!S 
Sa q-subgroup of a ring, is a special group, where G(S) = s / RX 2, improving the presentation tfl 

Theorem 1.17 Let S be a q-subgroup of a ring R. !] ,, 

a) With notation as in 1.13 and 1.16, assume that representation of Jorms over S ver~fies [F~ of 51 

[FQ 2b. If 1P is a form of dimension :s; 3 over S, then D; (1;) = ns (1/;), that is, an elerneri 
v-represented ~tf it is iso-represented by 1P. . r,ietf 

· zsO b) Assume that value representation for .forms over S verify [FQ 1], [FQ 2]
3 

and that rno,trix 
satisfies the following cancellation property 
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For all a, u, v, x, y E S, q(a, v,, v) ~ q(a, x, y) ::::;, 

(l) For all 3-forms 'P, 'i/J over S, q('P) ~ q(1P) <=;, fp =s ~; 
(2) G(S) = (G(S),=5,-1) is a specialgroup. 

q(u, v) ~ q(x, y). 

l, 
11 

Proof a) B lnis· ·

1 
yLemmal.15.(a)ancl(b),itsu-fficestoshowthatD5('P) = '.D

5
('P) C Ds('P).Ifdim'P=2 

is c ear ( R . v - ' , E '.i.ls (I' see ern ark 1.14. (b)). It remams to treat the case whcre dim 'i' = 3. If 'I' = (bi, b,, b,) and 
a ) , by [FQ 2h and [FQ 1] there is u E S such that 
-O)h (i) a E D;~(b,, u) and (ii) u E Df,,(b2, b3). 

1 erefore th J, , ere are s1, s2, s3 in u=, such that 
a = b1si + b2s~ + bJsf ~ 

~C==b U 2b3u ( clearly, c E S); then, (II) entails 

(I) 

(II) 

¾d c = b,b,u = b2b, ( b2sj + b3sl) = b3 ( b,s2) 
2 + b, ( b,s, )', 

so c E Ds ( . . . lleep in . '" b2, b,) ( note that b.s, E R', i = 1, 2, 3); this last celat.wn and the very definit.ion of c 

mind that b; E S, i = 1, 2, 3) yield 
ld cu = b,b, and c E [)

8 (b2, b3), 
so the d fi · · f - - s lhat in G S e nition o binary isometry in G ( 5) yields ( b2, b3) c' ( fi, C). N ow, it follows from (!). ( i) 

( ) we have ( 7i, ab, u) ==5 ( b1, u). Pu tting all the above information together, we see that 
~~ . (a, abiu) 'c's (bi, u), (b2, b3) =c5 (U, c) and (c, ab,u) °"s (ab,u, c), (JII) 

etnes that entail (7i, c, abiu) =.5 (b1, b2, b3), establishing a E D
5
('P), as desired. 

r a 
1 
I '.:'.:'"k L 18 The above p roof yiel ds prccise informa tion on how to co m plete ( a, ·, · ) so as to have 

t (ii -c~)tnc in _G ( 5) to (bi, b
2
, b

3 
) : having select.ed u E Df" (b2, b3), if c = b2b3u and z = abi u, then 

I 'z -S ( b - - 
1 == 1 

1 
b2 

1 
b3 ) . 0 

· ll)(l) By 111 · · ( ·
1

• , nat q(<p ;__, , it i'. eno_ugh to establish (c>). Let 'I'_= a, x, y) and_ e = (bi, b,, b,). It isstraightforward 
I ) - q( 'P) imphes a E DJ ('P) = '.l)8 ('P). With notation a.s m the proof of (a), we obtam 

- s - - - 
'lct (a,c,abiu)=' (bi,b2,b,), 
' ~,

1

~ by 1.11, it follows that q ( a, c, o.bi u) cs q (bi, b2, b.,). Sin ce matrix isometry is transi tive, this 
j,, ,~\an~ our hypothesis yicld q(o., c, abiu) _"°_ q(a, x,J!L N_ow, the canccll~tion l~w [FQ 3], cntails 

I ~th t~ ) - q( x, y), w hence, by Lemma 1. 7, ( x, y) ='s ( ab, "• c). But. then, this la.st isomet.ry, together 

e first two in (III) above furnish 
I 11,

1

. ( a, ab
1 
u) =c5 (bi, u), ( b,, /i3) ='s ( u, c) and ( x, y) =-

5 
( abi·u, c), 

ii ~s equivalent to ( a, x, y) ='s (bi, b,, b3), as desired. 
!au 

8 0 
bserved i n Lcm m a 1. 6. (b), 2-transversali ty (i .e., [FQ 1 I) guaran tecs tha t G ( 5) is a p rc-spcci a! 

I tro
1

~ To _be a special group it is necessary and sufficient that. the isomet.ry relation =c
5 

be t.ransitive for 
I s. Smce mat.rix isometry is transitive, this is an immediat.e consequence of (b).(1). \) 

l~ 
lnar k 1. 1 9 

Since matrix isometry is preserved by scaling, property [FQ 3] in 1.17 is equivalent. to 
For all o., b, c, d E 5, q(l, a, b) "" q(l, c, d) c> q(a, b) "' q(c, d). 

I· ~ ,;;otem 1.20 Let 5 be a. q-subgroup of a ring R. Notation as in 1.16 and 1.17.(b), assum.e tho.t value 

I [;cntation of forms ove,· 5 satisfies [FQ l], [FQ3l, as well as 

5 
Q 2] : [FQ 2Jn holds for all n 2 2. 

'I'hen 
') ~ ' I ,,,t al[ n-f orms 'P over 5, Ds ( <p) ; [J t ( <p) , that is, an element of 5 is value represented if! it is 

etry represented I . 
J, in add. · ition, S satisfies 
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• · • ol, · · > 3 over S ani [FQ 3] : (Witt cancellation for matnx isornetry] For all forms c.p, 'Y of dimension n _ 
all a E S, q((a) EB c.p) ~ q((a) EB 1/J) =} q(Zf!) ~ q('i/J). 

then, 

b) For all n-forms c.p, i/J over S, q(c.p) ~ q('i/J) {::} 1P =s 1/J. l 
1 . . t and va ue c J G ( S) = ( G ( S), =s, -1 ) is a special group that faithfully represents mairix isotne ry 

reseniation of diagonal S-quadratic forms. 

l f 11 n > 2, Proof. By Theorem 1.17(b.2), G(S) is a special group. By Theorem 1.23 in [DM2, or~ tfurt 
extension of =s to forrns of dimension n is a transitive relation. We shall use this below, Wtthou 
comment. . duct 
a) By Lemma 1.15.(b) it is enough to verify that DJ(c.p) ~ Ds(Zf!), which will be achie:7ed b~t~rfof 
on dirn c.p > 2. It follows from 1.17. ( a) that the result holds true for dim c.p :c; 3. Assurne it vah ~ ti 
of dirriension n and let c.p = (b) EB 1/J, where dirn 1/J = n. If a E S is value-represented by (b) EB ' 
[FQ 2]n implies that there is u E S such that 

a E DJ(b, u) and u E Dt('I/J). 
The induction hypothesis yields z2, ... , Zn E S such that 

( u, z2, ... , Zn ) =s 1, _ . es of (I 
w hile the first representation relation in (I) im plies ( a, abu) =s ( b, u). Adding ( b) to both 51d 
Proposition 1.6.(a) in [DM2] (that holds even for pre-special groups) yields 

(b, u, z2, ... ,zn) =s (b) EB 1/J. 
Since (a, abv.) =s (b, u), from Proposition 1.6.(a) in [DM2] we obtain 

(! 

(! 

a; "J;, wherefro!!l Now, (III), (IV) and the transitivity of =s entail (a, obu, z
2
, ••. , zn) =s (b) w 9- 

conclude a E Ds ( (b) EB ?/J), as needed. bC 

b) As observed in 1.11, it is enough to prove the implication (=;-), that we know, by 1.17.(b).(l\:;rris 
f~r for~s of dimension :S 3. We proceed by induction on dimension; assume the result hold~for(1), th 
dimension n and suppose c.p = (a) EB 01, 1/J = (b) EB 02, where dim 0; = n, i= l, 2. If q(r.p) "' q 
a E DJ (?/J) and so, as above, [FQ 2Jn and item (a) yie]d u, z2, ... , zn E 5 such that (' 

(a, abu) =s (b, u) and (u, z2, ... ,zn) =s 02. 
Adding ( b) to both sides of the second isometry in (V) yie]ds 

( b, u, z2, ... , Zn) =s 1/J. 
On the other hand , the first isometry in (V) entails, by adding ( :z-

2
, , Zn) to both sides, 

(a, abu, z2, ... ,zn) c:::.5 (b, u, z2, ,zn), 
that together with (VI) and the transitivity of =s yield 

( a, abu, z2, •.. , zn) =5 1/J. 
Corollary 1.11 and the assumption q(c.p) ~ q('i/J) give: 

q(a, abu,·z2, ... , zn) ~ q('i/J) ~ q(l.P) = q(a) EB q(0i). _ n, t 
~ow, ~sing [FQ 3] _we ca~ cancel ~ut q(a) to get q(abu, z2, . ·.:._, zn) ::::; q(0i)- Since ~irn Bib~h siC 
rnduct10n hypothes1s apphes, to y1eld ( ab1.l, z2, ... , zn) =5 0

1
, wherefrom, adding (a) to 

a.nd using (VII) we get 

?/J =5 (- -b - - ) -S (- - S - - a,a u,z2, ... ,zn = a) EB 0
1 

= c.p, 
as required. Item (c) fol1ows immediately from (b) and Theorem 1.17.(6). 

sel1t D. . T' [FQ 3] pre 1.21 1scuss1on. ne arguments below suggest that the axioms [FQ 1], [FQ 2] and 
above are natural. Let S be a q-subgroup of a ring R. .

0

c 

be Cl ( 1) The h ypo thesis of Hrans versali ty for represen ta tio n i n G ( S), i .e., [FQ 1] i n 1.16 seems t~ed to ol 
to show that C(S) satisfies [SG 4]. Note that [SG 4] entails [SG 2] and so one might be ternP 
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j lne re . 
1 

f quuement tha.t 2 E Ax, used to esta.blish [SG 2). However, the hypothesis tha.t 2 E Ax has other 
se ul conse ( d p . . ir quences e.g., a preor er 1s proper iff -1 (/_ P) and gua.ra.ntees tha.t a.11 residue fields of A 

I 
e of cha.ra.cteristic =f- 2, a classical setting for q uadratic form theory. 
1) With n t t· . . l . ,iilfaith O a ion as m 1.3, w iat would be rca,;onable cequiremcnts on G(S) = ( G(S), ='s, -1) so that 
G(S) ,:;lly represents th_e t.heory of d.1'gonal 5-qu~dratu, forrns? The_ first would be that isometry in 
l,n responds to matnx ,sometry• if 'P, 'P are (diagonal) 5-qua.dratrc forrns of the sarne dimension, 

tii[*) h•n q('P) "" q('P) <c> -q, ccs 1. 
ext, since v l · · · · d' · d · f h lo a ue-representa.tion 1s an 1mporta.nt mgre ient m qua ratic orrn t eory, it would be na.tura.! 

i• 
1

,,"Pect th at it corrcspon d to rcprcsen tation in G ( 5) , th at. is, for all a. E 5 and all 5-for ms cp 
flll ) a E D~(1.P) {=> a E D5(0). 

ien With nota.tion as Theorems 1.16, 1.17 and 1.20, we have 

~rop .. j) rh, osrlton 1.22 Let S be n q-subgroup of a ring R sucli that [FQ I] holds for binary 5-repre.sentation. 

n, the following are equivalent: 
m (I) G ( S) is a special group sa.tisfying conditions (,) and ( '*) in I. 21. ( 2); 
j, ( 21 Value rcpresentation of diagonal S -quadratic f orms veri fy conditions [FQ 2 J and [FQ 3 J. 

::o~f. (2) c} ( 1) is the content of Thcorcms 1 .17 and 1.20. (c). For the convcrsc first note that since any 
ii) , ~a] gro u P sa tisfies Wi tt-can cellatio n ( P roposi tion I. 6. (b) , [D M2]), ( *) imm edia tely yiel ds [FQ 3 J. Lc t. 
i. - ( br, ... , b

0

) be a n-ary 5-form. By Lemma 1.15. (c), it is enough to chcck that D, ( 'P) C:: '.D
5 

( 'P). 
V) 1/rne that for a ( S, we have a E D,('P); then (**) yie]ds a E D5(\5). Since G(S) is a special group 

re 18 a S-form 0 such that ( 7i) E8 0 =s <15. 
we p· v 

1 

rx 1 S: k S: m; Thcorem 1.23 in [DM2] guarantees that 'P ~s (b,) Ell (bi, ... , b,, , bn ), as wcll 

ilO 1
1
that (a) E8 0 =s (bk) Ell (b,, ... ,b,, ... ,b0). Hcncc, a E D5((b,) Ell (b,, ... ,b:, ,b.)). By 

f Opos'f o 1 10n 1.6.(c) in [DM2), there is u E S such that 
etl 

v 

a E D5(bk, u), with u E D5(bi, ... , bk, · .. , bn)· 

low (** v V) ' ) enta.ils a E D~(bk, u) and u E D~(b1, ... , bk, ... , bn), as needed to conclude the proof. 

( 

<) 

l 'Ii The Special Group of a Ring of Continuous Functions 

t~ii b.it. i] 10n 2.1 Let Y be a topological space. 
it'ite C(Y) for the JR:-algebra of all continuous, real-valued maps on Y. It is clear that 2 ( the map 

[)) !J F'aconstant value 2) is a unit in <C(Y). . . 
""' r f, g E C(Y) , write f A 

9 
and f v g for the meet and join of {J, g) m C(Y) , which are, as usual, 

Puted · r) pointwise ;/"' f E C(Y), If( ~ (J v 0) + (- J V 0) is the absolute value of.I. Clearly, lfl E C(Y). 
)!C Writ ) 1 l · Y 

5 
1lJ e B(Y) for the Boolean algebra (BA o c opens in · 

1' ij :or!, g E <C(Y), define [! < g] = { x E y , J (x) < g(x)). Similarly one defines If > g], If S: gJ, 

'9] and [J= g]. 
IQ~lna . 0 rk 2.2 a) Notation as a.bove, observe that for f, g E C(Y), . 

[ 1
.
1 
[f ] [f > g] and[/< g] are closed m Y. 

a½o f<g]and[f>g]areopen,wue. ==.9,. - ' - 
.e reov . . . · y - [ f < O] U [ f == O] U [ f > 0]. 

II N er, for a.II f E <C(Y), we have the d1s1ornt unron - · x · · 
;ii nte that f E <C(Y) x iff I/ = O] = 0. Hence, for all / E <C(Y) , 

0
it 

11 
y == [.f < O] u [.f > O], 

Q s [ M ·t · clea.r that 
o J> O] and [.f < O] are disjoint clopens in Y. oreover, J is c 
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.f E C(Y)X iff I.fi E C(Y)X. 
c) Since R is a Pythagorean field, we have 

{ 
E C(Y)2 = C(Y)2 = {.f E C(Y) : [.f 2 O] = Y}; 
C(Y)X

2 = (C(Y)2)x = {.f E C(Y) : [.f > O] = Y}. 

Lemma 2.3 a) For f, 9 E C(Y) and d E R, 

{ 
df I\ d9 if d 2 0; 

(l) d(f I\ 9) = df V d9 if d :S 0. 

b) C(Y) x is closed under absolute value, as well as .finite meets and joins. 

c) For all f E C(Y) x, the sign of J, defined as s(.f) = 
1

;

1

, is a unit in C(Y). Moteover, 

[.f < O] = [s(.f) = -1], [.f > O] = [s(.f) = 1] and s(.f) = .f mod C(Y)x2· 

{ 
~f v d9 if d 2: O; 

(2) d(f v 9) = df I\ d9 if d _s; o. 

Proof. Straightforward. 

2 tne . ( ) in 2- , 2.4 The Proto-Special Group Structure of C(Y). a) Taking into account itern c x 
definition of representation (see paragraphs right after Definition 1.1) yields, for .f, 9, h E <C(Y) ' (1) 

J E DY (9, h) iff 3 s, t E C(Y) such that [s 2: O] = [t 2 O] = Y and J = 59 + th, !l aJso 
with DY (·, ·) standing for representation sets with respect to C(Y)X (instead of DqY)); we sha 
write the associated isometry of forms as =Y; thus, for j1, h, 9

1
, 9

2 
E C(Y) x, (**) 

(f1,h) =y (91,92) {::} .fih9192 E C(Y)x2 and Dy(f1, h) = DY(g1, g2)- t Jn 
rnen · Lemrnas 1.4 and 1.6.(a) apply to our present situation and may be used without further corn Jjty in 

particular, if G(Y) = C(Y)X/C(Y)X2, then items (a) and (c) in 1.6, together with the first equ:nfact1 
2.2.(c), entail that G(Y) = ( G(Y), =Y, -1) is a reduced 1r-SG; it will be shown shortly that, 
it is a reduced special qroup. l'(f) 

b) Regarding v-representation (see 1.13), if sp is a n-form over C(Y)x, write D~('-P), D[v('-P) and '.l) 0 
for the sets of value-representation defined in 1.13. 

ted in The next result shows that value representation in C(Y) has properties [FQ 1] and [FQ 2], s_tag 
1.1 7 and 1.20. We actually get somew hat sharper results, namely i tems (a) and (c) in the folloWJJl 

b ail . . > 2 e Theorem 2.5 (Transversahty of v-representat10n) Let Y be a topoloqical space and let n - 
inteqer. Let J, 91, ... , 9n be elements of C(Y) x. With notation as in De_finition 1.13 and in 2.41 

ajQ 0 
[.f > 0] n nj==l [g1 < 0] = [.f < O] n nJ==I [gJ > O] = 0, 

then there are h1, ... , hn in C(Y) x 
2 
such that J = I:~

1 
hi9i, that is, J E D[v (91, ... , gn) 

b) For all n-forms '-P over C(Y)X, Dt ('-P) = D[('-P). 
c) Fix l :S k :S n, and assume that 

[.f < O] n nj# [gj > O] ~ [9A, < O] and [f > O] n n#k [gJ < O] 
Then, there is o, E C(Y) x 2 such that 

( i) u = J - o,gk E C(Y)X; 
(ii) [1.L > 0] n n#k [g1 < 0] = 

c [gk > o]. 

0 = [u < O] n n1# [g1 > O]. . 
1
_20· 

2] in d) For all n-Jorms '-P over C(Y)X, '.DY ('-P) = DY('-P) that is C(Y)X satisfies property [FQ t/1 
v ' ' . thii ) · · . . v, } 5uch ' . JlS Proof. a Smce J, 91, ... , gn are units 1ll C(Y), there 1s a clopen partition of Y, {Vi, ... , m rtit1° 

h t t . . h T,,. I pen pa . ve 91, · · ·, 9n ave cons an sign m eac vk, l < k < m (take the common refinement of the c O 
1
1Jllq 

- .- . the {[f<O], [f>O]}, {[gi<O], [gi>O]}, 1 :S 1. :s; n). For 1 :s; j s; n, weshall define hj as 
gluing of positive units constructed over each Vk, Henceforth, fix Vi, 1 < k < m, and set 



~ Pk = {.j : 1 S j S n and 9j > 0 on Vk} and Pk = cardinal of Pk- 
~ Vk ~ [J> 0] : Note that Pk i= 0, otherwise [J> O] n n1n=l [gj < O] -/= 0. Hence, Pk > 1. 

) - 

Case 1.1 : n - Pk < Pk· For 1 _< J. _< n, set h1· 1Vik = I.fi . Cl 1 h h ~Vi ( 
ear Y, eac j I k is strictly 

/ositive . 
2Pk - n)l9jl 

at all points of Vi- Now, on Vk, we have, recalling that .f > 0, 
t]c:1 hjgj I:. I.ti . + " I.ti IJI It I JEPk (2pk - n) l9jl 91 wjfipk (2Pk - n) l9jl 9j = Pk 2pk - n - (n - Pk) 2pk. - n 

= 2pk - n If I = .f. 
2pk - n 

Case 1 2 F . -- · · n - Pk > Pk· or 1 S J S n, set 

{ 

(n-pk+l)l.fl 
Pkl9jl 

= ill 
l9jl 

(n-Pk+1)IJI 9 + " lfl = 
Pkl9jl 1 wjfipk l9jl gj 

c == IJI = f. 
~ 1.3. n - Pk = Pk· In this case set, for 1 S j S n, 

Pk (n - Pk + l)lfl - (n - Pk)l.fl 
Pk 

It­ IS st, . h rarg tforward that on Vik '°'n h g 1rc , w1=1 1 1 
a.se 1. 

L,~- Vi ~ [j< O]. Since [J< O] n n1:=1 [gj > O] = 0, we must have Pk i= {1, ... , n}, whence 
Pk > 1 

1 

- . 

I.fi = .f, ending the discussion 

. ~1. n - s» > Pk· For 1 S j S n, set hj 1Vk = lfl 
1
. Then, since J < 0 on Vi, it is 

1
tra: __ -=-..:::___~ ( n - 2pk) lg j 

lghtforward that 
_ n-Pk) = -I.fi = f. 

n - 2pk 

if j E Pk; 

rne n, on V:k 
b ' 

I 

k1 higj == '°' Jfl g· + '°' jPk + 1)\.f\ g = v» \f\ - ((n - Pk) (Pk + l)jfj) 
wjEPk \gj\ J LJJitPk (n - pk)/gj/ J n - Pk 

I Clea === \f\(Pk - (Pk + 1)) = -If/ = J. . . . . . . 
t(y rl Y, the gl ui ng of the pieces co ns tru cted above on each Vk wrll yrcld posi tive u m ts, lr 1 , ••• , hn, 111 I)/ satisfying the conclusion of item (a)· 

110, it ~ ~ ( g 
1
, ... , g" ) ; if f E D,'; ( <p), there are sq uares a.i E C(Y) such n that f = I:'J~, a J 9j · Since 

"1,1'. are non-ncgative, If < O] n n;=l [g, > O] = 0 = If > O] n n.,~1 [g; < O], and the desrred 
tJt 'on follows immediately from (a). 

et V+ ~ n#k [g; > OJ and v· = n,,• [g; < O], both clopens in Y. We have 
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{ 
v+ = (v+ n [l < o]) u (v+ n [l > o]) = (v+ n [gk < o]) u (v+ n [gk > o]); 
v- = (v- n [l > o]) u (v- n [l < 0]) = (v- n [gk > 0]) u (v- n [gk < o]). 

v+ and v- can be written as a disjoint union of clopens in Y, as follows: 

{ 
v+ = (v+ n [l < o]) u (v+ n [l > o] n [gk < 0]) u (v+n [l > o] n [gk > 0]); 
v- = (v- n [l > o]) u (v- n [l < o] n [gk > o]) u (v+n [l < o] n [gk < 0]). 

1 We sh all construct a > 0 on Y, satisfying requirements ( i) and ( ii) in the statement, by giving its va uf 
on v+, v- and U = (V+ u v-)c, which constitute a clopen partition of Y. 

(1) On U, we set a = 21
1
ll I; since / 19kl I = 1, it is clear that u = l - 01gk -/- 0 on U; 
9k gk ·1· g (1 

+ [ O] v+ 0 enta1 in (2) On V , we shall choose a > 0 such that u = l - 01gk > 0, and so u < n == 1 f a 
0 and the corresponding part of ( ii) in the statement. Again, we shall proceed by giving the values 0 

each clopen of the partition of v+ appea.ring in (I) a.bove: 

On v+ n [.f < O] : Recalling tha.t this set is conta.ined in [9k < O], set a = 2
1
11

1
1; then, 

gk 

l - agk = l - t]:i gk = l - (-2111) = l + 2111 = 111 > 0. 

On v+ n [l > 0] n [gk < 0] : Just ta.ke a = 1 to get l - s» > 0. 
On v+ n [l > O] n [gk > O] : Set a = L

1
11

1 
; then 

2 s» 

l - agk = l - ltL 9k = l - 111 = 1 > 0. 
2lgk/ 2 2 dd'a: 

rh • nee e , (3) On v-, a > 0 must be chosen such tha.t we have u < O, whence [u > O] n v- = VJ, as 
above, we give its value on each clopen of the partition of v- appearing in (I). 

On v- n [l > O] : Recalling that this clopen is contained in [gk > O], set a = 2
1

11
1

1. Then, 
s» 

l - agk = f - 21 gk = f - 2 f = - l < 0. . l9kl . . 
On v- n [l < 0] n [gk > 0] : Set a= 1, to get l - 9k < 0. 

On v- n [l < O] n [gk < O] : Here, take a = JLL; then 
21gk I 

l - Olgk = l - 111 .flA_ = f + 111 = 1 < 0, 
2 /gk/ . 2 2 

com pleting the construction of Ol and the proof of (c). y (~) 

d) Let tp = ( g1, ... , gn) be a form over C(Y)X. By 1.15.(c), it suffices to check that Dr (!.P) ~ '.D 
For l E D~ (lf?) and 1 ~ k ~ n, let 

v+ = nj# [gj > O] and v- = nj# [9j < O]. hiS 
5
el 

Since l = Lj=l .Ti9i, with x, 2: 0 on all of Y, in [l < 0] n v+, gk ca.nnot be positive, and 50.;eJ1l (c: 
rnust be conta.ine1 in [gk < 0]; similarly, we have [J > 0] n v- <::; [gk > 0]. ConsequentlY, 1 

yields a E C(Y)X such that (Il) 

u=f-01gk E C(Y)X, with [u>0]nv- = 0 = [u<0]nV+. rante1 

The first equa.tion in ~n) entails j E D}~(9k, u), while the last equalities in (II) and itern (a) gua <i 

tha.t u E Div(g1, ... , gk, ... , gn)- Since k is a.rbitrary in {1, ... , n}, we obtain f E '.Dy e.p). 

Remark 2.6 Note that 2.5.(a) and (b) hold for any q-subgroup of C(Y), with the sarne proof. 

Corollary 2. 7 Let Y be a topological space and let S be a q-subgroup of C(Y). 
a) With notation as above and for f, g E S, the following are equi,ualent: 
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(1) .f E D5(1,g); (2) s(.f) E D5(1,s(g)); 

IJG (3) [J< D] C: [.q < O]; (4) There are h1, h2 E C(Y)'
2 

such that f = h, + h,g. 
(S) is a reduced pre-speciol group. 

I) 
hoof A · . . · s registered m 2.6, iterns 2.5.(a) and (b) hold true for all q-subgroups of C(Y). 

is<) Since a f t· · · · d 1 · · 1 ( ( •Oiie nnc 1_on 1s ~ongruent to 1t'. :1gn mo_ u o mvertib_ e squa_res 2.3. c)), 1.4. ( c) entails (1) -:c> (2), 
(I) (4) c> (1) 1s obv1ous. The remammg cqu1valences are imrnediate conscquences of 2.5. For instance, 
II c> ( 3) 1s clear ( the argumen t is the sarne as th at in the proof of 2.5. (b)) and, since [1 > O] = y, 
> O] n ([1 < O] n [g < O]) = 0, while 

:) [.f < O] n ([1 > O] n [g > O]) = [.f < O] n [g > O] = 0 {::? [.f < O] ~ [g < O], 
n Whenc 2 . 

0 
e, .5.(a) yields (3) =;, (4). 

1
;,By con di tio n ( 4) above, ='s is 2-trnns varsal ( see 1. 6. (b)) and so , by this same rcs ul t, G ( S) is a prc 

cial group, i.e., verifies axiorn [SG 4]. 0 

Propo .• t(Y) "h
0
n 2.8 . a) (3-canccllation for C(Y)) Let Y be a topological space and let S be a q-subgroup af 

IJG · With notaiion as in 1.3 and 1.17, G(S) venfies [FQ3],. , t) = C(Y) x / C(Y) x 2 is a RS G, uihose repre.sentation f aithfully re fiect oolue representation of duiq- 
a quadratic forms with unit coefficients over C(Y). 

Pro f 
11 
:: ltem (b) is an irnmediate consequence of (a) and Theorcms 1.17.(b), 1.20.(c) and 2.5.(a). To 

a hsh (a), we first register the following 

lact ~is .2·9 For x, y, u, v E C(Y)x, x Y] = u v =;, [x< O] D. [y < O] 
symmetric difference. 

[u < O] D. [v < O], where 

Pro f I O • Clearly, if f, g E C(Y)x are in the sarne square class, thcn [f < O] = [g < O]. Since for 
1' h2 E C(Y) x we have [h

1
h
2 
< O] = [h

1 
< O] I':::. [h2 < O], the Fact's conclusion follows immediately. 

By Remark 1.19, it is enough to show that 

1 

q(l, u, v) "' q(l, x, y) => q(u, v) Sc< q(x, y), (I) 

t eq . 'nt _
1
uivalently, by 1.7, that ( u, v) -=.5 ( x, y). Since the hypothesis in (I) implies u v = x y, Fact 2.9 

a1 s 
~, [u < O] 6 [v < O] = [x < O] 6 [y < 0]. 

hypothesis in (I) yields M, N E GL3(C(Y)) such that 
ij MM(l, u, v)M1 = M(l, x, y) and NM(l, x, y)N' = M(l, u, v). (111) 

Ii:·"' there t
1
, t

2
, t

3 
E C(Y) such t.hat u = tl + tjx + tJy; whence, [u < O] c; [x < O] U [y < O]. 

, (ltDlar_ty, I v < O] c; [x < O] U [y < O], and so [u < O] U [ v < O] c; [x < D] U [y < OJ. Symmetry in 

1 

Will then imply I [u<O]Ulv<O] [x<O]U[y<OJ. (IV) 

9uar Ities (II) and (IV) yield 
[v,< O] n [v < O] = [x < O] n [y < O]. 

(II) 

(V) 

i ~ti) 

1 liJ. (V), we conclude that 
II [u > OJ n ([x < O] n [y < O]) = 0 

1 
l\uar · 5 c /(1(Y)x · 

ity (IV) also yields, taking complements and reca.lhng that u, v, x, Y E _ \l.., • 

; [u > O] n [v> OJ = [x > O] n [y > OJ, 
11::refrom we obtain [u < o] n (I x > oJ n [y > O]) = 0. This [a,st rela.tion, (VI). and 2.5'.(~ guara~~ec 
t' u E Ds( , ) N -v -v ::::: x ,---y together with Lemma 1.4.(g) and the defimt1on of= (see (= ) , 
'[ht x' v . ow l . ' - - before the stat.ement of 1.6) entail ( U, V) c=5 ( x, Y ), as neede<l. 0 

(VI) 
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. C(Y) ven 2.10 Observation. By a gluing argument which we omit, it can be proved that the nnhg 
1201 [FQ 3], Witt cancellation for matrix isometry of forms of arbitrary dimension. Hence, by T eorem · 

the special group G(Y) faithfully reflects matrix isometry in C(Y) as well. 

. d recall sc Our next order of Lusiness is to describe the reduced special group G(Y). To this en we r 

basic facts concerning Boolean algebras (BAs) and their relationship with reduced special groups. 
comments below apply, in particular to the BA of clopens of a topological space. 

of Bool1 2.11 Boolean Algebras and Special Groups. a) In the sequel we assume basic knowledge . 
5 algebras (BA), in particular Stone's Representation Theorem. The Boolean algebraic operat~ffon_. 

. . . . di e1e, denoted by /\ (meet), V (join]. while complernent of an element a is written -a. Symmetnc ll 
nd srna is defined by a 6. b= (a/\ -b) V (b/\ -a). T (top) and J_ (bottom) denote the largest a a l 

elements in the partial order ~ of a BA. Recall that the set of clopens in a topological space [orm 
under the sct-theoretic operafons. ( 

b) The grnup of exponcnt 2, ( n, 6, l. ), underlies a natural structu,c of ,educed special group (RS;) 
details, see section l of Chapter 4 of [DM2]). In this case, 1 = J. and -1 = T, and for all a, b E (i 

a E Ds(l, b) iff a :; b, 
where ~ is the partial order in B. When B is considered as a RSG, we write B = ( B, =B, -l ). 

• . . sectioI 2.12 The Boolean Hull of a Rcduced Specia] Group. The basic reference for this topic is tati 
of Chapter 4, [DM2]. Let G = ( G, ==a, -1) be a reduced special group (RSG), with binary represen denotcd by Dc(·, ·). 

1 G and a) Let Ba the BA of clopens of the Boolean spacs Xa of {±1} special group characters of , 
each g E G, let Ea(g) = {a E Xa: a(g) = -1}, a sub-ba.sic clopen in Xa. 

b) The Boolean algebra flc and the map Ec : G -> Be have the following propcrties: I 

(1) Ea is an injective group morphism from G to (Ba,6.,__l_), taking _
1 

in G to Tin B. Hence, 
x1, x2 E G, we have Ea(x1x2) = Ea(x1) 6. Ea(x

2
); 

(2) ec is an embedding of RSGs, that is for all x, y E G, x E Da(l, y) <> ec(x) c; w(Y)· finl 
(3) flc is generated by lm ec as a lattice : for every b E Be, there is a family {Fi : 1 S i S n) 01

01
,
1 subsets of G such that b = V1s_i<;_n AaEF; Ea(a). The diagram Ea: G-----+ Ba is called the Bo hull of G. 

Let Y be a topologicaJ space and B(Y) be its BA of clopens. Define a map 

/3 : C(Y)X -----+ B(Y), given by f3(!) = [J < O]. 
By 2.2.(b), [f < O] is indeed in B(Y). We now have 

(~ 

ker11 Proposition 2.13 a) /3 is a surjective group morphism, takin _ 
1 

rri(Y) x to y E B(Y) 
1 

whose is C(Y)X2. g E ~ 

b) For all f, g E C(Y)x, f E DY(l,g) {=} f3(f) E D (1 /3( )) 
· B(Y) , g . 

c) There is a unique isomorphism of RSGs G(Y) ~ B(Y) k. h . d. . corn,rriutatiV 
• . • 

1 
, ma ing t e followmg zagram where qy is the canontcal quotzent morphism: · 

C(Y)X qy ._ G(Y) 

f 
B(Y) 
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fies roof ) '.b), t ,b: Clearly, /3 t~kes I to © ( = 1.) E B(Y), and /3(- 1) = Y (= T) E Ll(Y). To see that f3 is onto, 
01 erve that 1f U 1S a clopen in Y 1 the map defined by 

{ 
- 1 if x E U· 

h(x) - ' 
1Jlle; - 1 if x rf. U, 

rh~1a unit in C(Y) . ( lat~. , wrth /3 h) = [h < O] = U. Since f3(fg) = [fg < O] = If< O] fi [g < OJ, we sec 
18 a group morphism. To finish the proof of (a), note th at for a.11 f E C(Y) X, 

,a fJ(f) = [f<O] = 0 '* [f>O] = Y '* fEC(Y)'2, 
~
1
J

11
11 ker /3 === C(Y) x 2, as needed. 
l By 2 rc j .IL(b) and the equivalence bctwcen (1) and (3) in 2.7.(a), wc have, for J, g E C(Y)', 

:~1.). J E Dy (1, g) {=> (3(!) = [f < O] ~ [g < 0] = (3(g) {=> (3(!) E DB(Y)(l, f3(g)). 
Since /3 · . 2 . . 

1s onto, with kernel C(Y) x , there 1s a umque group morphism, 

forlk· /3: G(Y) = C(Y)x/C(Y)x
2 

---+ B(Y), ::? the displayed diagram commutative. Sincc representation scts are saturated with respect to 
,
8
)1¾ '. classes (as observed right after the statement of Lernma 1.4), items (a) an (b) above irnply that f3 
Q, ISomorphism of reduccd special groups, completing the proof. 0 
:~:liary 2.14 G(Y) is a [SMC]-gr~up and so veri.~es Mar.shall's signature con_jccture and the mod 2 

1i =» of G(Y) satisfies Milnor's Witt ring conjecture. 
00 I 'toof . · This follows from Theorem 2.9 in [DM6] and Lemma 1.2 in [DM7]. 0 

·or :~•rk 2.15 In Theorem 4.12 of [DM7] it is shown that if R is a ring with many units in which 2 is a 
,
1
;nd every residue ficld has at !east 7 elements, then Milnor's mod 2 K-theory of R is isornorphic to 

lts ·theory of the special group naturally associated to R. In general, C(Y) is not a ring with rnany 
or 'th (Propositioo 2.14, [DM5I) and so we do not koow if the K-theory of G(Y) is naturally isomorphic 

e ring-theoretic mod 2 K-theory of C(Y), an interesting question in its own right. 0 

Por later use, we describe the basic properties of the map /3 in 2.13, starting with the following 
1q 

0ll0sit · . 1JJ lo/ t. 
10
n 2.16 Let Y be a topological space and let S be a q-subgroup of C(Y). Let L(S) be the 

~ a tice j C( I h O Y) x generated by S. Then, 
I E L(S) and k E C(Y) x 2 :::} kh E L(S). 

) ?or all J E C(Y)x, J E L(S) ~-. s(f) E L(S), rnhere s(f) = l;I is the sign of f (2.3.(c)). 
l 
toof I . · a) By induction on n > O we construct a double chain of subsets of C(Y)', {En , n?'. 0) and 
~.n> - I ( - O}, as follows: 

,e l) to ==: 6.o = S· (2) 6.n+l = {/\ F : Fis a. finite subset of En}; 

(3) t , . . 
~~- n+1 = {V G : G 1s a fimte subset of 6.n}- 

I ing F' (in (2)) and G (in (3)) to be singletons, it follows that for all n 2 0, 
e, II . En C: Iin+ l C: En+ 2 and C.n c; l.:n+ J C: C.n+ 2 · 

1

,11
0 

It ::::: LJ 6. _ LJ E Clearly S C J( and J( is closed under finite joins and meets. 
! teov . n::=:o n - n:2'.0 n· ' - . x . . . . . ~ er, mduction on n > 0 shows that any sublatttce of C(Y) mcludrog 5 must contam Iin U En, 

1
1ti'fa,l) n 2'. 0 and thus als~ J( establishing that J( = L(S). Hence, to finish the proof, it suffices to 

y th l l ' 

at for all n > O, 

{ 

kEC(Y)X2 and hE6n =? khE6n; (I) 

k E C(Y)x2 and h E En :::} kh E En, 
be . x 2 . , _ I) Pioved b · d L. > 

0 
5

1
·nce A - Eo - 5 and 5 :J C(Y) , (I) holds for n - 0. Assume 

1,, true Y m ucs1on on n _ . wo - - , -. _ 11, for n > 
0 

d l t h E A Then there are fi . . . fm m En such that h - fi A ... A J m. 
'
1
(e k - an e wn+l. , , , 

' ·(y) > 0 for a.11 y E Y, Lemma 2.3.(a).(1) guarantees that 
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k(y)h(y) = k(y)fi(y) I\ ... /\ k(y)fm(Y), 
for all 1/ E Y entailing kh = kfi I\ · - · I\ k f~- Now the induction hypothesis implies k], E lin'f,3 

. ' . ' . . h . d . h h . h s that h E n so kh E 6.n+l· A similar argument, usmg 2.3.(a).(2) and t e m uction ypot esis s ow 
1 C(Y)x2jternl implies hk E I:n+i, as needed to prove (a). Since for all J E C(Y)X, we have lfl, 1/1 E ' 

is an immediate consequence of (a). 

Proposition 2.17 With notation as in 2.131 let Y be a topological space and let S, T be q-subgroups 
C(Y). Let X be the Stone space of the BA of clopens of Y, B(Y) =def B. 

a) For all s, t E C(Y)x, /3(s) = /3(t) q st E C(Y)x2. h·, 
. · rn,orp i, b) f3 ( S), with the isometry induced by B, is a reduced pre-special group. M oreouer, there is an iso. whi 

of pre-special qroups, ;3 s : ( G ( S), -=5, -1 ) ---+ /3 ( S), making the following diagram commu,tative, 
qs : S ---+ G ( S) is the canonical quotient map: 

G(S) 

~r\ /: 
(3(S) 

s 

c) (3(S) ~ (3(T) q S C T. 

d) S is a sublattice of C(Y)X q (3(S) is a Boolean sub-algebra of B. 
e) If A is a sub-algebra of C(Y)X, ihen /3(AX) is a Boolean sv.b-algebra of B. 
J) Let L(S) be the sublattice of C(Y)X generated by S. Then, L(S) = C(Y)x 
C(Y) in the topology of uniform convergence. 

Proof. a) Since ker (3 = C(Y)x2 (2.13.(a)), (~) is clear. For the converse, assume th~t f3(s) ~ [:/( 
= [t < O] = /3(t); because s, t E C(Y)X, this entails [s > O] = [t > O], and st E C(Y)X2, as clallll Jl'letri 
b) By 2.13.(a), /3 : C(Y)X ---+ B is a group morphism (the group operation in B being syr\up( 
difference, D), taking -1 to X (= Tin B). Hence, if S is a q-subgroup of C(Y), f3(S) is a SUbg~educe' 
( B, D, 0 ), containing T, and so, with the binary isometry and representation induced by B, a/ fa,ctol 
pn~-special subgroup of B._ Since ker ~ = C(Yt2 

~ S, it follows that /3 r S : S -+ /3~d rnakiil 
umqu_ely throug_h G(S), to yield a_group_1somo_rph1sm, (35 : G(S) ---, (3(S), taking -1 to -1 ~ Y))(, th 
the displaysd d1agram commutatjve Smce bmary representation in S is that induced by ( upS· 

. - · I gro argument for 2.13.(c) (using 2.13.(b)) shows that /3s is an isomorphism of reduced pre-specia th" 
c) The im plication ( ~) being clear , we shall only verify ( =;,). Given 

5 
E S, there is t E T stlch 

h /3(s) = [s < O] = [t < O] = /3(t). By (a) we get st = h E C(Y)X2 C T and so s = - E T. · 
. . - ' t - ;3(-s)), 1 

d) (=>): Smce (3(S) 1s a subgroup of B (under D) and closed under complements (-f3(s) - t e S 
suffices to check that if S is a sublattice of C(Y) x, then f3(S) is closed under finite meets 1- for 5' 
note that /3(s V t) = [(s V t) < O] == [s < O] n [t < O] = f3(s) n f3(t), as needed. bo"' 

( . . . tasa , ( ~) : By 2.3. a), 1t 1s enough to show that S is closed under finite joins. If s, t E S, Jll5 BY (a., 
we have /3(s V t) = /3(s) I\ /3(t) E (3(S), and so there is z E S such that f3(z) = f3(s V t)- 
( ) h "'(Y)x2 c S ·1· h d 2 3.(b)- z s V t = E 'L, _ , enta1 mg s V t = - E S. Item (e) is immediate from (d) an · 

z , ) ta.ke 
f) It suffices to prove (~); for g E C(Y)X, let s(g) = l~I be the sign of g (as in 2.3.(c)). Then, s(g 
on only the values ±1, and for all y E Y, 

s(g)(y) = -1 iff YE [g < O] and s(g)(y) = 1 iff y E [g > O]. 

el L(S) is deris 

1 Recall that in a BA, .r V y = (J: 6 y) 6 (:c/\ y). 
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' nce L(S) is d · C(Y) h · h ( 
1 

na\ ense m , t ere 1s E L S) such that supyEY fs(g) - hf < -. Hence, h and s(g) have 
e same · 11 . . 2 +~ds si_gn ona of Y, that IS, s(h) = s(g). Since, h E 1(5), 2.16.(b) entails s(g) E L(S), that in turn 

'.bi (agam by 2.16.(b)) g E L(S), as needed. <) 

~I Representable (Q-Algebras 
0 

'.\ecal! that a . R . n 1 b "f h . . . 1 <rphism . . r_mg. 1s a .,.a ge r~ 1 t cr: 1s a unitary nng morp 1ism_ from Q_ to R; since any such 
,,, 1s injective, wc may 1dcnt1fy () wi th a subfield of R and a!] strictly positive r ationals are unit 

of squares in R. ,~ 
,rllefinit. 'if ion 3.1 Let Y be a topological space. A Q-algebra R is representable in C(Y) modulo sums 

squares or simply representable in C(Y), if there is a Q-algebra morphism, R ~ C(Y), such that 
[:QA 1) ' The image of 'P is dense in C(Y) in the topology of uniform convergence; 
~ QA 2) > For all a E R, ['P(a) > O] = Y <> a E (ER

2
)x = Rx n ER

2

. 

Q-algebra morphism ip is called a representation of R in C(Y). 

\:ar k 3 · 2 Defi ni ti on 3 .1 origioates in ( and gen er alizes) the proof of Th m. 2 .2. 9 and the s ta tcm en t of 
l1j: 2·2-10 (pp. 28 and 29) in [Be]; as will be shown below, the real holomorphy ring of a forrnally rcal \g: a repr_csentable ()-algebra (Lemma 3.3) and sorne of the important propertics of rea.l holomorphy 

proved m [Be] in fact hold true in this general context (Lemma 3.4). () 

:hrma 3-3 If [{ is a formally real Jield and M(K) is its space of real places, then the reol holomorphy 

. g of K, H(K), is a Q-algebra, representable in C(M(K)). 
1111 t•f. Le t H = H ( K) be the real holo morp hy ring of th c form a!l y real fi eld K. It sh own in rBe J, 
IJ II Thrn · 2. I. 1 I (p. 20). H is the smallcs t com pletel y rcal PrUferring A c; I<, w hose fraction /ield is I<. , ptf- 2.1.9.( v) (p. 19). If A is a completely rcal Priifer ring, then for all t, n E N, A n ~:=I [(2" 
c i::::1 A 2n. In particufar, A n '[;!{2 = 'f;A

2
. 

1 Pr if I) om (1) and (2) we immediately conclude 
'[;J,"2 d' \ n H = 'f;H2 and '[;1{2 n Hx = 'f;H2 n Hx = ('E;H

2
Y. 

·s ~t M(F) · I· ( be the compact Hausdorff space of real places of I< (Thcorcm 2.2.5, P· 26, [Be]). By property 
g j 1:/heorem 2. 2. g of [Be J ( p p. 28· 29) , H sa tis fi es [RQA 1], w h ile pro perty ( i v) of that s~me res ul t and 
e ove entail that H verifies [RQA 2], that is, H is Q-algebra, representable m C(M(R.)). <) 

1.~lb. J 
11 
p ma 3.4 Let cp : R -, C(Y) be a repre.sentation of the ()-al_qebra R. Then, 

i)/r all a E R, a E Rx <=> r.p(a) E C(Y)x · 

1 
,
1 
:r all a E R, ['P(a)? 0] = y <} For all rationals r > 0, (a + r) E (ER')". 

:

1 

er c.p = {x E R: For all rationals r > 0, (r ± x) E ('f;R
2
)x}. 

Ii ,, ~t a) The implication (c>) is cle~r; for the conv°'.se, if 'P( a.) E C(Y) ',_ then Y = l('P( a) )
2 

> OJ and 
I) 2] entails a2 E ('f;R2) x; in particular, a,2 1s a umt rn R and hence so 1s a. 

I, Por · ] · ld y" a E R, recalling that r.p is a Q-algebra morph1sm, [RQA 2 yie s 
"[(p(a) ~ 0] <=> V r > o in Q, Y = [r.p(a) +r > O] = [IP(a+r) > O] 

5!1Jr. <=} v r > 0 in Q, a+ r E ('f;R
2
)x. . . 

1
0

~ \ E R, then 'P(.c) = 
0 

<> y = [l"(x) ? 0] = ['P(-x) ? O], whence ( c) fo]lows 1mmed1ately 

( ) apphed to 'P(x) and -l"(x) = 'P(-x). <> 
i,s \~:otation and Remarks. Let ( A, P) be a p-ring as in Defi_nition 6.1 in [DM7], i.e., A is_ a unital 
'I~ Utatrve ring such that 

2 
E A, and p is a preorder of A. If P_ 1s a proper p_rem_der of A _(eqmvalently, 

P) , we sa y that. ( A, p ) is a proper p-ring. H en ce, the on I y 1m proper p-1 rng 1s the pa1r ( A, A ) . 
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(1) We shall ernploy the notation and results in Definition 6.3 and of section 8.B in [DM7]. 
(2) If ( A, P) is a proper p-ring, 

Gp(A) = Ax;px = {aP:aEAx} 
is a group of exponent two , that by Fact 8.11 in [DM7], underlies a reduced proto special grou 
Definition 6.3, [DM7]), whose binary isometry is given by 

( aP, bp) =P ( cP, dp) iff aPbP = cp dp and Dp(a, b) = o.;: d), 
where (see forrnula (Dr) in 8.9 of [DM7]) 

Dp(a, b) = {c E Ax : 3 t1, t2 E P such that c= i,« + t2b}. 
(3) If n 2: 1 is an integer, as usual, a (non-singular, diagonal) quadratic form over A, 'P: is ; 
'P = (a1, ... ,an), where a1 E Ax, l:::; j:::; n. Let tpP = (af, ... ,a;,) be the correspondrn~ 
Gp(A). Since Gp(A) is a 1r-SG, 1.10 also applies here, furnishing an extension of the hinary iso 
G p (A) to forms of arbitrary dirnensions. 

(4) If P = EA2 and a E Ax, write G,-ed(A) for Gp(A), az:, for aP and =red for isometry in Gred 

The analogue of Definition 1.13 for p-rings is the following 

Definition 3.6 Let ( A, P) be a proper p-ring, let 'P = ( b1, ... , bn) be a n-form ouer A and 1 

( bf, ... , b;, ) be the corresporulinq n-form in G p (A). 

a) Dp('P) = {a E Ax: 3 a2, ... , an E AX such. that<pP =P (aP,af, ... ,a;,)} 
is the set of elements of Ax P-isometry represented (P-iso-represented) by 'f'. 
b) Dpv(!.?) = {aEAx:Therearex1, ... ,XnEPsuchthata = I:~

1
xibi}, 

is the set of elements of A x value-represented mod P ( v-represented mod P) by 'f' · 
c) DPtv ('P) = { a E A x : There are z1, ... , Zn E P? such that a = I:7=

1 
Zibi} 

is the set of elements of A x transversaly v-represented mod P (tv-represented mod P 
Clearly, Dpv('P) ~ DPtv('P). 

{ 

Dpv(b1, b2) 
d) '.i) p('P) = v 

n~=l LJ {Dpv(bk,u): u E Dpv(b1, ... ,bk, ... ,bn)} 

if n = 2; 
if n 2 3. 

If there is need of displaying the ring A in which these representation sets are defined, write D. 
D~tv and 'D ~ for the representation sets defined above. M oreouer if p = EA 2 is a proper preoT'd 
(i.e., A is semi-reals , the corresponding representation sets will be written Dt, Dtv

1 
Dttv and '.D 

Remark 3. 7 All of the representation sets defined in 3.6 are invariant modulo units in P. He) 
may be also seen as subsets of Gp(A). Moreover, the definition of binary isometry in Gp(A 
Dp(s, t) = Dpv(s, t), for all s, t E Ax. 

There are analogues of Lemma 1.15 and Theorem 1.16 for the value sets defined in 3.6, whosi 
are a straightforward adaptation of those of 1.15 and 1.16. We state on1y the result correspon 
1.15, that will be used subsequently, omitting the proof. 

Lemma 3.8 Let ( A, P) be a proper p-ring and let n 2:- 2 be an integer. Let <p = ( b
1
, ... , bn) be 

over A x and let O' be a permutation of {1, ... , n}. Let ipa- = ( ba-(l), ... , bcr(n) ). 
a) (i) Dpv('P) Dpv('Pa-); (ii) DPtv(<p) = DPtv(tpa) 

(iii) '.Dp(<p) '.Dp(tpa); (iv) Gp(A) is a SG => Dp(<p) = Dp(if(!). 

b) Dp('P) ~ Dpv('P). c) '.Dp('P) U DPtv(<p) ~ Dpv(lf). 
d) Let l :::; k:::; m be integers, ([)J, ... , 'Pm be forms over Ax and let X_j E Dpv(1Pj), 1 ~j~ k. 1 

Dpv(x1, ... ,xk) ~ Dpv(EB]~1 <pj)- 

Jn particular, if 1/J is a m-form over S, then D Pv ('P) ~ D Pv (<p EB 1/J). 
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rheorem 3.9 (Transversality for representable Q-algebras) Let R be Q-algebra and let X be a compact 
.~ausdorff space. If R is representable in C(X) and <p = ( b1, ... , bn) is a n-form ouer Rx, then 

a) D:v(<p) = D:tv('P). b) D:v(<p) = 1J~('P). 
p (7r-SG, 

!toof. Let 11111= = supxEX_ l.f(~)I be the_u_niform ~onvergence no~m in C(X); recall that for g, h E C(X), 
ih!oo 'S llgJ= llhlloo- To simplify expos1t1on, wnte a E R f---------t a E C(X) for a representation of R in 

lqX). Let R = {a E C(X) : a E R}. 
~By Lemma 3.8. (c), it suffices to check that »: ('P) ~ Dftv ('P). Fix a E D~v ('P); then there are Y1, ... , Yn 
t tR2 such that 

1 n-tuple in a = Y1b1 + · .. + Ynbn. (I) 
i-for!Xl ,. ~ ~ 
metrY ince representation is a ring morphism, a, b1, ... , bn E C(X) x, Yj is a non-zero sum of squares in C(X) 

ind (I) en tails ~ ~ 
(A). 0 a = fi1 b1 + ... + finbn, (II) 

iith X = [i]j 2: O], 1 ::::: j ::::: n; (II) and the fact that all Yj are 2: 0 on X immediately imply that 

[a > O] n nj=l [bj < O] = 0 = [a < O] n nj=l [b_7 > O]. 
iei ipP ;::lese equalities and Theorem 2.5.(a) yield fi, ... , .fn E C(X)x2 such that 

a = .fib1 + ... + .fnbn- (III) 
ote that: 
Since X is compact and X= [fj > O], V 1 ,S _j 'S n, we have mj = min {f7(p) E R: p E X} > O; 

Por all 1 'S _j :S n, llbjlloo > O; 
Since a E C(X)X, [lcil > O] = X and compactness yields m = min {la(p)I E R: p E X} > 0. 

ip lith notation as above, let E = min { m, m1, ... , mn}- Since R is a dense subalgebra of C(X) in the 
) by · 0Pology of uniform convergence, 

E 
For each 1 :S _j :S n, there is c_7 E R such that licJ - .fJII= < 2n(l + llbJlloo) (IV) 

I act 1. For 1 :S _j :S n, Cj E (I:R2)X. 
I 

IJ
A rooJ. Fix 1 < 1· < n· since O < E :S ffij = minpEX Jj(p), (IV) implies 12j(P) - fj(P)I < 

A pvi - - ' 
pi ,I IE x- h 
1 r orifl , ence, 
-~ ~-( ) > f·( ) _ m.i > f(p) _ fi(P) = Jj(P) > O 
i;, CJ p . J p 2 - . J 2 2 1 

ce, th~~ lnd S E C(X)X2. Now, property [RQA 2] in Definition 3.1 yields Cj E (I:R
2
)x, as needed. 

entail 
0 Let z E R be defined by z = C1 b1 + ... + Cnbn. Then, 

la t -oofs c 2. az E (I:R2) x. 
~ pl 1roo, ~ ~ ~ ) d ( V) · 1 ding tO J· We have z c1b1 + ... + Cnbn; (III an l enta1 

I/a - z//oo 1/(fi - c1)b1 + ... + Un - Cn)bn\)oo :S ~j=l \)Jj - Cj))oo \)bj))()() 
E ~ E 

< I:j=l ( \\b \\ ) //b.i//oo < n 2n 2n 1 + J oo 

m· 
-1, for all 
2 

E (V) 

2 

lin1:e ~ < m - minpEX \a(p)\ (V) yields 
I 2 2 - 2 ' . 

1 
[az>O] = [az>O] = x. 

ndeed ~ ~ E m h . , for p E X, (V) implies la(p) - z(p)I < 2 < 2, t a.tis, 
1n ~ ~( ) m a (p) - 2 < z (p) < a p + 2 . 

[a > o] u [a < o] : 
~( ) m > ~ ( ) a (p l = a (p) > O ·, 

z(p) > a p - 2 - a p - 2 2 

'hefii 
lij 
1nce . . ' tecallmg that X 

0 1lf"' a(p) > 0, then 

j 

(VI). 
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~ ~ m ~ @fE2l a(p) * If a(p) < O, then z(p) < a(p) + 2 S a(p) + 
2 

= 
2 

< 0, 
establishing (VI). Now, (VI) and property [RQA 2] in 3.1 guarantee that az E (Z::R2)X, as desired. 

a az .1 DR ('P) a From Fact 2 we conclude that z E Rx and - = 2 E (Z::R2) x. Now, Fact 1 entai s z E y;tv 
z z 

so a = z f!,_ E D~v (i.P), ending the proof of (a). 
z 

Remark 3.10 As in Theorem 2.5, the proof of (a) above shows that if x, z1, ... ,Zn E u=, then 
[x> 0] n nj=l [zj < 0] = 0 = [x< 0] n nj=l [Zj > 0] => x E Dft)z1, ... , Zn)- 

b) By Lemma 3.8.(c) it is enough to check that D~,(1-P) ~ '.D~(l.P). Fix a E D:v(l.P); just as above, 
have equality (II) 

~ ~~b+ +~~b 
a = Y1 1 · · · Yn n, . 

)) h imphes with X = [yj 2'. 0], 1 S j S n. Fix k between 1 and n; the preceding equality (i.e., (II t en 
~ ~ ~ ~ ] (V [a < O] n nj# [bj > 0] ~ [bk < 0] and [a > 0] n nj# [bj < 0] ~ [bk > 0 · 

By Theorem 2.5.(c) there is a E C(X)X2 such that 

(i) u = a - abk E C(X)\ (VII 
(ii) [u > 0] n n#1;; [bj < 0] = 0 = [u < 0] n nj# [bj > 0]. 

Let E = min {minpEX a(p), minpEX lu(p)I}; the density if R in C(X) yields ( E R such that 

II( - alloo < 2(1 + ~bklloo) 
Define w = a - (bk E R; then: 

Fact 3. a) ( E (Z::R2) x. 

{ 
[w > 0] = [u > 0]- b) X = [uw > O]. In particular, w E Rx and ' 
[w < O] = [u < O]. 

Proo]. a) We have II( - alloo < ~ < 
2 

((p) 

illlllpEX a(p) 
2 , and so for all p E X 

> a(p) - a(p) = a(pl > 0 
2 2 ' 

showing that [( > 0] = X. By property [RQA 2] in 3.1, ( E (Z::R2) X, as claimed. 
b) We have 

Ilu - wlloo 

Hence, for all p E X, /u(p) - w(p) I 

~ ~ llbll ~- < II( - al/oo 1/bdoo < E k 00 < E < 
2 2(1 + l/bkl/00) 2 - 

. I ( ) I d in ti < mmpEX u p < u(pl N th e argument use 
2 _ . ow, e sam v 1 

[ ~ . . 2 ~ 11 of ft ' uw > 0]. Smce u 1s a unit in C(X) and uw > 0 on a proof of Fact 2 will show that X = 
conclude that 

[w > O] = [u > O], [w < 0] = [u < 0] and w is a unit in C(X). 
The last assertion and item ( a) in Lemma 3.4 entail w E Rx, encling the proof of Fact 3. 

"th (ii) Since w E RX, Fact 3.(a) implies that a E D~v(bk, w); moreover, Fact 3.(b), together wi i·Y, 
v bitra , (VIII) and Remark 3.10 guarantee that w E Dftv(b1, ... , bk, ... , bn)- Since, 1 ::; k ~ n is ar 

obtain a E 'Df(1-P), ending the proof. 

ff spa1 Corollary 3.11 Let R be a Q_-algebra, representable in C(X), where X is a compact Hausdor 
Let B(X) be the BA of clopens in X. Then, with notation as in the proof of Theorem 3.91 
a) For u, w E Rx I the Jollowing are equivalent: 

(1) 'UED:(l,w); (2) 11,ED{~v(l,w); (3) [u<0] ~ [w<Ol 
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)Gred(R) is a reduced pre-special grov,p. 
/Let -y . Rx B(X) · ---+ be defined by -y ( u) 

nd (1) 
(2) 

'Y is a surjective group homomorphism, taking -1 to X, whose kernel is ('ERZ)X,· 
~ _f actors uniquely throuqti G ,,, ( R) , yielding an isomorphism of pre-special 
'Y · Gred(R) ---+ B(X), making the following diagram commutative: 

= [u < O]. Then: 

groups, 

j 
I 

Gred(R) 

\) 
B(X) 

[[)IG uihere q, , R' ~> G,,,(R) = R' /(I:R2
)' is the canonical qaotient morphism. 

i, M'/R) is a [SMC]-special group, verifying Marshall's signature conjectuce and whose I< -theory satis- 

i nor 's Witt ring conjecture. 

I 
ii) toof Th I ( 

1

) · Si e pr~ofs of (a) and . (b) are a s traigh tforw ard _adap ta tion of th ose of i.t~ms (a) and (_b) of 2. 7. 
\ric . nce 1 1s the compos1twn of the restnctwn of the map fi of Propos1t.1on 2.13 to R with the 
·Iin ~~n of the reprcsentation morphism of R into <C(X), it is clear th at it is a group morphism. taking 

to X E B(X). For u E RX, we have 
~ -y(u) = 0 <c> X = [ii> O] 
; r~perty [RQA 2] i n Defin i tion 3. I insu res that u E ( I:R2

) ' . It remains to check that 1 is o n to B (X) . 

e a clopen set in X and let X v : X ---+ lR be given by 

{ 

-1 if p E V; 

. X v (p) = 1 if p ~ V. 

1
1

'", X v E <C( X) x and the density of fi in <C( X) yields v E R such that Fi -- X v lloo < l. It is then clear 
•r 2 (o) ~ < O] = V, [V> O] =X\ V; hence, V E <C(X)' and so Lemma 3.4.(a) implies that o E R', with 

!) - V, as needed. I Clearly, there is a uniquc bijcctive group morphism, Y , G,,,(R) ---> B(X), making the displayed 
'(!~~ commute, with y(-1) = X. It follows immed_iately from ( a)_ and 2.11.(b) that for u, w E R', 
,, .' (l, w) <c> -y(u) E Ds(X)(l, 1(w)), and y 1s an 1somorph1sm of pre-special groups. Itern (d) 
n inrnrediate consequence of (c), Theorem 2.9 in [DM6] and Lcmma 1.2 in [DM7]. 0 

le 
1

e \yltiark 3.12 By Lemma 3.3, Theorem 3.9 and Corollary 3.11 apply, ipsis litteris, to the real holomor- 

• ting of any formally real field. 0 

Ilepresentation of Reduced Special Groups by Algebras of Contin­ 

llous Functions 

. 1''Qt 1~ airn · . . , 
1s to represent any reduced spec1al group in the 1orm 

ve _5 ) O lij G ( S) = ( G ( S) , = , -1 , 

I ere S . ) is a q-subgroup of <C(X), with X a Boolean space. Notation is as in section 1. 

:e- ~eor · · B l i eni 4.1 Let G _ ( G == -1 ) be a reduced specwl gr01ip. Then, there is a oo ean space X and 

7-sub - , -G, I ¼e group, S, 
0 
J <C( X) with the Jo llowing properties, where f E <C (X) ' ,____, fi (J) = [./ < 0] E B ( X) 

IJ) rnap defined j11st before the statement of 2.13: . . 
'I The restriction of fi to 5 ~ I 5 is a surjective group morphism, fi IS , S ------> G, taking - I in S to 

in G ' ' z 
and whose kernel is C(X) x 
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(2) For all f, g E S, f E D5 (1, g) <==> f3(f) E Dc(l, f3(g)); _ ·n 
1 (3) If G(S) = S/C(X)x2, there is unique isomorphism of reduced pre-specuil qroups, f3s, maki g 

following diagram commutative: 

G 

In pariicular, G(S) is a reduced special qroup, isomorphic to G; 
(4) IfT is a q-subqroup ofC(X) such that (3(T) = G 2, then T = S. 
(5) If L(S) is the sublattice of C(X)X generated by S, then L(S) = C(X)x. 

n hull of Proof. Since G will remain fixed throughout the proof, write E : G ---+ B for the Boolea ) nd 
(instead of Ec : G --} Be, as in 2.12.(6)). Let X be the Stone space of B (a Boolean space badd;r 
before, let B(X) be the BA of clopens in X. By Stone duality and 2.12.(b), there is a SG-ern -ith t 

. .f G w1, a E G r---+ E(a) E B(X) = B. Thus, without loss of generality, we may forthwith identi Y 
reduced special subgroup {E(a) E B(X) : a E G} of clopens in X. t j 

) . ~ llows tha For each a E G, set Sa {f E C(X)x: [f < O] = c(a)}; since c(- a)= -E(a, it 0 
all .f E Sa, 

[.f > O] X\ E(a) = E(-a). 
Moreover, 

a) Since c(l) = 0, we have, by 2.2.(c), 

S1 = {f E C(X)X : [.f < O] = 0} = {f E C(X)X : [.f > O] = X} 
In particular, all strictly positive maps on X are in S1. 

b) Since E(-1) = X, we get 

)
x2 C(X · 

S_1 = {.f E C(X)X : [.f < O] = X}. 
In particular, all strictly negative maps on X are is S_

1
. 

Now define S = LJ EG Sa. · 
a 5 JS 

2 61" h that Proof of (1). By ( a) and (b) above, we have C(X)X ~ S and -1 E S. To esta is S whe 
q-subgroup of C(X) it remains to check that it is closed under products. Let J E Sa and g E b, 
a, b E G. Then, 

[fg < O] = [J< O] 6 [g < O] = c(a) u c(b) = E(ab), )x
2 

C 5, i 
and so Jg E Sab ~ S. Since (3 is a group morphism, taking -1 to X, with kernel C(X ;;e ha.v 
restriction to S will have these same properties 3. Furthermore, for each a E G and .f E Sa, 
fJ (f) = [f < O] = E ( a), showing that (3 1 S takes values in G and is surjective. have 
Proofof(2). By the definition of D5 (see paragraph right after Definition 1.1), for J, g E 5, we I 

J E Ds(l, g) <==> nx (1, g), . 11.(1 
i.e., binary representation in S is that induced by C(X)X (cf. 2.4). Now, (I), equivalence (DB) in z. 
2.13.(b) and 2.12.(6)(2) yield, for .f, g E S 

/ E D
5
(1, g) <==> (3(.f) ~ (3(g) <==> (3(.f) E Dc(l, (3(g)), blishil 

as desired. Item (3) follows immediately from (1) and (2), with the same argument used in esta, 
item (c) in Proposition 2.13, while item (4) is an immediate consequence of 2.17.(c). 

2
0r equivalently, by 2.17.(b), -;JT: G(T)-+ G is an isomorphism of pre-spccial groups. 

3 ker /3 j S = ker /3 n S = q X) x 2 n S = q X) X 2 . 
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:he ~ Let L = L(S) be the sub-latti~e of C(X) generated by 5. By 2.17.(f), it suffices to show that 
8 dense m C(Y). The facts below are tailored to that purpose. Note that 2.3.(b) entails L ~ C(X)x. 

I { -1 if x E U; 
For U E B(X), let Xir, given by Xu(x) = . be the characteristic function of U. 

w 1 1f x r/. u, 
hen U = c(a), a E G, we write Xa in place of Xc(a)· We now have, 

Pact 4.2 a) For U, V E B(X), 

(i)Xul\Xv = Xuuv- (ii) Xu V Xv = Xunv- (iii) Xxw = - Xu. 

(iv)-Xuuv=-XuV -Xv. (v)-Xunv=-Xul\-Xv. 

b) For all a E G and all d E Rx, dx; E 5. 
t) For all U E B(X) and all d E Rx, dXu E L. 

i) For d
1
, d

2 
E Rx and U E B(X), let J E C(X)x be defined by J(x) 

CiL. 
as 
ig, 1roof Item ( a) is straightforward. 
be 

{ 
c (a) if d > 0; 

1ir(-a) =(X\ c(a)) entails [dXa < O] = and so o; E Sa U s.; C S. 
:
0
r s ( - a) if d < 0, - 
IGiven U E B(X), Stone duality, the identifications of G with {c(a) E B(X): a E G} and of B with 
l(X), together with 2.12.(b)(3), guarantee that there is a finite family, F = {Fi : 1 Si S n}, of finite 
ubsets of G such that 4 

{ 
d1 if x E U; 
d2 if X (/_ u. 

Then, J is 

u = U7=1 naEF; c(a). 

lence, (a) implies Xu = /\7=1 VaEF; Xa. Now, if d E Rx, Lemma 2.3.(a) yields 

{ 
/\7=1 Va.EF; dXa if d > O; 

dXu = V7=1 /\aEF; sx, if d < 0, 
1nd (b) entails dXu E L. 
!) If d1, d

2 
are both strictly positive or strictly negative, then J E 51 U 5-t, since these sets contain 

'.11 Units of C(X) of constant sign. It remains to check the statement when d1d2 < 0. Without loss of 
~ :enerality, assurne J

2 
< O < d

1
. As above, we write U" for X \ U. We discuss three cases: 

re i.l. If \d1\ = \d2\, then d1Xuc is equal to d1 in U and -d1 == d2 in U": 
;11) If \d

2
\ < J

1
, set J= diXuc V d

2
, where d2 is the constant map with value d2 on X (note that since 

1" 0, this map is in 5_1 C 5). Clearly, .f E L and we have: 

ts ::f x E U, f(x) == sup {d1~d2} == d1; 
e If x E uc, then f(x) == sup {- d1, d2} = d2, because d2 = -\d2\ > -d1; 

lti) If d1 < /dz/, let g E C(XY2 s:;: 5 be given by 

{ 

d1 if x E U; 
'I) g(:r) == ' I 1 if x E uc, 

J), 
1

1~d Set .f :::= /dz/Xuc I\ g, which is clearly in L. Then, 
' lf x . } d . 
1 

E U, then J(x) == mf {/dz), d1 == 1, 

lfxEUc then f(x)-inf{-/dz\ l}==inf{d2,l}==d2, 
Jg tc!tn \. · ' . . . - ' D 

P et1ng the proof of Fact 4.2. 
\Ve ar·e . · · t· t apply ·the following seminal result of Marshall Stone: t now m a pos1 1011 o 
~ Let J( be a compact Hausdorlf space, let D be a dense subset of lll: and let L be a sub~lattice 

ltecal[ finite joins and rneets in B are taken to finite unions and intersections in B(X). 

23 



of C(K) such that if d1, d2 E D and x, y are distinct points in J{, then there is J E L such that f(x) 
and f(y) = d2. Then, L is dense in C(K) in the topology of uniform convergence. 

We take D = R x ; given d1, d2 E D and p #- q in X, because the clopens are a basis for the topi 
of X there is U E B(X) such that p E U and q E U", By Fact 4.2.(d), there is J E L such that f(?) 

' (f) · hes and f(q) = d2. Hence, the above Theorem guarantees that L is dense in C(X), and 2.17. irnp 
L = C (Y) x, ending the proof of Theorem 4.1. 

It is well-known that C(X) is the ring of global sections of a sheaf of local rings over X. Hence; 
is Boolean, then C(X) is a ring with many uniis (Theorem 2.10 and Corollary 2.11.(b) in [DMS]). · 
Theorem 4.1 yields 

Corollary 4.3 If G is a reduced special group, there are a ring with many uniis, R, and a q-subgrc 
of R such that G is isomorphic to G(S). 

There is yet another form of uniqueness of representation in the construction, besides that of 4· 
that we now discuss. As a preliminary step, we register 

Proposition 4.4 Notation as in 2.12, let G, H be RSGs and let Ee : G --+ Be be the Boolean h' 
. ] ['ed to J G. Let f : H --+ Be and a : G --+ H be complete embeddings. Theorem 4.17, [DM2, app i 

yields a unique BA-morphism, T : Be --+ Be, making the following diagram comrnutative: 

H 

l f 
Be---- Be 

T 

h. th Then, T is injective. Moreooer, if Im J generates Be ( as a lattice) and a is a SG-isomorp isrn, 
is an automorphism of Be. 

Proof. For b E Be, assurne that r(b) = 1-. By 2.12.(b)(3), there is a family {F; 1 ~i~ n} of J 
subsets of G such that 

b= V7=1 AaEF; Ee(a). 
Since T is a BA-morphism and the above diagram commutes, we get 

J_ = T (V7=1 /\aEF; Ee(a)) = V7=1 l\aEF; r(c:e(a)) = V7=1 /\aEF; f(a(a)), 
1 . h' rn pres and so, for all 1 Si S n, 1- = l\aEF; J(a(a)), or equivalently, recalling that any SG-morp 15 

multiplication by -1, 

For all 1 ~ i S n, VaEF; J(a(-a)) = T. 

By Theorem 7.12 (p. 149) in [DM2), this is equivalent to 

For all 1 S i S n, the Pfister form ®aEF; ( 1, J(a(-a))) is hyperbolic in Be- for 
Since the compositions of complete embeddings is again a complete embedding, we conclud~ t~iatBa, 
the Pfister form 0aEF; ( 1, -a) is hyperbolic in G. Hence, ®aEF ( 1, Ec(-a)) is hyperbohc 111 

another application of Theorem 7.12 in [DM2] yields ' 

ForalllSiSn, VaEFEc(-a) = VaEF-Ec(a) = T, 
10

. 
. . . , , -J_,s1 

that m turn entails that for all 1 S i S n, l\aEF; c:c(a) = l_; whence (I) guarantees that b - 
that ker T = { 1-} and that T is injective. 

t S . . · h' · · d h · · · h z E Be, uppose a 1s an 1somo1p 1sm an t at Im j generates Be as a lattice, 1.e, for cac k .( 
71

, 

are finite subsets of H, {A; : 1 < k < m} such that z = Vm /\ J(h)· for 1 ~ · - 
- - 

1 k=l hE1\k ' Ck = a-1 (Ak) ~ G. Clearly, 

V~'.~1 /\cECk f(a(c)) = V~1 l\hEAk f(h) = z, 
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::::: d1 ind th . . . . . Or(b _ e comm~ta~1v1ty of th_e d'.a~ram m the statement implies that if b = vr;:=I /\cECk ce(c), then 
) - z, estabhshmg the surjectivity of r, as needed. O 

JlogY iro . • ::::: dir positmn 4.5 Lei G be a RSG and let X and S be the Boolean space and q-subgroup of C(X) 
that;

1
°nstructed in 4.1. Let /3 : C(X? ---+ B(X) be the map de.fined before 2.13, and let T be a q-subgroup 

0 C(X) such that: 
if X (l) /3(T) is a complete subgroup of Be 5, that generates Be as a lattice; 
rhus, (2) G and G(T) are isomorphic reduced special groups. 

Then, there is an automorphism ~ of C(X) such that ~(S) = T. 

i ,up S roof. The hypotheses, 2.17 and 4.4 yield a commutative square 
0 a 

~(S),: r-(D--) r= 1(4), 

ull of 
r o ll 

Be----- Be 
T 

~e~e a is a SG-isomorphism and r is an automorphism of Be, Since r is an automorphism, Stone duality 

1Phes at once that its dual S(r), given by S(r)(.r) = r-1(.r), .r E S(Be) = X, is a homeomorphism 
1X- onto X. Let ~ : C(X) ---+ C(X) be the R-algebra isomorphism induced by S(r) (see 4.7 below) 
1
at · ' ' 
· 1s, 

~: C(X) ---+ C(X), given by ~(J) = J o S(r). 
,-Oce ~ is a ring isomorphism, preserving square units (4.7.(b).(3)), ~(S) is a q-subgroup of C(X). It 
illains to check that ~ ( S) = T. We first note that for all J E S 

[~(J) < 0] = r([f < O]). (I) 

,eri r '.deed, the definition of S ( r) and the fact that r is bijective, give, for .r E X: 
·~[~(J)< O] q ~(J)(.r) = f(S(r)(.r)) = f(r-1(.r)) < 0 q r-

1
(.r) E [J< O] 

1nite q F E r([f < O]), 
:lablishing (I). The commutativity of diagram (D) and (I) entail [~(J) < O] E (3(T) = Im /3y, wherefrom 

(I) ·faUows that 
[~(J) < O] = /3(~(!)) E (3(T). 

>nce, fis arbitrary in S, we conclude that /3(~(5)) c:;; (3(T), and so 2.17.(c) implies ~(S) c:;; T. For the 
,r;O ~rse inclusion, let g E T; then, ~(g) = [g < O] E Im ~T, whcnce the commutativity of diagram (D) 

(I) above yield J E S such that 
(3(g) = r(/3(!)) = [t(f) < 0] = /3(~(!)), 

'1d 2.17.(a) entails ~(f)g E C(X)x2 ~ ~(5). It is now immediate that g E ~(S), as needed. 
~ . 

• 

1 

lltark 4.6 In Proposition 2.13 the space Y was arbitrary. Theorem 3.9 (p.41) m [GJ], shows that Y 
Jl; ') be takcn to be Tychonoff (i.e., Hausdorff and completcly regular), without changing C(Y), 
3,!l ~ • ff' y d t' . z y 

0r every topological space z, there 1s a T_ychono space an a con rnuous map, T . ---+ , 
!i ~Uch that J E C(Y) f--t f o r E C(Z) is a R-aJgebra isomorphism. 
"1ew of this, henceforth the word "space" will stand for "Tychonoff space". 

,villg 
~Since we shall be dealing with several spaces and to ke,cp notatio.n strnight, if I( is a topological spa.ce 

1iere f E C(K), write [.f < Oh- for the (open) subset of J<.. where J is negat1ve. 
)et (~ 1

1

;ttia 4. 7 Let h : J( -)- J(' be a continuov,s map of topological spaces. Let Q : C(K') --r C(K) be 

~f) = f o h. Then, Q is a IR-algebra morphism. Moreover, 

Le, With Lbe notation of 2.17.(b), 7JT: G(T)--+ BG is a cornplete embedding 
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a) For all J E C(K'), h-1([! < O]K,) [!J(.f) < O]K. 
b) If lm h is dense in I<', then: 

(1) Q is a R-algebra embedding; (2) For all clopen U in K', h(h-1(U)) 
(3) For all J E C(K')x, Q(.f) E C(K)X2 <=> J E C(K')x2. 

= u. 

Proof. Clearly, Q is a morphism of R-algebras. For (a), note that for all y E I<, 

Q(f)(y) < 0 <=> f(h(y)) < 0 <=> h(y) E [J< Oh_-, <=> y E h-1([! < Oh-,). ds( 
h C J{' an b)(l) If fi, h are such that Q(J1) = Q(h), then fi and h coincide on the dense set lm - ' 

since R is Hausdorff, we conclude that they must be equal on all of I<'. 

(2) Fix a clopen U in I<'. Since h-1(U) = h-1(U n h(K)), wc have h(h-1(U)) 
given the density of lm h in K' and the fact that U is clopen, we obtain 

h(h-1(U)) = U n h(K) = U, 

U n h(K), and s( 

as claimed. . ni 
. J{ a (3) Since Q is a ring embedding, ( <=) is clear. Conversely, assume that Q(j) is strictly positive 1) f ~ 

[J< O]K, -f:: 0. Then, [f < O]g, n h(K) -:j:: 0, and (a) yields [Q(j) < O]g = h-1([.f < O]g, ( 
which is impossible. 

. d ose i1 · e is e,, Theorem 4.8 Let w : Y ----+ Z be a continuous map of Tychonoff spaces, whose imaq _p -l) i, 
Z. Then, for each q-subgroup P of C(Z), there is a q-subgroup Q of C(Y) such that ( G(P), c=:. ' 
isomorphic to ( G(Q), =Q, -1 ). 

. b dding and Proof. Let o: C(Z) ----+ C(Y), given by o(J) = f o w. By 4.7.(b).(1), o is a R-algebra ern e units, 
hence o(P) is a subgroup of C(Y)X, containing -1. Let Q be the saturation of o(P) modulo square 
that is, 

Q = o(P) · C(Y)X
2 = {o(f)h E C(Y)x: f E P and h E C(Y)x2}- CJearlY, 

Then, Q is a subgroup of C(Y) X, containing C(Y) x 2 and -1, whence a q-subgroup of C(Y). 
o I P is a group embedding of P into Q, taking -1 to -1. We now have, for f, g E P: (*) 

fEDP(l,g) <=> o(J)EDQ(l,o(g)). eniJl 
Indeed, since o is a ri~g embedding, ( =>) is cle~r (2. 7). For the converse, because [h_ < O]z is \:~~p 
Z for all h E C(Z)X, iterns (a).(1) and (a).(2) m 4.7, together with the equivalence m 2.7.(a) Y 

o(J) E DQ(l, o(g)) => [o(.f) < O]y ~ [o(g) < O]y => w-l([J < O]z) ~ w-1([g < o]z) 
=> w(w-1([!<0]2)) C w(w-1([g<O]z)) 

=> w ( w-
1 
( [J < 0 ]z)) C w ( w-1 ( [g < O ]z)) 

=> [.f < O]z ~ [g < O]z => J E DP(l, g), 
as asserted. ra,l 

2 ) . the natu , Let µ: p----+ G(Q) = Q/C(Y)X , be given by µ = qQ o O I P, where qQ : Q----+ G(Q IS (P), it 15 
quotient morphism. Since every element of Q is equivalent, rnodulo C(Y)2 to an element of O used to 
clear that µ is surjective, while 4.7.(b).(3) implies that ker µ = C(z)x2_ The same argumen\c(f), 
establish 2.13.(c) or 4.1.(3) (that depends only on (*) above) shows that µ factors uniquely throug ~ 
to yield an isomorphism of reduced TT-SGs, w: G(P) ----+ G(Q). 

3

ct 
Th 1 · d. · · d · · f h ·ectivecornPJe e ast step m our 1scuss1on 1s eterrnmmg, or eac reduced special group G, a proJ . . in tJ 

J( such that G is isornorphic to G(S) for some q -subgroup S of C(K) x. The interest in this ]t~s sucb & 
fact that the Boolean algebra of clopens in J( is complete. In fact, it will be shown that there 15 
J( universal for countable special groups. 

It is well-known that a 

compact Hausdorff space is projective iff it is extremally disconnected 

iff it is Boolean and its BA of clopens is complete. 

26 



The category of compa.ct Hausdorff spaces has enough projectives (for background on projective compacts, 
the reader may consult [Mag] or Chapter 21 in [Mir]). This fact is a consequence of a construction due 
to Gleason. To fix notation, let J( be a com pact space and let <B ( K) be the Stone space of the com plete 
BA of regular opens in I<, i.e., those open U in I< such that U = int U (int is the interior operation). 
Then, there is a continuous surjection, fi : <B ( K) ---+ I<, such that no restriction of fi to a proper closed 
subset of <B(K) is onto J(. The diagram fi : <B(K) ---+ J( is the Gleason projective cover of K. 

Theorem 4.9 a) If G is a RSG, then there is a projeciive compact space Z and a q-subgroup S of C(Z) 
1,3uch that G is isomorphic to G(S). 

0) Any countable RSG is of the form G(S), where S is a q-subgroup of C(2w). 
l,t) There is a projective compact P such that if G is countable RSG, then there is a q-subgroup of S of 
~(P) such that G is isomorphic to G ( S). 

lroof. a) By Theorem 4.1, there is a Boolean space X and a q-subgroup T of C(X) such that G is 
i•ornorphic to G(T). Let fi : <B(X) ---+ X be the Gleason cover of X. Then, Theorem 4.8 yields a 
. rsubgroup S of C(<B(X)) such that G(T) ~ G(S) ~ G, as desired. 
I 

)1) Let G be a countable RSG; then its Boolean hull, Ba, is also countable (this follows straightforwardly 
lorn 2.12.(b).(3)). Hence, the Stone space of Ba, Xa, is a second countable Boolean space and thus 
iletrizable. Now, a result of Kuratowski asserts tha.t Xa is the continuous image of 2w, that is, there is 
,1continuous surjection, 0 : 2w ---+ Xa. By Theorem 4.1, G is isomorphic to G(T) for some q-subgroup 

1of C(Xa) and the desired conclusion follows from Theorem 4.8. 

1 

·)Let fi: p = <B(2w) ---+ 2w be the Glea.son cover of 2w. The same arguments used in the proofs of items 
1) and (b), yield a q-subgroup 5 of C(P) such that G(S) ~ G. <> 
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