





A PERRON THEOREM FOR THE EXISTENCE OF INVARIANT SUBSPACES

ABSTRACT

An extended notion of cone K in a linear vector space is
introduced and certain properties of characteristic values and
elgenvectors of a linear operator mapping K\{0} into its interior

are derived by proving a theorem which extends the classical result

of Perron on positive matrices.

T - INTRODUCTION

Let E, dim E = n, be a finite dimensional real vector space;
let L(E) be the set of linear operators on E, r(T) the spectral
radius of T € L(E) and o(T) the spectrum of T. The celebrated

theorem of Perron [G] can be stated as follows

Theorem - If Cc E i8 a closed cone with nonempty . interior and

‘T € L(E) 28 a linear operator such that

T(A{0}) € int C ,

then T has an etgenvalue X with is positive and equal to r(T) |,

A > lul| for all u € o(T), u + A and the algebraie multiplicity of
A 28 one. 4 corresponding unit eigenvector v can be chosen in int C;

moreover v is the unique unit eigenvector ef T tn C .



In the statement of this theorem,a cone is, by definition, a

set C ¢ E which satisfies the following conditions:

(i) xeC, x€EC»x=0,

(i1) x,y €C ; a,8 > 0 > ax + By € C.

If C is a closed set which satisfies these conditions, then the

set K=Cu (-C), -C = {x|-x € C}, satisfies:

a) x € K, aeRa2>ax € K,

b) max{dim W|W a subspace, W c K} = 1.

Condition a) is obvious. To show b) we note that, if W + {0} is a
subspace contained in K and S is the unit sphere in W , the sets
st =s*nCc, 8 =8 n (-C) are disjoint and closed because (i)
implies € n (-C) = {0} and C is closed. It follows that S =s*y 8~
is disconnected and therefore dim W = 1. On the other hand it is
clear that there exist closed sets K which satisfy a) and b) and
cannot be written as K = C u (-C) with C closed and satisfying (1)
and (ii). However it has been shown in [AF] that one has the fol-

lowing theorem which implies the theorem of Perron

Theorem — If K cE t8 a closed set which satisfies a) and b),

int K# ¢,and T € L(E) 18 such that

T(K\{0}) < int K ,



then there exist subspaces wl,wz, Wl n Wz = {0}, dim W, =1, dim=
Wy = n~1 vhich are invariant under T and such that W, < {0} vint K,
Wy n K= {0}, Moreover if A is the eigenvalue of T corresponding

to\Fl and 4 € o(T), u ¢ A, then
r(T) = |A} > |ul.

- The fact that one can prove a theorem which is essentially equiva-
lent to Perron's theorem by defining a cone as a &ﬂ:whichéatisfies
a) and b), more than in itself, it is interesting because, inusmuch
the standard definition of a cone based on (i} and (ii), the defi-
nition adopted in the previous theorem can be naturally generalized
to cover cones of "dimension-d" by simply changing in b) the mmber
1l to a generic integer 4 > 1 and, then, the question of a corre-
sponding generalized version of Perron's theorem arises. The aim

of this work is to give a positive answer to this guestion by

presenting a proof of the following theorem:

Theorem —1. Let Kc E be a closed set with non empty interior and

let T € L(E). Agsume that

h;) x € K, a € R 2 ax € K,
h,) max{dim W|W a subspace, We K} =4 , 1 <d<n,

hy) T(K\{0}) < int K ,

then there exist (unique) subspaces Wy oW, such that



1) Wy n oW, = {0}, dim W, =d, dim W, = n-d ,
2) T Wj c Wj r J=1,2,

3) W c{O}uintK,Wan={0}.

1
Moréauer,if cl(T),oz(T) are the spectra of T restricted to Wl, Wz,

then, between 04 (T) and 0,(T) there is a gap
A€ 0y(T), u€ay(r) = [A] > [u].

It is important to remark that, as it will appear from the
proof of this theorem, there is also a complex version of Theorem-1
which {is obtained by assuming E is a complex vector space and
by replacing the real field R in hl) by the complex field C. The
proof of Theorem-1 is contained in the following paragraph and
relies on a Dynamical System approach in the spirit of the proof of
Perron theorem in [AF]. In the last paragraph Theorem-l is wused
to derive properties of the eigenvalues and eigenvectors of some

special kind of matrices,



2 - PROOF OF THEOREM-)

We shall consider first the case of a nonsingular operator
with a simple spectrum and then generalize. Let G be the Grasman-
nian manifold of subspaces of dimension d with the standarg topology
and let ¢t c g be the subset of subspaces contained in K. &% is

a closed subset of G because K is closed.

A nonsingular operator T € L(E) induces naturally a map T:G+G
which maps v € ¢ into its image under T. IfT satisfies h3) then

T maps G* into itself and actually one has

4) T G* ¢ int g*,

Our proof of Theorem-1 is based on the study of the discrete dy-
namical systems on G and g% Obtained by iterating the map T. As
usual [gM] we denote by w(V) the w-limit set of a point Vv € g
that is the set of al1l limit points of the sequence {TJV) >1. ¢
Clearly 4) implies that w(V) c g+ whenever Vv € g*, we shall also

denote by 2 the set

5) 2= u ww) ,
VeG
that is the union of the w-limit sets of all points in G. The

main step in the proof is to show the ex1stence of a 4- dlmensional
subspace W € K which is invariant under T or equivalently that T
has a fixed point in G*+. The basic observationg in this direction

are



I - As a consequence of 4) the intersection of w(V) with the bounda

ry 3G of G* is empty. This is proved in Lemma-1 below.

II - The linearity of T implies that if C € L{E) is a nonsingular
operator which commutes with T and C : G + G is the induced

map then R is invariant under c.

These observations enable us to show that if V € ¢t then Wew(V)cG*
must be a fixed point of T. 1In fact if this is not the case, then
as we shall see, one can construct a continuous family Cg ,se[o,l)

with C, = I the identity map and such that I]= u CgW) €E is
s€[0,1)

a subspace of dimension > d. Then h,) implies ] contains a vector
x which lies outside K. It follows there exists s € (0,1) such
that ng g G* and, since Eow = W is in G*, and actually in int G*
by I , there is t € (0,8) such that C,W € 3G*. This contraticts

I because II implies that Etw belongs to Q.

Lemma-1. Assume T € L(E) is a noneingular operator satisfying the
hypothesis hi) in Theorem-1, then if V € G and w(V) ie the w-limit

set of V with reepeect to the dynamical eystem {ij)j>l , one has
6) wv) n 36t =9¢ .
Proof - If w(V) is in the complement of c*, then’(G) holds. There-

fore we can assume there is W € w(V) n GY. Actually we can assume

W € int G' because otherwise we take ? W which is in int ct by



(4) and is in w({V) by the invariance of the w-limit set. This and
the definition of w-limit set imply there is j such that TV ¢ int G'.
Then by (4) it follows that fiV € int G* for all i > 3 and there-
fore that w(V) c G*. This and the invariance of the w-limit set,

Tw (V) = w(V), imply by (4) that in fact one has w(V) ¢ int G*. o

Lemma-2. Agsume T € L(E) is a nonsingular operator, and let C € L(E)

be a nonsingular operator which commutes with T. Then
7) Wen sCwWeaq,

Proof. Let {ej};=1 ©E be a basis and 1,y be the matrix re-
Presentations of T,C with respect to this basis. With respect to
the basis {ej}g'=1 + @ d-dimensional subspace V ¢ E, that is a point
V € G,is determined by a dxn matrix v of méximal rank and two
such matrices v,v' correspond to the same subspace if and only if
there is a nonsingular d xd matrix o such that ov = v\ Therefore
to say that W € G is in w(V) is equivalent to the existence of a
Ssequence ok, ok a nonsingular dx g matrix, and of a subsequence
ik such that
ko k

8) lim o™ v T = w,
k>

From this and the fact Tt and y commute it follows

i i
lim ok vYyT k = lim ak v T 1S Y = wy

k+oo k+w

which concludes the proof. g



{
\

The following lemma gives information on the w-1limit sets of
points in G under the hypothesis that T has a simple spectrum and

satisfies
9) Ai'lj € o(T), |Ag] = lkjl > Xi'kj complex conjugate.

We now assume {ej}§=l c E to be a basis such that the matrix re-
presentation T of T with respect to that basis is in real diagonal
form with diagonal blocks (of size 1x1 or 2x2) ordered by decreasing

modulus of the corresponding characteristic values.

Lemma-3. If T € L(E) i8 a nonsingular operator with a gimple spec—
trum which satisfies 9), then there is an open dense set I'cG such

that for V € T and W € w(V) one of the following alternatives holds:

(1) there ie an integer k such that & is exactly equal to the sum

of the sizes of the first k blocks on the diagonal of 1 and

'

W= span{el,...,ed}.

w(v) = {W}.

(i1) there exists r € [0,1) such that if a = cos 2nr, B = sin 27r,

then

W = span{e;,...,e5_, 0eq + B ed+1}.



Proof — Let T © G be the set of V € G such that their matrix re-

?=1 has all minors

presentation v with respect to the basis {ej}
different from zero. It is a routine t0 check thatTis open and dense
in G. Assume there is k such that d is exactly equal to the sum
of the sizes of the first k blocks on the diagonal of <t and con-

sider T as a 2x2 block matrix

[
. T1'ow
0 112

|-

where T, is a dxd matrix. Similarly let

v = [ vy | v, ] T

where vl is a dxd matrix. When V € I'yn as we assume, v1 is nonsin-
gular. To prove that, under the above assumptions, alternative
(i) occurs it is the same as to show there is a sequence of non-

singular dxd matrices 01 such that

1im ot v 1 = [Id IOJ,

i+
where Id is the identity matrix in Rd.

Take ol = r;i vIl , then
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and
-1 -1 i -1 -1 i
lim v, v,© v, 1ol < dm [yt vl iy Tl e, T =
v 1 1 2 "2 e i 2 1 2
i
-1 V2
lim flv.” v ||| 5= ] =0,
PR N e B

where vy is the minimum modulus for the characteristic values of
L5 and v, is the maximum modulus for the characteristic values of

T, and vy > vy by assumgtion.

We remark that in this proof we have only used the fact that
vy is nonsingular. We shall use this observation in the remaining
part of the proof. Assume now that there is k such that the sum
of the sizes of the first k blocks is d-1 and that the (k + 1l)th
block is a 2x2 block so that the sum of the sizes of the first k+l
blocks is d+l. Assume V € T and let v© be the (d-1)xn matrix ob-
tained from v by canceling the last row and let Vv° the correspond-
ing (d-1) dimensional subspace. Clearly the (d-1) x (d-1) matrix

© is nonsingular. . On the

formed by the first (d-1) columns of v
other hand it is obvious that we can construct a (&+1)xn matrix v'by"
adding a row to the matrix v in such a way that the (d+1) x (d&+1)
matrix formed by the first (d+1l) columns of v* be nonsingular. Let

v* be the (d+1) dimensional subspace corresponding to v'. Let io'
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'I‘. the maps induced by T in the Grasmannian manifolds of order d-1,

d+l, then from the first part of the proof we have

=1
.
<
(e
]

lim

W = span{e,,...,e
j-w:n 1

a-1}

m T v* = w* = span{e

j-ow

1'.-"ed+l} L]

This and the fact that V¢ V ¢ V¥ imply that any W € w (V) satis-

fies W° c W c wW*. o

Proposition-1. Assume T and K satisfy the hypothesis of Theorem=1.

Assume moreover that T 1i8 nonsingular with a simple spectrur

which verifies condition 9). Then the conclusions of theorem—1 hold.
] .

-

Proof, Sir;ce the set T ¢ G in Lemma 3 is open and dense and Gc*
has nonempty interior, there exists V ¢ T n G*. Therefore, by Lem-
ma-1,W € w(V) is in the interior of G*. We claim that W is in-
variant under T. To prove this we shall show that alternative (ii)
in Lemma-3 is in contradiction with h,). If alternative (ii) holds,

the operator C, € L(E) defined with respect to {e.}"

3t5=1 by the block

matrix
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a-1 0

cos2ns sin2ns

-sin2ns cos2ms

In-a-1

commutes with T for all s and is nonsingular. It follows that the

subspace

ESW = span{el,...,ed_l,(c052ﬂ(r+s))ed + @inzn(r+s»ed+1},
is in 2 by Lemma-2. Then we also have {Eswls €[0,1)} ¢ 8. On the
other hand if I is the union of ESW for s €[0,1) it results

T = span{el,...,ed+1}.

Since I is a d+1 dimensional subspace, h,) implies I n(E \ K} + ¢ .
It follows that there is s € (0,1) such that Ew g c*. This,
Eow = W € int G*, and the fact that Esw is continuous in s imply
the existence of t € (0,s) such that Etw € ac* in contradiction
with Lemma-1. This contradiction proves our claim. The subspace W
can therefore be identified with the subspace Wy in the statement
of Theorem 1. To complete the proof we only need to show that the
subspace W, = span{ed+l,...,en} satisfies W, n K = {0}. For the
sake of contradiction assume tﬁere is x *# 0, x € Wy n K, We can
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also assume x € int K because otherwise we can take Tx which is
in int K by hj). It follows that there is Yy = 2 Yj€5 € int K
such that Yd+l + 0. Then the arguments in the proof of Lemma-3
imply that, there are two possibilities corresponding to the fact
that the size of the first block on the diagohal of T, be 1 or 2.
In the first case the Sequence of one-dimensional subspaces Ti(Y),
Y = spani{y}, converges to span{ed+1} and €3+1 € int K. In the
second case there is a subsequence {Tih}of{Ti} and numbers r, s,
2 4 s2 = 1, such that Tih(Y) converges to span{r ea+1 t Sey, } and
(r ed+i *t s ey,,) € int K. We shall discuss only the first case
because the proof in the second case is es;entially the same. Let
ﬁi be the linear variety of dimension d defined by W —{ed+1 + x|
X € Wll and I = wl n (E\K. I is a bounded set. 1In fact as-
sume there is a sequence {yi} € W; such that legey + yY;) €1 and
iim Hyiu = ®,then we can also assume that, as i + “r ¥,ly;! con-
verges to some v € wl, and therefore, if Vv c w1 is a d-1 dimensional
subspace which does not contain v and Zi = span{vV, €541 1 Yi} we

have I, € (6 \ G*) and

lim I, =y

i+w i 1

in contradiction with the fact that W, € int G*. Therefore there
is 0 < w'such that T ¢ B, = :{ed+l + yllyll < o}. also 1 is nonempty
because otherwise K would ?ontain the d+1 dimensional subspace

span{W;,e;, .} which is in contrast with hjy). By considering, instead
176+ 3
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of T, the operator iva, if necessary, we can suppose the eigen-
value corresponding to €a+1 be equal to 1 so that the variety ﬁl
be invariant under T and €4+1 be a fixed point. Then the assump-
tions on the spectrum of T imply that the minimum vy of the modulii
of characteristic values of lel is > 1. Thus, for any given s>0,
T(B,) contains Bvls and therefore g Ti(Bs) = ﬁ;. Since ey,; is in
int K we can choose s so small that Bs nl=4¢ then by h3)

Ti(Bs) nl=¢. This contradiction concludes the proof. o

Now we turn to generic operators satisfying the hypothesis of

Theorem~1.

Lemma-4. Let K c E be a elosed set with nomempty interior and let
T € L(E). Assume K and T satiefy the hypothesis hl),h3) <n Theorem=1.
Then there 18 € > 0 such that: S € L(E),“S-T“ < g >8 satis-

fieB h3)o

Proof - Let P be the intersection of K with the unit sphere. Since
P is éompact, T(P) is compact and contained in int K by h3).Thene-
fore if 4 (T(P),3K) is the distance between T(P) and 8K we have
d(T(P),dK) = & > 0. Let S € L(E), [Is=T]| < e = : §/2 and let x€ P,

then

d(sx,3K)

inf [|Sx-yll = 4inf ||Tx-y-(T-S)x|} >
YE3K y€EIK

inf |Tx-y| - [[(T-S)x| > §/2. ©
y€9K o
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Lemma-5 ~ Let Tj € L(E), i=l,..., be @ 8equence of operators and
Wj € E, J=1,.0., a corresponding sequence of d~dimensional suk~

8paces. Assume that Tj b wj-» W as j + o gng Tj hH c Wj .
Then T W c W,

Proof ~ We can assume E is an Euclidean space. Then we can asso-

ciate to W and Wj the corresponding orthogonal projections P, Pj

and Pj +*Pas j+w, IfTW # W there is x ¢ W, Ixll = 1,such that

ITx = P x| = &6 > 0. 7The hypothesis in the Lemma imply that, given

€ > 0,there exist an integer k and y € wk such that

ITe = Th <e fly = xif <e,p, -2 <e.
It follows that we can also assume
"Tk Y~ P Tx|| = Mpk Ty Y-PTx| <¢
then if ¢ is sufficiently small we can write
0 =flr, vy~ P Tyl =l¢T, vy - Ty) + (Ty - x) + (7x - P Tx) +
BIx =P Tl 20T - 7| - (ez, - Ty +

-~
Tty =20 + P -2, 7 y) > 6 - ellylh + It + 1) > 0

which is a contradiction. g
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We are now in the position of completing the proof of Theorem-1.
It is a well known fact that any given operator T € L(E) can
be approximated by a sequence Tj € L(E), Tj +Tas j+ =, such
that Tj is nonsingular and has a simple spectrum. It is also clear
that we can choose the sequence Tj so that also condition 9) is
fulfilled. By Lemma-4, for j sufficiently large, Tj satisfies the
hypothesis of Theorem-1 provided T does. We can therefore apply
Proposition-1 to each Tj and get corresponding subspace wlj ’ sz

that satisfy, with respect to T. +conditions 1), 2), 3) in Theorem-1.

]
By taking subsequences , if necessary, we can assume that the
sequences le o sz . J=1,..., converge to subspaces w1 v w2 and
W, ¢k, W, c (E‘K). By Lemma-5 w1 and w2 are invariant under T.
This and hj) imply that W, < {0} v int K and W, n K = {0}. There-
fore W, and W, satisfy, with respect to T, the conditions 1), 2),
3). Therefore to conclude the proof we only need to show that also
the statement about the spectra of the restrictions TIW1 ’ lez
holds. By Proposition-l the above statement holds for the spectra
of the restrictions lewlj 2 lewzj . Thus, since the spectrunm

0(S) of S € L(E) depends continuously on S [K] we immediately get
A€oy (T), uw € oy(T) > |A] > [ul.

To show that actually we have the strict inequality |A| > |p| we
let x = Xy + xy be the unique decomposition of x € £ with x1.€ wl.
X, € W, and let T € L(E) defined by Ix = X5+ Clearly Wlémd W, are

.
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invariant under the operator Tc =: T+ €1, and ol(Te) = ol(T) 7
0y (T) = 0,(T) +e. On the other hand Lemma-4 implies there is £>0
such that T. satisfies the hypothesis of Theorem-1 for & € (~e,t).

From the previous part of the proof we then have
A€ 0, (T,) = o, (m) , He € 0,(T ) » “el > ul,

for € € (-€,€). This and the fact that Mo = u+e for some yu eoz(T)

prove the claimed strict inequality. p
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3 - APPLICATIONS AND REMARKS

We begin by observing that Theorem-l can be inverted. We have

in fact

Proposition-2 ~ Let T € L(E) and Wy /W, ¢ E subspaces of dimension
d and n-d such that Wy, n W, = {0}. Assume that

a) TWye Wy, §=1,2,

b) A € o(T{Wy) , uw€ o(TIw) = |A] > Ju| ,-

then there is a closed set K with nonempty interior such that K and

and T satisfy hl)' h2), h3).
Proof - By a suitable choice of the norm in E we may assume that

-1
10) Feetwp) ™2l = 179, liTlw,ll = v,
where v; = min {|A]|,A € ol(T{wp}, vo = max {|u],u € G(TIWZ)} and
V] > v, by b). Let x = X + X%, be the unique decomposition of x
with x) € W), x, € W, and let K = {x]”xzﬂ < Hxlu}. Then K is
closed, has nonempty interior and satisfy hl)' From 10)it follows that
for x € K\{0} we have

v
2
I 3l < wllxgh < vollxgl £ G207 gl < 7 )
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which proves h;). Let q = max {dim W|W a subspace, W ¢ K}. Clearly
q > d because W) © K. Let V be a subspace of dimension d+1 and
let qi = xi + x; » 1=1,...,d+1 be a basis in V. Since xi € Wl, a

d dimensional subspace, there exist numbers ay. i=1, ..., 8+1 ,

a+1l - d+l i
) Iail > 0 , such that X, =z ) a; x] = 0. On the other hand it
i=1 _ a+1 i=1 ;.
results Xq =3 ) ay X, #+ 0 because the z° s are linearly inde-
i=1

pendent. It follows [x,| > %l = 0. Thus Vv ¢ k. g

As a first application of the results described above we give
an alternative proof of a Theorem [G],[G,X] which concerns eigen-

values and eigenvectors of a tridiagonal matrix

a, bl ..- 0
c a b
11) 1=| "2 "2 72
R !
0 Sh 2,
satisfying the condition
12) b ¢ >0, i=1,...,n-1.

In the statement of the t}forem we only consider the special case

when
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13) ' by >0, ¢,y >0, i=1,...,n-1.

In fact any matrix of type 11) satisfying 12) can be written as
1=P1P whereP is a diagonal matrix with diagonal elements equal
to 1l or -1 and 1 is a "positive Jacobi matrix" that is a matrix of
type 11) which satisfies 13). To state the theorem we need some
notation. If x = (xl,...,xn) € R" has non zero components we let
N(x}-1 be the number of sign changes in the sequence Xj ,;Xysee.sX e
Define N, Ny : Rr™ > (1,...,n).by letting N (x), Ny, (x) be the mi-
nimum and the maximum value of N(x') when x' ranges in a small
neighborhood of x and has non zero components. Let N be extended
to the (open and dense) set N = : {x|N_ (x) = Ny, (x)} by setting

N(x) = Nm(x) = NM(x) for x € N.

Theorem-2 (Gantmacher o Krein). Let I be a positive Jacobi matriz.
Then { §
(1) 1 has simple real eigenvalues Al >-A2 > eee > A .

(1i) I1If vj i8 an eigenvector corresponding to Aj » then

vj € N and N(vj) =3, j=1,...,n .

. k
(11i) If @psQpyqreee Q) are real numbers and v = jzh agy vyt 0,

then h < Np(v) < Ny(v) < k.
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Proof. Since I and its exponential gl have the same eigenvectors
and A € o(l) eaelte o(éi)vt,itsufficies to show that the eigen-
values and the eigenvectors of éj satisfy (i), (ii), (iii). for any
integer 1 < d < n let Ky be the closure of {xlNM(x) < d}. Then K4
is closed, has non empty interior and satisfies h } in Theorem-1 .
Moreover we claim that q = : max{dim W|W a subspace, W c Kyl is

equal to d. To see this let pj(s) = 5371 ana let xi = pJ (i),kg:d.

The d vectors xJ = (xl,...,x )» 1< 3 < n,are linearly independent
because otherwise l,...,n would be roots of a polinomium

p = Z ij + 0 which is at most of degree d-1 < n. Therefore
j=1

W= span{xi,...,x } is of dimension d. Since Ky is closed, to show
that W c Kd it sufficies to show a dense subset of W is contained

in Kd For any x = Z Ej let P, the corresponding polinomium

Py = Z Ejpj and px the derivative of p, and consider the open

and dense subset D ¢ W defined by D = :{x|x € w, Py (i)#0, 1<i<n}.
From the definition of D it follows that for any X € D there is a
neighborhood v, of x in R™ with the property that, for any y € Uy,
there exist numbers 61""'6n satisfying Yy = py(i + di). There-
fore the number of sign changes in the sequence y),...,y, for any
y € Ux with all non zero components cannot exceed the degree of
py ¢+ 0 which is at most d-1. This proves NM(y) £ d and therefore
Wc Kq which implies g > d. We now prove that g < d. This is ob-

1

vious 1if d=n, therefore we assume d < n and let x ,...,xd d+1€‘Rn

be d+1 vectors. If these vectors are linearly independent, by a
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suitable choice of d+1 numbers YyreeeeYgr Ygs1 VWe can make d+l1 of

d+1l
the components of the vector y = 2 Yj xJ to be equal to 1 or -1

j=1
alternatively and this implies y ¢ Kd because any vector z with
all non zero components near y will have at least d sign changes.
This shows any subspace of dimension d+l1 has points outside K

é
thus implying q < d. By using the differential equation % = Ix one

can prove (see [F,01] Theorem-1) that T = : &I and Ky satisfy h,).
Therefore Theorem-1 implies that, for each 1 < 4@ < n, there is a

T-invariant d-dimensional subspace wg c {0} v int Kd and a T-
invariant (n-d)-dimensional subspace wg o wg n Kd = {0} with cor-

n

responding spectral gap. Clearly (with wl = 3 wg = : R") we have

wd c wg+1 0 wg c wg'l + 1 £d<n. For eachl<dc<n let V, =

1 d
= 3 Wg n wg'l . Vd is a T-invariant subspace and dim Vd-l because
wg n wg = {0}. It is also clear that span {vl""'vn} - gr", there

fore the spectrum of T is the set of the (real) eigenvalues {11,

...,An} corresponding to Vir---,V, and A 2 Az S o00, & An by the
spectral gap. Let ) € Vd be a non zero vector,then V4 € int Kd
and therefore Ny(vy) < d. Also vy £ K, , and therefore N (vg)>a-1.

It follows that vq €N and N(vd) = d. The last statement is proved
k
in a similar way by observing that v = z a. v, # 0 belongs to

- j=n I 3
k wh 1

the subspaces w1 n w, . O

In a similar way one can derive from Theorem-1 detailed in-

formation on spectrum and eigenvectors of matrices A of the type
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U o
(=]
0
]

with b,,c. > 0 and 7 bi *+*71c¢ >0, i=1,...,n. We discuss this interest-
A 1 i i ' .

ing class of matrices in [F,0 2]

.

Our second application of Theorem-1 is the following theorem

which concerns matrices H of the type

a b1 e bn-l
14) i=| 1 2 O |
én-l (:) . %n )

satisfying the condition bici >0, i=1,...,n-1. Any such matrix
is similar to a matrix satisfying the more restrictive condition,
15) b;: >0, ¢, >0, i=l,...,n-1.

i. M §

Therefore we only consi@er this special case.
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Theorem=-3. Let B be a matriz of type 14) satisfying condition 15).
Then

(i) The eigenvalues of H are real and H has n linearly indepen-

dent eigenvectors.

(ii) The largest and the smallest eigenvalues Al,xn are simple :

(iii) If Viseee,V, are etgenvectors corresponding to Al,...,knthen_

€ {x € Rn|x1x. >0, 2 <1ic<n},

v1 i-1 =

Vorees ¥ 1 € {x € R"|3 i, > 2 such that x.x

1j<0}.

v, € {x € Rnlxlxi < 0, i=2,...,n}.
We don't present a detailed proof of this theorem. The first stat

ment follows from the fact that H is similar to a symmetric matrix,
The proof of (ii) and (iii) is analogous to the proof of Theorem-2
and it is based on the fact that by using the differential equation
X = Hx it is seen that the exponential T = eMang the cones Kl'

Kn-l defined by

K, = Closure {x|x,x; ,
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n .
K,..; =R \{xlxlxi < 0, is=2,...,n},
satisfy the hypothesis of theorem-1 for d=1, d=n-1. D

Our next example is about matrices obtained by discretizing
the Laplacian operator 4 in a bounded domain Q with Direchlet or
Newmann boundary conditions. We consider the simple case when
is a cube C ¢ Rk, k > 1, divided in n=mk equal cubes cl,...,cn of
size (1/m)th of the size of C. Then, if we let I, be the set of
indices j + 1 such that j € Iie= ¢ and cj have a commun face, the
nxn matrix L = (Lij),which is the standard discretization of A
corresponding to the above partition of C,is symmetric and satis-

fies
Lij >0 if i # j and j € I,
Lij =O0if i ¢ j and j & 1.

By using these properties of L and the differential equation % =Ly

one can show that T = eL and the cones

n :
Kl = Closure{x € R lxixi_ > 0, i=2,...,n},

1

n n -
K., =R\{x €R Ixixj <0, J€1,, i=l,...,n},
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satisfy the hypothesis of Theorem-1 with d=1, d=n-1. Therefore one

can prove the following theorem

Theorem=-4. If Ay > ... > X are the eigenvalues of L and VireeesVy
are corresponding eigenvecetors, then

(ii) v, € {xlx;x; ; >0, i=2,...,n} ,
Voseeeov o € int(K__ \K;) ,

v, € {xlxixj <0, j €I, i=1,...,n}.
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