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Summary 

In this paper we discuss three diferent characterizations of the generalized t-distribu­

tion within the class of the eliptical distributions. We show that this distribution can 

be characterized in terms of its unconditional and conditional marginals and in terms 

of quadratic forms. Similar results have been proved for the normal distribution. An 

additional characterization of the t distribution within the subclass of the con pound normal 

distributions ( or scale mixture of normal distributions) is also studied. 

1. Introduction 

The normal distribution has been characterized within the class of tl1e elliptical dis­

tributions in several different ways by using some of its properties. Important references 

in this direction are Kelker (1970), Cambanis et al. (1981), Anderson and Fang (1987) 

and Khatri and Mukerjee (1987). We show in this paper that the t-distribution can be 

characterized within the class of the eliptical distributions by using some of its properties. 

Three results of this nature are presented. The first result charcterizes the generalized t­
distribution in terms of its marginals. The second result presents a characterization of the 

t-distribution in terms of its marginal conditional distributions. The proof of this result, 

which considers the existence of a density, is similar to the proof considered in Kelker (1970) 

for the characterization of the normal distribution. Kelker's (1970) results are extendend 

by Cambanis et al. (1981 ), where characterizations of the normal distribution are provided 

within the class of the elliptical nondegenerate distributions. We conjecture that similar 

results also holds for the case of the generalized t-distribution with similar hypothesis as 

the ones considered in Carnbanis et al. (1981). Further, it is shown that the generalized 
t-distribution can also be characterized in terms of some special quadratic forms. This 

result is proved by considering a preliminary fact stated in Anderson and Fang (1987) on 

the spherical distributions which put zero mass in the origin. A similar characterization 

for the normal distribution appears in Khatri and Mukerjee (1987) within the class of the 

spherical distributions which do not puts zero mass in the origin. Finally, we show that the 
t-<listribution can be characterized within the subclass of the spherical distributions which 

are scale mixtures of the normal distribution. Linearity conditions on the variance of the 

univariate conditional distributions are used in this case. The main result is obtained as e. 

consequence of e. well known theorem due Diaconis ans Ylvisaker (1979), where it is shown 

that in the regular exponential family (with the natural parametrization), if the posterior 

expectation is linear then the prior distribution must be conjugated. We begin with some 

preliminary results of the elliptical ancl t-distributions. 
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2. Some preliminary results 

In this section we present some known facts about the spherical, elliptical and t­
distributions, which are used to prove the main results of this paper. We start with the 
spherical and elliptical distributions. 

2.1. The spherical and elliptical distributions 

Let On be the set (group) of the nxn orthogonal matrices. An n-dimensional random 
(column) Vf'ctor Xis said to have spherical (symmetric) distributions if for every r E On 
(stt Kelker, 1990), 

,I 
rX=X, 

where Y ~ Z means that }' and Z have the same distribution. If 1/,x denotes the charac­
teristic function of X, then 

4>x(t) = 4,(t't), t E n_n, 

for some function <I> and we write X ~ Sn(ef>). Similarly, if X has a density function PX, 
then 

px(x) = /(x'x), x E n_n, . 

for some function f. In this case we write X ~ Sn(/). For example, if 

or f(u) = ~e-t, 
v2ir 

u 2:- 0, 

then Sn(<P) or S,.(f) is the spherical normal distribution, denoted by Nn{O;In), where In 
is the identity matrix of dimension n. 

Now, let U 111> denotes a random vector that is uniformly distributed on the unit sphere 
iu n<n>. Cambanis et al. (1981) pointed out the fact that X ~ Sn(4>) if and only if 

(2.1) 

where R ~ IIXII (with llxll = (x'x)1l 2 ) is independent ofU(n) and the distnoution function 
FR of R is related to </, through 

where 
'lln(t't) = E[eit'U(">]. 

Moreover, if P[X = O] = 0 (or FR(O) = 0), then IIXII and X/IIXII are independent and 
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It is easy to see that if X ~ Sn(!), then R has a density function PR related to the density 
/ through (Kelker, 1970; Cambanis et al., 1981) 

(2.2) 

Suppose now that 

x 4 v 112z, 

where V ~ Fv on IO,oo) and Z ~ Nn(O,ln) are independent. Then, X ~ Sn(q,) with 

(2.3) 4>(u) = f e-½ndFv(v), u ~ 0, 
110,00) 

and the distribution of X is a scale mixture of normal distributions. The subclass of such 
spherical distributions formed by varying Fv is called the class of the compound normal 
distributions. Further, if Fv(0) = 0, then X ~ S,.(/) (Cambanis et al., 1981) with 

(2.4) f(u) = 100

(21rv)-nl 2e-fvdFv(v), u ~ 0. 

In the special case where V ~ JG(11/2,>./2) or, equivalentely, V ~ >.fx;, where JG(o.,/J) 
denotes the inverted gamma distribution with slope and scale parameters a and /3, respec­
tively, that is, V has density function given by 

(2.5) 

then, from (2.4 ), we have that 

(2.6) 
L l.!:..±!!..l /(u)=k(n,11)>.2{>.+u}- 2 , u ~ 0, 

where 

(2.7) 

In this case, Sn(/) is a generalized version of the n-variate t-distribution (Dickey, 1967), 
which we denote by tn(O,ln, .>., 11). When.>.= 11, we have that tn(O,Ini 11, 11) = tn(O,In; 11) is 
the usual n-variate t-distribution with v degrees of freedom. Conversely, we can show that 
ifX ~ tn(O,In;A,11) then in (2.4), Fv ~ IG(11/2,A/2) (Andrews and Mallows, 1974). Fur­
ther, it is easy to see that X ~ tn(O,ln; >.,11) if and only ifin (2.1), R2 ~ Bcll(n/2,A/2), or 
equivalently, R2 ~ (n.X/11)Fn,,,, where Bell(a, fJ) denotes the ordinary beta II distribution 
with parameters a and fJ and density given by 

(2.8) flo + fJ) uo-1 (1 + )-(o+~) 0 
flo)r({J) u ' u > . 
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The class of elliptical distributions can be defined in a number of equivalent ways ( see, for 
example, Kelker, 1970; Cambanis et al. 1981; Muirhead, 1982 and Fang et al. 1990). We 
adopt here the following definition. An nxl random vector X is said to have an elliptical 
(symmetric) distribution with parameters µ E 'R." and I: of dimensions nxl and nxn, 
respectively, with I: being nonnegative definite (I: ~ 0). that is, I: = AA' where A is a 
nxk matrix of rank k, if 

,I 
X=11+AY, Y~S1,(<f,). 

The notation used is X ~ E,.(µ, I:; t/>) and for µ = 0 and I: = a- 21,., we have that 
E,.(0,<121,.; t/>) = Sn(ef>). Moreober, if X ~ E,.(µ,E; ef,), then 

t/>x(t;11,E) = eit'"ef>(t'Et), t E 'R.". 

In the case where I: is positive definite (I: > O), and X ~ E .. (11, I:;!), we have that 

(2.9) 

Note that X ~ E .. (µ, I:; f) is the nonsingular t .. (µ, I:; A, v) distribution when/ is as given 
by (2.6). 

2.2. Some properties of the t-distribution 

The t .. (µ, :E) , 0 distribution can be defined as the distribution ~.t-ce'°'"--n=-x,,.._random 
vector· X such that ' 

(2.10) 

where V ~ GI(v/2,A/2) and Z ~ N .. (O,I:) are independent. For :E > 0 we have that 
X ~ E,.(µ, :E; /), that is, X has density as given in (2.9) with / as given in {2.6). From 
(2.lO) 'and (2.7) it is easy to see that . 

(2.11) EIX] = /l, .X 
VarlXJ = El(X-µ)(X - µ)')= - I:, 

v-2 

for ,, > 1 and 11 > 2, respectively. Further, from (2.10) it follows that 

(2.12) 

since BZ ~ Nm(O, BI:B'), where '7 E 'R." is a mxl vector and B a mxn matrix. Now, let 

and 
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where X 1 and µ 1 are mxl vectors, :E11 is a mxm matrix and so on. Thus, taking B = 
[Im OJ in (2.12) we have that 

The marginal distribution of X2 follows by symmetry. Assuming that :E > 0, let 

/t1(X2) = /l1{X2) + :E12I:221(X2 - /12), 

and 
q(x2) == (x2 - ,,2)'I:221(X2 - Jl2). 

Using the fact that (Muirhead, 1982) 

and 
(x - µ)'I:- 1(x - ,,) == (x1 - 1'1 )'I:1"/ix2 - 111 (x2)) + q(x2 ), 

we have that the conditional density of X 1 given X2 = X2 is given by 

where 

(2.13) 

with 
Vm = v + m - m and A,. = A + a, 

and k(., .) is as given in (2.7). This means that 

(2.14) 

or, equivalentely, 
{X1 IX2 = X2) ~ Em(J11 {x2 ), :E11.2; / 9 (x2) ), 

with /,. given by (2.13). Note that for A = 11, . . . 
with Ila = v + a =/:- Vm = v + n - m, which means that the usual t-distribution does 
not retain its conditional distributions. Finally, from (2.14) and (2.11) (with A= A11 and 
11 = llm) it follows that 
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and 

( ? l") c IX IX I .\,cx,1"" _ .\ + (X2 - µ2)'E2,i1 (X1 - µ2)("" "" ""_1"" ) -• u OV I 2 = ---?""11.2 - 2 Lill - ""12""22 L.121 · 
Vm - - 11 + n - m -

Now, let X ~ tn(O, In;.\, 11) and A a nxn symmetric matrix. Then we have that 
X'AX ~ .\BeII(m/2,v/2) (or, equivalentely, (m.\/11)Fm,,,) if and only if A 2 = A and 

rank(A) = m, 1 $ m < n. In fact, since X 4 V112 Z, where V ~ IG(11/2,>./2) and 

Z ~ Nn(O,In) are independent, we have that X'AX 4 VZ'AZ where V and Z'AZ are 
independent. Recalling that Z'AZ ~ x~ if and only if A2 = A and rank(A) = m, the 
result follows. 

Remark 1. Let S ~ x~/r and T ~ s/x! (or T- 1 ~ x!/s) independent. Then, 

F =ST~ Fr,•= (s/r)BeII(r/2,s/2). 

Remark 2. Let S ~ nFn,v and T ~ Be(m/2,(n-m)/2), namely, the ordinary beta distri­
bution, independent, where 1 Sm Sn. Then, F =ST~ (m/11)Fm, 11 = BeII(m/2, v/2). 

3. A characterization in terms of its marginal distributions 

The theorem that we present next provides a characterization of the generalized t­
distribution in terms of its marginals. We use the notation and the results presented in 
Section 2. 

Theorem 1. Let X ~ En( I', E, ,p ). Then, any marginal di.,tribution iJ a generalized 
t-di.,tribution if and only if X ha., a generalized t-di11tribution. 

Proof. (For the "only if' part see Section 2.2). To prove the converse, we take (without 
loss of generality) the spherical case, with I' = 0 and E = In. Thus, X = (X~, x;)' ~ 
En(O,In;,P), where X1 is mxl, 1 $ m < n. Suppose that X1 ~ tm(O,Im;.\,v). Then, 
X1 ~ En(O,In;,P), where ,pis given by (2.3) with F., = G/(v/2,.\/2). Since X has 
characteristic function ¢,(t't), t E nn, then X ~ tn(O,In;.\,v), as was to be proved. * 

4. A characterization in terms of its conditional distributions 

We present now a characterization of the t-distribution in terms of its conditional 
distributions. Use is made of some results presented in Section 2.2. 

Theorem 2. Let X = (X~, x; )' ~ En(I,, E; /) where X i11 m:z:1, 1 $ m < n. Then, the 
conditional tli..tribution of X 1 given X2 i11 the generalized m-variate t-di.,tribution if and 
only if the di.dribution of X i., the generalized n-variate t-di11tribution. 

Proof. For the "only if' part see Section 2.2. To prove the reverse statement, it suffi.cies 
to consider the spherical case only, that is, ,, = 0 and E = I, since the general form of the 
conditional density of X1 given X2 is independent ofµ and E. Thus, in the spherical case, 
the conditional density of X1 given X2 is given by (Kelker, 1980; Cambanis et al., 1981) 

PX, (;x.J!x2) = f11x112(x; xi), Xt E 'R,m, 

6 



where 

(4.1) 

with 

2,rT 1""' 2 m-1 f2(a) = r[T] 
0 

J(r + a)r dr, 

that is, f(x~x2), X2 E n,n-m, is the marginal density of X 2 • 

Suppose then that 

where ~ .. = ~ + a and Vm = v + n - m. This means that 

where J.(.) is given by (2.13). Thus, it follows from (4.1) and (2.13) that 

(4.2) f(u +a)= f2(a)k(m, v + n - m){~ + a} ½<.,+n-mlp. +a+ u }-½(i,+nl, 

where the constant k(., .) is as defined in (2.7). From (4.2), we may write 

Morever, by taking v = a in (4.3), it follows that 

h(a) = f(a)P + a} ½m • 
k(m,v+ n - m) 

which may be replaced in ( 4.3) yielding 

(4.4) 

Now, since a= llx2ll2 is fixed and /(x'x), x E 'R" is the density of X, it follows from (4.4) 
that 

from where we can write 

f(a){,\+a}½(.,+n) = { / {).+x'x}-½( .. +nldx}-1 

lx-
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Thus, 
/(v)=k(n,v)).½ 11 p+v}-½( 11+nl, v~O, 

showing that X ~ tn(O,l,.;A,v), which concludes the proof. 

5. A characterization in terms of quadratic forms 

We now procede to a characterization of the generalized t-distribution within the 
class of the spherical distributions in terms of quadratic forms. To prove this result, the 
following preliminary lemmas will be required. 

Lemma I. Let Y ~ E,,(o, 111 ; ¢,) and a= diag(). 1 , ••• , ).11 ), a diagonal pxp matrix with di­
agonal element& At ~ . , . ~ A, > 0. Suppo,5e that Y' a Y ~ ).Bell(q/2, v/2)(or, equivalente-

ly, (qA/v)F,,,, ). Then, p::: q and Y ha., den.,ity /(y'y), y E 'Rl, that i.,, Y ~ En(O, I,,;/), 
with f(u), u ~ 0 {f(.) being infinetely differentiable). 

Proof. Initially we point out the fact that P(Y = O] = 0, since a > 0 and Y' a Y ~ 
).Bell(q/2,v/2). Now, as Y ~ E,(0,111 ;¢,) and P[Y =OJ= 0, we have that S::: IIYll2 
and U = Y / S 112 are independent (see Section 2.2). Let Fs and FT be the distribu­
tion functions of Sand T = U'~U, respectively. Note that 11 ~ T ~ 1, > O,with 
probability one. Since the distribution of ST = Y' a Y is (qA/v)F,,,, (or equivalentel)~ 
ABe//(q/2,v/2)), we have that 

(5.1) 

where 
l 1 f(½(q + v)] 

B(2q, 2") = r[hJrl½v] · 
Note that the right hand side of (5.1) is infinitely diferentiable with respect to u so that 
the left hand side must also be infinitely differentiable with respect to u. Moreover, since 
the domain of integration of the left hand side of (5.1) is finite, it is obvious that Fs(ult) 
has to be infinitely differentiable with respect to u. This shows that the density function 
of Y exists and must be infinitely differentiable. If the density of Y is f(y'y), y E 'R,P, 
then the density of Sis given by (see (2.2)) 

Thus, from (5.1), it follows that 
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for all u > 0. Thus, if q > p, then 

• 
(5.2) f" 1 

f(u/t)t-½'dFr(t) = rf ½(q + ;)l ,x-½,{ ~} ½<,-,J {1 + ~ }-½<,+i-l, J,.p f[½v),ril' ),. A . 

for all u > 0. Note that by taking u = 0 in (5.2) we have that 

what is impossible, since it contradicts /(O)EIT-½] > 0. Thus (5.2) does not hold for 
u -+ 0 so we have that q $ p. In a similar fashion, it can be shown that q < p is also 
impossible. Thus, we must have q = p, which proves the lemma. 

A similar lemma can be found in Khatri and Mukerjee (1987) and is used to prove a 
similar characterization for the normal distribution, under the hypothesis that Y' A Y ~ 

2 x,. 
Suppose now that X ~ RU(n) ~ En(O, In; tj, ), where R and u<n) are as defined in 

(2.1). As before, consider the partition X = (XLX~)', where X 1 is mxl. Cambanis et 
al. (1981) pointed out the fact that (X~,X;)' ;;_ (R,JV;u<ml',RJv2 u<m-nl')', where 
Vi ~ 0, V1 + Vi = 1; (Vi, Vi)', R, u<ml and ucn-m) are all independent and Vi ~ 
Be(m/2,(n-m)/2) (see also Anderson and Fang, 1987). Thus, IIX1ll2 4 R2Vi, with a 
distribution denoted by G(m/2,(n - m)/2;¢) by Anderson and Fa.11g (1987). With this 
notation, Anderson and Fang (1987) prove the following result. 

Lemma 2. Suppo~e that X ~ RU(n) ~ En(O,In;<I>), P[X = 0) = 0 and A i., an n~ 
Jymmetric matrix. Then, X' AX ~ G( m/2, ( n - m )/2; tp) if and only if A 2 = A and 
rank(A) = m. The main result of this section is presented and proved next. 

Theorem 3. SuppoJe that X ~ En(O, I,.; tj,) and let A be a Jymmetric nzn matrix. 
Then X'AX ~ >,.Bell(m/2,(n - m)/2) {or, equivalentely, (m>./v)Fm,a-) if and only i/ 
X ~ t .. (O,I,.; >., v), A2 = A and rank(A) = m. 

Proof. For the part "only if' see Section 2.2. We prove now the converse. Note that 
x'Ax ~ 0 for all x E 'R,", since X'AX ~ >.Bell(m>./v) (or equiva.lentely, (m>./11)Fm,.,). 
Let k = rank(A) and let r be an nxk matrix such that 

A= rar', and r'r = IA:, 

where A= diag(>. 1 , ••• , >.1: ), with >. 1 ~ •.• >-1: > 0. Let Y = r'X. Thus, Y ~ EA:(0, l1:; ef,) 
and Y' AY f: X' AX ~ (m>./11)Fm,,,. Using Lemma 1, we have that Y ~ E,(0,l4; /i), 
that is, Y has density fi(y'y), y E 'R". Since P(Y = 0) = 0 and Y'AY ~ (m>./v)Fm,a­
we have that (see Remark 2) 

where 
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and Vi~ Beta(m/2,(l·-: m)/2) are independent. From Lemma 2, we have that A. 2 = A 
and rank(.:\)= m, that is, k = m, 4 = Im and Vi = 1. Hence, 

Y' A y == IIYll2 4 R~ ~ (m>i./11)Fm,f'• 

This shows that 

y = IIYll 11~11 4 mu<m) ~ tm(O,Im; >i., 11), 

is a marginal density of X ~ En(O,In;~). Since mis arbitrary, Theorem 1 above shows 
that X ~ tn(O, Ini ..\, 11), which concludes the proof. 

An alternative proof can be obtained by following the proof given in Khatri and 
Mukherjee (1987) to the characterization of the normal distribution using quaratic forms. 
Their approach is based on a Taylor series expansion of the density function. 

We believe that similar results hold for any distribution that is scale mixture of the 
normal distribution. In fact, in this class the corresponding conditional distribution given 
the scale parameter is normal. Accordingly, the characterizations derived for the normal 
distribution also applies in this case. 

6. A characterization of the t-distribution within the class 
of the compound normal distributions 

As we have seen in Section 2, an important subclass of the elliptical distributions is 
given by the compound normal distributions, which are mixture in a scale parameter of 
the normal distribution. In Section 2 it is considered that the scale parameter follows 
the IG(11 /2, ..\/2) so that the t-distribution follows. Thus, any distribution in this class is 
determined once the measure of the mixture is obtained. The question we try to answer 
in this section is under what condition., on the ob.,en,ation.s we can identify the mea.,ure of 
the mizture. In this sence, Diaconis and Ylvisaker (1979,1985) provide some results in the 
context of the regular exponential family of distributions with the natural parametrization. 
Their main result is stated next in the uniparameter case. 

Considering the natural parametrization, the probability distribution of a regular 
exponential family is defined by 

(6.1) 

where the parameter space 0 is convex and open in 'R,, and m(dy) is and absolutely contin­
uous measure with respect to the Lebesgue measure. Let 8 denote the random variable 
taking values (Jin 0. Given 8 = 6, the mean value of Y is the derivative of K(6), that is, 
K'(6). The mean value of Y is given by 

EIY] = E(K'(S)], 

and the posterior mean is E[K'(81Y)]. To obtain the results that we present next, we 
restrict ourselves to the class of the nondegenerate prior distributions for which EIY) and 
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E[K'(S)IY) are well defined. Diaconis and Ylvisaker (1979) prove the following result 
concerning the family (6.1 ), where it is established that the linearity condition in the 
posterior mean implies that the prior distribuiton must be conjugated. 

Lemma 3. (Diaconis and Ylvisaker, 1979) SuppoJe that 0 iJ open in 'R. Let Y1 be a Jample 
of Jize n = 1 from P, of (3.1) and Juppo.•e that the Jupport ofthe mea.sure m contain., cm 
open inter11al in 'R. If 9 ha., a priori di.,tribution 1r(.) which doe., not concentrate at a 
Jingle point and if 

(6.2) E[K'(S)!Yd = b + aYj, 

for Jome con.,tanu a and b, then a :/: 0, 7r u abJolutely continuou., with re.,pect to the 
LebeJgue me4.9ure and ha., den.,ity 

(6.3) 1r(d8) = ce(6/a)9- ((l-a)/a]M{f)d8. 

The theorem that we consider next presents another characterization of the t-distribution. 

Theorem 4. Let X 1 , ••• , X n and V be random variable., Juch that given V = v, X 1 , .•. , X n 
are independent and identically dutributed (iid) N(O, v ), where V ha.s diJtribution Fv 011er 

(0, oo ), which mean., that the joint di.,tribution of X = (X1 , • . • , Xn)' u compound normal 
(.,ee (l.S} and (l.,I}}. If P[X1 =OJ= O and 

(6.4) 

then X = (X1, ... ,Xn)' ~ tn(O,In; b/a, (a+ 1)/a). The con11er.se alJo hold.,. 

Proof. Note that P(X1 = OJ = 0 implies that V > 0 with probability one. let Y; = Xf, 
i = 1, . . . , n. Then, given V = v, Y1, •• • , Yn are iid Ga(l/2, l/(2v )). Thus, the conditional 
distribution of Yi given V =vis of the form (6.1) with natural parameter 8 = -1/(2v), 

(6.5) K(8) = -i log(-8), -oo < 8 < 0, 

and 
m( dy1) = ( 1ry1 )-½ I10,oo)(Y1 )dy1, 

where /A(x) is 1 if x EA and O otherwise. Then, let 8 = -l/(2V). Using (6.4) and some 
well known properties of conditional expectations, we have that 

E[E(Y1IS)IYt) = E(E(Y1IV)IY1] 

= E[E(Y2IV)IYd 

= E[E(Y21l',Y1)1Yd 

= E[Y2IYi) = E(E(Y2IX1 )IYt) = b + aY, . 
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From Lemma 6.1 it follows that the distribution of 0 is of the form (6.3) with K(8) 

given by (6.5), that is, 9 ~ Ga((a + l)/(2a), b/(2a)). Accordingly, V = -1/(20) ~ 
IG((a + l)/(2a), b/a), fonn where the result follows. The reverse statement follows from 

(2.15) withµ= 0, :E = In, .,\ = b/a, ,, =(a+ 1)/a and by taking n - m = m = 1. 

Note that ( 6.4) can be expressed as 
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