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Recently, Hughes and Pearson [4] studied the group
of units of the integral group ring ZSB’ where S3 is
the symmetric group on three symbols. Using similar
methods we have studied the units of the integral group
ring of the dihedral group of eight elements. i.e. the

group Du with two generatous a and b and relations:

a = b~ = baba = 1.

FTor an arbitrary group G we introduce the follow
ing notation: U(ZG) will stand for the group of units
of ZG. The elements g, with g in G are called
the trivial units of &ZG.

The homomorphism €: ZG + Z such that €(g) 2 1

for all g din G dis called the augmentation function.

V(zZG) will denote the normal subgroup of units u € 2ZG
such that €(u) = 1. An element in V(ZG) is called a

normalized unit. Finally an automorphism 6 of ZG is

said to be normalized if €o6(g) = 1 for all g in G,
The following questions were raised in [4].
(a) Is every unit of finite order in ZG conjugate

to a trivial unit?

(b) What are the maximal finite subgroups of U(ZG) ?
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(c) Is every normalized automorphism of ZG the
product of an inner automorphism and an automor-

phism of G ?

We answer these questions for G

i}
=]

A detailed account will appear in [6].

l. The group of units

Let M,(Q) denote the full ring of 2x2 matrices
over the rational field Q. It is well known that there
exists an isomorphism:

(1) 6: QD) 4 QB Q® Q@ Q@ M,(Q)

such that:

0 =1
¢(a) = (1’1"1’-17 )

1 0

(2> 0 |l
¢(b) = (l:‘l’ly‘l, )

il 0

Take Dq as a Q=basis of QDZ+ and the canonical

basis of the direct sum. Considered as a Q-isomorphism,

® 1dis expressed by a matrix A with respect to this

basis, whose inverse is:
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-1
1wl A=l o B2 0

1 =l =1 I =2 O 0 2

1 -1 11 0 =2 =2 (0]

1 -1 =1 1 2 0 0 =2

We now see that an element
x5 Xe

X = (xq9%5,%Xg0%), )cZoZoZoL® M, (2Z)
x7 Xg

belongs to ¢(zD,) if and only i

(3) x £ X, o+ X) + 2Xg + 2Xg = 0 (mod 8)

3

and seven other congruence equations obtained from the
rows of A~1 are satisfied.

Tt can be shown that X belongs to ¢ (U(ZDu))
if and only if one of the following conditions also holds

(see [6]):
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(W) (4) xg=1 (mod 2); x +x6+x7_x850 (moa 4);

5

Xgtxg = 2 (moa u4)

(ii) xg=1 (mod 2)3 x5+x6+x7-x852 (mod 4);
5

{414 xg=0 (mod 2); Xg+xg = 0 (mod 4)

If we denote by Q the subgroup of matrices X =

X X

g

8
in GL(Z,Z) verifying any one of the conditions in (h)

and which is part of a solution (xl,xz,xj,xh,x) of the

system in (3), it can be shown that:

(5) V(ZDA) = and leL(2,2):0] = 6
Actually:
1 0 1 2 i R
w = W = w =
x 0 & 0 1 3 0 1
i z 1 0 1 2
w ) = w = w =
= 2 1 5 1 3 6 11
is

a complete set of Tepresentatives of the left cosets
of 0 in GL(2,z).

To give an answer to the first question, we have
shown that there are five c

onjugacy classes of elements

of order 2 in Q.
22 order in
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The following are representatives of these classess

-3 X, =

It is easy to see that Xi is conjugate tio Yi’

i = 1,2, in GL(2,2).
. 53 2 2
The elements of order 2 1n DH are a 4, b, @ by

ab, aBb- If W stands for the natural projcction of the
: 2
direct sum onto MZ(Q) we see that: mog(a™) = =13
meg(b) € X; O3 ﬂ0¢(a2b) € Xy 03 ﬂ0¢(a3b) € X, Q.
So the answer to the first question is negative.
The following proposition answers the second
question:
Proposition - A maximal finite subgroup of N is
conjugate to one of the following subgroups:
*
D), = (A,B), DL = (A',Yz} where

(0] -] 0 L
7
H A =

. B =

nN
N

i1 O
Finally, the answer to question (c) is also
negative.
The function 3 ZDh -+ ZD“ such that
3b

3 2
2q=a” = b + ab +ab -2

v (2)

I

3

. 2 3
a - a +ab+ab—ab

U}

¥ (v)

provides a counter example.
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