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Recently, Hughes and Pearson [4] studied the group 

or units of the integral group ring ~s3, where is 

the symmetric group on three syrnbols. Using similar 

methods we have studied the units of the integral group 

ring of the dihedral group of eight elements. i,e, the 

group D
4 

with two generatous a and b and relations: 

4 2 a = b =baba= 1. 

For an arbitrary group G we introduce the follow­ 

ing notation: u(~G) will stand for the group of units 

of ~G. The elements ±g, with g in G are called 

the trivial units of ~G. 

The homomorphism E:: ZG -t Z such tha t e: (g) = 1 

for all g in G is called the augmentation function. 

v(~G) will denote the normal subgroup of units u E ~G 

such that E: {u) = 1. An element in V(ZG) is called a 

normalized unit. Finally an automorphism 8 of ZG is 

said to be normalized if €o8(g) = 1 for all g in G. 

The following questions were raised in [4]. 

(a) Is every unit of finite order in ZG conjugate 

to a trivial unit? 

(b) What are the maximal finite subgroups of u(.zG) ? 
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(e) Is every normalized automorphism of ~G the 

product of an inner automorphism and an automor- 

phism of G? 

We answer these questions for G = D
4
• 

A detailed account will appear in [6]. 

1, The group of units 

Let M2(Q) denote the full ring of 2x2 matrices 

over the rational field Q, 

exists an isomorphism: 

(1) 

such that: 

It is well known that there 

o 
-: 1) IP (a) = (l,l,-l,-l, 

l 
( 2) 

1: : 1) rp ( b) = (1,-l,1,-1, 

Take DL1_ as a Q-basis of QD4 and the canonical 

basis of the direct sum. Considered as a Q-isomorphism, 

IP is expressed by a matrix A with respect to this 

basis, whose inverse is: 
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1 1 1 1 2 o o 2 

1 1 -1 -1 o -2 2 o 

1 1 1 1 -2 o o -2 

1 1 -1 -1 o 2 -2 o 
A-1 1 = 8 1 -1 o 2 2 o 1 -1 

1 -1 -1 1 -2 o o 2 

1 -1 1 -1 o -2 -2 o 

1 -1 -1 1 2 o o -2 

We now see that an element 

belongs to 1(zn4) if and only if: 

and seven other congruence equations obtained from the 

rows of A-l are satisfied, 

It can be shown that X belongs to 1 (u(zn4)) 

if and only if one of the following conditions also holds 

(see [6]): 



-- - 
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(4) (i) x8=1 (mod 2); x
5
+x6+x7

-x
8
=o (mod 4); 

x5+x8 = 2 (mod 4) 

(ii) x8= 1 (mod 2); x
5
+x6+x7

-x
8
= 2 (mod 4); 

x5+x8 _ 2 (mod 4) 

(iii) x8=o (mod 2); x
5
+x8 _ O (mod 4) 

If we denote by íl the subgroup of matrices X - lxS x6 
x7 x8 

in GL(2,Z) verifying any one of the conditions in (4) 

a.nd which is part o f' a s o Lut í.on (x
1
,x

2
,x
3
,xL

1
,X) o f the 

system in (J), it can be shown that: 

(5) and IGL(2,~):íll = 6 

Actually: 

1 o 1 2 1 1 
wl = w2 = WJ = o 1 o 1 o 1 

w L• = 1: :1 w5 = 1: :1 w6 = 1: :1 
is a complete set of representativas of the left cosets 

o f' íl in GL(2,Z). 

To give an answer to the first question, we have 

shown that there are :five conjugacy classes of elements 

o:f arder 2 in íl. 
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The following are representa tives of these classes: 

-I; x1 = 1: _:\; yl = 1] 41, x2 = 1: :1; y2 = 1-: -:\ 
O -1 

It is easy to see that x. is conjuga te to Y.' 
l. 

l. 

i = 1,2, in GL(2,2:)• 

The 
2 in DL, 

2 b, 
2 

elements of order 
are a ' 

a b, 

ab, a3b. If TT stands for the natural 
projection of the 

direct sum onto M2 (Q) 
2 

nocf;(a b) 

we see that: 
2 nocf;(a ) = -I; 

So the answer to the first question is negative. 

The following Proposition answers the second 

question: 

Proposition - A maximal finite subgroup of íl is 

oonjugate to one of the following subgroups: 

n* = 4 ( A,B), 
where 

' - 1-2 -5\ A - • 
2 2 

Finally, the answer to question (e) is also 

negative. 

The function ~ : 1LD4 .. 1LD4 such that 

~ (a) = 2a-aJ - b + ab + a2b - a3b 

w (b) = a - ª3 + ab + a2b - aJb 

provides a counter example. 



~-----------------------------=-----=~-· -------=- 
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