





problems, as a rule there does not exist a single “best” model but rather many “equally good”
models. In selecting the final model, one should use experience, professional judgment in the
subject area, and other practical and economic consideration.

For the least squares procedure, several techniques for selecting variables are available,
Hocking (1976). The most popular among these algorithms are the stepwise procedures.
These procedures select a variable based on its contribution to the regression sum of squares.
The tests for including or excluding a variable are well described and documented is several
texts, e.g., Draper and Smith (1981), Montgomery and Peck (1992) and Neter, Kutner,
Nachtsheim, and Wasserman (1996). However, when the assumptions for the least squares
procedure do not hold or the data contain some outliers, the analyst may want to use some
other criterion to select a2 model and estimate its parameters.

The minimum sum of absolute errors MSAE criterion is appropriate for estimating the
parameters of the multiple linear regression model whenever the errors follow a long tailed
error distribution, or the data contain a few outliers, or the loss function is proportional to the
absolute value of the error, Narula and Wellington (1977). The MSAE regression is more
robust to outliers in the values of the response variable than the least squares regression, Narula
and Wellington (1985). Roodman (1974) and Narula and Wellington (1979) have proposed
implicit enumeration algorithms for computing models with one to k variables, where k denotes
the total number of variables under consideration. For a computer program to find all possible
models using the MSAE criterion, the interested reader may refer to Wellington and Narula
(1981).

Stepwise procedures identify a small number of good models with fewer variables by adding or
deleting predictor variables. Based on the tests for linear hypotheses for the general linear
model by McKean and Schrader (1987), it is possible to develop stepwise procedures for
selecting variables in the multiple linear MSAE regression. In this paper, our objective is to
develop such procedures. The rest of the paper is organized as follows: In Section 2, we give
some preliminary results and develop the stepwise procedures in Section 3. We illustrate the
proposed procedures with an example in Section 4 and conclude the paper with a few remarks
in Section 5.

2. PRELIMINARY RESULTS

To develop stepwise procedures for variable selection, we need a statistical test, similar to the
partial-F test used in the least squares regression, to test the contribution of a variable to the
regression sum of absolute errors. To do so, we use the test statistic developed by McKean
and Schrader (1987) for testing hypotheses in the general linear model and proceed as follows:

Let y denote an n x | vector of the values of the response variable corresponding to X , an n x
(k + 1) matrix of the values of the predictor variables that contains a column of ones for the
intercept term. Further, let 8, a(k + 1) x 1 vector, denote the unknown parameters and ¢ , an
n x 1 vector, denote the unobservable random errors. Then the multiple linear regression model
is

y=Xg+ . n



Let the components of the error vector be mutually independent and identically distributed
random variables with a density function f{x) and the scale parameter 7,

7 =RV,
where v denotes the median of the error distribution.

To test the contribution of variable x;, given that variables x;, Xz, ..., Xi, Xist, .., Xp ar€ already
in the model, we compute the sum of absolute errors for the models:

y=Bo: fixat faxat. .+ BeXpt € (2)
and
y= Bo+ Brxat Baxet ..t Pirxia+ PinXiat o+ Bexpt €. (3)

Let SAE denote the sum of absolute errors for model (2) with p variables and SAE( i ) denote
the sum of absolute errors for model ( 3 ) without variable x;. The reduction in the sum of
absolute errors is given by SAE( i) - SAE. The test statistics to measure the contribution of
variable x; is :

F = (SAE(i)- SAE) (1 /2), (1)

where 7 is a consistent estimator of r. The test statistic F has an approximate chi-square
distribution with one degree of freedom whenever Ho: §i=0 is true.

To compute F, one may use any consistent estimator of r. Let e, €, ..., €, denote the
residuals from the MSAE fit of model ( 2 ). Recall that for the MSAE fit, at least ( p+1 )

residuals will be zero. Let €], €}, ..., €, denote the nonzero residuals where n*=n-randr

is the number of residuals that are equal to zero. McKean and Schrader (1984) recommend the
estimator of r that is based on the standardized length of a distribution free confidence

interval, It is of the form (€, €pw_n.y) Where the asymptotic value of m is ((n* + 1)/2) -
2,,(n*/4)" and z, is the (1 - o) percentile of the standard normal distribution. The

estimator 7 is:
T I—u= v ‘(e(.,.'_.u) - e(.-)) I (22.,1 ) . ( 5 )

They also recommend o = 0.05.

To measure the goodness of fit of a model, McKean and Sievers (1987) proposed two criteria
similar to R? , the coefficient of determination for the least square regression, for the MSAE
regression. Let RSAE denote the reduction in sum of absolute errors because of fitting a p
variable model, i.e.,

RSAE = g lyi - median(y’. )| - SAE, (6)
i=1



where SAE is the sum of absolute errors associated with a p variable model. They
recommended

R;=RSAE/RSAE + (n-p- 1) % /2)). )

because it is robust.

3. PROPOSED PROCEDURES

Stepwise procedures have been classified in three broad categories: forward selection,
backward elimination and stepwise which combines the forward selection and the backward
elimination procedures, Montgomery and Peck (1992).

3.1 Forward Selection

The procedure starts with the model y = median (y:) and brings in the variable which
corresponds to the maximum value of F in ( 4 ) and its contribution is statistically significant at
the a level of significance. The next variable to enter the model has the largest value of the
test statistic and it is statistically significant at the & level of significance. The process is
repeated until no more variable may enter the model. The procedure may be stated as follows:

Step 1F: Compute the sum of absolute errors for the initial model y = median (y;). Go to Step
2F.

Step 2F: Compute the test statistic F in ( 4 ) for each variable. Select the variable
corresponding to the largest F value and test its significance at the @ level of
significance. Ifit is not significant, stop; otherwise, include the variable in the model
and go to Step 3F.

Step 3F: Compute the test statistic I in ( 4 ) for each of the variable not yet in the model.
Select the variable with the largest F value and test its significance at the & level f
ignificance. If it is not significant, stop; otherwise, include the variable in the model
and go to Step 4F.

Step 4F: Repeat Step 3F until no new variable may enter the model.
3.2 Backward Elimination

The procedure starts with all the variables in the model. It may be noted that unlike the least
squares regression, the multicollinearity among the variables does not cause any computational
problems. The F statistic for each variable in the model is computed as if it were the last
variable to enter the model. The smallest F value is tested for statistical significance at the o
level of significance. Ifit is not significant, the variable is deleted. Starting with this model, the
process is repeated until no more variables can be deleted. The procedure may be stated as
follows:



Step 1B: Fit the model with all the variables and compute its sum of absolute errors. Go to
Step 2B.

Step 2B: Compute the F value in (4) for each variable as if it were the last variable to enter
the model. Select the variable corresponding to the smallest F value and test its
significance at the @ level of significance. If it is significant, stop; otherwise delete
the variable and go to Step 3B.

Step 3B: Starting with the model in Step 2B, compute the F value in ( 4) for each variable as
if it were the last variable to enter the model. Select the variable with to the smallest F
value and test its significance at the @ level of significance. If it is significant, stop;
otherwise delete the variable and go to Step 4B.

Step 4B: Repeat Step 3B until no further variables may be deleted.
3.3 Stepwise Method

This procedure is a combination of the forward selection and the backward elimination
procedures. The process starts as with the forward selection process. In fact, the first three
steps of the procedure are the same. At the fourth step, the contribution of each variable
already in the model is tested in the presence of the last variable to enter the model. This is
done by computing F value in (4 ) for each variable as if it were the last variable to enter and
testing it at the a level of significance; if the F value is insignificant, the variable is deleted.
This can happen because of the relationship among variables which may make the contribution
of a variable insignificant in the presence of other variables. This process is repeated until no
more variables can be added to or deleted from the model. In this procedure one may use two
levels of significance: one to include a variable and one to delete a variable, i.e, o and .
Some analysts prefer to choose @ = B, although it is not necessary. The procedure may be

stated as follows:

Step 1S. Backward Step: Suppose that there are q ( 2 3 ) variables in the model and let
variable xq be the last variable to enter the model. Compute F value in (4 ) for each
variable, x1, ..., xq-1, as if it were the last variable to enter the model. Select the
variable corresponding to the smallest F value and test its significance at the & level
of significance. If it is significant, go to Step 28. If it is not significant, delete the
variable and repeat this step with the reduced model until a variable can not be deleted,
and go to Step 25.

Step 2S. Forward Step: Starting with the model in Step 1S, compute F value in ( 4 ) for each
variable not in the model. Select the variable corresponding to the largest F value and
test its significance at the & level of significance. 1If it is mot significant, stop;
otherwise, include the variable in the model and go to Step 18S.



4. AN EXAMPLE

Interstitial Lung Discase(ILD) refers to a diffuse inflammatory process that occurs
predominantly within the interstitial spaces and supporting structures of a lung. Clinical chart
and x-rays of a patient with ILD usually suggest an open-chest lung biopsy to establish the
diagnosis and to provide additional information on activity and stage of disease. The list of
variables and the data from twenty four patients on fourteen variables are given in the

Appendix.

Using the forward selection procedure and a = 0.05, the selected model is:

§ =72.22- 7.68 x; +0.23 x; - 0.06 x4 +0.004 xs - 0.0003 x6 - 0.08 x5 + 124.06 x5-10.67xy3,
with R;=0.9166.

The backward elimination procedure with @ = 0.05 selects the following model:

J =-2458 + 4.83 x; + 0.02 x; + 0.040 x5 + 0.0018 x5 - 0.48 x; + 152.10 x5 + 104.05 xo -
13.88 Xqy - 7.45 X2 + 6.63 Xi4y

with R,=0.9540.

The stepwise procedure with @ = 0.05 for entering a variable to and for deleting a variable
from a model results in the following model:

_).? =81.59 - 8.757(] +0.22 X2 - 0.06 x4+ 95.35 Xg - 1.40 Xjo0 = 9.87 Xi13,

with R;=0.9406.

5. CONCLUDING REMARKS

We have proposed a forward selection, a backward elimination and a stepwise procedure to
select variables in the multiple linear MSAE regression model. The procedures are based on a
statistical test of hypothesis for the contribution each variable makes to reducing the sum of
absolute errors of the model. The statistic R; provides one measure of the goodness of fit of a
model. As in the least squares regression, the procedures may lead to different models.
However, unlike least squares regression, the multicollinearity does not cause any
computational problems in the backward elimination procedure. The proposed procedures can
be easily implemented on SAS.
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APPENDIX
THE LIST OF VARIABLES

Response variable;
y: forced vital capacity

Predictor variables:
Xy: sex: 0= Male and 1 = Female;
X age (in years);
X3: smoking: 0 = Smoker and 1 = Nonsmoker;
X4: Area fraction of epitelial cells/10 000 xm? of alveolar tissue;
xs: Area fraction of fusiform cells/10 000 um? of alveolar tissue;
Xs: Area fraction of mononucleated cells/10 000 um’ of alveolar tissue;
xa: Area fraction of polymorphonuclear cells /10 000 nm’ of alveolar tissue;
xs: Total cellularity/10 000 4 m? of alveolar tissue;
Xo: Area fraction of capillaries/10 000 »#m? of alveolar tissue;
X10: Score of bronchiolitis obliterans (zero to four),
X112 Score of smooth muscle (zero to four);
Xi2: Score of vascular sclerosis (zero to four);
x13: Score of honeycombing (zero to four),
xu4: Score of intra alveolar cell isquarnation (zero to four),



THE DATA SET

o | ¥y Inlnin| x 3y N Xy X | % %o | %y ®p|xp
1. 56 |1164| 0 |192405| 359.71 | 669.24 | 0000 (0231|0289 | 3 |4 |1 | 4
2. 75 [2(39| 0 | 398.588 | 441.53 | 163.06 | 20.706 (0.251|/ 0578 0 | 0 | 3 | O
3. 32 12139 0 |671.674| 622,29 | 172857 | 49308 (0043|0203 | 3 |0 |0 | O
4, | 88 |1|69| ¥ 227424 539.19 | 14542 | 13.424 |0.153|0615| 0 |0 |0 | O
5. 83 |1]41| 0 |310.136| 419.39 | 83.11 3525 (0143|0551 (0 |0 |0 | O
6. 59 | 1])42] 1 (187597 37895 | 8254 1.251 |0.150(/0785| 0 | 4 | 3 | 3
7. 51 [ 1]32] 1 |405.836| 411.85 | 261.54 | 30062 |0225(0240 | 0O [ 0O | O | O
8. 67 |1]45| 1 [100.237| 346.53 | 22338 | 2864 (0.183(0.725( 0 | 0 | 3 | 1
9. 60 (253 0 |144.290| 397.77 | 12999 | 0.000 [0.176]/069 | 3 | 1 | 4 | 2
10. | 98 (1|46 | 1 | 149187 | 275.22 | 20449 | 14147 0251|0577 0 | 0 | 2 | O
11. | 48 |2 |44 | O | 211614 | 39881 | 27835 | 4883 (0.174(0703 | 0 | 1 |3 | O
12. | 82 | 1|44 O |254.398| 376.39 | 29754 | 7439 |0242|10593 |3 | 2|0 | O
13. | 8 |2 (57| O | 167.728 | 384.79 | 462407 | 3289 |0203({0702 | 0 | 1 |2 | O
14. | 103|249 | 0 |337.145| 597.76 | 614.08 | 12410 |0313( 0554 | 0 |0 (2 | O
15. | 115 |2 | 65| O |276.864 | 36531 | 401.66 | 8206 |0206{0572| 0 | O |2 | O
16. | 64 |2]26]| 0 |309.206 | 512.22 | 99.65 | 27.510 |0224|0579| 0 |0 |3 | O
17. | 57 | 1| 46| 1 |173.373| 367.14 | 308.02 | 24222 (0204|0722 | 0 | 2 | 3 | 3
18, | 82 | 1|28 1 |238277| 375.29 | 223.85 | 64.037 |0.178| 0685 0 | O | 2 | O
19. | 50 |2|52| t |130308| 374.79 | 423,90 | 34.747 |0.175( 0697 | 3 | 2 | 3 | 3
20. | 48 | 1( 49| I |165.546| 31845 | 284.34 | 37911 |0.203| 0674 | 4 | 2 | 2 | 4
21. | 57 | 232 O |168.547| 394.52 | 28260 | 1349 (0165|0647 | 0 | 2 | 4 | 2
22. | 45 | 1|57 0 |621.861 | 1477.29 | 416.57 | 151.746|0.238( 0685 | 2 | 3 | 2 | 2
23.| 77 | 1| 72| 0 |607.268 | 171.91 | 2529.51 | 89.094 |0468(0435| 0 | 0 | 2 | 2
24. | 92 | 1| 57| 1 |404.735| 1443.59 | 2022.71 | 93.677 (0293|0618 ( 0 | O | 3 | O
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