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Abstract 
In this paper we study random sums relaxing the classical assumption of 

mutual independence between the variables involved. The possible dependence 
is measured by the correlation coefficient. We assume that the variables are 
assigned to independent clusters with equal correlation between them within 
the cluster. The multinomial distribution is an appropriate to model such a 
situation. As a.n application we obtain the distribution of the accumulated 
claim that reinsurer have to pay. The corresponding result is an extension 
of the existing ones. A simulation study is performed and estimation of the 
parameters in the case of two clusters is presented. 
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1 Introduction 

The basic object of the classical risk model is to evaluate random sums which represent 
the accumulated sum of the claims in some fixed time period (0, T]. It is assumed 
that the involved random variables are mutually independent, see e.g. Bowers et al. 
(1997). Only during the last years appeared more than 100 articles where one can 
find studies about random sums under presence of some type of dependence between 
variables involved, see e.g. Kass et al. (2001 ). 

In this paper we present a new model which generalizes the existing and classi­
cal results related to random sums. We consider claims distributed in independent 
clusters assuming a presence of the dependence (equicorrelation) between the claim 
amounts that belong to the same cluster. We measure that dependence with the 
correlation coefficient. The multinomial distribution is used to model this behavior. 

The paper is organized as follows. In Section 2 we give some notations and pre­
liminary results about equicorrelated random sums. In Section 3 we present our 
multinomial correlated model which is a natural extension of the existing in the lit­
erature models, and which is closer to the reality. In section 4, we obtain estimates 
of the involved parameters in the particular case of two clusters using the method of 
maximum likelihood. Simulation results are given and discussed. 



2 Sums of equally correlated random variables 

In this section we present some ha.sic results about sums of random variables {r.v.'s) 

which are equally correlated. 
Let us consider a collective insurance contract in some fixed time period (0, T]. Let 

N denote the number of claims in (0, T] and Yi.,½, . . . YN the corresponding claims; 

Then 

(1) 

is the total claim amount. In the classical theory it is assumed that (i) N and 

(Yi.,½, ... ) are independent r.v.'s; (ii) Yi,Y2, ••. are independent and (iii) Yi.,Y2,••· 
have the same distribution. The assumptions (ii) and (iii) of mutual independence be­

tween the components of the sum is very convenient, mainly because the mathematics 
1s easier. 

In many situations, the individual claims (risks) are dependent since they are 

influenced by the same economic environment. In this study we relax the condition 

(ii) supposing that the claim a.mounts are dependent random variables. The observed 

claims are usually correlated because they contain a common random factor. Our 

analysis is based on the correlation coefficient, nevertheless its pitfalls. A basic object 

is to study the effect of correlation on the random sum (1 ). 
For simplicity, let {Y;} be a sequence of non-negative integer-valued r.v.'s with 

distribution P(Y = r) = 'll'r, r = 0, 1, 2, ... , k, "E:=o 11'r = 1. 
In this paper, we assume that Y;'s are equicorrelated, i.e. 

Corr(Y;, Y,) = p, p E (-1, 1), i =/- j. 

Accordingly, the sequence of claim amounts Y;'s are no more independent, but equicor­

related with Corr(Y;, Y;) = p for i =/- j. The joint PGF of the random vector 

Y =(Yi,½, ... , Y,.) may now be written as 

where t = (t1, t2, ... , t.1:), e.g. Tallis (1962) . The marginal distribution of Y; is ob­

tained immediately from (2) by setting t. = l for s -::/: i, s, i = 1, 2, ... , n. Suitable 

differentiation of (2) gives Cov(Y;, Y,) = E(Y;Y,) - E2(Y) = pVar(Y). This veri­

fies the fact that the parameter p appearing in (2) is just the correlation coefficient 
between Y; and Y, for i =f; j. 

Consider now the new variate Sn = Yi + • • • + Y,.. The PGF for S,. is given by 

(3) 

and it is obtained from (2) by setting t, = t, j = I, 2, ... , n. Straightforward calcula­
tions show that E(Sn) = nE(Y) and Var(Sn) = nVar(Y)[l+(n-I)p], and therefore 
p can be negative, provided p > -(n - 1)-1 • 



Let the PGF of N be GN(t). Using the total probability formula and (3) we obtain 

k 

GsN(t) = P1 E 7rrGNW) + (1 - pi)GN(Gy(t)), (4) 
r=O 

see Kolev and Paiva (2000). Application of the above model in discrete time series 
and a correlated extension of Stuetel and van Harn operator, e.g. Stuetel and van 
Harn (1979), are given in Kolev and Paiva (2000) and Paiva and Kolev (2001 ). 

From (4) we obtain the mean and the variance of SN: 

E(SN) = E(N)E(Y), 

Var(SN) = E(N)Var(Y) + Var(N)[E(Y)J 2 + pVar(Y)E[N(N -1)]. 

If Y;'s are independent, substituting p = 0 in ( 4), we get the well-known classical 
result: GsN(t) = GN(Gv(t)). 

Consider a stop-loss reinsurance contract with retention M. Let N R = "Ef:1 I{Y;>M} 

denote the number of claims the reinsurer has to pay for and let o: = P(Y; > M). The 
r.v.'s Zi = l{Y,>M} have the same Bernoulli distribution with parameter o: E [O, 1] 
and a PGF given by Gz(t) = 1 - o: + at. 

Note that Y1, ... , Yn are equally correlated with an identical distribution. There­
fore, Z1 , ..• , Zn are exchangeable Bernoulli variables. Under the above conditions the 
following statement is true, see Dimitrov and Kolev {2002). 

Lemma 1. Let Corr(Y;, Y;) = p, i-:/ j. Then Corr(Zi, Z;) = p iff 

P(Z, = 1 I Z; = 1) = o: + (1 - o:)p and P(Z, = 0 I Z; = 0) = (1 - o:) + o:p. (5) 

Proof: The r.v. 's Zi, i = 1, 2, ... , are identically Bernoulli distributed with parameter 
o: and this provides E(Z) = a = P(Y; > M) and Var(Z) = o:(1 - o:). Then 
Corr(Z;, Z;) = p for if j iff Cov(Zi, Z;) = p1 Var(Z), i.e. when 

E(Z;Z;) - o-2 = o:(1 - o:)p. 

On the other hand, we have 

E(Z;Z;) = 1.1.P{Z; = 1,Z; = 1} = P{Z; = 1,Z; = l}. 

Therefore, P{Z; = 1, Z; = 1} = o:2 + o:(1 - a)p and by conditional probability 
formula we obtain the first relation in (5). The second equality in (5) follows by 
similar arguments considering the variables z: = l - Zi, i = l, 2,.. .. D 

Thus, the indicator r.v.'s Z; are equicorrelated. The conditional probabilities (5) 
determine the law of appearance of the claims with larger {less) than M size, given 
the values of a and correlation coefficient p. 

Now, using (4) with k = l, 1r0 = l - o: and 1r1 = o: we obtain the PGF of NR 

(6) 



After that one can replace GN(t) with GNR(t) in (4) to get the distribution of the 
accumulated clam that the reinsurer has to pay for. The relation (6) shows that NR 
can be represented as a mixture of point mass concentrated at zero, the distributions 
of N and Ef:1 W,, where W;'s are independent identically distributed Bernoulli r.v.'s 
with parameter a. Let us note that if N = n = canst, then GN(t) = t" and (6) takes 
the form 

Gx(t) = p{l - a+ at")+ (1 - p){l - a+ at)", (7) 

which is a PGF of the correlated binomial r.v. X with parameters n, a and p. Let 
us denote this fact by X ~ CBi(n,p,p). In our case, X gives the number of n 
equicorrelated claims that have size greater than M. 

As a consequence of ( 4) we can represent S .. as a mixture 

where the r.v. X1 have binomial distribution with parameters n e a, i.e., X1 ~ 
Bi(n, a), and the distribution of X'J is given by P(X2 = 0) = 1-o: and P(X2 = n) = 
a. Therefore, for the probability mass function of S,. one obtains 

P(S,,. = 0) = (1 - p)(l - ar + p(l - a); 
P(S,.=j)=(I-p)(;)ai(I-a)"-i, for j=l,2, ... ,n-1; 

P(S .. = n) = (1 - p)a" + pa. 

3 Multinomial correlated model 

The model in the previous section implicitly assumes that all claims belong to a 
single homogeneous cluster. In practice one can observe that the claims are grouped 
in independent dusters with a possible dependence between claim amounts within 
the cluster. To model such a situation we assume that our n claims are distributed 
into K independent clusters (n ~ K). 

3.1 General Case (K clusters) 

Let each claim be randomly assigned to the k-th cluster with probability Pk, Ef=1 Pk = 
1. Accordingly, the sizes of the clusters form a random vector n = (n1, n2, ••. , nK) 
that may be considered as a latent variable having multinomial distribution with 
parameters n = Ef=1 nk and p = (p1 , ••• ,pk), i.e. n ~ Mn(n,p). Let us assume 
that the claims Yk; belonging to the k-th cluster (k = 1, ... , K, j = 1, ... , nk), are 
equicorrelated with Pk = Corr(Y1c;, Yki' ). Then the indicator r.v. 's Z1c; = i(Y~,>M} 
have Bernoulli distribution with parameter a,. = P(Yk; > M) and are also equicorre­
lated with p1c = Corr(Zk;, Zkj') according to Lemma 1. According to the conclusions 
in Section 2, the number of claims Si. = E7!1 Zk; the re-insurer has to pay for a k-th 
cluster has a CBi(nk,ak,Pk) distribution with a PGF Gsk(t) given by (7). Since the 
K clusters are assumed to be independent we have the following result 



Lemma 2. The PGF of the sum Lf=i S1, can be represented by 

(8) 

where the expectation E0 ( · ) is taken with respect to the multinomial random vector 
n ~ Mn(n,p) and Gs.(t) is the PGF given by (7). 

After that one can use the total probability formula and (8) to obtain distribution 
of SN, assuming K to be a r.v. with a given distribution. 

3.2 . Particular Case (K = 2 clusters) 
When the number of the clusters is K > 3, it is difficult to obtain from (8) an 
explicit and applicable representation for the distribution of Sn, Here, we consider 
a particular case where the claims are grouped in two independent clusters. Thus, 
the vector n = ( n1, n 2 ) has a binomial distribution with parameters n and p1 , i.e. 
n ~ Bi(n,p1) with n = n1 + n2. . 

Under the above assumption we will obtain the exact distribution of Sn = Sn1 +S1>2 
when Sn• ~ C Bi(n1c, a1c, p1c), k = l, 2, with Pt =f:. P2 and a1 =f:. a2. From (8) we 
obtain that the PGF of Sn is given by 

Using (9) and the total probability formula form= (m1, n - m1), we obtain 

Gs .. (t) = L [Gs,., (t)Gs"2 (t) j n = m]P(n = m) 
n 

After some algebra we get 

Gs,.(t) = P1P2(l - 01)(1 - 02) + P1P2a1a2tn 
+P1P2(l - a1)a2[p1 + (1- P1)t]" + P1P2a1(l - 02)[1- Pt+ p1t]" 

+(I - p1)(l - p2)[l - 02 + a2p1 - 01p1 + (02 - a2p1 + 01P1)t]" 
+(1 - pi)p2(l - 02)[1 - 01p + a1p1t]" 

+p1(l - p2)(l - 01)(1 - 02 + a2P1 + (02 - 02p1)t]" 
+(I - pi)p2a2(pi[a1 - a1p1 + (1 - 01 + 01p1)t]n 

+p1(l - p2)ai[l - 02 - P1 + a2p1 + (02 + Pt - a2pi)tj". 

The last expression can be represented as a mixture 

9 

Gs,.(t) = l:O,Gz1(t), 
l=l 

(9) 



where Ef=, a, = 1, Z1 is the constant 0, Z2 is the constant n and r.v.'s Z1, (I = 

3, 4, .. . , 9) have binomial distribution with parameters n e fJ1, respectively. The values 

of the coefficients a; and parameters /31 are given in Table 1. From (10) we conclude 

that the random the sum S,. is given by the following mixture 

9 

S,. 4 I>1Z1. (11) 
l=I 

Let us only note, that if we consider K clusters the PGF of S,. would contain 

(K + l)K terms. 

Table 1. Coefficients of the mixture {10) and parameters of r.v. 's Z1 . 

Variable a, /31 
ZI P1P2(l - ai)(l - 02) , 
Z2 p1p2a1a3 
z3 P1P2(l - aI)a2 l -p1 

z .. p1p2aI(l - a2) PI 
Z5 {1 - p1)(l - p2) a2 - et2P1 + a1p1 

Zs (1 - p1)P2(l - a2) <XtPt 
Z1 P1{l - p2)(l - at) a2 - et2Pt 
Za (1 - P1)P20t2 1 - 0t1 + a1P1 

Ze P1 (l - P2)a1 02 + Pt - a2P1 

Let us denote the model (10) as Model B {with parameters n,p1,at,a2 ,PI,P2). 

We consider the following particular cases: 

• Model Bl (with parameters n,p1 ,a,p): when a1 = 0:2 = a and Pt= p2 = p; 

• Model B2 (with parameters n,p1,a1,a2,p): when Pt= P2 = p; 

• Model B3 (with parameters n,pI,a,p,11>2): when o:1 = a 2 = a. 

In the next tables we show the values of the coefficients a,, i = 1, ... , 9 of the 

mixture (11) for the models Bl, B2 and B3. One can obtain the.se values after 

corresponding substitution in (10). 

Variable 

Table 2. Coefficients of the muture. 

Model Bl 
p2{1 - o)2 

p20 2 

p2a(l - a) 
p1a(l - o) 
(1 - p)2 
p(l - p)(l - a) 
p(l - p)(l - a) 
p(l - p)a 
p(l....:. p)o 

Model B2 
p2(1 - 01){1 - 02) 
p20Io2 
p2(1 - a1)0t2 
p20t1(l - 01) 

(1 - p)2 
p(l - p)(l - 0:2) 

p(l - p)(l - 0:1) 

p(l - p)a2 
p (l - p)a1 

Model B3 
P1P2(l - a)1 

PtP2a2 

p1p2a(l - a) 
PtP2a(l - a) 
(1 - P1)(l - P2) 
Pt(l - p2)(l - a) 
PI (1 - P2)(l - a) 
P1{l - P2)a 
Pt (1 - P2)0 



For the models Bl, B2 and B3, in the next Table 3 are given the values of the 
parameters f), of r.v.'s Z1 ~ Bi(n, f31), l = 3, 4, ... , 9 (remember that Z1 = 0 and 
Z2 = n) . 

Table 3. Parameters /31 of r.v. 's Z1, l = 3, 4, ... , 9. 

Variable Model Bl Model B2 Model B3 
Z3 1 -pi 1 - Pl 1- Pl 
Z4 Pl Pl Pl 
Zs Q 02 - 02p1 + 01p1 Q 

z6 ap1 01P1 °'Pl 
Z1 o-op1 02 - 02P1 a - op1 
Zs 1-o+opi 1- OJ+ 01P1 1- o - op1 
Z9 a+p1-0P1 02 + PI - 02p1 a+p1 - ap1 

4 Estimation and simulation 

In the literature a variety of methods for estimation of the parameters of the mixture 
have been used. For example, Blishke (1962) used the method of factorial moments 
for binomial mixtures. It is impossible to apply that method directly in our case, 
since the mixture (11) contains two constants (Z1 = 0 and Z2 = n). We use the 
method of the maximum likelihood for estimation of the parameters of the models B, 
Bl, B2 and B3. From (10) we obtain the following distribution for S,,, for the most 
complex model B: 

P(S,,, = m1) = p1p2(l - 01)(1 - a2)I{m1 = O} + p1p2a:1a:2I{m1 = n} 

+P1P2{l - a1)a2 (;) (1 - P1r•pr-m• 

+P1P201(l - a2)(:Jp;"1 (l - P1t-m1 

+(1 - p1)(l - p2) (:J (a2 - a2p1 + a1pi)m1 (1 - 02 + 02p1 - 01p1)"-m1 

+(1 - P1)p2(l - 02) (;J (01P1r1 (1 - 01P1t-m1 

+p1(l - P2){l - a1)(;J(o2 - 02P1r1 {l - 02 + 02p1)"-m1 

+(1- pi)p202(;J(l - 01 + 01P1)m1 (01 -a1P1)"-m1 

+p1(l - P2)01 (;J(o2 + Pl - 02pi)m1 (l - <l'l - Pl+ 02P1r-m1
, 

where I{ ·} represents the indicator function and e m1 = 0, 1, ... , n. . 
Let 0 = (p1 , a 1 , a:2, p1, p2) be the parameter vector in this case. Denote by 0 = 

(p1, 6 1 , a2 , p1 , p2 ) the maximum likelihood estimates obtained by the solution of the 

.., 



following system of equations 

aln - 0 oln - 0 8ln = 0 8ln = 0 and 8ln = 0, 
op1 - ' 80:1 - ' 00:2 ' Bp1 8p2 

where l,. = log P(S,. = m1) . The last system is non-linear and it does not have 
an explicit solution, so we use the method of Newton-Raphson which needs the ini­
tial values of the parameters. These initial values we obtain· trough the method of 

moments. 
Simulations have been done using the program OX, e.g. Doornik (1996). The aim 

is to obtain estimation of the parameters of the models B, Bl, B2 and B3 defined in 

Section 3. 
Two sets of observations grouped in two independent clusters have been generated 

with sizes n1 (80 e 30) and n2 {90 e 140), n = n 1 + n2 = 170, considering equally 
correlated observations belonging to the same cluster for the models B, Bl, B2 and 
B3. For ea.ch simulation we use the same initial values of the parameters 01, 02, pi, p2 

(obtained by method of moments), fixing p1 = 0, 5. 
In the next four tables we show the results of the simulations made. We were 

able to get the corresponding estimates for about 1000 iterations of the procedure 
proposed by OX program. 

One can observe that when the number' of the claims n1 and n2 in both clusters 
are close (80 and 90) , the estimates of the parameters Pt, p1 e 6 1 , 02 are equal for 
the model B. When we have clusters with significantly different number of claims 
(nt = 30) and (n2 = 140), then the corresponding parameter estimates also have 
different values for the model B, (see Table 4). 

Table 4. Initial values and parameter estimates for Model B 

Initial values Parameter estimates 
n1 n2 Pl 01 02 Pl P2 ft1 Ot 02 Pt {J2 
80 90 0,50 0,52 0,39 0,62 0,29 0,38 0,47 0,47 0,73 0,73 
30 140 0,50 0,52 0,39 0,62 0,29 0,81 0,83 0,07 0,92 0,30 

Table 5. Initial values and parameter estimates for Model Bl 

Initial values Parameter estimates 
n1 n2 Pt 0: p ftt Ct p 
80 90 0,50 0,80 0,70 0,43 0,82 0,60 
30 140 0,50 0,80 0,70 0,50 0,59 0,53 

Table 6. Initial values and parameter estimates for Model B2 

Initial values Parameter estimates 
nt n2 Pt 0:1 0:2 p ftt 01 02 p 
80 90 0,50 0,58 0,32 0,41 0,68 0,63 0,32 0,71 
30 140 0,50 0,58 0,32 0,41 0,58 0,09 0,83 0,99 



Table 7. Initial values and parameter estimates for Model B3 

Initial values Parameter estimates 
nt n2 Pt a Pt P2 Pt a Pt P2 
80 90 0,50 0,65 0,45 0,71 0,62 0,58 0,30 0,74 
30 140 0,50 0,65 0,45 0,71 0,49 0,91 0,39 0,92 

For the models Bl, B2 and B3, the estimated values of the parameters have 
different range for the both simulations (compare Tables 5, 6 and 7). 

Note that the estimates of the coefficient of correlation in the four models are 
relatively high, which clearly demonstrate the presence of the dependence between 
claims belonging to the same cluster. 
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