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Abstract. We analyze the thermodynamic behavior of a ferromagnetic mean-
spherical model with three distinct spin components and the addition of
Dzyaloshinkii–Moriya interactions. Exact calculations are performed for clas-
sical and quantum versions of this lattice model system. We show the onset of
space modulated structures at low temperatures.
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1. Introduction

The spherical model of ferromagnetism, which was proposed and exactly solved by Berlin
and Kac about seventy years ago [1, 2], still remains an excellent laboratory to test
some thermodynamic properties of phase transitions and critical phenomena. We then
decided to investigate a ferromagnetic mean-spherical model, with three distinct spin
components and the addition of Dzyaloshinkii–Moriya (DM) interactions [3, 4]. This
model system is still amenable to some exact calculations, both at the classical and at
a quantum level, which do indicate the presence of magnetically modulated structures,
which are the hallmark of the DM interactions [5, 6].

Spherical models with several spin components, and with ferromagnetic interactions,
have been considered in the earlier literature, and have been shown to lead to a simple
factorization of the canonical partition function [7]. A mean-spherical model has been
recently used by Aqua and Fisher [8] to account for some features of a lattice gas with
several components. We were then motivated to revisit these calculations for a mean-
spherical model, with the consideration of three spin components, and the addition of
DM interactions. The presence of extra couplings between two different sets of degrees
of freedom gives rise to a more involved and interesting problem. We were also moti-
vated by the increasing interest in the analysis of systems with DM interactions and
the description of the novel skyrmion excitations in the context of condensed matter
physics [9–11].

We consider the spin Hamiltonian

H = −J
∑
(r,−→r ′)

�S�r · �S�r′ −D
∑
�r

(
�S�r × �S�r+ẑ

)
· ẑ, (1)

where the classical spin variables �S�r =
(
Sx−→r ,S

y
−→r ,S

z−→r
)
are three-component vectors on the

sites −→r of a hypercubic lattice of N sites, J > 0 is a ferromagnetic exchange interac-
tion, the first sum is over nearest-neighbor pairs of lattice sites, and ẑ is a unit vector
along an axial direction. This is perhaps the simplest spin Hamiltonian to represent a
ferromagnetic model system with the addition of monoaxial DM interactions.

The partition function of this classical mean-spherical model is usually written as

Ξ =
∏
�r

[∫ +∞

−∞
dSx

�r

∫ +∞

−∞
dSy

�r

∫ +∞

−∞
dSz

�r

]
exp
[
H
]
, (2)

with

H = −βH− s1
∑
�r

(Sx
�r )

2 − s2
∑
�r

(Sy
�r )

2 − s3
∑
�r

(Sz
�r )

2, (3)
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where β = 1/kBT is the inverse of temperature, and s1, s2, and s3 are three spherical
parameters. In this formulation, we have to take into account three spherical constraints,
which are given by〈∑

−→r

(Sx
�r )

2

〉
= − ∂

∂s1
ln Ξ = N , (4)

with similar equations for the y and z spin components,〈∑
−→r

(Sy
�r )

2

〉
= − ∂

∂s2
ln Ξ = N ,

〈∑
−→r

(Sz
�r )

2

〉
= − ∂

∂s3
ln Ξ = N. (5)

In the first section, we analyze the phase diagram of this classical system in terms
of temperature T and a parameter p = D/J , which describes the strength of the chi-
ral interactions. We perform exact calculations to show the existence of a modulated
structure along the ẑ direction at sufficiently low temperatures.

We then turn to the analysis of the quantum version of this mean-spherical model
with DM interactions. According to previous work for the mean-spherical ferromagnet,
a quantum version may be obtained by resorting to a standard canonical quantization
procedure [12–15]. The first attempt of such quantization was made by Obermair [16],
other early and notorious works are by Henkel [17] and Nieuwenhuizen [18]. The problem
is then formulated in terms of a set of coupled boson operators, which are duly diago-
nalized by known techniques of second quantization [19]. Again, we show the persistence
of spacial modulated structures in the low-temperature region of the phase diagram.

2. Mean-spherical model with DM interactions

The partition function of the three-component mean-spherical model with DM interac-
tions is given by equation (2) supplemented by the spherical constraints, equations (4)
and (5). We now introduce periodic boundary conditions, and write a Fourier represen-
tation,

Sν−→r =
1√
N

∑
−→q

σν−→q exp(i−→q · −→r ), (6)

where ν = x, y, z, and the sum is over a symmetric Brillouin zone. The problem is then
reduced to the diagonalization of a quadratic form,

H = βJ
∑
�q

(cos qx + cos qy + cos qz)
(
σx
�q σ

x
−�q + σy

�qσ
y
−�q + σz

�qσ
z
−�q

)
+−2βDi

∑
�q

(sin qz)σ
x
�q σ

y
−�q − s1

∑
�q

(σx
�q σ

x
−�q)

− s2
∑
�q

(σy
�qσ

y
−�q)− s3

∑
�q

(σz
�qσ

z
−�q). (7)
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With the introduction of a standard orthogonal transformation,

σα
�q =

1√
2

(
Rα

q + iIαq
)
, q �= 0 ; σα

0 = Rα
0 , (8)

where

Rα
�q = Rα

−�q, Iαq = −Iα−q, (9)

with α = x, y, z, we write the quadratic expression

H = βJ
∑
�q�0

(cos qx + cos qy + cos qz)
[
(Rx

�q )
2 + (Ix�q )

2 + (Ry
�q)

2 + (Iy�q )
2

+ (Rz
�q)

2 + (Iz�q )
2
]
+ 2βD

∑
�q�0

(sin qz) [R
x
�q I

y
�q −Ry

�qI
x
�q ]

− s1
∑
�q�0

[(Rx
�q )

2 + (Ix�q )
2]− s2

∑
�q�0

[(Ry
�q)

2 + (Iy�q )
2]− s3

∑
�q�0

[(Rz
�q)

2 + (Iz�q )
2]. (10)

Due to the DM couplings, this expression still requires a further transformation to be
written in a diagonal form.

2.1. Critical ferromagnetic border

In order to carry out the diagonalization of this problem, we consider two distinct
quadratic forms. One of these forms, which involves just the z components of the spin
variables, is already diagonal,

Q1 = [βJ(cos qx + cos qy + cos qz)− s3][(R
z
�q)

2 + (Iz�q )
2]. (11)

Introducing the spherical potential μ3 = s3/β, we require the inequality

μ3 > max−→q
[J(cos qx + cos qy + cos qz)], (12)

which is the usual condition associated with the existence of a ferromagnetic phase
transition in the ferromagnetic spherical model.

The quadratic form (11) contributes to the partition function with a term that
depends on s3. We then write this contribution,

ln Ξ = · · · − 1

2

N

(2π)3

∫
d3−→q ln[s3 − βJ(cos qx + cos qy + cos qz)] + · · · .

(13)

Using equation (4) for the spherical constraint, and taking the maximum value of the
spherical potential μ3, we obtain an integral expression for the ferromagnetic critical
border,

Jβc =
1

2

1

(2π)3

∫
d3−→q 1

3− (cos qx + cos qy + cos qz)
, (14)
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which can be compared with the well-known result for the simple spherical ferromagnet
on a cubic lattice [2].

2.2. Critical border of a modulated structure

We now simplify the notation and write the remaining, non diagonal, part of the
quadratic form,

Q2 = A
(
x2
1 + y21

)
+ C

(
x2
2 + y22

)
+B(x1y2 − y1x2), (15)

with

A = βJ(cos qx + cos qy + cos qz)− s1, (16)

B = 2βD sin qz, (17)

and

C = βJ(cos qx + cos qy + cos qz)− s2, (18)

in which x1 = Rx
q , y1 = Ixq , x2 = Ry

q , y2 = Iyq . In order to analyze this quadratic form, it
is convenient to introduce a 4× 4 matrix,

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

A 0 0
1

2
B

0 A −1

2
B 0

0 −1

2
B C 0

1

2
B 0 0 C

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (19)

which is symmetric, with real elements, and can be easily diagonalized. It is straight-
forward to write the double-degenerate eigenvalues of this matrix,

Λ1,2 = βJ(cos qx + cos qy + cos qz)−
1

2
(s1 + s2)

± 1

2

[
(s1 − s2)

2 + 4β2D2 sin2 qz

]1/2
. (20)

There are several consequences of the form of this expression for the eigenvalues.
Taking into account the symmetry between the exchange of variables s1 and s2, and the
form of the spherical constraints, given by equations (4) and (5), we can always make

s1 = s2 = s = βμ, (21)

and consider the much simpler expression

Λ1,2 = βJ(cos qx + cos qy + cos qz)− s± βD sin qz, (22)
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Figure 1. Transition border in the T − p phase diagram.

from which we obtain a maximum limit for the spherical potential,

μ > max−→q
{J(cos qx + cos qy + cos qz)±D sin qz}, (23)

which can also be written as

μ > max
qz

{J(2 + cos qz)±D sin qz}. (24)

Therefore, we have a wave solution for the magnetization along the axis of anisotropy,
with a wave number qz given by

tan qz = ±D

J
, (25)

which is a characteristic result associated with monoaxial DM interactions.
The free energy of this system contains terms of the form

ln Ξ = · · · − 1

4

N

(2π)3

∫
d3−→q ln[s− βJ(cos qx + cos qy + cos qz) + βD sin qz]

+ · · · − 1

4

N

(2π)3

∫
d3−→q ln[s− βJ(cos qx + cos qy + cos qz)− βD sin qz]

+ · · · , (26)

from which we have

β =
1

4

1

(2π)3

∫
d3−→q

[
1

μ− J(cos qx + cos qy + cos qz) +D sin qz

+
1

μ− J(cos qx + cos qy + cos qz)−D sin qz

]
. (27)

The critical border of the modulated transition is given by this expression, with the
largest values of the spherical potential, according to equations (24) and (25). In figure 1,

https://doi.org/10.1088/1742-5468/ac7e3e 6

https://doi.org/10.1088/1742-5468/ac7e3e


J.S
tat.

M
ech.

(2022)
073106

Spherical model with Dzyaloshinskii–Moriya interactions

we draw this border in terms of temperature T and the parameter of chiral competition,
p = D/J . This is a typical result for a simple ferromagnetic system with monoaxial DM
interactions [20].

3. Quantum spherical model with DM interactions

In a quantum version of the classical mean-spherical model, the spin variable Sa
�r becomes

a position operator at lattice site −→r , which is canonically conjugated to a momentum
operator Pα

�r . We then introduce a set of momentum operators, Pα
�r , with α = x, y, z, and

write the commutation relations

[Sa
�r ,S

α′

�r′ ] = 0, [Pα
�r ,P

α′

�r′ ] = 0, [Sα
�r ,P

α′

�r′ ] = iδ−→r ,−→r ′δα,α′ , (28)

where α and α′ are the three Cartesian coordinates. With the introduction of a kinetic
energy term, we have the quantum Hamiltonian of this system,

Hq = H1 +H2 +H3, (29)

with

H1 =
1

2
g
∑
�r

−→
P 2

�r + μ1

∑
�r

(Sx
�r )

2 + μ2

∑
�r

(Sy
�r )

2 + μ3

∑
�r

(Sz
�r )

2, (30)

H2 = −J
∑
(r,−→r ′)

�S�r · �S�r′ , (31)

and

H3 = −D
∑
�r

[
Sx
�r S

y
�r+ẑ − Sy

�r S
x
�r+ẑ

]
, (32)

where we adopt the same quantum parameter g > 0 for the three directions, but assume
three distinct spherical potentials. Although we use the same notation as in equation (1),
spin and momenta are standard quantum operators.

We now introduce bosonic operators of creation, (aα�r )
†, and of annihilation, aα�r , and

change to a language of second quantization. We then write

Sα
�r =

1√
2

(
g

2μα

)1/4

[aα�r + (aα�r )
†] (33)

and

Pα
�r = − i√

2

(
2μα

g

)1/4

[aα�r − (aα�r )
†], (34)

for α = x, y, z. In the next step toward the diagonalization of the Hamiltonian, we adopt
periodic boundary conditions, and use a Fourier representation,

https://doi.org/10.1088/1742-5468/ac7e3e 7
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aα�r =
1√
N

∑
�q

ηα�q exp(i�q.�r), (35)

in which the sum is restricted to the first, symmetric, Brillouin zone, and the new bosonic

operators,
{
ηα−→q

}
, obey canonical commutation relations,

[ηα�q , η
γ
�q′ ] = 0, [(ηα�q )

†, (ηγ�q′)
†] = 0, [ηα�q , (η

γ
�q′)

†] = δ−→q ,−→q ′δα,γ . (36)

In the Fourier space, we finally have

H1 =
∑
α

1

2
N(gμα)

1/2 +
∑
α

∑
−→q �0

(2gμα)
1/2
[(
ηα−→q
)†
ηα−→q +

(
ηα−−→q
)†
ηα−−→q

]
, (37)

H2 =
∑
α

⎧⎨⎩−1

2

(
g

2μα

)1/2∑
−→q �0

Ĵ(−→q )
[
ηα−→q η

α
−−→q +

(
ηα−→q
)†(

ηα−−→q
)†]

− 1

2

(
g

2μα

)1/2∑
−→q �0

Ĵ(−→q )
[(
ηα−→q
)†
ηα−→q +

(
ηα−−→q
)†
ηα−→−q

]⎫⎬⎭, (38)

and

H3 = −D

(
g2

4μxμy

)1/4∑
−→q �0

i sin qz

{
ηx−→q η

y
−−→q −

(
ηx−→q
)†(

ηy−−→q

)†
− ηx−−→q η

y
−→q

+
(
ηx−−→q
)†(

ηy−→q

)†
+ ηx−→q

(
ηy−→q

)†
−
(
ηx−→q
)†
ηy−→q − ηx−−→q

(
ηy−−→q

)†
+
(
ηx−−→q
)†
ηy−−→q

}
, (39)

with the definition

Ĵ(−→q ) = 2J(cos qx + cos qy + cos qz). (40)

Taking into account the couplings between terms dependent on +−→q and of −−→q , we
have to consider the quadratic form

Q =
∑
α

{
(2gμα)

1/2
[(
ηα−→q
)†
ηα−→q +

(
ηα−−→q
)†
ηα−−→q

]
−
(

g

2μα

)1/2

× 1

2
Ĵ(−→q )

[
ηα−→q η

α
−−→q +

(
ηα−→q
)†(

ηα−−→q
)†

+
(
ηα−→q
)†
ηα−→q +

(
ηα−−→q
)†
ηα−−→q

]}

−D

(
g2

4μxμy

)1/4

(i sin qz)

[
ηx−→q η

y
−−→q −

(
ηx−→q
)†(

ηy−−→q

)†
− ηx−−→q η

y
−→q

+
(
ηx−−→q
)†(

ηy−→q

)†
+ ηx−→q

(
ηy−→q

)†
−
(
ηx−→q
)†
ηy−→q − ηx−−→q

(
ηy−−→q

)†
+
(
ηx−−→q
)†
ηy−−→q

]
.

(41)
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3.1. Ferromagnetic sector

The quadratic form (41) has two different sectors, so that operators associated with the
z direction can be treated separately. We then write

Q = Qz +Qxy, (42)

with

Qz = Az

[(
ηz−→q
)†
ηz−→q +

(
ηz−−→q
)†
ηz−−→q

]
+Bz

[
ηz−→q η

z
−−→q +

(
ηz−→q
)†(

ηz−−→q
)†]

, (43)

where

Az = (2gμ3)
1/2

[
1− 1

4μ3
Ĵ(−→q )

]
(44)

and

Bz = −(2gμ3)
1/2 1

4μ3
Ĵ(−→q ). (45)

It is immediate to use a standard Bogoliubov transformation [19] to write Qz in a
diagonal form in terms of a new set of bosonic operators. According to this well-known
procedure, and discarding all the constant terms, we write

Qz = λ−→q

[(
αz−→q
)†
αz−→q +

(
αz
−−→q
)†
αz
−−→q

]
, (46)

where
{
αz−→q

}
is a set of transformed boson operators, associated with the energy

spectrum

λ−→q =

{
2g

[
μ3 −

1

2
Ĵ(−→q )

]}1/2

, (47)

which is the well known result for the quantum ferromagnetic mean-spherical model
[12–14].

We now use the energy spectrum, given by equation (47), and take care of the proper
constant terms of the spin Hamiltonian. We then have the diagonal form

Hz =
∑
−→q

λ−→q

[(
αz−→q
)†
αz−→q +

1

2

]
, (48)

from which we obtain the partition function

Zz =
∏
−→q

{ ∞∑
n=0

exp

[
−βλ−→q

(
n+

1

2

)]}
. (49)

Taking into account the form of the spectrum of energy in this ferromagnetic sector, we
have

https://doi.org/10.1088/1742-5468/ac7e3e 9
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N = − 1

β

∂

∂μ
ln Zz =

∑
−→q

g

2λ−→q
coth

(
1

2
βλ−→q

)
. (50)

In the classical limit, g → 0, we obtain a much simpler expression,

N → 1

2β

∑
−→q

1

μ− 1
2
Ĵ(−→q )

, (51)

which can be shown to lead to the same equation (14) for the ferromagnetic border as
we have obtained in the preceding section.

3.2. Modulated sector

We now sketch some calculations for the other sector of the quadratic form. As in the
classical case, there is a symmetry that relates the spherical potential variables. We then
make μ1 = μ2 = μ. Also, we simplify the notation to emphasize the couplings involving
four bosonic modes, and discard the vector symbols. We then write

Qxy = A⊥

{
a†qaq + a†−qa−q + b†qbq + b†−qb−q

}
+B⊥

{
aqa−q + a†qa

†
−q + bqb−q + b†qb

†
−q

}
+ C⊥

{
aqb−q−a†qb

†
−q − a−qbq + a†−qb

†
q + aqb

†
q − a†qbq − a−qb

†
−q + a†−qb−q

}
,

(52)

with

A⊥ = (2gμ)1/2
[
1− 1

4μ
Ĵ(−→q )

]
, (53)

B⊥ = −(2gμ)1/2
1

4μ
Ĵ(−→q ), (54)

and

C⊥ = iD

(
g

2μ

)1/2

(sin qz). (55)

In order to analyze this four-component system, it is easier to write a set of
transformed bosonic operators,

γq = waq + xbq + ya†−q + zb†−q, (56)

so that

[γq,Qxy] = Eq γq, (57)

where Eq is a bosonic energy spectrum [19, 21]. We then write

[aq,Qxy] = A⊥ aq +B⊥ a†−q + C⊥ (−bq − b†−q), (58)
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[bq,Qxy] = A⊥ bq +B⊥ b†−q + C⊥ (aq + a†−q), (59)

[
a†−q,Qxy

]
= −A⊥ a†−q −B⊥ aq + C⊥ (bq + b†−q), (60)

and [
b†−q,Qxy

]
= −A⊥ b†−k −B⊥ bq + C⊥ (−aq − a†−q), (61)

from which we have

[A⊥w −B⊥y + C⊥(x− z)]aq + [A⊥x−B⊥z + C⊥(y − w)]bq

+ [B⊥w − A⊥y + C⊥(x− z)]a†−q + [B⊥x−A⊥z + C⊥(y − w)]b†−q

= Eq

[
waq + xbq + ya†−q + zb†−q

]
. (62)

This equation may be written in a matrix form,

Mq

⎛⎜⎜⎝
w
x
y
z

⎞⎟⎟⎠ = Eq

⎛⎜⎜⎝
w
x
y
z

⎞⎟⎟⎠, (63)

with

Mq =

⎛⎜⎜⎝
A⊥ C⊥ −B⊥ −C⊥
−C⊥ A⊥ C⊥ −B⊥
B⊥ C⊥ −A⊥ −C⊥
−C⊥ B⊥ C⊥ −A⊥

⎞⎟⎟⎠. (64)

From the eigenvalues of this matrix, we obtain the two branches of the spectrum of
energy of the diagonal bosonic system,

λ2 = A2
⊥ −B2

⊥ ± 2
√
C2

⊥(−A2
⊥ + 2A⊥B⊥ −B2

⊥). (65)

Taking into account that C⊥ is a pure imaginary number, we can also write

λ2 = A2
⊥ −B2

⊥ ± 2|C⊥|(A⊥ −B⊥). (66)

We now take into account that A⊥, B⊥, and C⊥, are given by equations (53), (54)
and (55), and write the expressions

−C2
⊥ = D2 g

2μ
sin2 qz, (67)

A⊥ −B⊥ = (2gμ)1/2
[
1− 1

4μ
Ĵ(−→q )

]
+ (2gμ)1/2

1

4μ
Ĵ(−→q ) = (2gμ)1/2, (68)
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Figure 2. (a) A plot of the spectrum of energy in the ferromagnetic sector. (b) W
plot the spectrum in the modulated sector (solid and dashed lines represent positive
and negative values of the ratio D/J).

and

A2
⊥ −B2

⊥ = (2gμ)

[
1− 1

4μ
Ĵ(−→q )

]2
− (2gμ)

1

16μ2

[
Ĵ(−→q )

]2
= 2gμ− gĴ(−→q ),

(69)

in which the form of C⊥ already gives an indication of the oscillation along the axis.
Using these expressions, we finally have the energy spectrum,

[Λ(−→q )]2 = 2g

[
μ− 1

2
Ĵ(−→q )±D sin qz

]
, (70)

which is a characteristic result for an oscillating alignment along the z axis. It is worth
pointing out the similarities with the energy spectrum of ferromagnetic sector, given by
equation (47). Also, it is easy to perform calculations to recover the classical spectrum.

With D = 0, we recover the well-known quantum ferromagnetic case [13],

[ΛFerro(
−→q )]2 = 2g

[
μ− 1

2
Ĵ(−→q )

]
. (71)

If we restrict the problem to a linear chain, along the z direction, equation (70) can
be written as

[Λchain(
−→q )]2 = 2g[μ− J cos qz ±D sin qz], (72)

which indicates the oscillations along the z direction (and which is similar to the exact
calculations for the energy spectrum of an XY chain with DM interactions [22]).

In figure 2(a) we plot the spectrum of energy in the ferromagnetic sector for the
maximum value of the spherical potential. In figure 2(b), we show a similar plot, for
the modulated sector, with the maximum value of the associated spherical potential. In
this second figure, the minimum of energy is shifted to qz �= 0, depending on the sign of
d = D/J .
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4. Conclusions

We performed some exact calculations to investigate the phase transitions in a ferromag-
netic mean-spherical model, with the consideration of three distinct spin components,
and the addition of monoaxial DM interactions.

In the classical case, we show the existence of a modulated structure along the
ẑ direction at sufficiently low temperatures. We then define a quantum version of
this model system, which can be analyzed by standard techniques of second quan-
tization. We obtain the quantum energy spectrum, and give arguments to show the
persistence of spacial modulated structures in the low-temperature region of the phase
diagram.
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