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In I LL J , the author:s proved that if F
1 

and FI 
are ortho­

or~hogonal orientable foliations of S1 , then· 

(1) f'<lk.l ~ l1<1P1• ... , 

sz : 

t1here ki is the geodesic c:urvature of Fi and, F i's are assumed to 

have a finite number of singularitie~. 

The analogous result for S1 caMot be obtained since S1 

is a compact Lie group with bi-invariant metric, · so it admits 

three orthogonal_ geodesic vector fields X1 , ~a, X
1 

• If ki is the 

ge9desic_curvature of Xi then 

/ <lk;t+lk,I +lk,l>•O. 
s• 

However, one can easily see that the normal bundles Di of Xi are 

not integrable. In this note, we prove that integrability of one 

of Di's implies an, inequality analogous to .CU. 

Theorem. Let H be a closed, oriented three-dimensional 

Riemannian unifold equipped with three W\it mutually orthogonal 

vector ·fields X
1
,X

1
,X1

• Denote by ki the geodesic curvature of 

x1 and assume that on• of the nol"IIIAl. bundles D1 of Xi is inte·gr!. 

ble. Then 

(2) f (le: ♦ );: ♦ Jc!.> > f ~ • . 
K K 

wheres is the scalar curvature of K. Moreover, if the equality 

holds in (2) then the foliations determined by all integrable 

bundles Di are totally umbilical. 

Proof, Denote by Ai' Ti and Hi respectively the second 

fundilntental tensor,· the integrability tensor and the mean curva-



I 

;1 

turc v~ctor of Di. Then 

.Ai ,Ti: Di~ D~ -{Xi}, 

>-t<r,z> = i < vx Y_ + vy x. xi>: xi 

Ti(Y,Z)= !.< VxY•VyX,X1 >.Xi 

and ,. 
Hi= trace· A., 

, l. 

where Y and Z are· sections of Di,· {Xi} is the 1-dimensional 

bundle spanned by Xi and Vis the Levi-Civita connection on H. 

With these notation we have 

(3) 
(i: l,2 ,3) 

H 

(see ( W J, and I B) in the case of an integrable distribution). 

k 
Writtini r1j for < Vxk x1 , Xj > we may express formulae 

( ) in th• fol'lll 

(ll) J (Ric (XI) • 2 r1'.r1 + 2r• r' J .. o. 
II 'II ZI 11 

K 

CS) f ··,Ric cx
1

) 2r1 r• • 2r 1 r 1 J .. o 
11 u u u • 

H" . 

and 

U) . f (Ric (X1 ) - 2r:
1 

r
2
\ • 2r:

1 
~! J .. o. 

K 

Summing up formulae (ll) - (6) we get 

(7) 2 / <r1
1
1 r1: • r1

1
1 r1

1
1 + r1'"a r

1
1
1 
> • J ( 11 + 2c r1~ r~ + r:, r~ + r

1
~ r,1. > J 

K K 

Also, 
', 

k1 
• k1 +k1 

• cr1 >' •er• >1 + cr1 >'+er•>'+ cr1 >1 + <r1 >1 > 
I Z I aa U U II p 11 

I 

> 2cr1 r1 + r• r 1 • r1 r 1 >. 
U U II JI 21 ,II 



(9) 

and 

flow, assume that D
1 

is integrable. In this case, we have 

r 1 = r 1 

II ll 

(10} r1 r1 ♦ r1 I'2 S r1 (f1 - rs ) : 0, 
Ull Ull U II 21 

Therefore, the left side of (7) is not biger than the left side 

of (2), while the right side of (7) is biger or equal to the right 

side of (2), This proves the inequality (2). 

Finally, equality in (2) holds if and only if 

r1 
• r 1 

" 0 
II 21 ' 

f 1 • r I , r 1 • f 1 and f 1 " r I • 

al II U ll II II 

In this case, the foliation determined by D
1 

is Ulllbilical. D 

FINAL REMARKS 

l) . Every o~ientable foliation of S 1 ia one example of the situa­

tion described in the theorem because it is always possible to 

fin~ two mutually orthogonal vector fields of S1 tangent to a 

: . bt~ 
given foliation. Moreover it•is known that S 1 adnut1 totally 

umbilic foliations so. equality will never hold in (2). 

2) The theorem can be gener4lized to dimension n in the following 

way. Let H be a closed oriented n-dimensional Riemannian mani­

fold and X
1
,X1 , ••• ,Xn be n mu~ually orthogonal flows in M. 

Denote ki the geodesic curvature of Xi, ~sume that all but 

-two of the normal bundles Di of x1 are integrable. Then, 

I~ kf > f S , S being the scalar curvature 

i•l . o! H. 

H K 

We don't know if the assumption of integrability on (n - 2) nor.n.:il 

bundles is N3lly necessary and it would be nice to get a result 

u,•h u•Ak•~ {n~e~r-a.bilitv assumDtion. 
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