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ABSTRACT. 

We prove that the space K((a, bl) of the functions / : (a, bJ - R that are integrable 

io the sense of Kurzweil-Henstock is not complete in its natural norm; its completion is 

· the space of the distributions that are derivatives of the continuous functions on [a. b]. We 

conjecture that there exists no "natural'' Banach space norm on K([a, bl). 

0. Introduction. 

The integral we deal with was defined by Kurzweil (see (10], (11] and (14]) and, in- · 

dependently, by Henstock (see ~7] and the references given there). It coincides with the 

(~pecial or restricted) Denjoy integral (see [6] for an elementaiy proof of this fact) and 

with the Perron integral, that were already defined at the beginning of the century (see 

(13] for information about these integrals, in particular Chap. VIII, par. 3 for a proof of 

their equivalence). This integral extends the one of Lebesgue (see (4} for an elementary 

proof of this fact) and is also known as the gauge integral,, the Riemann complete integral, 

the generalized Riemann integral P.tc. (see, for instance, (12]). The existence of these three 

different characterizations of the same integral suggests that we are dealing with a very 

rich theory. Many properties that are trivial or easy to prove in one of the formu1.ations 

may have a difficult proof in the others. On the other hand a serious i•andicap cJ! these 

integrals lies in the fact that we know of no functional analytic characterization of K([a, bl) 

(while for the Lebesgue integral, L1([a, bl) is the completion of C([a, bl) and of the space 

of step-functions with re8pect to the norm 11111 , a fact that makes easy or automatic the 

proofs of many properties of the Lebesgue integral). 

Basic definitions and properties. 

We say that a function f · la, b) -+ R 1s integrable m the sense of Kurzweil-Henstock 
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(we write J E .(([a, bl)} and that the real number J is its Kurzweil-Henstock integral ( we 

write (K) J: J( t)dt = I) if for every £ > O there exists a function l, : [a, b] -+]O, ex,[ ( called 

go.uge function) such that for every pointed division of [a, b] that is 6-fine (i.e., a division 

to = a < ti < t2 · · · < tn = b of [a, bJ with points ~I,· · · , ~n such that ~; E [t;-1, t;J C 

Je; - 6(~;), e; + 6(e;)[) we have 

II 

II - Ll(!;)(t; - t;_i)I <;; £. 

i=I 

It can be proved that for any gauge 6 there exist always 6-fine pointed divisions of [a. 1,1 

and that I is unique. 

We denote by ! 1 (la, b])[L1 ((a, bl)J the space of (equivalence classes of] all functions 

/: [a,bJ-+ R that are Lebesgue integrable. The Kurzweil-Henstock integral encompasses 

the Lebesgue integral· 

1.1- £1((a, bl) C .((la, bl);/ E !1((a, bl) ~ /, 1/1 E K:([a, bl). 

Proof: see (13] where the proofs are given for the Denjoy integral {Theorem VII.1.1) and 

the Perron integral (VI, par. 6 and Theorem VI.6.5). 

Fbr / E .(([a, bl) we define i(t) = (K) J: f(s)ds,a $ t $ b. We denote by C{•)((a, bl) 

the space of continuous functions rp : [a, bJ -+ R with rp( a) = 0. 

1.2- / E A:(la, bl)=> j E C{a)([a, bl). 

The proof is easy if we apply the Cauchy criterio~ for the existence of the Kurzweil­

Henstock integral. 

1.3- For/ E A:([a, bl) we have: i = 0 ~ / = 0 a.e. (almost everywhere). 

Thia result is immediate by the properties of the Denjoy integral. 

We denote by K((a, bl) the vector space of all equivalence classes (with respect to the 
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relation "/ = 0 a.e.") of the functions of .C([a, 61). 

The Kurzweil-Henstock integral is the ideal tool to recover primitiv.ea,. in their most 

general definition, as integrals: We recall that a function g E C((a, 61) is a primitive: of 

/: (a, 6)-+ R if at the complement of a countable subset of [a, 6) there exists g'(t) = f(t) . 

. 1.4.a- If g e C([a, 61) is a primitive of/ : [a, 6) - R then / e .C([a, 61) and for every c e [a, 6] 

we have 

g(c) = g(a) + (K) /.c /(t)dt. . 

b- if/ E A:([a, bl) then j is differentiable a.e. and we have f = / a.e. 

Proof of a: Let A = { u, I k E N} be theaubset of [a, 6) such thatfor t ~ A there exists 

g'(t) = f(t). We will prove the result for c = 6. Given an£ > 0 we define the following 

gauge 6: 

1) for u, EA we take c5(u,) > 0 such that for z,y E)u4-6(ut),u, +c5(ut)[n[a,b) ll'(e 

have 

2) for u E [a, b] n A there exists g'(u) = /(u) hence we may take c5(u) > 0 such that b 

6 e)u - c5(u), u + c5(u)[n(a, 6) we have 

lg(z) · g(u)- /(u)(z - u)I $ clz - uJ 

hence for u E [z,y) c]u - c5(u), u + c5(u)[n[a,6J we have 

Now, given a pointed division of [a, 6) that is 6-fine, 

from 1) and 2) follow res~tively 1 ' ) and !?'): 
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Hence lg(b)-g(a)- E?=l /(e;)(t;-t;-1)1 = I E?:1lg(t;)-g(t;_i)-/(e;)(t;-f;_i)JI < 

t E:1 'f. + t E?=1(t; - t;_i) = t(l + b- a). 

See also (3J. 

The proof of b follows from the characterization of the Perron integral (see l13J, 

Theorem Vl.6.1) or from the definition of the Denjoy integral. 

For / E K:([a, bl) and v, E C([a,bl) if aoes not necessarely follow that /,p E K:((a. bl). 
I 

Example; in [a, bJ = (0, lJ we take /(t) = }r(t2 sin r 3 ) and ,p(t) = tcosr3
• (f E A:((O, 1)) 

by 1.4.a; from 1.1 it follows that /,p (/. K:((O, ll)). · 

We denote by BV((a, bl) the space of all functions a : [a, bJ --+ R that are of bounded 

variation. H v, E C((a, bl) we denote by fa ,p(t)da(t) the corresponding ruemann- Stieltjes 

integral; see (8] or [9], exerc. 1.7.5 and 1.s:a. 

1.5- For / E K:([a, bl) and a E BV((a, bl) we have / a E K:((a, b]) and the integration by 

parts formula: 

(K) 1.• f(t)a(t)dt + [ i(t)da(t) = j(b)a(b)-]{a)a(a) . . - . . - . 
If a is absolutely continuous we have f. f(t)da(t) = L f. f(t)a'(t)dt, wher" L f de-

notes the Lebesgue integral. 

Proof: see (13J, Theorem VIII.2.5 where the Denjoy integral is used. For a proof using 

the Perron integral see (6J and (2J, Theorem 4. 

2. A natural norm on K([a, bl). 

For every/ E K((a, bl) we define 11/IIA = sup•:!,l:!,• l(K) J: f(.,)dsj; see [l] a.-id [5f 
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It is immediate: 

2.1- The mapping/ E K(la,b]} ..... 11/IIA ER+ is a norm and we have 11/IIA = Hill, where 

ll'f'II = SUP0<1<6 l'f'(t)I-.- -
The extension of the Kurzweil-Henstock integral to complex-valued functions is im­

mediate. H we take the sequence of functions f,. ( t) = e2 .. '"1, a $ t $ b, it follows from the 

Riemann-Lebesgue Lemma that lim,._00 llf,.IIA = 0. However the sequence/,. contains no 

aµbsequ!=nce that converges to O at some point t (since 1/,.(t)I = 1). 

Every / E K(la, bl) defines a distribution Ti E D'(]a, bl) (in the sense of Laurent 

Schwartz, (151) where for every If' E D(]a, bl) we .take 

< T1,'f' >::::: (K) 1• f(t)'f'(t)dt (Cf. 1.5). 

For every distribution T we denote by 'I" its derivative in the sense of distributions: 

< 'I", ,p >::::: - < T, If'' > for every ,p E D(]a, bl). 

2.2- For every f E K((a, bl) we have Ti = '.lj, i.e., the following diagram ia commutative 

/ E .C((a, b)) -+ T1 e D'(Ja, b{) 

1 T 1c 
j E C{a}(la,b)) -+ T; e D'(]a,bl) 

Proof: By 1.5 and from the definition of the derivative of a distribution it follows that 

for every If' E D(]a·, bl) we have 

< T1,'P >= (K) 1.• /(t)'f'(t)dt = - 1.• i(t).p'(t)dt = .- < T;,'f'' >=< '.lj,'f' >. 

The horizontal mappings are immersions since, by 2.1, / =I- 0 implies that j ,i. 0, 

hence Tl =I- 0 and T; is not a constant, hence 1j. =I- 0, i.e., Ti =I- O. 

In what follows we consider the commutative diagram above with the corresponding 

natural iµunersion of K((a, bl) in D'()a, b[): 
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Tbeorem2.3-The completion of K([a, bl) with respect to the norm II IIA is the subspa,·, 

of all distributions of D'(]a, bl) that are derivatives,in the- sense of distributions, of the 

functions of C{•l([a, b)). 

Proof: let f n E K((a, bl) be a II ll,4-Cauchy sequence. By 2.1 it follows that in E 

C{•)((a, bl) is a II II-Cauchy sequence, hence converges uniformly to a function g E C{o)([a, bl) 

and therefore T;. - T, (i.e., the distributions T;. converge to T, in the sense of distri­

butions: for every rp E D()a, bl) we have < T;., '{J >-< T,, cp >) hence we have also 

Tj. - T,- But by 2.2 we have Tj. =Ti .. , hence T.1 .. - T; . 

Reciprocally if TE D'(la,bD ja ot the form T = T; with g E C1 0 1((a,bl) we take , 

sequence Pn E ci~)_{la, bj) (tbe space of the elements of C10 1([a, bl) that have a continuou., 

derivative) tha:t converges uniformly tog. By 2.1 p~ E K([a, bl) is a 11 llr Cauchy sequence; 

its image in D'()a, bl) converges to T : IIPn -gll - 0 implies T, .. - T,, hence T; .. - r; = T: 

since•pn = p'n the assertion follows from 2.2 (T,, = T'- = T,' - T! = T). 
" ,:. .. . 

.Remark 2.4- From the proof of the preceeding theorem we see that C((a, bl) is II IIA­
deuse in K((a, bl). 

2.~ K([a, b]Yis not complete in the norm II IIA• 

Proof: with the notation of Theorem 2.3 we take a g e C{aj([a, bl) that is nowhere 

differentiable and Pn E 9~>} ((a, bl) such that IIPn - gll -+ 0. The II ll,4-Cauchy sequence p~ 

does not II Jl,4-converge in K([a, bl) since from 11P~ - hllA -+ 0 it follows that T,~ - T11 , 

hence T• = T,- By 2.2 we have T:. = r. hence Ti = T; '8Dd therefore, by a well known 

result of the theory of distrib11•1ons, w,. have Ji =.g. But by 1.4.b we have ii.' = h a.e. and 

therefore g would be almost everywhere differentiable. 

Wnay that anormp on K([a,b])\s natur11lif p(fn)- 0 implies that (K) J: fn(s)d.3 ·~ 

0 for every t E [a, b]. 

2.6- Hp is a natural Banach space norm on K..U~, bf,) then p is finer than the norm II IIA 

(i.e., there exists M > 0 such tbat for~ery f• K{[a,b)) we have 11/IIA ~ Mp(/)). 
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Proof: for every t E Ja.b) and/ E K({a, bl) we define F,(f) = f(t) . By our hypothesis 

we have F, E K,([a, bl)' (the topological dual of K((a, bl) endowed with the norm p). For 

every / E K((a, bl) we ha.ve 

&-om the uniform boundedness principle (see (8) or (9)) it follows tha.t 

sup p(F,) = M < oo 
•$19 

where p(F,} = sup{IFc(f}I I/ e K((a,b]},p(J) :S l}.But 

sup p(Fi) = sup [ sup )F1(/)I) = sup [ sup )Fc(/)1) 
•$19 •51$• p(/)$1 p(/)$1 .515, 

= sup 11/11 = sup 11/IIA 
p(/)51 p(/)$1 

hence p(J) :S l implies that 11/IIA $ M. 

An open problem: we conjecture that there exists no natural norm on K((q, bl) that 

makes it a Banach space. We believe even that there exists no Banach space norm p on 

K((a, b)) such that p(/,.) -+ 0 implies Ti. -+ 0. 
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