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Abstract 

Let SG(M, IRP) be the set of special generic maps of a closed man­
ifold M into IRP. We give a necessary and sufficient condition for two 

elements of SG(M, 1RP) to belong to the same connected component. 
Furthermore, we relate the set of connected components to the set of 
regular equivalence classes of SG(M, IRP) and use this relation to give 
some examples. 

1 Introduction 

A smooth map from a smooth n-manifold M to RP, n ~ p ~ I, is called 
special generic when its only singularities are definite fold points. An 
important tool in the study of a special generic map f : M ➔ RP is its 
Stein factorization. This is given by a commutative diagram 

M 
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where W1 is the quocient space obtained by the identification to a point 
of each connected component of each fiber of f. When M is closed and 
n > p, W1 has a smooth structure of a compact oriented n-manifold with 
boundary such that f' is an orientation preserving immersion. Furthermore, 
q1 is smooth and maps the singular set S(f) off diffeomorphically onto aw,. 
For the basic tools and notations we refer to [S1]. 

Assume that Mis closed and connected and n > p. Let SG(M, RP) 
be the set of special generic maps of M into RP. In section 2. we prove the 
following theorem. 

Theorem 1.1 f and g belong to the same connected component of SG(M, R") 
if, and only if, there are diffeomorphisms H : M ➔ M and h : W1 ➔ Wg 
such that H is smoothly isotopic to id : M ➔ M, g' oh is re.gularly homotopic 
to f' and the diagram 

M .ii+ M 
QJ J. .J. 'la 
w, --4 Wg 

commutes. 

Burlet-de Rham [BR), Porto-Furuya [PF], Saeki [SI] defined some 
equivalence relations on the set SG(M, 1RP). 

In particular, following Porto-Furuya, we say that the special generic 
maps f and g from M to RP are regularly equivalent if there are diffeomor­
phisms H : M ➔ M and h : W1 ➔ W9 such that the diagram in Theorem 
1.1 commutes and g' oh is regularly homotopic to f'. 

The following theorem, due to Porto-Furuya [PF], is completed by 
Saeki in [SI]. 

Theorem 1.2 The special generic maps f, g ; M ➔ RP are regularly equiv­
alent if and only if, there is a smooth family f,, t E [O, 1], of special generic 
maps and a diffeomorphism K : M ➔ M such that Jo = f and f1 = g o K. 

Notice that it follows from the openness of SG(M, RP) in C00 (M, RP), 
with the C00-topology, that f and g are in the same component if, and only 
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if, there is a smooth family /t, t E [O, 1), of special generic maps from f to 

g. Hence, two special generic maps J and g are regularly equivalent if, and 
only if, there is a diffeomorphism K such that f o K and g belong to the same 
connected component of SG(M, R"). 

Let f E SG(M, IR"). Consider the set 

A1 = {u E 1ro(SG(M, R")): g is regularly equivalent to/, 

where g represents u} 

Consider the following equivalence relation on Diff M : H ~ K if there are 
IP E Diff M, isotopic to Ho K-1 , and cp E Diff(W1) such that the diagram 

M-.!.+ M 
q, -1- -1- q, 

w, ----'!...+ w, 

commutes and f' o cp is regularly homotopic to J'. Let G 1 = Di~ M be the 
quotient set of this relation. Note that Hand K isotopic implies that H ~ K. 
The relation between the connected components and the regular equivalence 
classes of SG( M, R") is given by the following proposition. 

Proposition 1.3 The map G1 --+ Ai obtained by factorizing the map 
H H> f o H is well defined and a bijection. 

In a few cases, the regular equivalence classes of SG(M, R") are known 
(see section 3.). However, the connected components of SG(M, R") have not 
been studied before, up to author's knowledge. 

In section 3. we show that SG(S'\ R) is connected if n > l and 
n =/= 4,5, as well as SG(S3,R2

), SG(S5,R2
) and SG(S11 ,R") for p = 8,9 or 

10. In general, 1r0 (SG(S",R)) is given by 1ro(Diff+D"), up to bijection. We 
prove that 7ro(SG(S1 x S2, R2 )) is given bijectively by 71... We also prove that 
1r0 (SG(S4, R2

)) is given by 7ro(Diff+ S4
). Another result is that the connected 

components of SG(S5 , R3
) are in 1-1 correspondence to the set of oriented 

diffeomorphism classes of homotopy 3-spheres. 

The author would like to thank Osamu Saeki for several observations 
and suggestions. 
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2 Proofs of Theorem 1.1 and Proposition 1.3 

Before proving theorem 1.1, we need the following lemma. 

Lemma 2.1 Let ft : M --+ RP, t E (-e, 1 + e) for some e > 0, be a smooth 
family of special generic maps, where M is closed and connected of dimension 
n > p. Then F : M x (-e, 1 + e) -➔ RP x R given by F(u, t) = Ut(u), t) 
is special generic. Furthermore, for each singular point ( u0 , t0 ) of F, there 
are local coordinates ( x1 , ... , Xn, t) around ( uo, to) and (Y1, ... , Yp, s) around 
F(u0, t0 ), where t: M x I ➔ I ands: RP x R ➔ R are the usual projections 
onto the last coordinates and such that, in these coordinates, F is given by 

Proof 

{ 

Yi o F = 
ypoF = 
soF = 

x;, i = 1, ... ,P - 1 
x2 + ... + x2 p n 

t. 

For notation on Singularities Theory we refer to [GG]. We first 
note that (uo, to) E U is a singular point of F if, and only if, u0 is 
a singular point of Ito• The map G: M x (-e, 1 + e)-➔ RP x R 
given by G( u, t) = (/( u, to), t) is special generic. Consider the 
family H, : M x (-e, l + e) -➔ RP x R, given by H,(u, t) = 
(f(u,to+s(t-to)),t),s E [0,1]. Since G is locally stable, then 
for small positives, G is locally equivalent to H,, at ( u0 , t0). On 
thq other hand, it is easily seen that H, is also equivalent to F 
at ( uo, to). It follows that ( u0 , t0 ) is a definite fold point of F and 
hence F is special generic. 

It also follows that there are diffeomorphisms H : U' -➔ U" and 
h : V' -➔ V" such that h o F o H-1 = G, where U' and U" 
are neighborhoods of (u0 , to) and V' and V" a.re neighborhoods of 
F(uo,to). 

Let </>=(xi, ... xn) and t/J = (Yi, ... y,,) be local coordinates around 
tto and Ito ( uo). Let cl>' and IP' be given in neighborhoods of ( u0 , t0 ) 

and F(uo,to), by cl>'(u,t) = (</>(u),t) and w'(v,s) = (t/J(v),s). 
Then, computing matrices for the derivatives of L = cl>' o Ho 4>1- 1 

and 1 = '11' oho \11 1
-

1 , we see that 
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8 Li,, .. .L,n-1 (x', t0 ) =/ 0 and 0('}•···•'~-d (y', to) =/ 0, possibly after a 
8 z1 , ... ,zn-d O a(z1 , ... ,zp-1) 0 

linear change of coordinates in Rn+l and RP+l, where XiJ = </>( u0 ) 

and Yb= t/J(/t0 (uo)). 

Define 

K(u,t) = (H1(u,t), ... ,Hn(u,t),t), 

k(v,s) = (h 1(v,s), ... ,hp(v,s),s). 

Then K is a local diffeomorphism around (u0, t0) E M x I, and 
k is a local diffeomorphism around F( u0 , t0) E R" x R such that 

k(f(u, t), t) = (h1(f(u, t), t), ... , hp(f(u, t), t), t) = 
(H1 ( u, t), ... , Hp_ 1( u, t), H;( u, t) + ... H~( u, t), t). 

Taking smaller neighbourhoods, if necessary, which may be of a 
convenient form, we may define ~ = ~, o K, 'Ill = \JI' o k, then 
IV of o 4>- 1(x, t) = (xi, ... , Xp-1, x; + ... + x!, t). □ 

Proof of Theorem 1.1 

This proof follows closely to the proof of Theorem 1.2 ([PF] and 
[Sl]). For the only if part, we get the Stein factorization of F 

M XI' 

and a diffeomorphism L: W1 x I'~ WF such that the diagrams 

L F' 
~ WF ~ 

1r2 '\I ! P2 ° F' ✓ P2 
I' 

RP XI' 

commute, where rr2 : W1 x I' ~ I' is the projection on the second 
factor and L(y, 0) = y, for any y E W1. 
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Next we construct diffeomorphisms r : M x I ~ M x I and 
8 : W1 x I ~ W1 x I such that the diagram 

-.!.+ Mxl 
+ L-1 o QF 

-.!+ W1 xl 

commutes. 

Recall that F' o L is a local diffeomorphism. Then, for each 
( u0 , t0 ) E M x I' there are special local coordinate systems (U, cf>) 
around (u0, t0 ) and (V, '11) around L-1 o qF(uo, to) such that Fis 
locally given by 

or, by Lemma 2.1, by 

\II o F o 4>-1(x1 , .•• , Xn, t) 

=(xi, ... , x,., x; + ... + x!, t). 
In both cases we consider the field :t on U x J, and thus the local 
field Xu= (cI>.)-1 (it) on UC M x I, as well as :. on V x J, a.nd 
Yv(w.)-1{%.) on E W1 x /. It follows that (L-1 o QF).Xu = Yv. 
(Here the stars indicate derivatives.) 

We piece together the local fields Xu and the local fields Yv by 
convenient partitions of unity subordinate to covers of M X I and 
RP x R, given by the above neighborhoods to get smooth vector 
fields X on M x I and Yon W1 x I such that (L-1 o qF).X = Y. 
Following the integral curves of those vector fields we get the 
desired diffeomorphisms r : M x I ~ M x I and 0 : W1 x 
I~ W1 x I, which are of the forms r(u,t) = (-y(u,t),t) and 
0(z,s) = (O(z,s),s) and 1 (u,O) = (u,0). 

Let H : M ~ M and h : W1 ~ Wa be the diffeomorphisms 
given by H(u) = 1 (u, 1) and h(z) = LofJ(z, 1). Then His isotopic 
to identity and the diagram 
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commutes. Let 0:8 W1 --+ Rn be given by et8 (z) = Pt o 
F'(L(z,s)). Then 

eto(z) == Pt o F'(L o O(z, 0)) == J'(z), 

ett(z) = Pt o F'(L o O(z, 1)) = g' o h(z) 

and a., is a regular homotopy from f' to g' o h. □ 

Proof of Proposition 1.3 

Let K E Diff( M). Suppose that [f o K] = [f] as elements of 
7To(SG(M, IRP)). Then, by Theorem 1.1, there is a commutative 
diagram 

such that H is isotopic to identity and (f o K)' o h is regula.rly 
homotopic to f'. Consider the commutative diagrams 

..j.. qJoK 

W ~ I oK -------, 

where k is the unique diffeomorphism such that the middle dia­
gram commutes, that is, (f o K)' = f' o k. 

Define cl> == K o H, c.p = k o h. Then ~ is smoothly isotopic to K. 
Furthermore, we have 
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f' o 'P = f' o k o h = (f o K)' oh. 

Thus f' o cp is regularly homotopic to f'. 
Conversely, if there is a commutative diagram 

M ~ M 
qf .J, .J, qf 

W1 --4 W1 

such that ~ is smoothly isotopic to K and f' o r.p is regularly 
homotopic to f' we set H = K-1 o 4> and h = k-1 o 'P· Then ~ is 
isotopic to identity. As 

(f o K)' o h = f' o k o h = f' o cp, 

then (f o K)' oh is regularly homotopic to f'. Hence [fl = [/ o K]. 
It follows that[/ oH] = [f oK] if and only if H ~ K. This means 
that the given maps G1 -----+ A1 well defined and injective. To 
prove that the map A1-----+ G1 is also surjective, consider [g] E A1. 
Then by Theorem 1.2 there is a diffeomorphism H : M -----+ M 
such that u = [/ o H-1J. Then the result follows.□ 

3 Examples 

Our first example concerns to Morse functions with exactly two critical points. 
The following result may be known. However, up to author's knowledge, it 
was not explicitly written before. 

Proposition 3.1 7ro(SG(M", R)) is given by 7ro(Dijf" D"), up to bijection. 
In particular, SG(Mn, R) is connected if n =f 4, 5. 

Proof 

Let f : M" -----+ R be special generic. Then / is a Morse function 
with exactly two critical points. From now on we refer to [Cl] and 
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[Mi]. It is known that in this case Mn is homeomorphic to sn. 
More precisely, let us assume that the image off is J = [-1, 1], 
by an isotopy of R. Then there are orientation preserving diffeo­
morphisms h : sn-t -+ sn-t and H : M" --+ D1Uh - D2 such 
that / = Ph o H, where Ph is the map given by x I-+ 1 - llxll2 

on Df and x 14 -1 + llxll 2 on Di, and Df,i = 1,2, are two 
copies of the standard unit disk. If k : 5n-t -+ S"- 1 is also 
an orientation preserving diffeomorphism, then h is isotopic to k 
if, and only if, there is an orientation preserving diffeomorphism 
T: Df Uh -Di --+ Df Uk -Di such that Ph = Pk o T. In fact, 
if h is isotopic to k, then one easily constructs such a T. For the 
converse, recall that the inclusion 0( n) --+ Diff t ( D") is a defor­
mation retraction where Diff t(Dn) is the space of the orientation 
preserving diffeomorphisms T of D" such that IIT(x)II = llxll, for 
any XE nn. 

Assume first that n =J 4, 5. Then rr0 (Diff+ vn) = 0. If Mn is 
diffeomorphic to sn then h extends to an orientation preserving 
diffeomorphism of D". Hence h is isotopic to id ( n =J 4, 5). It 
follows that f = Pid o K where K is some orientation preserving 
diffeornorphism of S" (if we identify S" to Df Uid -D~, to sim­
plicity) . Since K is diffeomorphic to a diffeornorphism <I> such 
that <I> = id on the lower hemisphere of sn and such that the re­
striction of <I> to the upper hemisphere is isotopic to id, then <I> is 
isotopic to a diffeomorphism T of S" that Pid o T = Pid• If M" is 
not diffeomorphic to S", we get the same result as follows. Notice 
that it follows from Palais-Cerf Theorem (see for example [Mi]) 
that D1 Uh -D2 is diffeomorphic to D1 Uk -D2 if, and only if, 
h o k- 1 extends to D". Since n =J 4, 5, in this case h is isotopic 
to k. Hence for any f : Mn -+ R, f = Pho H, for a fixed h 
and some H. Similarly to the S" case, any diffeomorphism of 
D1 Uh -D2 is isotopic to a diffeomorphism <I> that is the identity 
on D2 and hence it is isotopic to a diffeomorphism T such that 
Ph o T = Ph. This implies that SG ( M", IR) is connected. Hence 
the case n =J 4, 5 is done. 

If n = 4 or 5, then any orientation preserving diffeomorphism of 
sn-t extends to nn (r 11 = 0, [Cl]). Hence Mn is diffeomorphic 

9 



to S". For any n > 1, there is a surjective map E: 7l'o(Diff+ D") • 
---+ 7l'o(SG(S", R)), which associates the component of Pho H to 
the isotopy class of a given H0 E Diff+ Dn, where h = Holavn 
and H : sn ---+ Di Uh -D2 is given by Ho on Di and by id 
on D2. We have to show that E is bijective. It follows from 
Theorem 1.1, Pho H and Pk o Kare in the same component if, 
and only if, there are orientation preserving diffeomorphisms L : 
Di u,. -D~ ---+ Di u,. -D2 isotopic to H o K-1 and I : J ➔ J 
such that pi. o L = Io Ph• Then we only have to show that L 
is isotopic to T such that T = id on Di and IIT(x)II = llxll on 
Di, First, by isotoping L and l, we may assume that l(O) = 0 
(recall that for any h and any [a, b] C (-1, 1) there is a suitable 
diffeomorphism of pi1([a, bl) onto sn x [a, bl). Now we note that 
if R : D" ➔ D" and r : [O, 1] ➔ [O, 1] are orientation preserving 
diffeomorphisms such that IIR(x)ll2 = r{llx ll2), then R is isotopic 
to the restriction of a linear map (and hence isotopic to id). More 
precisely, this isotopy may be given by 

R( Jr-1(t2)x) 
R(x,t)= t ,0<t$1, 

R(x, 0) = J(r- 11(0)dL0 (x ). 

Then the assertion follows from suitable compositions, using the 
last isotopy. Hence E(H0 ) = E(Ko) if, and only if, Ho is isotopic 
to K0 • This gives the result for n = 4 or 5 (or for sn, n > 1). □ 

Remark 3.2 From the proof of Proposition 3.1, it follows that any two Morse 
functions with exactly two critical points are regularly equivalent, if n = 4, 
since 7l'o(Diff+ S3

) = 0. For n = 5, they are regularly equivalent if, and only 
if, they are in the same component. 

For the next examples, we recall basic results in [S1]. Let/: M ➔ R" 
be special generic (M closed n-dimensional and n > p ~ 1). Then Saeki ([S1], 
Prop.2.1) shows that M is diffeomorphic to E Uh B, where 7l': E ---+ W1 is 
a smooth sn-p - bundle over w,, rr' : B ---+ aw, is a linear Dn-P+l -

bundle over 8W1 and h : 8B ---+ oE is an isomorphism of the restriction 
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• 

bundles rr : oE -+ 0W1, rr' : oB' -+ 0W1, covering the identity on oW1. 

Furthermore, he showed that 1r1(W1) is isomorphic to rr 1(M). 

Remark 3.3 For a fixed f, consider the set Bf of the special generic maps 
g such that W9 is diffeomorphic to W1. Assume that for each orienta­
tion preserving diffeomorphism h : W1 -+ W9 there is a diffeomorphism 
H: M-+ M such that q9 o H =ho qi. In this case the regular equivalence 
classes are classified by the image-equivalence classes of orientation preserv­
ing immersions a: : W1 -+ Rn. Here a:, /3 : W1 -+ Ir are image equivalent if 
there is a •diffeomorphism h : lfr -+ IRn such that /3 oh is regularly homotopic 
to a:. This is the n-dimensional analogue of the definition of image equivalence 
by Kauffman[K]. In fact, under these conditions, g = g'oq9 = g'ohoq10H-1 

and hence g is regularly equivalent to g' o h o qi where g' o h ; W1 --t IR2 is 
an orientation preserving immersion. Consider the maps o: o qJ and f3 o qi, 
where o: and /3 are orientation preserving immersions of W1 into R". If there 
is a diffeomorphism h : W1 -+ W1 such that f3 oh is regularly homotopic to a 
then /3 oho qf is regularly equivalent to a o q,. Since /3 oho qJ = /3 o qJ o H, 

where ho qJ = qJ o H, then f3 oho qJ is regularly equivalent to /3 o qJ. Hence 
o: o q1 and /3 o q1 are regularly equivalent. Conversely, if a o qJ and /3 o q1 are 
regularly equivalent then there exists h such that a and /3 o h are regularly 

homotopic, by the difinition of regular equiva.lence . 

Remark 3.4 If p = 2, then, for each f, W1 is an oriented 2-manifold with 
boundary and 8W1 is diffeomorphic to a disjoint union of a finite number 
of copies of S1 • Hence, when m = 3, E is isomorphic to W1 x S1, EJB is 
isomorphic to 8W1 x S1 and B to 8W1 x D2 . Then the conditions in Remark 
3.2 hold [BR]. Hence the regular equivalence classes are the union of the 
image equivalence classes of immersions o: : W -+ R2

, over the differentiable 
classes of surfaces W such that W = W1 for some f. The image equivalence 
classes of immersions of an oriented 2-dimensional manifold with boundary 
into R2 were studied by Kauffman [K]. For example, if Wis diffeomorphic to 
S1 x J, J = [-1, l], Kauffman showed that the image equivalence classes are 
given by Z+. We note also that any two orientation preserving immersions 
of D2 into R2 are regularly equivalent. 

Proposition 3.5 SG(S3, R2
) is connected. 
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Proof 

The result follows from Remark 3.4 and Proposition 1.3 since W1 
is diffeomorphic to D2 and 71'o(Di:ff+ S3

) = 0. □ 

Proposition 3.6 11'o(SG(S1 x S2), R:i is in one-to-one correspondence to 7l . 

Proof 

It follows from Remark 3.4, that the set of the regular equivalence 
classes in SG(S1 x S2, R2

) are in 1 - 1 correspondence to the 
image-equivalence classes of orientation preserving immersions of 
S1 x J in R2

, J = [-1, l]. In [K], Kauffman proves that the 
image equivalence classes of orientation preserving immersions 
a: S1 xJ ➔ R2 are in 1-1 correspondence to "11. + = {O, 1, 2, ..• }, 
where a corresponds ton if the degree of a ls1x{o} is ±n. 
Notice also that rr0 (Diff+(S1 x J) is isomorphic to 'll.. 2 , generated 
by the diffeomorphism h1 ; S1 X J ➔ S1 

X J given by the standard 
reflection ei8 ➔ e-iB on S 1 and the reflection (t ➔ -t) on J. 
Furthermore, if a : S1 x J ➔ R2 is an orientation preserving 
immersion, then the degree of a o h1 ls1 x{o} is equal to minus the 
degree of a ls1 x{O}· Thus a o h1 is not regularly homotopic to a, 
unless a corresponds to n = 0. Hence, if h is isotopic to h1, then 
a oh is not regularly homotopic to a. 

On the other hand, it follows from Gluck's Theorem [G], that 
rr0 (Diff+(S1 x S 2

)) is generated by of the following diffeomor­
phisms: 

H1 : S 1 X S2 ➔ S 1 X S2 given by the standard reflection 
on S1 and the antipodal map on S 2

, 

the map H2 : S 1 X S 2 ➔ S1 
X S 2 that rotates S2 C R3 

around the z-axis by an angle 0 for each e,i8 E 8 1 C CC, 
the composite H3 = H2 o H1, 

the identity. 

All these diffeomorphisms maps fibers of q onto fibers of q. This 
means that for each H = H;, i = 1, 2, 3, there is a diffeomorphism 
h : 8 1 x J ➔ S 1 x J such that the diagram 
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81 X 82 ...!!..+ 81 X 82 

qJ. J.q 
S1 X J ....!!...+ 3 1 X J 

commutes. If H = H1 then h = h1. Let H be a diffeomorphism 
isotopic to H1 , that maps fibers of q to fibers of q. Then h is 

isotopic to h1. In fact, assume by contradiction that his isotopic 

to identity. Then H(S1 x 0) = 3 1 x 0, and H: 3 1 x 0-+ 3 1 x O 

is orientation preserving. Then H, and hence H1, is isotopic to 

a diffeomorphism K, such that K = id : 8 1 x 0 -+ S1 x 0. 

In this case, K. = id : 1r1{81 x S2, b) -+ rr1(S1 x S2, b), and 

Hi. = -id: 1r1(81 X 8 2 ,b) -+ 11'1(S1 
X 3 2 ,b) ~ "lf.., where 

b = (1, 0). This is a contradiction. It follow that h is not isotopic 
to identity and hence, it is isotopic to h1 • 

If H = H2, then h = id : 3 1 x J ➔ 3 1 x J. Hence, by Proposition 
1.3, 1r0 (SG(S1 x 32

, IR2
)) is in 1 - 1 correspondence to "ll. . □ 

Remark 3. 7 If / : 3n -+ R2 is special generic, then W1 is diffeomorphic to 
D2 and hence E is isomorphic to D2 X sn-2 , B is isomorphic to 3 1 X nn-l 

and 8B to 3 1 x 3n-2 • If n - 2 = 1, 2 or 3, then O(n - 1) -+ Diff + 3n-2 is 

a weak homotopy equivalence (see [Cl} and [HJ). Then the arguments in the 

Remark 3.2 also apply to these cases. Since any two orientation preserving 

immersions of D2 are regularly homotopic, then there is a unique regular 

equivalence class. If also rr0 (Diff+" S") = 0 then SG(S", R2
) is connected, by 

Theorem 1.1. This is the case of n = 3, 5. Since the group 1r0 (Diff+" S 4 ) is 

unknown, it is necessary to study this group in relation to the fibers of the 

standard projection q : S4 ----t D2
• We get the next propositions. 

Proposition 3.8 SG(S5
, R2

) is connected. 

Proposition 3.9 1r0 (SG(S4, R2
)) is given by 1r0 (Diff 34), up to bijection . 

Proof 

Let q : 3 4 -+ R2 be the standard projection. Then, for a suitable 
collar neighborhood of 8 D2 in D2 , then q decomposes to q0 : 
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S 1 X D3 ➔ 8 1 XI, I= [0,1], and q1: D2 X 5 2 ➔ D2, where 
q1 is the trivial bundle projection and <Jo is given by qo(O,x) = 
(9, llxll 2

), and where S4 is diffeomorphic to 51 x D3 Un D 2 x 
S2, h : 8(81 X D3) :::: S 1 X S1 ➔ 8(D2 X S1) :::: S 1 X 51 is 
the trivial bundle isomorphism covering id ; S1 x 1 :::: 5 1 ➔ 
8D2 :::: 51• From Remark 3.7 and Proposition 1.3, the connected 
components of SG(S4, R2

) are given by the equivalence classes 
of diffeomorphisms of S4

, where H ~ K if, and only if, there 
are orientation preserving diffeomorphisms f of s•, isotopic to 
H o K-1, and efJ of D2 such that q o <I> = efJ o q. Hence, by a first 
isotopy of <p which lifts to <I>, we may assume that <p = id outside 
the collar neighborhood. Then, the commutative diagram 

S4 ~ S4 
q.J, .i q 
D2 ~ D2 

decomposes to the following commutative diagrams 

s• x D3 ~ 8 1 
X D3 

<Jo,!. ,!. qo 
81 XI ~ 8 1 XI 

and 

D2 X S2 ~ n2 x s2 

q1 ,!. .l,. q1 

D2 ~ D2 

such that C()o(O, 1) = (0, 1), for each OE S1, and cp1 = id. Then, 
since f1 loxS2 isotopes to id we may isotope <J, on S 4 such that <J, 1 = 
id and fol51 x S1 = id. Set <I>o = ('111, '112) and C()o = ('I/J1, tb2), and 
define ('112)11: D3 ➔ D3 and ('I/J2)11: / ➔ /by ('112)11(x) = '112(8,x) 
a.nd ('I/J2)11(t) = 1/J2(8,t). Then we may isotope ('112)11 and (?j.,2)8 in 
a similar way as in Proposition 3.1 to get isotopies of <1>0 and cp0 

fixing 5 1 X 1 and such that, at the end, ('I/J2)11(t) = t for each t E /. 

14 



If we further lift to S 1 X D3 a convenient isotopy of S 1 X f given by 
isotopies on S 1 x t fixed fort = 1, then we get <po= id. Now, since 
Diff +(D3rel8D3

) is homotopically equivalent to a point [H], then 
<l>o is isotopic to id by an isotopy that fixes o(S1 x D3). Hence cl> 
is isotopic to id. Hence H ~ K if, and only if, H is isotopic to 
K. This implies that 1r0 (SG(S4, IR2

)) is given by 1r0 (Diff+ S4 ). o 

Proposition 3.10 Assume that p ~ 6 and n-p = 1, 2 or 3. If 1r0(Ditf S") = 
0, then 1ro( SG( S", RP)) is connected. In particular, 1r0 ( SG( S11 , RP)) is con­
nected for p = 8, 9, 10. 

Proof 

Arguments in Remark 3. 7 also apply to these cases. Since 1r0(Diff+ S") = 
0, then the result follows.□ 

Proposition 3.11 Assume that p ~ 6 and that n - p = 1 or 2. Then 
1ro(SG(S", RP)) is given by 1ro(Ditf S"). 

Proof 

This proof is similar to that of Proposition 3.9. Recall that 
Diff +(vn-p+lreWD"-P+l) is contractible if n - p + 1 = 1 and 
is homotopically equivalent to a point if n - p + 1 = 2 and hence 
11"p-1(Diff+(D"-P+l rel ann-p+l )) = o. 0 

Remark 3.12 Saeki proved that the set of regular equivalence classes of 
SG(S4, R3

), as well as SG(S5
, R3

), in his sense, is in 1-1 correspondence to 
the set of diffeomorphism classes of homotopy 3-spheres [S2]. Notice that in 
Saeki's definitions of regular equivalence classes a diffeomorphism of RP is 
added. Hence the set of regular equivalence classes, in the sense we defined 
it, is in 1-1 correspondence to the set of oriented diffeomorphism classes of 
homotopy 3-spheres. 

Proposition 3.13 1r0 (SG(S5 , R3
)) is in one-to-one correspondence with the 

set of oriented diffeomorphism classes of homotopy 3-spheres. 
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Proof 
Since 1r0 (Diff+ S 5) = 0 then, by theorem 2.1, the elements of 
1r0 (SG(S5 , R3

)) are the regular equivalence classes of special generic 
maps from S5 to IR2

• Thus, by (S2] and Remark 3.12, 1r0 (SG( S5
, R3

)) 
is 1 - 1 correspondence to the set of oriented diffeomorphism 
classes of homotopy 3-spheres. D 
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