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Abstract

A polynomial collocation method is proposed for the numerical solution of a
class of singular integro-differential equations of Cauchy type; the collocation points
are chosen to be the Chebyshev nodes. Function spaces are defined and theorems
concerning the boundedness of certain operators are developed. Convergence of the
numerical method is demonstrated in weighted uniform normed spaces of continuous
functions; convergence rates are then determined in accordance with the smoothness
of the functions characterising the problem. Numerical examples are provided which

go some way to confirming these estimates.
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1 Introduction

This paper is devoted to the investigation of the convergence rates of a polynomial collo-

cation method for solving singular integro-differential equations (SIDE) of the form:

1

a1¢'<x>+b—1][_ LAGN / (2, £)¢' ()t + as(x)p(x) + / b, p(t)dt = f(x),

mf  t—x 1 1
] <1, (1)

where az(z), f(z) and Iy 2(x,t) are Holder continuous functions on (—1,1) (on (—1,1)% in
the case of l;5) and ay, by are given constants, such that a? + b? = 1. The symbol ffl
denotes the Cauchy principal value and the non-homogeneous boundary conditions are
given by:

p(-1) =& and (1) = &.

The integro-differential equation (1) is first transformed into an integral equation via
a change of the dependent variable, as shall be demonstrated in Section 2. The resulting
integral equation is then approximated by collocation at the zeros of first-kind Chebyshev
polynomials. We shall present an analysis of the mapping properties and boundedness of
the various operators involved. The convergence of the numerical method is then analyzed
in weighted spaces of continuous functions, more specifically, in subspaces of Besov-type
spaces. The use of Jackson’s theorem for the weighted norms will prove to be essential.

In the literature, the convergence of numerical methods for the solution of SIDE has
been studied in a variety of function spaces. Cuminato |[7] and Nagamine & Cuminato
[16], proposed a numerical method for solving equation (1) for a; = 0 and homogeneous
boundary conditions p(—1) = ¢(1) = 0; and they also presented a convergence analysis

in the uniform norm. Due the form of the term as(x)p(x) (after the change of variables),
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the authors were only able to demonstrate a convergence rate of 3,

irrespective of the
smoothness of the functions involved. Here, we show that this restriction can be weakened
and a convergence rate of g can be obtained, depending on the smoothness of the functions.

One of the first studies on the convergence of polynomial approximation methods for
the numerical solution of singular integral equations (SIE) in weighted uniform normed

spaces was presented in Capobianco et al. [3] and extended in [10]. In [4], [5] and [13],

the authors considered a SIDE with homogeneous boundary conditions and employed the



identity

a1 ¢'(x) + b—l][_l wdt = i[al o(x) + ﬁ][_l ﬂdt]

T)  t—x dx T) t—x
which can be demonstrated by integration by parts and which leads to a simplification
of the analysis. However, the Besov spaces required in performing the analysis in [3] are
more restrictive than those required with the analysis of this paper.

In [4], equation (1) with a; = 0 was studied in the weighted space £2, in [5] this
analysis was performed in a weighted uniform norm and in [13] the mapping properties
of the singular integral operators, as well as their upper bounds, were discussed in the
weighted space £ where the restrictions are less stringent.

This paper is organized as follows. First the dependent variable of the integro-differential
equation is transformed so that the problem takes a homogeneous form. In Section 2 the
problem is reduced to a Cauchy integral equation and in Section 3 the new dependent
variable is approximated by Jacobi polynomials with the Chebyshev nodes as collocation
points. Section 4 introduces the abstract spaces that will be employed throughout the
paper, while Section 5 discusses the properties of the operators. This then allows the anal-
ysis of convergence to be undertaken in section 6. Finally in Section 7 the paper concludes

with numerical examples which illustrate these convergence estimates.

2  Preliminaries

Before deriving a numerical method for solving (1), we shall perform the following change

of variables

o (61— &) (61 +&2)
v(o) = plo) + L, Bt 8)

so that the boundary conditions take the homogeneous form:

Y(-1)=0 and (1) =0.

In the new dependent variable ¥ (x), equation (1) becomes

mwwmfl1£@ﬁ+ﬁﬁwﬁwmﬁ+@@m@+/zm¢wmm:ﬂ@4m

T)  t—x 1 -1
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+ /1 lg(x,t)tdt}—w {aQ(x)jL/l lg(a:,t)dt}.

1 2 1

Note that the function f has singularities at —1 and 1, whenever & # &.

Changing now the dependent variable according to

T

u(z) ='(z) or, equivalently (z) :/ u(t)dt

-1

transforms the SIDE into a SIE. So substituting the new variable into (2), yields

xT

ﬁ Lou(t) dt+/1 ll(x,t)u(t)dt"‘a?(x)/ u(t)dt

T)  t—x 1 -1

+/_1 ZQ(M)Ut u(s)ds} dt = J(x). (3)

1 -1

aju(r) +

For the new dependent variable u(x) the boundary conditions now simply become

/1 u(t)dt = 0. (4)

1

Integrating the term f_ll l1(z, t)u(t) dt, by parts we see that equation (3) can be rewrit-

ten as:

aju(z) + %][_11 tuft)x dt + as(z) /j u(t)dt + /_11<12(3c,t) — %) </_t1 u(s)ds) dt

= f() (5)

with the boundary condition fil u(t)dt = 0.

According to the theory of Cauchy singular integral equations (CSIE) (see [15]), the
solution u(z) of equation (5) has the form u(z) = g(z)w® ?(x), where g is unknown and

wP(z) = (1 —2)*(1 + x)” is a Jacobi weight with —1 < «, 8 < 1, defined by

1 al—ibl 1 Gl—ibl
=1 M, B=-——1 N
T om Og(a1+ib1)+ C P Og(a1+ib1)+ ’

and M and N integers determined such that the index » = —(a+ ) = —(M + N)

is restricted to {—1,0,1}. Due to the form of equation (5) and due to the fact that
P(—1) = 9(1) = 0, we need only consider > = 1 and —1 < «, 8 < 0 (see [15] for details).
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In what follows, we shall refer to equation (5) in operator form as:
[H+(D+L)Rlg=f (6)
where

Hyte) = aghr o)+ 2 f 90

™), t—=x

Ry(x) = / gt () dt,

-1

Dh(z) = as(z)h(x), (7)
(z,t) = —WHQ(M),
Lh(z) = / Uty h(t) dt.

In [7] it has been shown that, for s = 1, the operator

by [N ()

H'g(z) = a1w™ P (2)g(x) ], t— o1

dt,
satisfies
H'H g =g+ go,

where gy € ker H is an arbitrary constant. A unique solution of equation (6) exists if the

operator { I + H! [(D + L) R]} is invertible and the condition

/l W@ I+ H [(D+L)R]}'1dz £ 0,

1
is satisfied, where 1 represents the constant function identically 1. (See for instance [15]

for details). This will be assumed throughout this paper.

3 The numerical method
We define the approximation of the function g(x) as:

gn(x) = coFy" 5(:1:) +caP” B(.T) + ...+, P ﬂ(w), (8)
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where {Pja’ﬁ}?zo is a sequence of Jacobi polynomials, orthogonal with respect to the
weight w®”? (x), and cg,cq,...,c, are unknown constants to be determined. We remark
that due to the boundary condition (4) it can be shown that ¢y = 0.

Substituting g, into (6), we obtain the residual equation:

dt

ro(x) = nc~ aw® ()PP (x b_l lwa’ﬂ(t)Pjawﬁ(t)
n<)—zg{1 ()PP (z) + ][1 i

. T
Jj=1

+ ax(a) / wa’ﬂ(t)Pja’B(t)dtJr/l Iz, 1) /t w""ﬁ(s)Pja’B(s)ds> dt}

-1 -1 -1

- flx). (9)
Note that the residual can be written in terms of the operators, defined in (7), as:
() = {[H + (D + L) R]g, — f }(2). (10)

From the Rodrigue’s formula |17, (4.3.1)], we have

o o 1 d,. o
w ’B(x)lj B(x) = — _Qj I [wotbAtL(g) Pj_J{l’ﬁ“(x)]_
['his then implies that
’ [e% [0 1 o (07
/lw ’B(t)Pj ’5(75) dt = — —2]_ w +1’ﬁ+1(:v)Pj:{1’6+1(x).

Taking this result into (9), yields

n

ro(z) = ch {alwa’ﬂ(m)Pja’ﬁ(m)—F

J=1

LB Po Pt
ﬁ][w \r""

T J (t—z)

— 2%,[ag(x)w‘”l’5+1(x)]3joi+11’6+1(x)+/_11l(a:,t)waﬂ’ﬁ“(t)Pj‘jl”BH(t) dt }
— fla). (11)

To deal with the first two terms of (11), we applied the following result.
From [12, p. 226, (2.1)] we know that the orthogonal polynomials {P,%*} and

{P =8} with respect to weights w®?(z) and w=* ~#(z) respectively, satisfy

b [t weP(t)PXP(t 27
awo"ﬁ(x)Pna’ﬂ(ac)+—][ w PPy ()dt: —bP*a’*B(x), (12)

TJ_4 (t —x) Csin(ra) "7
where a and b are such that a®> +0*> = 1, P*# = P-* =% = (0 for n < 0, and s is the

index of the SIE.



Applying formula (12) to equation (11) and recalling that > = 1, we obtain

- _blpji—of 75(1’1) 1 +1,6+1
— . _ a+1, P‘Oé-i-l,ﬁ-i-].
n) =S o{ = L) e R )

+/_1 l(x,t)wa+1»5+1(t)13jﬁ1~3+1(t) dt] } _F).

1

The method of Polynomial Collocation consists of suitably choosing n distinct points
say x;, i = 1,2,3,...,n,on (—1,1) and imposing r,(x;) = 0 for 1 < i < n; the resulting n
equations will then allow us to calculate g,. In this paper, we choose the collocation points
as the zeros of the first kind Chebyshev polynomial of degree n, i.e. x; = cos[(2i+1)7/2n],
1 <4 < n; the reason for this choice will be made clear later.

This gives rise to the system of linear equations, i.e.

n — blP:Oé, -B (ZEZ) 1 o o
) = Do\ ey~ e B e
j=1
1
+ / l(xi,t)waﬂ’5+1(t)Pf_+11”8H(t)dt]}—7(1'@'):07

1
that may be solved for the coefficients c;,7 = 1,2,3,...,n. However, in practice, the

integrals

1
/ [, )W B () PP (1) dt,

1

cannot be evaluated analytically. For this reason, we shall employ the Gauss-Jacobi

quadrature formula with n nodes, i.e.,

1
Iz, 1) wotbBHL (1) potbAe )y gy
R PR U A0 -

o Yoy U ) PR (8) AT = L [P (0wt (@),

where

)\a+1,6+1 _ 2a+5+3 F(TL + o+ 2)F(n + B + 2)
* T(n+1)(n+a+6+3)

(see [17, (15.3.1)]), where tg, k = 1,2,...,n, denote the n zeros of Po+1A+1(z) that we

(=) (B ()] (14)

obtain with the assistance of the Mathematica software. From Theorem 1 of [9, Section
7.3], this quadrature formula has maximum degree of precision 2n — 1.
From [17, (4.21.7)], we have the identity

d 1
PRP@) = S(ntat B+ 1) P w),



that, when applied to (13), gives rise to the expression:

zn [Pjoi-il-L B—H(x)w a+1,6+1 (z)] =

200045 D(n+a+2)0(n+f+2) PETT (B) asape

(n+a+B+32T(n+1)(n+a+5+3) kzll(x’t’“) (1-1¢3) P )

In order to evaluate the polynomials P, 75(3:),Pja+1”3+1(1:), 1 <j<n-1and

a+2,0+2
Pnfl

PA(x)

(x), we apply the recurrence relation

1
- 2n(n+a+6)(2n+a+ﬁ—2){(2"“”5—1)[(2n+a+ﬁ)(2n+a+

B—2x+a2 -2 P Px)—2(n+a—1)(n+8—-12n+a+B)P22(x)}, n>2,

P i) =1, P(a)=[(a+B+2a+a—p5]/2

(see [17, 4.5.1)]). In particular when oo = 8 = —1/2 or a = 8 = 1/2, Jacobi polynomials
simplify to

C13---(2n-1)

P ) = 1320+ 1)
. ... n

24 (2n+2)

T.(z) or PY%12(g)=2 Upn(x) (15)

n

respectively, where T,,(x) are the Chebyshev polynomials of first kind and U, (z) are the
Chebyshev polynomials of second kind, (see [17, (4.1.7)]).
The system of equations that we solve in practice then has the form Ac = f, where

_blpj:of —5(1.1) o i
2sin(m «) 27

Aij =

[% (l‘z) wO‘H’BH(%)Pj_ﬁLﬁH(JIi)

+ Zl(xz-,m)ljﬁil’“l(tk)A:*W“], 1<i,j<n,
k=1

c= (Cla Coy 7Cn>T and 7 = (7(331)77(1.2)7 U 7f(xn))T

4 Function spaces

In this section we shall present the functions spaces that will be required for the subsequent

analysis of convergence.

We shall consider the functions in (6)-(7), belonging to the space

Cori={heC(-1,1): " € C[-1,1] },



equipped with the norm

= psT
Illo, e = (1)),

with p, 7 > 0. This is a Banach space.
Let II,, denote the set of polynomials of degree not greater than n and £/ 7(h) denote
the error in the best weighted uniform approximation to a function h by polynomials

belonging to II,, i.e.,

Er7(h) = inf{ [|h — Pullsops : Po€T0, 1.

n

We denote by Z = {b,} a sequence of positive real numbers such that lim b, = 0.

n—o0

Now we can defined the weighted Besov space

0 B (h
O = { 1€ o s = e+ sup E0) <o

n=12,3,.. bn

According to [10, Lemma 3.3 and Remark 3.5|, if # = {b,} and € = {c,} are such
that lim,, o (b,/c,) = 0, then CZ is compactly imbedded into C;f and if, p; < py and

p?T T

. t@ . (@ . .
71 < Ty then the embedding C7_ into C;7_ is continuous.

We denote by #™# the space of all real-valued functions h € C"[—1,1], such that h("),
the r-th derivative of h, is Hélder continuous with index 0 < p < 1. The space H ™"

endowed with the norm

1l =D 1ROl + sup {]a =17 A" (2) = KO ()]},

: lz],]t|<1
=0 £t

is a Banach space.

According to [10, Lemma 3.11], if h € C'Z

p7T7

where # = {b,} is such that b, = O(n~"7),
then hw?™ € H%* for 0 < p < 1, where u depends on p,7 and 7. In the following
theorems and lemmata it will be assumed that the functions ag, [ (in both variables) and
£ all belong to the Besov space Cpgi for given values of p, 7 and some Z. Therefore, we

conclude that the functions of equation (6) satisfy the necessary conditions for the theory

of SIE to be applied.

5 Operator properties

In this section, we shall present some mapping properties of the operators H, H!, D, L

and R, and discuss their boundedness. This will then allow us to provide characterizations

9



of the error in the best weighted uniform polynomial approximation of the operators in
(6).

Define the non-negative constants ™, a~, 5" and 5~ by: a =at —a~ and = g+ —
=, where 0 < o, 3% < 1. Notice that, since —1 < «a,8 < 0 and » = 1, we have
0<ahpft<1/2and 1/2<a™,8 <1.

If X and Y are Banach spaces, we denote by £(X,Y’) the Banach space of all linear
bounded operators from X into Y.

if n=1,
(log?n)/nY if n>2 forq>0,v>0.

Let the sequence b,, be denoted by b, =

In what follows, we write [ € C’f;m ® Cy ¢+, when the function [ satisfies the following

conditions:
i) l(z,t) WP (z) ws(t) € C[—1,1]%,
i) l(x, )w"*(e) € C.Z uniformly with respect to ¢ € [-1,1].
The next lemma will be fundamental in the proof of the theorem following it. This

theorem is an adaptation of Proposition 4.12 of [10] and is necessary for making the

definition of the operator L precise.

Remark 5.1. In the remainder of this text, we denote ¢ to be a generic constant inde-

pendent of n.

Lemma 5.2 ([10], Lemma 4.11). Letl € C¥_ & C,, with B = {b,}. Then there exists

p) T7x

a sequence { P}, of polynomials P(x,t) = Y77 cnj (t)27 of degree not greater than n

in x, such that c,;(t)w"*(t) is piecewise constant for all j =0,1,...,n and

sup | (l(x,t) — Py(z,t) )" ()™ (t) | < ¢b,, n=1,23,....
z,te[—1,1]

Theorem 5.3. Let v,¢ be nonnegative constants, such that v+ a~, ¢+~ < 1. Ifl €
C%_ . ®Cyey, then

p77—7x

LeL(Cqp5,Cr).

Proof: Since l € CZ_ & C,;, with 2 = {b,} and h € C,- 3-, we have

Py THT

(L@@ =| [ 1 e (0) e el [ w7

10



Asv+a ,¢+ [ <1, the integral fjl W™V =7A7(t) dt is bounded.
Define
1
Qn(x) = / P, (z,t)h(t)dt,

1
where P,(z,t) is given by Lemma 5.2. Then, @,, € I, since ¢,; w”* € £ (—1,1). So,

(Lh = Qu)(@)e" ()] = \ / (0,1) = Po(ae,£)] h() 0" (2) dt
< cby|lhllso,a-. s / wT T () dt < ey ||l 5
1

Therefore,

ET(LR) < cby |Alloa-g- and LheCl.. W
Theorem 5.4. If g € Cy+ g+ then Rg € Cy- 5.

Proof : Since —a™, =~ > —1, we have

|Rg(x)| = ‘/ dt’ < c||glloc,at ﬂ*/ w (t)dt < c||glloo,a+ 5+
-1
Then, Rg € Cyp implies Rg € Cp-p-. B

Lemma 5.5. Suppose ay € Ci% oo and Rg € ce 5+ Where B = {bn} with b, = O(n™")
and € = {c,} with ¢, = O(n=?). Then,

DeL(CL ,,CL 5 ),
where 2 = {d,} = O(n™7) with ¥ = min{v;, v, }.

Proof: Since —a~, —f~ > —1, we have

xT

az(fv)/ g(t) w7 (t) dt‘ < 0||g||oo,a+,a+/ W T () dt < cllgllooar s+

-1 -1

|DRg(z)| =

Then, D e E( Ca—wg—, CO’(]) implies D e L‘( Cor,ﬁ—y Ca—”g— )
Let P, Pr* be such that E,(a2) = ||ag — P} || and E2# (Rg) = |Rg — P:*||cc.a- - -
Then,

5, (DRg) < llaz Ry — PPy lsc.am -
< a2 = P Rylloc.ams- + || (Rg = B7") Pillco.a -
< c{E,(ar) + E¥ P (Rg)} < c(b, + ¢,) < cdp < cdy,. N

11



Remark 5.6. From [10, Proposition 4.7 and Remark 4.9], H' € L (CZ. - ,C{loﬁgf) and H €
L (C’ﬁyﬁ+7 C’ﬁ{‘jﬁg_"). Then, from the assumptions of Theorem 5.8, for p < a™ and T < 7,

we obtain

LR € L(Co+ g+, C’fiﬁ_) hence H'LR € L(Cyr g+, C'g;l;%”)

and from Lemma 5.5,

DR € L(Cor g+, C 4 ) hence H'DR € L(Cor gr, CL1E™).

6 Weighted uniform convergence

This section contains the main results that we shall use for proving the weighted uniform
convergence of the collocation method. Some of these results are an adaptation of lem-
mata and theorems from [10]; others are original, developed by the authors. Firstly, some

important properties of the operators defined in (7) are presented.

Let the projection operator be defined in C[—1, 1] by

( nlh thzpz

where p;, 1 < i < n denote the Lagrange polynomials corresponding to the abscissas x;,

the nodes of the interpolation. The Weighted Lebesque Constant is defined by

IPr—1lloo,p,r 1= SUP{[|[Pr-1hl[ccpr : h € Cpry [[Rllccpr = 1}
An estimate for the weighted Lebesgue constant is given by following theorem.

Theorem 6.1 ([14], Theorem 4.3.1). Let h € C, . for p,7 > 0 and P,_1h(x) be the
Lagrange interpolation polynomial on the zeros of P7¢(x), o,¢ > —1. If the inequalities

o 1 o
—+-<p <=

< <
21 =3 =T =

)

W~ Ot

+

A~ =
NN

+

] Ot
NN

)

are satisfied, then

[Pr—1hlloc,pr = O(logn).

12



By considering the identity (15), we can conclude that the roots of the n-th degree
Chebyshev polynomial of the first kind, when chosen to be the interpolation nodes, imply
that the inequalities of Theorem 6.1 are satisfied when 0 < p, 7 < 1.

From the definition of P,,_;, we can show that r,(x) = 0 if and only if (P,,_y7, )(z) = 0.

Taking this fact into account, equation (10) can be rewritten as:
P,_1Hg, +P,_1DRg, + Py_1L,Rgn = P,_1 [. (16)

From equation (12), Hg, is polynomial of degree n — 1 and therefore we can rewrite

equation (16) in the form
Hgn + IP)n—ll)Rgn + ]P)n—langn = IP)n—lJ(T'

We can show that the operator P,_1L can be written as

(P,_1Lh)(z) = [* 1" U(x,t)h(t)dt, where z[n—ﬂ(x,t):i@j(m)@j(t)

j=1
is the polynomial that interpolates [(z,t) in the variable =, W¥; are chosen to satisfy
ZCI)j(xi)\I/j(t) = l(x;,t), 1 <i <mn, and {®;} is a basis for the set of polynomials of
j=1

degree n — 1 satisfying the Haar condition (see |6, p.74]).

The following results will be fundamental to the proof of convergence of the collocation
method.

Lemma 6.2 ([10], Lemma 5.2). If he C7_ for p < o~ and T < 7, then

| HI(h —Pn_1h) ”oo,oﬁ,ﬁ+ <clogn HPn—lHOO%T E:—ilﬁi (h), n>2.

Lemma 6.3. Let v,< be nonnegative constants such that v +a~ <1 and ¢+~ < 1. If
leC? ,®C,., then

p7 T7x

I (L — L)Rgn llaopr < ¢ EFS(1(0,) w7 (o).

Proof : 1t is known that

n

- N «a « Cj «a a
(Rgn)(z) = Z/lcjpj Pw () dt = — ZQ—;P]‘II’/}H(‘W)W Ba))
Jj=0""

j=1

13



and so, Rg,(z)w ~*"17#71(z) is a polynomial of degree n — 1.
Taking g, 1 < k < n, as the zeros of P2+151 (), we have
= . . Cj . a+1, B+1 a+1, B+1
7=1 k=1
where AT were previously defined in (14).

Then

(Fa= )] = | [ ]Sttt a7

Let P, be such that
Ey2i(U(e, ) w"7(0) Rgnw ™17 = [[U(0,1) w7 (®) Rgnw ™77 = Py llocus

Then, we obtain,

| (Lo = L) Rga(@)w " () | =

‘ / [1(z, t))w”" (2) Rgn (te)w —a—l,—ﬂ—l(tk) _ P;n_l(tk)]/\l?—&-l,ﬁ-i-l
{1 0P (1) R (0= (8) — Py (1)) w541 ()

—[ P31 (Dot (E) — Py, () AT e ‘
1
< By (e, t)wPT(e) Rgpw =707 / AR 4wt (8) Jw s (t) dt.
-1

Asv+a” <land¢+f~ <1, we have that f_ll w~"7¢(t) dt is bounded. Therefore,
[ (Ln — L)Rgn(z)w?7 () | < c By ((1(e,1) w7 () Rgow *~17771),

Let P be such that EZ(i(e,t)w"(e)) = || (e, ) w"™(8) — P*||occ, then

By i (I(e, ) wPT(e) Rgpw = 17771) < | (I(e, 1) wP7(e) = P ) Rgnw =177 [l g

< cEY(l(e,t)wT(e)). M

The following theorem of Jackson type, provides the convergence rates of the error
of the best polynomial approximation of functions in the weighted Sobolev space W7 ,

defined by
si={heC, s: WV e AC, and |h¥) ¢*w? | < oo},

14



where A.C.j,. denotes the set of all locally absolutely continuous functions in [—1, 1] and
¢(x) = V1 — 22 A norm in W7 ; is given by

Ihllws ;= Ihw™ oo + [ A ¢*w™ 7.
Theorem 6.4 (|8], Chapter 8). Let h € W2 5, with s and n positive integers. Then,

v, 67

Ep(h) < S BIIR(RO) < A0 9w d
ns ns

We shall denote by Wj 5 the subset of W3 5 given by
Wl = {heW;;: h9¢'wr® e s},
and by €., the function modulus of smoothness defined by

Qc(h) = sup [h(z)—h(y)|.

|z—y|<e

Lemma 6.5. Let h € W,j‘g Then

Epo(h) < —

< | g

Proof : We define

z(1-1/n)+1/(2n)
T() = n / B (#) 6 (w5 (1) dt.
z(1-1/n)—1/(2n)

Then, we have
| T(2) — 19 (2)¢* (2)w™ ()|

= n

z(1—1/n)+1/(2n) ) 6 |
/ (1-1/n)-1/(2n) [ (0)° (w2 (1) =h (2)¢" (2)w ™ (2)] dt | < ¢ Qyany (R $°w ™).
z(1—1/n)—1/(2n

Let S'(2) = h®) (2)¢*(x)w? %(z) and 0 < 6,6, < 1/(2n), then, we obtain

z(1-1/n)+1/(2n)
(@) = n /

S,(t) dt|=n|S(x —x/n+1/(2n)) — S(zx —x/n—1/(2n)) |

1 (1-1/n)—1/(2n)
— §|S/(:v—:c/n+91)—S/(a:—x/n—ﬁg)] < cQn(S).

In view of these results and Theorem 6.4, we obtain

¢ c
_ ) (8) hS,y7V, O (8) H8,,y7, 0
< ~ { Q3020 (M) P*w™ %) + Qy (M PPw ™ %) } < e

EYS(h) < = {|A¢w™® = Tlloo + || Tl }
nS
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However, Theorem 6.4 is not conclusive about the order of the term £ °(h) when s = 0.

In this case, we shall consider the following

|T'(@)| = n|(hw??)(z—az/n+1/(2n) = (hw?®)(z —2/n—1/(2n))]
< enQyn(hw?)

and E%(T) = [[(T — P)w"?||o. Thus we get

E°(h)

IN

e d = Tl + T =78+ (T = )™}
1
e{ an (6079) + a7 4) + [P0 0) | |

< e { Qg (hw™ %) + Quyn(hw ™) } <

VAN

c
n_u.
Lemma 6.6. If g € C,+ g+ the function Rg € H%? where ¢ = min{l —a~,1— 3" }.

Proof: Let € > 0, then we have

ot +e) - ryo)| =| [ s [ a0 |

< Nglarar [ 0™ O

< C{BH%Q — B 1—a)~ Bua(1-f,1- a—)}.
where B,(a,b) is the incomplete Beta function. From [1, (6.6.8) and (15.3.3)], we have
B.(a,b) = a ' 2" yFi[a,1 — b;a + 1;2] and

2Fifa,byc; 2] = (1 — 2) P yFi[c — a, ¢ — b c; 2],
where o F1[a, b; ¢; 2] is the Gauss’s hypergeometric function. It follows that

BHTz(l—Bfal_Of):
9 2HB e (1 — g) Lyl AT () oFi[1,2 -7 —a7;2-07; (1+2)/2].

= n b n "
By definition oFi[a,b;c;z] = 5 (@)a(b) Z—, where (a), = I'(a + n)/T'(a) is the
—~ (o nl
Pochhammer’s symbol. From this, for some 0 < § < 1 we obtain
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211,267 —a7 2= 67 (L+a+e)/2] - 2[[1,2 = —a7; 2= 57 (1 +2)/2]]

— (Dn2=8"—a" ), (I+at+e)" - (1+a)
B nzzo (2= 67)n 27
_ S (D),2=p"=a ), e[ +x+0)"]
- ; (2=5)n 2mn)
= N (Wn(=B"—a)n ¢ 1+ax+0e\""
; (2=687)n  20(n) ( 2 )
<§Oorn+1 n+2—ﬁ_—06_)r(2—ﬂ_):E(l_ﬁ—>(2_a__ﬁ_)<C€
T 24 T(n+2-p7)I2-p" —a")l(n) > (l—a)2—a) —°°

From [15, p.12|, if 0y # o9 are positive numbers and 0 < p < 1, then
|t — o | < | oy — o9 |, Therefore w!=* 177" € # %4 where ¢ = min{1 —a~,1 - 37}
and the function B%(l —B7,1—a") € H%4. Consequentily, Rg € #%9. N

The following lemma can be used to obtain a criteria for the function Rg to be in
Wof,”@, for maximum s and at the same time to find a space H %% such that the function
Rg@¥Werwe B~ € o409
Lemma 6.7. If g € Co+ g+, then Rg € W ﬂ, where ¢ = min{ 1—a~,1-",a~,57,1/2}
and

2 if (f —ay) € Co—y1.5-11 and Ol(z,t)/Ox satisfies the assumptions of

5= 9 Theorem 5.3, with p <1+ a ,7< 147,

1 otherwise.
\

Proof: Firstly, we shall verify for which values of s, Rg € W} _ ;5.
Clearly Rg € W _ ;. and,

Rg®)(z) = ¢/ (x)w ™ () + g(2)w* 7 (2)[ B — a = (a + Bz ];
hence Rg € W2_ , if ¢ exists and |[|g'w BT B2 || oo < 00
However,
RO () = ¢ () (a) + 29 (2)o @) 8~ o~ (a+ B)a]
+o(@)w 22 (@)[B(B — D1 —2) + ala = 1)(1 +2)° + 208(1 — 2?) .
Hence Rg ¢ W2 5 (unless 9@ exists, [[gPw* P 33| < 00, [|gw PP ||lse < 00 and

a+71/2,ﬁ+71/2”

|| gw o < 00. As at, BT < 1/2, the last inequality requires special properties

of the function g, making this a special case).

17



Now consider the case s = 2. We shall verify under which conditions Rg € W2_ g

From (6), we obtain

1

ar(w*(z)g(x)) = f'(x) — ax(z)' Ry () — az(z)w(z)g(x) — / (z,t) Ry(t) dt

—
-1 X
A (f e )]
m|lde \\J_, t—=
Applying the Mean Value Theorem for integrals in the last integral, yields
d ([ gy ROPRR0 e [P

— —=dt |= — = dt = o, h —dt
dx <][1 t—x ) /1 (t —x)? (g &) /1 (t —x)?

—(—=1)8"
— (g0 G-

20"
(=D*
26~

F1—87)1+2) 7 yRAla,1-6:2+a ;(1—1)/2

P(l—a ) (1—2) R[B,1—a:2+87(1+ WQ]} LA +a”+57),

for —1 < £ < 1. Therefore,
¢2wa’,ﬁ’ i

oo g (f, 2| o=

From Theorem 5.3, if 01/0x € C,;, ® Cycy with v +a~, ¢+ 7 < 1, we have

(LRg)' € C, .. In this case, since p < 1+a~, 7 < 1+37, we have ||(LRg)'¢?w™ 7" || < <.
Therefore, Rg € W

(

~ - Wwith
2 if (f—a2) € Ciia- 115~ and Ol(z,t)/0z satisfies the assumptions of Theorem
§ = 53, with p<l4+a ", 7< 1457,

1 otherwise.

\

From [10, Lemma 3.11], Rg®)¢*w® %" € #%# for some 0 < p < 1. According to the
properties of Holder continuous functions, if a function u(s) € # %" over some interval
s1 < s < sy and f(u) is a function defined for values u(s) in this interval, such that its
derivative f'(u) is bounded, then f(u) € #H %" (see |15, p. 16]) . Using these properties

and the Mean Value Theorem for integrals, we obtain

JEIRgWowe 7 J(t)dt = (Rgpw® P )(w) — [T, Ry(t) [w* 7 (t)o(t)]' dt
= (Rgow* P )(z) = (Rgw* 7)) [B~ —a” —(a” + 7)€ =€) [5, 071 (1) dt
= (Rggbwo‘_’ﬁ_)(x)—I—CBHTI(I/Q,I/Q).

18



Then, we have RgMWpw® " € 3% for ¢ = min{1 —a~,1 —3",a", f7,1/2}. Analo-

gously, we obtain

J5[RgP w7 ](t) dt = (RgWe? w7 )(x) — [ RgW () [¢*(H) w7 (1)) dt
= (RgWe? w7 ) (2) — (RgW w7 )(€)[-2¢6 + B~ (1 - &) —a (1 +](z+1).

Furthermore, Rg®@¢?w® # € 294 if Rg € w2 ,. 1

To prove the convergence of the collocation method, it will be necessary to show that

the linear operator [I + H'P, (DR + LR)]™" is bounded.

Lemma 6.8. Let the operator [ I+H'(D+L)R] be continuously invertible into C,- 5- and
let the assumptions of the Theorem 5.3 and Lemma 5.5 be satisfied. Then for sufficiently
large n, [I + H'P,_(D + L)R]|™! exists and

H [I + H[Pn—l(D + L)R}_lnoqa*,ﬂ*
|| [I + HI(D + L)R]_1||oo7a+7g+
[T+ HI(D+ L)R] st g+ [H[Pra(D+ L) = (D+ L) Rl a5~

<
1]

Proof : From [10, proposition 4.7 and remark 4.9|, Theorem 5.3 and Lemma 5.5, the
operator H'(D+ L)Rg and consequently H'P,,_;(D+ L)Rg are bounded in Cy+ g+. From
Lemma 6.2 , we obtain H'P,,_(D+ L)Rg — H!(D + L)Rg uniformly as n — oo. Then

for n sufficiently large,
I I+ H Py i (D+L)R] = [I+H (D+L)R] sca- g | [[+H (D+L)R]™ [|loc.at 5+ < 1.
The result then follows from [2, p. 15]. W

Theorem 6.9. Let ay € Wy, fe W;/L"B_, Rg € WZ’_qlﬂ_ and LRg € WZ’_V g Suppose
also that l(e,t) w”7(e) € W uniformly with respect to x € [—1,1], for v,¢ nonnegative
constants such that v+ o~ <1 and s + 5~ < 1. Then for sufficiently large n,

log®n

19— gnllocar s+ < ¢ , p=min{r+uv,r +n,s+¢, 7+ v, T+ pu}.

np
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Proof: Applying the operator H! to the left of equations (6) and (16) and recalling
that H'Hg = g + go, we see, respectively that

[[+H'(D+L)R]g = H'f +goand [I + H'P,_{(D+ L,)R] g = H'P,_1 ] + go.

From Section 2, gy is uniquely determined and [I+H'(D+L)R]™! exists. From Lemma
6.3, for n sufficiently large, ZnRg — L Rg and therefore in Lemma 6.8 we can substitute

L for Zn demonstrating that the discrete equation has a unique solution. Furthermore,

[[+H1Pn—1(DR+LR)](g_gn) = HI{(?_]P)n—l?)_(DR_]P)n—lDR)g
— (LR-P, ,LR)g—P,_,(LR—L,R)g,}

and applying Lemma 6.8, we obtain

||g - gnHOO,oﬁr,BJr < C{ ||HI (T - ]P)n—17)|’00,a+,/5+ + HHI (DR - ]P)TL—IDR)QHoo,ofr,ﬁ’L
+|H' (LR — P, LR)gllcoar 5+ + ||H Pp_y (LR — LyR)gnllsoat g+ }-

From |10, Corollary 4.5, | H Py |lcc.at 5+ < ¢ ||Pullcc.a- s~ logn, for n > 2. From this and

from Lemma 6.2, we obtain

g = gnllocar. o+ < clogn | Poillsas-{Eri” (F)+ By’ (DRg)+ Ey” (LRg)}
+ log(n — 1) || Py 1 (LRgy — LnRgn) l|oca 5~
< clogn || Puillcas- { Exi” (f)
+E7 " (DRg) + EZ° (LRg) + || (LR — L, R ) g |lsc.a-6- }-

Since LRg € WZL”’[J,, and [(e,t) w”7(e) € W] *# uniformly with respect to z € [~1, 1]

we can deduce that [ € Cf,ﬁ,J ®C,. s for B ={b,} = O(n~"""). Therefore Lemma 6.3
can be applied.

From Theorem 6.1 we obtain:
19 = Gullscat, o+ < clog” n{E2 " (f) + Ex )" (DRg) + E;” (LRg)
+EY(l(e,t) w7 (e))}.
Applying Lemma 6.5 and the Lemma 5.5, we have

1
nr'tn

1 e
e (R

I (LRg)® ¢Tw P ]|

— () ra”,B”
If " w7 o +

19 = gnllooat, s+ < € loan{

+—— ey ¢ wF |0 +

nri—v n’f_H,
e 1) @) 5w |
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Then,

lg — gnllocat g+ < % log>n, p=min{r +n,s+¢,r+0,7+v,7+ u}.
n

7 Numerical Examples

In this Section we present four numerical examples that illustrate and, in two of the cases,
match exactly, the theoretical results of this work. The numerical method, derived and
analyzed in this paper, approximates g(z) by a polynomial g, (x) - see equation (8). Then
to obtain an approximation of the function ¢(z), we calculate ¢, (z) = [*, ga(t)w > (t) dt.

The results of the numerical examples will be presented as the difference between ¢ and

©On, 1., €, = || — vnlloo while the convergence rate 7, to be used in the numerical
examples below, is defined by:
log <=~
T=
log(2)

Comparative numerical results for the first example will be provided for three methods,
namely: the method presented in this work, the method of Capobianco et al. [5] and
Multhopp’s method. The latter method would appear only to be found in reference [11]
and can only be applied to SIE of Prandtl’s type with homogeneous boundary condi-
tions, due to the form of the identities used to evaluate the terms in equation (6). Since
Multhopp’s method may be regarded as a special case of that of Capobianco et. al. [5],
when a = § and the Multhopp’s method is not applicable when «a, § # +1/2, the results

for this method will only be shown for the first example.
Example 7.1.

Consider the SIDE

IR RA()) 1 /1 (1—x)®
B A O 4z £ dt
n][_l t— ple) + 1 V/1.00000001 + ¢ olt)

= arcsin(z) — 0.386319(1 — z)®. (17)

The analytical solution of this equation is ¢(x) = arcsin(z) which satisfies the inho-

mogeneous boundary conditions ¢p(—1) = —x/2 and ¢(1) = 7/2. Applying a change of
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variables, as described in Section 2, allows equation (17) to be rewritten as

L[t (t) 1 /1 (1—2)8
- = dt + Y(z) + — t)dt =
T)  t—=x ¥(z) T J 4 \/1.00000()01+tw( )
T 1 I+
i — — — = log| —— .084985(1 — x)®
arcsin(x) 5 5 loglT——| + 0.084985(1 — z)°,
with the solution ¥ (z) = —mx/2 4 arcsin(z); the boundary conditions now become

¥(—=1) = (1) = 0. For the new equation in the transformed variables the derivative
of the solution is of the form v/(x) = w®?(x)g(x), where g(z) = 1 — 7v/1 — 22/2 and
w*P(z) = 1/v/1 — 22 The functions, ay, LRg € o120 L(®:1) w'/21/2(e) € WEY and
fe Wll/’;/fm. From Lemma 6.7 we obtain Rg € Wf/;/f/z Then from Theorem 6.9, we
obtain the estimate for the asymptotic error as log®n/n'?.

This example presents a problem with inhomogeneous boundary conditions that, when
transformed to one with homogenous boundary conditions gives rise to a problem with
data having log-type singularities at the ends. The theory presented in this work pre-
dicts the rate of convergence to be log®n/n'® as shown above. On the other hand from
Capobianco et al. [5] it can be shown that the predicted rate of convergence for their
method for this example is log n/n%°~¢, due to the way the term Hg(z) is discretized in
their method.

Table 1 displays the error and an approximation to the convergence rate, calculated
from 7 = 1n(;—';)/ log(2) for both methods and also for Multhopp’s method. The method of
Capobianco [5] selected the collocation points to be the roots of the second kind Chebyshev
polynomials, as required by the theory in [5]. This is the case for Examples 7.1 and 7.2.
The convergence rates obtained in practice are better than those predicted by the theory,
since the theory only provides a lower bound for the convergence rate. In all cases the
convergence rates appear to be converging to 2. As already stated the Multhopp method
is a special case of the method in Capobianco et al. [5] when in the latter method the
collocation nodes are the roots of the second kind Chebyshev polynomials, and so its

behaviour is similar.
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n 16 32 64 128 256
eV 1 3.4401x1073  8.0605x107%  1.9641x10%  4.8849x1075  1.2164x10°°
() 2.0935 2.0370 2.0075 2.0057
e? | 2.9066x1073  7.6525x1074  1.9415x10~%  4.8806x10~°  1.2202x107°
73 1.9788 1.9253 1.9920 1.9999
e | 2.0066x1073  7.6525x107%  1.9415x107%  4.8806x1075  1.2202x 1075
73 1.9788 1.9253 1.9920 1.9999

Table 1: (1)-collocation method; (2)-Method presented in [5]; (3)-Multhopp method.

The next example provides an instance where the predicted theoretical convergence

rates are attained in practice.
Example 7.2.

Consider the SIDE

f Bt o)+ [ ety = 1) (18)

7T 1t_l‘ 71

with homogeneous boundary conditions ¢(—1) = ¢(1) = 0, where

1_|_$ (1+t)2
l = (1 — 20.21 .
(z,t) = (1 —2%) Og‘l—z 1.0000001 — ¢
14+

and f(z) = —1 + /1 — 22 + 7.85088(1 — z*)*?log The exact solution to this
equation is ¢(x) = V1 — z2.

Thus we see that, LRg € Wll/’gﬁ/_;, I(o,t)w'/?1/2(e) € W5Y and f € ng?;; The

11—z

theoretical estimate is then log®n/n'?=¢. The results are displayed in Table 2 and they

seem to be converging to 1.2 — ¢, for both method, as predicted.
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n 64 128 9256 512 1024
eM 11.9703%1072 9.6064x1073  4.6402x103  2.1912x1073  1.0024x 103

7@ 1.0363 1.0498 1.0825 1.1283
e 11.9701x10°2  9.6062x103  4.6402x103  2.1913x10~3  1.0024x10~3
72 1.0362 1.0498 1.0825 1.1283

Table 2: (1)-collocation method; (2)-Method presented in [5].

Example 7.3.

Consider the singular integro-differential equation

2@ = o f H et (10140 gl

VI —z(1 — )41 + )4 2 )
= 14— —1.11072v1 — 2(1 — 2)¥*(1 1/4
/ 1.00000001 + ¢ p(t) dt TS 07 2(1—2)YH (1 +2) /",

with the boundary conditions ¢(—1) = p(1) = 0.

The analytical solution for this equation is p(z) = —1/2(1 — 2)Y*(1 + )34, This
example illustrates the case where the coeflicient a; # 0 in equation (1), thus giving
a# . Here a =1/4 and § = 3/4.

1,1/2 1,1/2 2,1/4

We note that as € W3/4 1/45 LRg € W3/4 1/4 fe W3/4 1/4 and Rg € W3/4 14 However,
since [(e,t) w**1/4(e) € WY, the estimate for the asymptotic error is log? n/n®?2. The
results are displayed in Table 3. For Examples 7.3 and 7.4 the method in [5] was applied

—1/4,—3/4

by collocating at the roots of the polynomials P, , as required by their theory.

n 32 64 128 256 012

etV ] 1.4238%1073  5.1384x10~*  1.8357x10~*  6.5201x10°5  2.3079x10~°

e 1.4703 1.4850 1.4933 1.4983
e!? 1 1.4238x1073  5.1385x10~%  1.8357x10~* 6.5201x10~5  2.3079x10~°
72 1.4704 1.4850 1.4933 1.4983

Table 3: (1)-collocation method; (2)-Method presented in [5].

Example 7.4.
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In this example we consider the SIDE

I L [T olx)
VoA \/571'][—1 t—de_ (1 —2)34(1 + z)/4

. /1 2] — 1t (t)dt = !
7)o Q=21+ o) AP T A o)
with boundary conditions ¢(—1) = (1) = 0.

The analytical solution for this equation is unknown. To calculate the error we assume
the numerical solution, obtained by the collocation method of this work with n = 600, is
the exact solution.

0,1 0,1 0,1 1,1/4

We note that as € W3/4’1/4, LRg € W3/471/4, fe W3/471/4 and Rg € W3/4’1/4. However,

since [(e, 1) w®*1/4(e) € W&’Ol, the method of this paper can be applied.

n 32 64 128 9256 512
eV | 4.4399%1072  1.9684x10°2  8.0810x10~3  2.6223x10~%  7.2955x10~*
e | 1.3371x1071 573431072 3.5402x1072  3.3568x1072  3.4298x 102

Table 4: (1)-collocation method; (2)-Method presented in [5]

For the method in Capobianco et. al. [5] and [4] the data do not satisfy their as-
sumptions and hence, strictly speaking their method cannot be applied to this problem.
Nonetheless in table 4 we present the numerical results for the error for both methods.
We see that the method of Capobianco does not appear to converge for this example as

n 18 increased.

8 Conclusions

In this paper we have employed polynomial collocation to solve a SIDE with a Cauchy
kernel. Nonhomogeneous boundary conditions meant that there would be discontinuities
in the right-hand-side function data. A convergence analysis of the collocation method in
a weighted uniform norm was given. Moreover, an estimate for the convergence rate of
the method, that depends on the regularity of the function data involved was derived.
The main difficulty posed for convergence was due to the discontinuity in the kernel, as

is apparent from the numerical examples presented in Section 7.
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Nagamine & Cuminato in [16] presented a uniform convergence analysis of the col-
location method applied to (1) in the special case when a; = 0; and o = f = —1/2,
and s = 1. The maximum estimate for the convergence rate obtained was 1/2. Here, we
were able to prove that the estimate can attain 5/2 depending on the regularity of the
data functions concerned. This is due to the fact that the analysis of this paper is less
restrictive on the regularity of the functions involved.

In [4], [5] and [13], the identity

a9 (2) +ﬁ]11 LU {algp(:ﬁ) " ﬁf Mdt],

T)]  t—=x dx T)  t—x

valid when ¢(—1) = ¢(1) = 0, was employed. In this case, p(x) = g(x)w®?(x) with
0 < a,f <1, leading to = < at and = < 8, according to the definiton in our paper.
For this reason the space C,- 3-, to which ay, f and [ (with respect to z) must belong, is
more restrictive than the one employed here. For some cases, this leads to an estimate for
the convergence rate which is smaller than that obtained from Theorem 6.9, as discussed
in the numerical examples. As a result of the more restrictive conditions, the theoretical
convergence assumptions for the method of Capobianco et. al. [5] are more stringent than
those for the method derived in this work, as was argued above. Nonetheless we have
not managed to find a numerical example where this is shown up clearly. Even when the
theoretical prediction for the convergence rate was lower in Capobianco’s method, as in
the case of Example 7.1, the practical calculations did not show it. Despite this, example
7.4 provides an instance where it seems that our method converges but the method of

Capobianco does not.
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