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Tr.,insvcrsal Packin g Conjecture: For any finite directed graph, a ·maximum 

packing .of tra~svtrals of directed cuts is equ~tl in cardinality to a 

minimum directed . r.1,1t. 

.. - .. 

proof of 't1-le 

: ~ as the Menger dual of the directed cut packing 

Junger [5], Lov~sz [4)). · This paper' gi\"CS a 

;a:~~..;c 'for source-sink connected graphs, a proof that builds 

the required packing- of transversal s one edge at a time, by maintaining a 

Hall-.Jike feasibilitr ~?ndition throughout t~e construction. A ~_r:oof of th ~ 

case has been · given by _Schrijver [7] from_ a different point of vie\o.". 

,- Let C be a fini_ ~e grapb with vertex set \'G and edge set eG. The 

coboundary operator 5, is a function _ that· takes any subset X ·of VG· to 

· .". the set cSX of edges in G ·having one end in X and one end in VG-X. 

A coboundary· in -G is any set of edges that lies in the range of -o. 

,_ · . ·-A directed graoh is a graph in which each edge a is assigned a 

· positive ·end (or :tail) pa and ·a negative enc; (or head) na. A co boundary 

, ~ -. . 6X is directed if each e~ge in cSX ' has its positive · end in X or ·if each :-.-
~--~ . 

' edge .in . cSX ·has its negative end in X. 
.. . .... .... ~-. 

A directed cuf'·is a · minimal r:.on-
~ ~ . • * 

, :--:;, ---null. dfrected coboundary: Let · C denote the collection of directed co-

. _ .. boundaries of directed graph ·a. - . ~ 

. . . . 
· / ., ··.: .for_ a subcollection B ·_of C, a transversal of . B is a subset of eG · 

·i ...: •.. " ~ Y· . :. - -
<that ·has a nonnull intersection with each nonnull se_t in 8. · In the statement 

. ·_--:,-

.·-. . ;:· of the Conjecture, a transversal of C .is called a transversal of directed 
. . ... 
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~ r,ir ·c.i1y p:ickinc (c d_isjoint col lcct ion) of transvcrs~ Is · of C and an)' 
' . -,, ' .. . - ~ . :; ~ 

... 
.. .-. 1.onnull clement d in C, ITJ < fdJ. This is elementary. The crux of the-

Conjecture is that every graph contains a pair T,d of equal size. That is, 

if cG is a k-transvcrsal of C, then there is in eG a k-packing of tran~­

versals of c: A k-transversal is a subset r of eG such that lrndl ~ k 

for each nonnull d in C. A k-packing is a disjoint collection consisting 

of . k. clements. Following Seymour (12], -...e say that transversal r of C 

packs· if for the Jarge_s~. integer k such that r is a k-transvcrsal of C, 

there i_s a k-packin'g T of transversal s of C such that UT c r. In this 

, terminology, the Conjecture translates to: For each directed graph G, eG 

is a transversal of C that packs. A natural ge~erali:ation has been 

-· 

formulated by Edmonds and Giles (2): 

Generalized Conjecture: Eve~y transversal of C packs. 

Schrijve~ [6] has constructed a counterexample to the Generalized 

Conjecture, · but not to the basic Conjecture. The Generalized Conjecture is 

true for source-sink connected graphs. A directed -graph is source-sink 

connected if it · is acyc lie and each source is j oine~ to each sink by a directed 

path. · A source is a vertex of invalence zero; a sink is a vertex of out- · 

valence zero. . , 

-
"' . .. ... .. . 

l- .. ,~: 

In this paper, ~e prove the source-sink . connected case of the Generali:ed 

: conjecture in terms of side coboundaries of an arbitrary directed graph. \\"e 

now develop this formulation • 

. ·Arguments of a directed coboundary d are defined as follows. Let . X 

' . 
be ·a minimal subset of VG such that · d = 5X, where X contains the 

. " -~ . 
pos~t_ive- _end of each edge of d. - The. po·sitiv.e . (edge) ar.~ment pd . of d -.- --

-is th·e set of edges of G with pos~tive end in X. The..negative ar'!\,lment 

·., /: --..I, .,. 

~ . ~ . --:-.. ·... -.:.. " 

L .. _ -.~ .:/.! '"~; ... ~ -~: :.~ .._ '• 
.,,-- - '- - . 
. :- . .,. 

·. . . 
- ~ . . 

' . 

,· ... . - • . . .. ; . . ~, -
• . _,,):. :}.,.: ;: -~ . n 

Mi -,.:,; 

.":., 
)"1·_ ~ ...;,· .. -• · .· 

' ' 



• 

•• nd is defined dually. Herc WC refer to dirt>ction:,J ,lu.1Jitv. which intrr-

chtngcs the positive and negative ends of each edge. 

. ' 
Let On be the collection of clements d in C such thnt either 

·d ., ~ ·or · pd n pc I ~ for each nonnull clement · c of -C. Define Op 

dually. ·rhc u~ion D = Dp U Dn is the collection of side cohoundari!'s of C.. 

· Exampks of side coboundaries .ire given in Figure J. 

,._.• This Theorem . implies the source- sink connected case of the Generali ;:.cd 

--- Conjeciure, since in a source-sin\ connected graph each dir~cted coboundary 

is a side coboundary, i.~., C = D . 

. . . · 

. · • .Our first step in proving this ·theorera is a reduction to a Bi-transversal 

Theorem. Let Sp be the collection of p-minimal (= minimal positive 

argument) elements of Op - {~}. For subset t of eG, l~t tp denote 

t n (Usp). De°fine Sn and tn dually. A bi-trans\'ersai' of D is a set t 

, ··of edees 'such .t hat tp is a transversal of Dp and . tn is a transversal of 

Dn. A.bi-transversal of , D is, in particular, a transversal of O. A bi-

-
~ran·sversal r of- 0 packs if, for the largest integer k such that r is· 

; 

, ' a k-bi-transversal of D, there · is in r a k~packing of bi-transversals of D. 

. . 
Bi-transversal Theorem: .tvery bi-transversal of D pac~s. 

-• . 
_. In Section 3, the _Transversal Packing Theorem is reduced to the Bi-

. . . 

frapsversal Theorem. 

' . 

. · ·".: .. -~2• · - ,Properties of Side Coboundaries 
I . . - -

_ The d9main of the Theorem can be reduced e~si!_t to connected graphs. 
- . .... . - ._ - .... . 

. · ; · :_, :-·· - 'lb~ foll-;,~ng properties of the collection 
,... -. . ':", :: •. :·-- • -.. - . . . - - . 

D = op·u On of side coboundaries 

·.,. r. 

...... -

• '!!- "" •. 

of a connected graph are those used in this paper: 
·· • . . • . . 

-·· • __ .J 
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-~' ' : Figure 1: Side coboundaries a in Op, b in 

C in Dn; directed coboundarr · d 
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J. 0 ( On, where 
"" = 

p" a fJ • If Un cont.dns a nonnu 11 rlcmcnt, so doc~ 
.• .• •· -

.... 2 . . for d in On, nd n pd .. d; if d I ()' then nd U pd = er.. 

3. a) For C in Dn, d in D, there exists an clement C /\ d in l>n, n 

the n-mcct of C and d, such that n (c A d) = nc n nd; if n . 

CA d t !', then p(c A d) = pc U pd. 
n n 

b) For c,d in On, there exists an ~lcmcnt C V d in Dn, the n 

n-join of C and d, such that n (c v d) = nc u nd; if each of C 
n 

and d is nonnull, then p(c v d) =pcnpd. 
n 

.. -1. For C in Dn' d in D' if nc ~ nd , then nc - C C nd - d . 

The directional duals of the above also hold. 

From properties I and 2, each side-coboundary is the intersection of its 

positive and negative arguments. By property 4, there is but one element of 

Dn with a given negative argument. Dually for Dp. By properties 2 and 3, 

c A d = c n nd U d n nc and, if c and d are nonnull, c v d = 
n n 

C n pd u d n p_c; if one of C and d is null, then C v d· is equal to 
n 

the other. The n-join Vx of a· subcollection X of Dn - is if X is 

null and is x v ¼x-{x}.), x E X, if X is nonnul 1. The p-join is defined 
n 

dually. 

3. Reduction to the Bi-tranS\"ersal Theorem 

We n~w prove the Transversal Packing Theorem assuni~g th~ Bi-

:tra..~svers·a1 Theorem. Let r be a transversal of the collection D of 

side coboundaries of directed graph G. We .interpret the case D = {~} as 

. satisfying the Theorem and assume hereafter that D contains a nonnull 
.. . - . 

• e.lement •. Let _ k , be _tile largest integer . for which r is a k-transversal of 

D • . ·sine~ -~ is . a transversal of D, k ~ 1 . 

-··-· . 

--.... -···- ·-- -.. , ,• , .. .. 
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The basis of induction is the case in which r ·•.is a k-bi-tr:insvers:il 

of D. Dy the Bi-transversal Theorem, there is in r a k-packinr. of hi-l ra11~­

vcrsals of O. Each bi-transversal is a transversal .ind so the assertion hold!>. 

Assume a..s induction hypothesis that the assertion hold!> for ever)' graph 

G' and every subset r' of cG' such that jr' I < lr l or lr' I = lr l 

and I cG ' I < I cG I . 

Case l: For some edge a in r. r - {a} is a k-transvcrsal of D . 

By induction hypothes_is,thcre is in r - {a} a k-packing of transvcrsals 

of D. This k-packing· satisfies t:1t' assertion for r and G. 

Case 2: jrfld l = k for some d in D - Sp U Sn. 

Adjust notation so that d E Op. Let D' be the collection of side 

coboundaries of the graph G •·• where G' is obtained from G by 

contra~ting the edges of nd - d. Then D' = O'p U D'n. where 

D'p = {cEDp:pc9>d} and D'n contains ~ and d and perhaps some other 

coboundaries not relevant here. Let D" be the collection of side 

coboundaries of the _graph G" obtained from G by _contracting the edges of 

pd - d. Then · D"-.= D"p U D"n, where D"p = {c.EDp:pcnpd=t'l or pd~ and 

D"n = {bEDn:nb~nd}. Now .. r' = r O pd and ~r" = r·-n nd are k~trans\·ersals .. 
.;. 

·of D' and 0", respectively. Since d is, by hypothesis, not in Sp or 

-_-sn, each of I eG' I and I eG" I is strictly smalle:r than I eG I . Br ,_ 

. induction hrpthe~is. · there is in . r' _a k-packing T' of transversals of D' . 
... .. . 

Likewise, there. ·i _s in r" ~- k-packing ·T" of ~ransversal s of ·. D". ·· Let T 

:._be (t.'Ut":t'ET',t"ET",t 1n·d~t''fld}. - Since l;fld l" = k, each edge of . r O <:I 

- - -·. ·• 

lies in .exactly one transversal of T' and in one transversal of . T". So 

T is _a k-packing of subsets -of r. We assert that each t ·in · T is a 

transversal of D. Thi~ is proved.as in (10]; . as follows. 

. . --. 

.. . 

-. _. 

. . :· 

·. .,.. . ~ 
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. Unch t in 1· is of the form , t = t' U t". Let a ht• any nonnull 

,, -
clement of D, say in Dp. If /\ d = r,, then a ( U"p amt a 

P,· - -

t n a = t~• -n a I- ". If a " d I (J' then a I\ d E D'p - { M .. and 
p p 

a V d E l>"p - {I'}, whence t n (a,.. d) = t' n ( a ,. dJ I ~ and 
. p . • p p . 

t O (av d) .. = ti, n (av d) I 0. From the modularity relation 
. P . p 

It n (a" dl! + It n (av d) I = It n al+ It n d!, since- it n t.1:= l, thus 
p .. " p 

t n a I 0. So t is a transversal of Op. Likewise, t is a transversal 

of Dn, and thus of all of D. This case is complete . 

Case 3: llild J > k for each d in D - Sp U Sn, r = rp Urn, and r is 

' not a k-bi-transversal of D • 

.- Adjust notation so that rn is not a k-trans\'ersal of On. Th.ere 

exists a nonnull element a in On such that Jrnna! < k; adjust the 

choice·of a so that it is n-minimal. Since !rflal -~ k, there is an 

edge ~: -in , (rp-rn) n a. Now a, since it contair.s an edge of r - rn, 

. 4oes not lie in Sn. So there is an element a' in -Dn such .that 
. 

na' c n~ - {~}. . Adjust the choice of a' so that is is n-raa:dmal. By the 

_ · c_hoice of .·a, I rnfla' I ?._ k. Let - et • be any e~ge in rn n a' - a. · \\'e then 

· have the followin6 properties: for each c in On such that c Enc, 

. , -· -
_· . : .- _{a,~} int,ersec_ts c; for each d in Dp such that -~ E pd, {a.~} -

--intersects d. 

' 
. Let G' be the graph obtained from G by adding a ne~ edge _ y to G 

.. -:-:.. .,~ 

,_ with negative na and positive end p~ . . Let D' = D'n U D'p be the 

~ _· . _ · .. _: - .collection of side coboundaries of G' • ·· Then D'n is the ··-same ·as On 

. _ _- except that y i_s added to each c in Dn _ such that a E nc •. And - D 'p . , . . 
~-~ .-. 

~=- ~is the s3.!lle as Dp except that y - is added to each . ... d in Dp . suC:-i that 

·.-. ,. ~- E ·pd.--.. Let . r' = (r - {a.p-}) U {y}. -since _ f·r n d I ~ k 

-.--:;. !or _ ~acli·' : d · in D, with equality only for d in Sp U Sn, thus 

·.- . 

' .• _ . . 
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fr'OJ I ? k for each d in D', i.e., r' is n k-tr:msvcrs:il of· D'. Si1u:c 

fr• I < lrl ; by induction hypothesis · there is in r' n k-pacJdng T' of 

transvcrsals of D'. Each clement of T' that docs not contain y is a 

transversal of D. For the clement t' of T' that contains y, 

t = (t'-{y}) U {a,~} is a transversal of D. So T = (T'-{t'}) U {t} is u 

k-packing in r of transvcrsals of D. Again the assertion holds. 

This completes the proof of the Trans\·ersal P;iding Thcorc!".1 m11.kr the­

assumption of the Bi-t.ans\'crsal Theorem. -

4. Constructing bi-transversals one ed~e at a time 

In his proof of Edmonds Disjoint Branchings ·Theorc~ [1], Lov~s: . [4] 

finds one branching that saves enough room in each coboundary for the remaini~g 

k-1 branchings. This branching is constructed one edge at a time, by 

successively adding a new edge emanating from the cur:-ent partial branching. 

The property required of each new edge is tha~ its choice leaves at least k-1 -_ 

··edges unchosen in each coboundary. Our proof also uses this one edg·e at a 

time approach. 

A subset t of eG _is central in On if each coboundary d in On 

that is disjoint· from tn has nd disjoint from tn. Centrality in Dp ·is 

defined dually. A subset t of eG is central i_f it is central in 

.· in On and in Dp. Recall that tn = t n (U !:n). 

-
For subset t of eG, the frontier f of t in Dn is the n-maximal 

cobOl;lndary in On .that is disjoint from tn. 
-. ..... -. 

. . . 

. 4 .1. .Let t be a subset of eG central in On and let -a be an edge of . --~ ... -- ~ 

- the positive argument pf of the frontier - f 
... -... 

t U {a}·- is central in On. 

r ;, i 

-­.• . 

of ·1: in On. Then ·. 

.., .. 

. . -·• . 

' ' .. 
. ' 
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Proof: Assume that a E USn, else the centrality of t U (a} fol lows from 

\ .. 

'.. t c~ntral. Let d be a coboundary'"in Dn disjoint from tn U {a}. Sinrc · 

t - is ccntr~l, nd is disjoint from tn. Since a E pf, thus a f. nf - f. _ 

! 
iJ 

--
By dcfinition•,of frontier, nd :_ nf, whence nd - d c.: nf - f anJ ~o ,1 I n<l - ,1. 

· So nd is disjoi.n · from tn U {a}. The assertion fol lo\\'s, 

, 

\. ·•. ·. 
A subcollcction Z of Dn is n-disjoint if nc n nd = ~ for each 

.. distinct · c,d in Z. In this case, the join V: is an element of On 

,_ .. ~ - -, equal to the union. UZ, aJ)p 

n (UZ) ; 

n (UZ) = Und (dEZ)_. Let nZ abbreviate 

We next define feasibility for a subset t of bi-transversal · r. 

Let- Z .· be an n-:d~~join~ subcollection of On - {D} and X · · a p-d.isjoint 

subcollection ·of Op - {D}. Define (Z,X) to be a Dn-pair if rZ .=. rX, 

·. _. where rZ = rn ,f1 { U Z) and . ·rx = rp n { U X). We verbali:e · rZ :, rX as 

Z shades X. Define -function u on n-disjoint subcollections of 
-~ 

.~Dn _: : {!1} byuZ=lrZ-t_l -(k-l)jz j . Asubset t of r isfeasiblein 

On. if every On-pair (Z,X) for which .. tp is disjoint from U X · satisfies 

uZ ~ : IX I. Incidentally, all On-pairs to be considered satisfy tp n _Ux = ~: 

·w~ tak~ this conJ~tion as understood. 
I 

A Op-pair and feasibility in Op are 

A subset · t or r "' is feasible if· it is feasible in On 
: - . :-.- ; . 

•' and in ~ Op'. · 
' .. : . .. . . 

-'i~-. • ·, 

' . _.: .-4.2. Let r be · a k-bi-tran·sversal of o. The null set is central · 

-and feasible~ 

:-.· 

... .. 
: 

_· .: .: :proof:' Centrality of -the null set is immediate. For feasibility, consider -· 

.. . 
·_, - . 

_ . ·. , ;·any o.:-parr (Z,X), say a Dn_-pair. Since rn is a k-transversal of On and 
-': ·-( : ~:; ' :~::_·_ ..,, __ ·:r· ·1s .-null, uz = frzf- (Jc-1) fzf ? kfZI - (k-1) IZI "' fzf .. · F~om .r: :) rX 

. . ·• 
....... •• _· -1 

_·, _.·_' ___ /_ and .rp a k·-transversal of Op, lrZJ .~ lrXI? Jcfxf.-whcr~pon 

✓ • ~ • • -;,- • ,; -~~~- ~:_._- ~ ,_•._ r 

, - -- ·: ., ~~:• . 
. ,-: ~-~-~-'_.:·~_·_:.-. ~-· ·~ 

•• - 1, --- .. ·-.: - • 

l •• • 
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(k -1 ) J Z I > k J X I . • ( k - l ) u Z , D nJ so u Z ~ I X J , 

for subset t of r t _hat is ccntr.il nnJ feasible, an :1Ugmc-11t of t 

·_is any c<lce a of r-t such that t U {n} is also central and feasible. 

The crux of the theory is that every central feasible subset of r that is 

not a bi-transversal of . D has an auJ!ml•nt; · this is sho~n in Section 6. 

Given this, · it follows that there is in r a feasible bi-transversal t 

of D. This in turn implie$ that r-t is a (k-1)-bi-transversal of D. 

To prove the latter, consider any nonnu 11 element d in D, say d E Dn . 

. 
Then ({d},0) is a On-pair, for which, by t feasible, 

O ~ u{d} = jr{d}-tl - (k-1). Thus jr{d}-t ! = IC~n-t)ndl ~ k - 1, ~hence 

r - t i~ a (k-1)-bi-transversal of D • 

. The Bi-transversal Theorem is proved next. Let r be a k-bi'-

transversal of D. \\'e proceed by induction on k. For k = 1, the Theorem 

is tri~ially tnie. Assume then that k ~ 1. Let t be a feasible bi­

transversal .of. D in r. Since r - t is a (k-1)-bi-trans\·ers=il, by induction 

hypothesis there is in r-t a (k-1)-packing T' of bi-transversals -of D. 

Then T' U {t} is a k-packing in r of bi-transversals of D. The 

Theorem follows by induction. 

·There remains only. the proof that a central feasible subset t of r 

that is not · a bi-transver·sal has an augment -. Condition~ on an edge a . 

. under which t U {a} is central are given in 4.1; conditions for feasibility 
-:- :· .; ' 

·are considered here • . For a in r•t, a Dn-pair (Z,X) (such that 

is a blocker of a in Dn if- uZ-= IX! and a€ rZ - rX. 

A blocker of a in Dp is defined dually. From this defini'tion, it follo"s 

that for any central feasible subset t of k-bi-transversal r of D 

" 
-. : - . and any "edg~ a . in r. ·- t, t U ·{ci} is feasible iff a has no blocker 

either in On or_ in• op: 

., 

-~ .:.~· -:- '. 

, .. 
', ,. ,· .. • .. 
· .;._ ·::: . 
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S. Meet unJ join 

Let cnch of Y and Z be .in n-disjoint subcollcction of U11 - (f)J. 

Since .in clement in Dn is determined by its negative argument, ,:r = ·:z 

iff nY = nZ. 1'he meet Y" Z of Y and Z is the collection of .ill non-

null cohoundar'.ies of the form ct-. d, c E Y, d E Z. The join Y v Z is 

the collection of all coboundarics of the form V1\, "'·here W is a minimal 

nonnull subcollcction of YU Z that contains every clement of this union 

that meets Vl'i . 
More relevant to the proof are the follo~ing cons~qucnccs of these 

definitions. 

S.l i) Each of Y " . Z and Y v Z is an n-disjoint subcollection of 

Dn - {.C}. · 

ii) U (YAZ) = UY A U Z and U (YvZ) = UY V UZ 

Jl (YAZ) = nY n nZ and n (YvZ) = nY U nZ. 
~ .. 

iii) (Supermodul ari tr) jYAZ j + IYvZ I ~ IYI" + I z I. . - ' 

' 

Proof: Parts i and ii follow from the definitions of meet and join. 
... _ ... . 

· To prove part iii , form gr~ph B with bipartition (Y, Z), wlPse edges 
..! 

represent the pairs (c,d), c E Y, d E Z, such that c meets d. i.e., 
.. 

....... 

c Ad 'I- JL Then jYvz l· ~s equal to the number of components of B. -- The 

asserted supermodularit~· relation translates to 

:~ • • ., 1_ '.._ -. 
\ · .. . - . .. ,~Bl I IVB I ~ .• + componen'ts B -~ 

•. ~ ' 

·--~ 
•:--;. 

a simple fac·t about graphs. 

. · ·As an abstract ion fro!ll blocker,, we def in~ a on.: or Dp-1_>air· · (Z ,Xl 
...... 

. as marginal if uZ = 

'· ,• c:,. •• 

··- - - .. 
' I . , 

~ - • I • • •, I -

" . 

, ... 

1 ..... -;. •• 

--~~ ·. ~ ... ~. . -.: . 
.. . ,'. ~ . 
·- . . •- ';_.(.ri 1 

' -, .. f 

. . . 
'- j C 
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i 

·.,, . 

_ · .< ·. r.mrs:hrnl Un•pilirs, then the ncct (ZAZ' ,XAX') ano join (Zvz• ,XvX') nrc m:,rl!inal Un-pair: 

. • . . · . . 

Proof: ·1. · The meet and join arc On-pairs. 

Sinc·c · rx <. rZ ctnd r:<' c rZ', thus rX and rX' arc subsets of rp n rn: 

r(XAX~) = rn n p(XAX') = rX n rX' c rZ n rZ' ~ r(ZAZ'), 

i.e., z " Z' shades X " XI. Likewise, 

r(XvX') = rX u rX' ~ rp n (rZUrZ') C r(ZvZ'). -

II. 
2. The u function is submodu lar. 

,. For ., .,. ' in On, ..... 
I •' 

Z A ·zt n Z V ~•=Zn Z1 

zA z' U z v -• = z.U z'. 

Set - z = uz and • I ... = LIZ' and intersect each -with rn: 

r(ZAZ') 0 r(ZvZ ') = rZ n rZ' 

r(ZAZ ') U r(_~VZ') = rz u rZ'. 

Restrict each equivalence to its edges not in t and add cardinalities: 

,, ""- : 

·subtract k-1 times the supe!rnodularity relation 5.liii to get the sub-

modular_i_ty rf:lation for u: 

. ._ ... 

• • •,·-

. : ·; .. "3'. ·:~The meet and join a_re_marginal. 
' .. 

; I•-

.. . 

From the supe~du_larity -relation S.liii_ ' •· feasibility C(?nditions, and sub-
., ... , . 

... .. , 

· .. · .. ..:. · .. , 
t •• • ·. , 

•: ,. 



•• 

.. . 

: :.. J 2 -
• 

• l ,l 

-· _ . .-·· modularity or u, 

-·, _;. 

.' _.. Ix I + Ix • J !: I x11x ' I + Ix yx ,. I 

~ uz + uZ' 

So 1x11x•1 = u(ZAZ') and IXvX'I;,,. u(ZvZ') . 

6. Augment Lemma 

Augment Lemma: Let t be a central feasible subset of k-bi-transvcrsal 

, r of O ~- If t is not a bi-transver~al of D, then t .has an 

·-· -7 

augm~nt. 

Proof: By hypothesis, -tn is not a transversal of On, or ~e can arrange 
. 

that . to be the case by exchanging p for n. Thus the frontier f of t 

in On is nonnull. Extending our previous convention, let rd denote 

rn n d if d E Dn and rp n d if · d E Dp. For any· edg_e c it:1 .. rf ~ 

-• t U. {a} . is central in On by 4 .l; it is also central in Op. · Tnus it is 

. sufficient to show tha-t some edge of rf has no blocker. Consider · an n­

minirnal element a of Dn - -{D} such that ra .c rf. Let (Z,X) be a 

. . . - ·, ... 

·-_ .. . ·: .·_,_.·. marg1nal Op-pair such that -X" {a}= !I~ the null .pair is one such . . 

' . 
Adjust the choice of (Z.X) . so that pZ is maximal. 

~ ..... 

~ow ra · f rZ, ·else 
. . 

~ .· --:: (Z,XU{a}) . would be a Op-pair that violates f~asibil ity. Our first 
- L , , 

. : : ·- candidate for augment of t is __ any edge . a in ra • rZ . 

. _., 
" 

• ... ·:; -__ · ~~~Edge a. · has no . blocker in Op. For consider any margi~al Op-pair 

. ·. (Z. ,X' L~, such that a E rZ I • By S.2, (Zvz• ·.xvX') 1s a-marginal Op-pair. 
~ , 

. · . ... ... 
·,'(_Sin~! : ~ Cl _E . (rZ ~ -rZ) . n rn =- pZ '. - pZ = p(!YZ!) · - pZ, maximality of pZ - impl'ies 

-··_'that ·. (XvX') -A {a} '/. (J. Since X A {a} = ~. thus X' A {a}.,. t,. From 
.(... ·. ,, . ..... 

,-. , -, . ·.-. · .,. 

·- :;: .;·~:-:~>-, 
' .~ - • I • ' • . ,-

· , .... . . · 
-. , .. -. 

, ~. ... ' ._,. __ 
·., ;.:... . ..· .. ~;.·.· ··. 

.. ~ ~ ; 

. .. 
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r(X'l\{a}) c ra, there follows na '- nX', by n-minini:dity of :.1. Since 

a E rZ' ~ rp, thu~ a E rX'. So (Z',X') is not a blocker of a. 

Jndcod, a has no blocker in Dp. 

. . 

We say !hat an n-disjoint subcollcction Z of Dn meets coho1111Jary 

d ·in Dn if Z I\ {d} If). A On-pair (Z,X) with a given property i.s 

argument-minima J t,;ith that property if ever)' On-pair (Z' ,X ') sat i sf ring 

the given property and nZ' ~ nZ and pX' ~ pX satisfies nZ' = nZ and 

pX' =. pX. An internal edge of Dn-pair (Z,X) is any edge of 

rn n (nZ-UZ) U rX~ 

Returning to the proof, the only alternative to a an augment is that 

ithave a blocker in Dn. This is then a marginal On-pair (~
1

.x
1

) such that 

zl meets f. Adjust _.czl,Xl) so that it is an argument-minimal marginal 

Dn-pair such that Zl meets f. Our second candidate for augment is any 

internal edge ~ of (~l ,XI') in rf. The existence of ~ is established 

in part i of the follO\dng proposition, with · f in the role of g and 

6.1. Let -g · bean element of On disjoint from tn. Let (Z,X) ·be an 

argument-minimal marginal On-pair such tha i · Z meet-s g. 

i) . There rs an · internal edge of (Z,X) in rg; 
. . 

· iif ·Each such edge has no blocker in On. 

The proof of 6.i· is given after the main argument is . complete. 

_. ·By part ii of ·6.1, ~ has no blocker in On. The only al terna.tive to 
.. 

p 
(" . 

an augment is that it have a blocker in· Op, ll.ilich can happen only if .. p E -~x;. 
Thishiocker is a marginal op~pair 

so that it is an argument-minimal marginal Op-pair such that · Adjust .... (Z
2 

,X2) 

z
2 

meets · X
1

• 
• ♦ • ,_ -:_ • C 

Now · ux
1 
__ is . an · elemen~ of . Op-- d1sj oint fr~m . tp ; __ · by -~he du_;il · . • .-

- •• , .~·.·· ➔ • • 

.. 
: ' 

,• •, ·. . .... , ._. .•·· ~ - ·,, 

·- - ,. , 

•• • 'I' 

•. •. 
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: of 6.~! , with ux
1 

in the role of · g and (Z
2

,x
2

) in the role of (Z,X), • 

, tht;rc is- an intcrn:il edge · y of (Z
2

,X
2

) in rX
1

. This is our third 

candidate for augment. It has no blocker in Dp, b)' 6.lii (dual l. :.;ur dol':, 

y have a blocker in Dn: this follows from our previous appeal to 6.1 by 

observing that y is an internal edge of (Z1,X 1) in rf. So y is an 

augment of t. 

The proof of the Augment Lemma· is compl etc, except for 6. L 

·Proof of 6.1: i) Let d be a coboundary in Z that meets g. Consider 

the Dn-pair (Z- ,X-), where Z = (Z-{d}) U {dAg} and X is the 

collection ~f coboundaries in X that Z shades. Since 

r(dAg) =. rd n ng U .g n nd, thus either nd · - d intersects rg, in ~hich 

case ~he assertion holds directly, or r(dAg) c rd. In the latter case, 

fxl ~ IX-I ~ l_rd-t! _- !r(d11g)-t l = uZ uz- =: ]XI - IX- I , whence 

uZ - uz- = !X I - IX- I . So (Z-,X-) is a margi~al On-pair such that ~ 

meets g. Since nZ c i:iZ and pX .:. pX, argument-minimality of - (Z~X) 

implies that nZ - · = nZ. In particular, n(d11g) = ·nd, "·hence nd .:. ng. 

Since t is cen.tral, d is disjoint from t, whence u{d} = lrd-t' -
(k-1) ~ k - (k-1) = 1. So u (Z-{ d}) < u: = IX I; since t is feasible, .. 
Z - .{d} does not shade X, i.e .• rd n rX # ~- Since .' rd n rX ~ ng n rp ~ rg, 

~, ... , . 

_ assertion . i ·' is proved. 

-· .. · ii) F~r any int~rnal edge a of (Z ,X) in rg, consider a 

.. - : marginai On-pair (Z',X') such .that a E rZ'. By 5.1, (ZAZ 1 ,XAX 1 ) is a 

marginal On-pair. Since a E nZ O rZ' ~ r(ZAZ'), thus Z AZ' mee~s g. 
. . 

From ·n(Z_AZ'l~nZ _and p(XJ\X') ~ pX, ~rgument-minimalitr of (Z ,X) _ implies 

that n(.ZAZ.-') = nZ and p(XAX ') = pX. From the foT1I1er,· r(ZA:') = rZ and -.- --

. . so ·a ·I. nz ·- Uz; since a is internal in - (Z,X) thus a --E· rX. From the 

. . ·- .. . ~ .. 
1 •• • •• . : · ·• · . ,,-..;..; ', 

' - ... 
·,,, . · ·. ... .. . ; ~ - ... . ,, _ _,' ---.. :· .,\·_:, . , .... ,, 

• -- •• :· ;,_ .. -~·- -~ '~4 

... . -. 
........ .. . , ·- . 

.. •, 
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Jtattcr, 1·X • r(X/\X 1 ) ~ rX'. whence a E rX': pair (Z',X') is not :1 blocker 

of a. Indeed, a has no blocker in Dn. 

With 6.1, the proof of the Bi-transversal Theorem is complete. 

7. Remarks 

The. above proof docs not translate directly to a polynomial algorithm 

for finding T*. One that docs is given in [11]. lt builds a maximum 

packing T* for D from maximum packings T*p and T*n of transvcrsals 

of Dp and Dn, each of "{hich is found by an analog of the LovAs: 

algorithm [4] for disjoint branchings. 

A reduction to Hall's Theorem approach ~as used to prove the source-sink .. 
connected case of the directed cut packing minimax ~quality [9]. The Hall's 

TJ:leorem part of it was there treated by an alternating path approach that 

yielded a polynomial algorithm. This approach can be used also to relate 

Gupta's Theorem [3] to Hall's. 

Much of _this paper was written while the authors ,,ere visiting MIT. 
' . 

We thank Kleitman for the opportunity. This research "·as supported by a · 

- gran~ from the Natural Sciences and Engineering Research Council . of Canada . 
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