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: UIRECTED CUT TRANSVERSAL PACKING FOR SOURCE-SINK o

] 13

CONNECTED GRAPHS ‘ o

2, Feofiloff and D.H. Younger

Transversal Packing Conjecturc: For any finite directed graph, a maximum

packing of transverals of directed cuts is equal in cardinality to a

minimum directed .cut.

REamEsTl [&1 Yesteiles th7s as the Menger dual of the directed cut packing
v e enuEiis ounger [5]), Lovéasz [4]). This paper gives a
I+ proof of the Confecture for source-sink connected graphs, a proof that builds

the required packing of transversals one edge at a time, by maintaining a
Hall-like feasibility cgndition throughout the construction. A proof of thigs
case has been given by Schrijver [7] from a different point of view.

Let G be a finite graph with vertex set VG and edge set eG. The

coboundary operator 5 is a function that takes any subset X of VG  to

.. the set 68X of edges in G having one end in X and one end in VG-X.

" A coboundary in G is any set of edges that lies in the range of 5.

- . A directed graph is a graph in which each edge a 1is assigned a

“positive end (or tail) pa and a negative enc¢ (or head) na. A coboundary

.. X is directed if each edge in 6X has its positive end in X or if each.

= edge in 5X has its negative end in  X. A directed cut is a minimal non-

-‘-:null-difécted coboundary. Let C denote the collection of directed co-
" boundaries of directed graph 'G.‘

For a subcollection B of C; a transversal of B iéjﬁ subset of &G

“that‘has a nonnull intersection with each nonnull set in B. -In the statement

of the Conjecture, a transversal of C .is called a transversal of directed

Lo

.cuts. I
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: lnr nuy packing (= disjoint collection) of transversals of C and any
Lonnuil clcment d in C, |T] = |d]. This is elementary. The crux of the
anjccturc is that every gr;ph contains a pair T,d of equal size. That is,
if G is a k-transversal of C, then there is in eG a k-packing of trans-

versals of C. A k-transversal is a subset T of eG such that [rhd] z

for cach nonnull d in C. A k-packing is a disjoint collcction consisting

of k eclements. Following Seymour [12}, we say that transversal T of C

EEEE_ if for the largest 1nteger k such that r is a k-transversal of C,

there is a k-pack1ng T' of transversals of C such that UT ¢ r. In this
. terminology, the Conjecture translates to: For each directed graph G, eG

o is a transversal of C that packs. A natural generalization has been

formulated by Edmonds and Giles [2]:

Generalized Conjecture: Every transversal of C packs.

Séhrijver [6] has constructed a counterexample to the Generali:zed
Conjecture, but not to the basic Conjecture. The Generalized Conjecture is
true for source-sink connected graphs. A directed graph is source-sink |
connected if it is acyclic and each source is joined to each sink by 2 direcieé

path. A source is a vertex of invalence zero; a sink is a vertex of out-

valence zero. -

-

In this paper, we prove the source-sink connected case of the Generalized

" Conjecture in terms of side coboundaries of an arbitrary directed graph. We

now develop this formulation.

Arguments of a directed coboundéryv d are defined as follows, Let X
be a ‘minimal subset of VG such that d = 68X, where X contains the

posxt1ve end of each edge of d.- The Eos1t1ve (edge) arzument pd of d

is the set of edges of G with pos;tlve end in X. The negative argument



“ nd is defined dually. Here we refer to directional duality, which inter-

i

changes the positive and negative cnds of each cdge,
Let Dn be the collection of elements d in C such that either
d=p or pdNpc £ for cach nonnull element ¢ of C. Define Dp

dvally. The qbion D=DpUDn is the collection of side coboundaries of G.

Examplcs of side coboundaries are given in Figure 1.

Transversa® Packing Theorem: Every transversal of D packs.

Ot —— S . g S

ol This Theorem implies the source-sink connected case of the Generalized
e Conjecture, since in a source-sin% connected graph each directed coboundary
is a side coboundary, i.2., C = D.
_ Our first step in proving this Theorem is a reduction ‘to a Bi-transversal
Theorem. Let Sp be the collection of p-minimal (= miniﬁél positive

argument) elements of Dp - {p}. For subset t of eG, let tp denote

t N (Usp). Define Sn and tn dually. A bi-transversal of D 1is a set t

“of edges such that tp is a transversal of Dp and tn is a transversal of
" pn. A bi-transversal of D is, in'particular, a transversal of D. A bi-
- ;réﬁsversal r of D packs if,for the largest integer k such that T is-

-‘a k-bi-transversal of D, there is in T a k-packing of bi-transversals of D.

Bi-transversal Theorem: vaery bi-transversal of D packs.

.

~ . In éection 3, the Transversal Packing Theorem is reduced to the Bi-

Y¥ransversal Theorem.

. N

eSS v N P N '\'.

Qe - Propertles of Side Coboundar1es

The domain of the Theorem can be reduced easily to connected graphs

-

The follow1ng properties of the collection D = Dp U Dn of side coboundaries

LA of a connected graph are those used in thzs paper:



< Figure 1: Side coboundaries a in Dp, b in Sp,

¢ in Dn; directed coboundary d in C - D.
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J. P €Dn, where nfp=pp=p. If Dn contains a nonnull clement, so does Dp.
2. For 'd in Dn, nd N pd =d; if d 7§, then nd U pd = cG.
3. a) For ¢ in Dn,d in D, there exists an clement ¢ An d in Dn,

the n-mcct of ¢ and d, such that nf(c A d) = nc N nd; if

c An d # p, then p(c A d) = pc U pd.

b) For c¢,d in Dn, therc exists an element c o d in Dn, the
n-join of ¢ and d, such that n(c vn d) = nc U nd; if each of ¢
and d 1is nonnull, then p(c Vo d) = pc N pd.

4. For ¢ in Dn,d in D, if nc € nd, then nc - ¢ € nd - d.
The directional duals of the above also hold.

From properties 1 and 2, each side-coboundary.is the intersection of its
positive and negative arguments. By property 4, there is but one element of
Dn with a given negative argument. Dually for Dp. By properties 2 and 3,
c An d=cNndUdnne aﬁd, if ¢ and d are nonmull, ¢ vn d =
chn pd.h dn Pﬁ; if one of ¢ and d is null, then c¢ vn d- is equal to
the otﬁér. The n-join \4X of a subcollection X of Dn. is @ if X is
nul}l and is x vn\/(x-{x}.), x € X, if X isnonnull. The p-join is defined

dually. .

———— e n G ——— —

3. Reduction to the Bi-transversal Theorem _ -

‘We now prove the Trénsver;al Packing Theorem assuaing_the Bi-
“transversal Theorem. Let T~ -be a tran;versal of the collection D of
_'side coboundaries of directed graph G. We .interpret the case D = {p} as

safisfying the Theorem and assume hereafter that D contains a nonnﬁll

. element. Let k be the largest integer for which r is a k-transversal of _

D. 'Sincg r is a transversal of _d, k=1,

4 ™
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The basis of induction is the casc in which r -is a k-bi-transversal
of D. By the Bi-transversal Thcorcp, there is in r a k-packing of bi-truns-
versals of D. Each bi-transversal is a transversal and so the assertion holds.
Assumc as induction hypothesis that the assertion holds for every graph
G' and cvery.subsc; r' of eG' such that |r'| < |r| or |r'| = |r|

and |eG'| < |eG).

Case 1: For some edge a in r, r - {a} is a k-transversal of D.

By induction hypothesis,there is in 1 - {a} a k-packing of transversals

of D. This k-packing'satisfies the assertion for r and G.
Case 2: |rild| = k for some d in D - Sp U Sn.

Adjust noiation so that d € Dp. Let D' be the collection of side
coboundaries of the graph _d') where G; is obtained from G by
contraqting the edges of nd - d. Then D' = D'p U D'n, where

: ﬁ'p = {c€Dp:pcCpd} and D'n contains p and d and perhaps some other
coboundarigs not relevant here. Let D" be the collection of side |
coboundaries of the graph G" obtained from G by contracting the4édges of}
pd - d. Then D" = D"p U D"n, where D'p = {c€Dp:pchpd=ﬂ or pd} and
D"n = {béDn:nb<nd}. Nsw r'=rNpd and T" =11 né are k-transversals

'“'of‘ D' and D", respectively. Since d is, by hypoth;;is, not in Sp4 or

fSn,.each.of -|eG'l a;d keG"l is strictly smaller than |eG|. By

- -inductidn hypthgsis,:there is iq r' a k-packing T' of transversals of D’.

Likewise, there is in ™ a k-packing T of ;ranSVersals of D". Let T

be {t'Ut":t'€T',t"€T",t'Nd=t"Nd}. Since [rNd| = k, each edge of r N d

"¢ lies‘in eiactly one transversal pf ‘f'.-and in one transve}s;1 of T'. So
T i§ ﬁ.k-packing of Subsets'af r.'.We assert that each t in- T is a

.“trﬁnSQersal of D. fhi; is pro&ed, és.in [10],~%s follows. -

- . . L : NG -
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Bach t in T is of.thc form t=t'Ut"., Let a be any nonnull
clement of D, say in Dp. If a Ap d = p, then a € D"p and
tNas=t'Nagp If a Ap d # ﬂ,‘thcn a Ap d €D'p - {N and
a .vp d ¢ l)"p. - {p}, whence t N (a Apd) =t*'N (a /‘pd) £ 9 and
t N (a vpd) =t N (a vpd) # 9. From the modularity relation |
[t N (a Apd)! + Jtn (a vpd)| = |tna}+ ltnd|, since {tNdl =1, thus
tNa#p. So t is a transversal of Dp. Likewise, t is a trans?crsa!

of Dn, and thus of all of D. This casc is complete.

Case 3: |mMd| > k for each d in D -SpUSn, r=rpUrn, and 1 is

not a k-bi-transversal of D.

Adjust notation so that rn is not a k-transversal of Dn. There

exists a nonnull element a in Dn such that [raNal < k; adjust the

choice'of a so that it is m-minimal. Since IrNal| z k, there is an

e

edge B- in (rp-rn) N a. Now a, since it contains an edge of r - rn,

:does not lie in Sn. So there is an element a' in Dn such that

:na' € na - {B}. Adjust the choice of a' so that is is n-maximal. By the
choice of a, [rmNa'| =2 k. Let a be any edge in rm N a' - a. We then
have the followinz properties: for each ¢ in Dn such that c € nc,

" {a,B)} intersects c; fo; each d in Dp such that € pd, {a,8}
intersects d. ' e
- Let G' be the graph obtained from G by adding a new edge ¥y to G

-

“_ with negative na and positive end pB. Let D' =D'n UD'p be the

collectibﬂ_of side coboundaries of G'. Then D'n is the same as Dn

_except that Y 1is added to each ¢ in Dn_ such that a € nc. And D'p
" _is the ;ape“as Dp except that vy "is added to each d in Dp. such that
- B e€pd. Lét . r' = (r - {a,p}) U {y}. ~Since [rnd] 2k

'»gfor éﬁch“d: in D, with equality only for d in Sp U Sn, thus

¥
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[r'nd| 2 k for cach d in D', i.c., r' is a k-transversal of D'. Sincc
“1r'| < |r], by induction hypothesis "there is in T' 2 k-packing T' of
transversals of D'. Each clement of T' that does not contain ¢ is a
transversal of D. For the element t' of T' that contains v,
t = (t':{Y}) U {a,p} is a transversal of D. So T = (T*-{t'}) U {t} is a
k-packing in r of transversals of D. Again the assertion holds.
This completes the proof of the Transversal Packing Theorem under the

assumption of the Bi-transversal Theorcm.

4. Constructing bi-transversals onc edge at a time

In his proof of Edmonds Disjoint Branchings Theoren [1], Lovédsz. [4]
finds one branchipg that saves enough room in each cobound;ry fqr‘the remaining
k-1 branchings. Thisbfanching is constructed one edge at a time, by
successively adding a new edge emanating from the current partial branching.
The property requ1red of each new edge is that its choice leaves at least k 1

“edges unchosen in each coboundary. Our proof also uses this one edge at a

-~

time approach.

A subset t of eG is central in Dn if each coboundary d in Dn

that is disjoint from tn has nd disjoint from tn. Centrality in Dp 1is

defined dually. A subset t of eG is central if it is central in

~

in Dn and in Dp. Recall that tn=1tfl (U En). .
o For subset t of eG, the frontier f of t in Dn is the n-maximal

coboundary in Dn that is disjoint from tn.

RIS

4.1, Let t bea subset of eG Central in Dn and let ‘a _be an edge of

: the positive argument pf of the frontler f of t in Dn Then

'-

t U_{a}* is central in Dn. _ - b
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Proof: Assume that a € USn, clse the centrality of t U {a} follows from
t central. Let d be a coboundary in Dn disjoint from tn U {a}. Sincc -
t is central, nd is disjoint from tn. Since a € pf, thus a f nf - f.

By definition -of fronticr; nd ¢ nf, whence nd - d ¢ nf - £ and so 1 fnd - d,

" So nd is disjoiat from tn U {a}. The assertion follows.

A subcollection Z of Dn is n-disjoint if nc ind = p for ecach
distinct c,d in 2. In this case, the join \/E is an element of Dn
equal to the union. UZ, and n(UZ) = Und (de€2). Let nZ abbreviate
n(Uz).

We next define feasibility for a subset t of bi-transversal r.
Let. Z be an n-disjoint subcollection of Dn - {p} and % a p—disjoint

subcollection of Dp - {p}. Define (Z,X) to be a Dn-pair if rZ 31X,

~where 2 =m0 (UZ) and '¥X = rp N (UX). We verbalize rZ 2 rX as

Z shades X. Define function u on n-disjoint subcollections of

.Dn - {f} by uZ = |rZ-t| - (k-1)|Z|. A subset t of r is feasible in

‘Dn if every Dn-pair (Z,X) for which tp is disjoint from UX satisfies

uz = |X]. Incidentally, all Dn-pairs to be considered satisfy tp NUX = f: :

‘we take this conlition as understood. A Dp-pair and feasibility in Dp are

defiﬁqd dually. A subéet; t or r is feasible if’it_is feasible in Dn

.t

B

>

‘and in. Dp. - T

4.2. Let r be a k-bi-transversal of D. The null set is central
4 F L o .
and feasible. R . : LI .

Proof: Céntrality of the null set is immediate. For feasibility, consider”

" . any D-pair (Z,X), say a Dn-pair. Since rn is a k-transversal of Dn and

t is null, uz = |rz]- &-1]z] = k|2| - &-1)|2] = |z]. From T2 31X

-and rp ;_‘k'-transversal of Dp, |rZ| = |rX| = k[X], whereupon

- 7 <
- - B - i
—- ‘. . . -

e
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' and any Edge ¢ in r - i. t U {a} is feasible iff a has no blockg;

-9-
uz = |rz| - (k-1)]2| z k|X] - (k-1)uZ, and so uZ = [X].

For subsct t of r tha@ js central and feasible, an aupment of t
is any edge a of r-t such that t U {a} 1is also central and feasible.
The crux of the theory is that every central feasible subset of r that is
not a bi-transversal of D has an augment; - this is shown in Scction 6.
Given this, it follows that there is in r a feasible bi-transversal t
of D. This in turn implies that r-t is a (k-1)-bi-transversal of D.

To prdve the latter, consider any nonnull element d in D, say d € Dn.
.Then_ ({d}.9) is a Dntpai}, for whicﬁ, by t feasible,

0 = ufd} = [r{d}-t] - (k-1). Thus [r{d}-t| = |(zn-t)nd| = k - 1, whence
r -t is a (k-1)-bi-transversal of D.

The Bi-transversal Theorem is proved next. Let 1 be a k-bi-
transversal of D. We;uvcegdby induction on k. For Lk =1, the Theorem
is trivially true. Assume then that k = 2. Let t be a feasible.bi-
trans&qrsal of D in r. Since r -t is a (k-1)-bi-transversal, by induction
hypothesis there is in r-t a (k—i)-facking T' of bi-transversals of D.
Then T' U {t} is a k-packing in r of bi-transversals of D. The
Theorem follows by indhctidn.

There remains only the proof that a central feasible subset t of r

that is not a bi-transversal has an augment. Conditions on an edge c

e
LS

under which t U {a} is central are given in 4.1; conditions for feasibility -

‘are considered here. .For a in r-t, a Dn-pair (Z,X) (such that

tph UX = §) is a blocker of a in Dn if. uz = |X| and « € rZ - rX.

A blocker of a in Dp is defined dually. From this definition, it follows

that for any central feasible subset t of k-bi-transversal r of D

~
-

either in Dn or in Dp. . IR



S. Mcet and join

Let cach of Y and Z be an n-disjoint subcollection of bDn - {f},
Since an clement in Dn  is dctcrminc& by its necgative argument, 'Y =12
iff nY = nZ. The mect _Y AZ of Y and Z is the collection of all non-
null coboundaries of the forn ¢ Ad, ¢ €Y, d € Z. The join Yvz is |
the coliection of all coboundarics of the fo£m \Jk. where W is a minimal

nonnull subcollection of Y U Z that contains every clement of this union

that meets \/w.

More relevant to the proof are the following consequences of these

definitions.

5.1 i) Eachof YA Z and Y vZ is an n-disjoint subcollection of

Dn - {9}. -
ii) U(YAZ) =UY AUZ and U(YvZ) =UY vUZ
n(YAZ) = nY N nZ and n(YVZ) = nY U nZ.

iii) (Supermodularity) |[YAZ| + |YVZ| 2 |Y]| + |z].

~

Proof: Parts i and ii follow from fhe definitions of meet and join.
To prove pért iii , form graph B with bipartition (Y,Z), wlose edges
represent the pairs (c,d), c € Y, d € Z, such that ¢ meets d, i.e.,

cAd#p. Then |YVZ| is equal to the number of components of B. The

-

- T

asserted supermodularity relation translates to T

s leB] + # components B = |VB|, - Sl R

a simple fact about graphs.

" LI
. -

- As an abstraction from blocker, we define a Dn- or Dp-Paif 2, XY

"as marginal if uZ = |X|. I

e



5.2. Let t beafe

- -

asiblc subsct of k-bi-transversal r. 10 (Z,X%) and (2',X') are

marginal Da-pairs, then the neet (ZAZ',XAX') and join (ZvZ',XVX') are marginal Dn-pair:

Proof: 1. The meet and join are Dn-pairs.

Since rX ¢ rZ and r{' ¢ r2°, thus rX and rX' arc subscts of rp N1 rn:

r(XAX') = ™n N p(XAX') = IX N rX' € 12 N rZ' € T(2AZ'),

(4
i.e., Z AZ' shades X A X'. Likewise,
r(XvX') = rX U rX' € 1p N (rzUrz') c r(zvZ').
) s 2. The u function is submodular.
For 2,z' in Dn,
z2Aaz2'Nzvz'=2zNz2
zAz'Uzv:t=2U2".
Set z = Uz and z' = UZ' and intersect each.with rn:
r(zAz') N r(zv2') = 1Z N 12’
r(2AZ') U r(zvi') = rZ Urz'.
Restrict each equivalence to its edges not in t and add cardinalities:
Jr@AZ)-t] + |r@vzn)-t] = |rz-t] ¢ frztet]l -
-Subtract k-1 times the supermodularity relation 5.1iii to get the sub-
S modularity relation for u: .
. - u(ZAZ') + u(zvi') =uZ + ul'. .
o ' ) .

8. The meet and join are_marginal. S . Ty o

From the éupe:modularity relation 5.1iii , feasibility conditions, and sub-



)2 -

modularity of 'u,

Ixaxt] ¢ x| ]

Cx] e X =
< u(ZAZ') + u(zZvZ')
S uZ + u2'

[x] -+ |x].
So |XAX'| = u(zaz') and |[XvX'| = u(zvZi').

6. Augment Lemma

Augment Lemma: Let t be a central feasible subset of k-bi-transversal

r of D, If t is not a bi-transversal of D, then t has an

augment.

Proof: By hypothesis, tn is not a transversal of Dn, or we can arrange

- that to be the case by exchaﬁging p for n. Thus the frontier f of t

" marginal Dp-pair such that X A {a} = P; the null pair is one such.

. 1:(Z,XU{5}) would be a Dp-pair that violates fgasibiliiy. Our first

&

in Dn is nonnull. Extending our previous convention, let rd denote
‘rn Nd if d €Dn and rpNd if d € Dp. For any edge « in rf,

t U {a} is central in bn by 4.1; it is also central in Dp. Thus it is
.suf%icient to show that some edge of rf has no blocker. Consider an n-

" minimal element_.a of Dn - {p} such that ra ¢ rf. Let (I,X) bea

Adjust the choice of (Z,X) so that pZ is maximal. Now ra ¢ rZ, else

" . candidate for augment of t is any edge a in Ta - rZ.

z?Edgé_ a has no . blocker in Dp. For consider any marginal Dp-pair

(2',X")" such that a« € rZ'. By 5.2, (ZvZ',X\X') Tis a marginal Dp-pair.

~Since. a €-(rz'-rZ) N mm c pZ' - pZ = p(ZvZ') - pZ, maximality of pZ - implies
gy < P P P

2 fhat ;ﬁXVX') A {a} £Pp. Since X A {a} = p, thus X' A {a} # 0. From

oo
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r(X'Afa}) ¢ ra, there follows na ¢ nX', by n-minimality of a. Since

a € r2' ¢ rp, thus a € rX". So (Z',X') is not a blocker of a,.
Indced, @ has no blocker in Dp.

| We say that an n-disjoint subcollection Z bf Dn mcets coboundary
d in Dn if Z A_(d} f p. A Dn-pair (Z,X) with a given property is

argument-minimal with that property if every Dn-pair (2',X') satisfying

the given property and n2' ¢ nZ and pX' C pX satisfies nIZ' = nl and

pX' = pX. An intemnal edge of Dn-pair (Z,X) 1is any edge of

rn N (nZ-U2) U xX,

| Returning to the.pxoof, the only alternative to a an augment is that
ithave a blocker in Dn. This is then a marginal Dn-pair (zl,xl) such that
Z. meets f. Adjust (Z,,X;) so that it is-an argument -minimal marginal

1

Dn-pair such that 21 meets f. Our second candidate for augment is any

internal edge B of (Zl,Xi) in rf. The existence of B 1is established
in part i of the following proposition, with- f in the role of g and

(2,,X,) in the role of @,X).

6.1. Let g be an element of Dn disjoint from tn. Let (Z,X) be an

argument-minimal marginal Dn-pair such that Z meets g.
i) There is an internal edge of (Z2,X} in rg; 00

-4i) 'Each such edge has no blocker in Dn.

i- The proof of 6.1 is-given after the main argument is complete.
‘By part ii of 6.1, B has no blocker in Dn. The only alternative to @

an augment is that it have a blocker in° Dp, which can happen only if § € rxl.

— - - -

This blocker is a marginal Dp-pair (,,X,) such that "2, meets X.

. .

Adjust \(zz,xz) so that it is an argument-minimal marginal-bp-pair such that

22 meets xl} Now er is an element of Dp  disjoint from .tp; by the dual -

bal ]
L]
Ky



. uz -uz” = |X| - |X7]. Se (27,X7) is a marginal Dn-pair such that I

" that ﬁ(ZAZf) = nZ and p(XAX') = pX. From the former, r(2AZ') = rZ and

= 4 -

of 6.li‘.~wjtﬁ le in the role of g and (zz.xz) in the role of (2,X),
there is an internal edge y of (ZZ.XZ) in rx’. This is our third
candidate for augment. It has no blocker in Dp, by 6.1ii(dual). Nor docs
y have a blocker in Dn: this follows from our previous appeal to 6.1 by
opscrv{ng that y is an internal edgc of (zl.xl) in rf. So ¥y is.an

augment of t.
The proof of the Augment Lemma-is complete, except for 6.1.

‘Proof of 6.1;: i) Let d be a coboundary in 2 that mects g. Consider

the Dn-pair (Z7,X"), where Z = (Z-{d}) U {dag} and X is the

-

collection of coboundaries in X that 2z~ shades. Since
r(dAé) =rd N ng Urg N nd, thus either nd - d in;ersects rg, in which
case the assertion holds directly, or r(drag) € rd. In the latter case,
IX] - |X7| = |rd-t] - |r(dag)-t| = uZ - uz” = |X| - [X7|, whence
meets g. Since nZ € nZ and pX~ g_ﬁx, argument-minimality of - (Z,X)
implies that nZz~ = nZ. In particular, n(dAag) = nd, whence nd < ng.
Since t is central, d is disjoint from t, whence u{d} = [rd-t' -
tk—l] =k - (k-ls =1. So u(z-{d}) <uZ = |X|; since t is feasible,
z - {Q} @oes not shade k, i.E;, rd N rX # Pp. Since rdN rX ¢ ng N rp € rg,
_assertioﬂ i is proved. \

ii) For any internal edge a of (Z,X) in re (cehsidir
marginal Dn-pair (2',X') such ‘that a € r2'. By 5.2, (ZAZ",X/\X‘) is a

marginal Dn-pair. Since a € nZ N r2' € r(2AZ'), thus Z A Z' meets g.

From‘ n(ZAZ') E_hZ and p(XaAX') £ pX, argument-minimality of (2.,X) implies_ :

—

B

so__avt nZ - UZ; since a is internal in (Z,X) thus a-€ rX. From the
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Jatter, rX = r(XAX') ¢ rX', whence a € rX': pair (2',X') is not a blocker

of a. Indeed, a has no blocker in_ Dn.

With 6.1, the proof of the Bi-transversal Thcorem is complete.

7. - Remarks

Thc.above'proof does not translate directly to a polynomial algorithm
for finding T*. Onc that does is given in [11]. It builds a maximum
packing T* for D from maximum péckings T*p and T*n of transversals
of Dp‘ and Dn, each of which is found by én analog of the Lovis:
algorithm [4] for disjoint branchings.

A reduction to Hall's Theorem approach was used to prove the 5?u§ce-sink.
.connegted case of the directed cut packing mipimax*equality 19]. The Hall's
Theorem part of it was there treated by an alternating path approach that
yielded a polynomial algorithm. This approach can be used also to relate
Gupta's Theorem [3] to Hall's.

Much of this paper was written while the authors were visiting MIT.

We thank Kleitman for the opportunity. This research was supported by a-

grant from the Natural Sciences and Engineering Research Council of Canada.
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