





this means that an element of finite order of Uy (ZG) is trivial; i.e., it belongs
to G. Tn the non-commutative setting H.J. Zassenhaus [30] has formulated
a conjecture that extends the result above: if z € U1 (ZG) is an element of
finite order then there exists a unit v € QG such that u~'zu € G. When
such a unit exists, we say that z is rationally conjugate to an element of G.
This conjecture is denoted (ZC1) in [26] and we shall keep this notation. A
stronger version of this conjecture, denoted (ZC3) states that the same is
true for finite subgroups of UI(ZG).; i.e., if # is a finite subgroup of Ui (ZG)

then H is rationally conjugate to a subgroup of G.

On of the firsts positive results on (ZC1) was given by A.K. Bhandari
and LS. Luthar in [1] for some special families of metacyclic groups. It is
known that (ZC3) holds for finite nilpotent groups (see A. Weiss [28], [29)
and also [23], [26]) and for split metacyclic groups (see C. Polcino Milies,
J. Ritter and S.K. Sehgal [22] and A. Valenti [27]). An analogue of this
conjecture in the case of integral altemative loop rings has been established

in [7), [8]-

K.W. Roggenkamp and L. Scott were the firsts to exibit a counterexam-
ple to (ZC3) (see L. Klinger [16]). However, there are no known examples
of either a cyclic subgroup or a p-subgroup in U1(ZG) which are not ra-
tionally conjugate to a subgroup in G. Also, somewhat weaker statements
of the conjecture hold for large families of finite or infinite groups (see [2],

(4], [6], [11], [12], [24], [17] and [20]). In view of these facts, we consider the



following p-subgroup version of the Conjecture of Zassenhaus.

(p-ZC8) Let # be a finite p-subgroup of U\(ZG). Then, there
exists a unit v € QG such that yw—'Hu C G.

In particular, if (p-ZC3) is true for a group G, then any Sylow p-
subgroup of U1 (ZG) is rationally conjugate to a subgroup of G. Conjugation
of those Sylow p-subgroups which can be imbedded in group bases was
investigated in [14] and [15] (see also [24]). The validity of (P-ZC3) has
been established in (5] for nilpotent-by-nilpotent groups, for solvable groups
in which any Sylow p-subgroup is either abelian or a generalized quaternion
group, for solvable Frobenius groups and for solvable groups whose orders

are not divisible by the fourth power of any prime rational number.

The goal of this paper is to study (p-ZC3) for Frobenius groups. In so
doing, we shall also prove (ZC3) for some particular groups which appear
naturally as intermediate steps in the proof of our main result. In section §2
we state some known results that shall be needed in the sequel. Then, we
prove (ZC3) for As, SL(2,5) and Sj in sections §3, §4 and §5 respectively.
We use these results in section §6 to establish (p-ZC3) with p > 2 for
Frobenius groups and also (2-ZC3) for Frobenius groups which do not have

S5 as a homomorphic image.



2 Preliminary results

Let N be a normal subgroup of a group G, set G = G/N and let ¢ : ZG —
Z(G/N) be the natural map. We recall the following results.

Theorem 2.1 ([5, Theorem 2.2]) Let H be a finite subgroup of UW\(ZG)
such that (|H],|N]) =1 and let G be a subgroup of G with (I1Gol,IND = 1.
Then, H is rationally conjugate to Go if and only if @(H) is conjugate to
»(Go) in QG.

We immediately get the following.

Corollary 2.2 ([5, Corollary 2.3]) Suppose that (ZC3) holds for the factor
group G/N. Then, any finite subgroup H C Up (ZG) whose order is relatively

prime to the order of N is rationally conjugate to a subgroup of G.
The next result is crucial for our study of Frobenius groups.

Corollary 2.3 ([5, Corolary 2.4]) Let G be an exiension of a nilpotent group
N by a group X which satisfies (p-ZC3). If the orders of N and X are

relatively prime, then G also satisfies (p-ZC3).

The following result is a modification of Lemma 37.6 of [26] and can be

found in [5] as Lemma 2.6 which we state in a slightly more general form.

Lemma 2.4 Let Hy and M, be finite subgroups of Ui (ZG) and let
¢ : H1 = Ha be an epimorphism. If x(h) = x(@(R)) for all irreducible
complez characters x of G, then H is conjugate to H in QG. In particular,

@ i3 an isomorphism.



Corollary 2.5 Let H be a finite subgroup of U\(ZG) and suppose that
¢:H = G is a homomorphism such that h is conjugate to p(h) in QG, for

all h € H. Then, H and p(#) are rationally conjugate.

Proof. Clearly, ¢ is a homomorphism which preserves characters so one

can apply Lemma 2.4. (9]

For briefness, a homomorphism which satisfies the assumption of Corol-
lary 2.5 shall be called conjugation-like.
For an element & = ¥ a(g)g € ZG we put a(g) = ¥ oafh) where C,
9€G heC,
is the conjugacy class of g € G. We say that a € ZG has the unique trace

property if there exists an element g € @, unique up to conjugacy, such that

a(g) #0.

3 The Zassenhaus conjecture for Ag

It is well-known that Aj, the alternating group on 5 letters, is a simple group

of order 60 and that its conjugacy classes are as determined in the following

table.
orders of elements | 1 2 3 5 5
class representatives | 1] (12)(34) [ (123)[ (1234 5)[(12345)

Table 1

Part (i) of the following result is well-known. We include a proof for the

sake of completeness.



Lemma 3.1 (i) The non-cyclic proper subgroups of As, up to isomorphisms,
are: the Klein four group, the dihedral groups of orders 6 and 10 and the
alternating group As.

(ii) U1(ZAs) has no subgroups of orders 15, 20 aend 30.

Proof. First we show that neither As nor Uy(ZAs) has subgroups of order
15, 20 and 30. In fact, according to [26, Proposition 1.9] the order of a
torsion unit in ZG must be equal to the order of an element in G; therefore,
Uy(ZAs) has no elements of orders 4,10 and 15. So it suffices to observe
that a group of order 15 or 30 contains an element of order 15 and that there

are no groups of order 20 without elements of orders 4 and 10 (see {3, Table

1]).

Also by [3, Table 1] there are three nonabelian groups of order 12: Dg, A4
and < 2,2,3 >=< S5, T | §* = T? = (ST)2 =1 >. It is easy to see that §
is an element of order 6 in < 2,2,3 > so both Dg and < 2,2,3 > contain
elements of order 6 while As does not. Finally, we note that, according to
{3, Table 1], the only non-abelian groups of orders 6 and 10 respectively
are the dihedral ones and that the subgroups < (1 2 3), (1 2)(4 5) > and

<(12345), (14)(23) > are precisely groups of these types. a

Theorem 3.2 The Zassenhaus conjecture (ZC3) holds for Ag

Proof. We recall that 1.S. Luthar and I.B.S. Passi have shown in [18]
that (ZC1) holds for As, so cyclic subgroups of Uy(ZAs) are rationally

conjugate to subgroups in As.



Let # be a non-cyclic subgroup of Uy(7ZLAs) and assume first that 5 does
not divide the order of #{. We claim that A5 contains a subgroup isomorphic
to M. This is clear if [#| = 4 or 6, so let |H| = 12. It follows from (ZC1)
that # has no elements of order 6, therefore, H = A, (3, Table 1]. Thus, Ag

contains a subgroup Gy which is an isomorphic copy of .

By (ZC1) we know that every element h € H is rationally conjugate to
an element in A5 and Table 1 shows that this element, in turn, is conjugate in
As to the image of h under the isomorphism H — Gy. Hence, Corollary 2.5

shows that # is rationally conjugate to Go-

Now, assume that 5 divides |#|. By (ii) of Lemma 3.1 IH] # 15, 20, 30.
Let [H]| = 10. By [3, Table 1}, up to isomorphisms, the only nonabelian
group of order 10 is Ds, so there exists an isomorphism ¢ : H — Gy C A;.
Table 1 shows that ¢ is conjugation-like on elements of order 2. Notice
that conjugation by (2 3 5 4) induces an automorphism 8 of Ag such that
6(1 23 45)=(12345)2 Soifeisnot conjugation-like, then there
exists an element h € H, of order 5, such that w(h) = (123 45) and
h~(12345)?in QAs. In this case clearly @ o ¢ is conjugation-like.
Consequently, Corollary 2.5 again implies that # is rationally conjugate to

Go.

Finally, since both the isomorphism problem and the automorphism
problem have a possitive answer for A5 (see [25, Theorem 4.2 and [26,

Theorem 43.7]), we get that if |}| = 60 then # is conjugate to Aj in QAs.



4 The Zassenhaus conjecture for SL(2,5)

Set G = SL(2,5). It is wellknown that the center Z(G) of G is cyclic
of order 2, that G/Z(G) = As and that the Sylow 2-subgroups of G are
quaternion groups of order 8 (see, for example, [21]). Let N = Z(G) = {1,2}
and let ¢ : ZG — Z(G/N) denote the natural map. It follows from (28,

Theorems 45.11 and 47.3] that z is the unique element of order 2 in U (ZG).

Lemma 4.1 (i) Let g1,92 € G and o(g1) = o(g2). Then g1 ~ g2 in G if

and only if P(q1) ~ ¥(gz2) in G/N.

(i%) The orders of the noncyclic proper subgroups of G are 8, 12, 20 and
24.
(iii) The orders of the noncyclic finite subgroups of Uy(ZG) are 8, 12,

20, 24 and 120.

Proof. (i) Let g1,92 € G be such that ¥(g1) and v(g2) are conjugate in
G/N. Assume first that o(g1) = o(g2) is odd. We have that z7 g1z = g22™
for some z € G and z™ € {1, z}, but the condition on the orders implies that
z™ = 1. Tt is easy to see that the statement is also true for elements of the
form gy z and gyz with g1, g2 of the same odd order. Finally, if o(g;) = 4, then
9 ~ 97 ! = giz,i = 1,2, as G has quaternion Sylow 2-subgroups. Hence, G

has a single conjugacy class of elements of order 4.



(ii) Since Z(G) is the unique subgroup of G of order 2, it is easy to see
that a subgroup Gy of G is cyclic if and only if ¥(Gy) is cyclic. Moreover,
since all subgroups in G of odd orders are cyclic, applying ¢ we get a one-to-
one correspondence between the noncyclic subgroups of G and the noncyclic

subgroups of As. The statement now follows from (i) of Lemma 3.1.

(iii) According to [26, Lemma 37.3] the order of a finite subgroup in
U\ (ZG) must divide |G|. Hence, all subgroups of U, (ZG) of odd orders are
cyclic. Since z is the unique unit of order 2 in U\(ZG), apllying ¢ we get, as
above, a one-to-one correspondence between the noncyclic finite subgroups
of U)(ZG) and the noncyclic finite subgroups of Uy (ZAgs). Theorem 3.2

now implies the statement. a

Let a,c,d be elements of G of orders 4, 3 and 5 respectively. It follows
from (i) of Lemma 4.1 that the conjugacy classes of G are as determined in

the following table.

o
(=3
(-]

orders of elements [ 1[2]3 10| 10
class representatives § 1 [z | c[a[d|d? | ez | dz | &%z

Proposition 4.2 (ZC1) holds for SL(2,5).

Proof. By Corollary 2.2 and Theorem 3.2 a torsion unit of odd order of
U, (ZG) is rationally conjugate to an element of G. Since z is the only unit

of order 2 in Uy (ZG), the statement is also true for units of mixed orders.



Finally, let « be a unit of U1(ZG) of order 4; set 8 = v(a) and § = ¥(g)
for g € G. By (i) of Lemma 4.1 we have that &(g) = B(g) if g has order 4.
Moreover, by [26, Lemma 38.11] G(g) = 0if o(g) € {3,5,6,10} and f(3) =0
if o(F) = 3 or 5. Consequently, G(g) = B(g) for all g € G. Therefore,
since (ZC1) holds for G/N it follows that every element of < o > has the
unique trace property. Hence, Lemma 41.5 of [26] implies that « is rationally

conjugate to an element of G. ]
Theorem 4.8 The Zassenhaus conjecture (ZC3) holds for SL(2,5).

Proof. Let H be a finite subgroup of U;(ZG). By Proposition 4.2 we
may suppose that H is not cyclic. Hence (%) is also not cyclic (see the
proof of (iii) in Lemma 4.1). Suppose that 5 does not divide |#{|. We show

first that # is isomorphic to a subgroup of G.

This is clear in the case when [H| = 8 as U1 (ZG) has only one unit of
order 2. If |H| = 12 then $(H) is dihedral of order 6. It is easy to see
that M is isomorphic to < 2,2,3 > [3, table 1]. Similarly, a subgroup Gy
of order 12 of G is also isomorphic to < 2,2,3 >. Let || = 24. It follows
from Theorem 3.2 that H/ < z >= A4. H does not have a subgroup of
order 12 as A4 does not have a subgroup of order 6. By [3, p.69] # is the
Binary Tetrahedral Group. Also, a subgroup Go of order 24 of G has to be

isomorphic to the Binary Tetrahedral Group.

Let ¢ : # — Gy be any isomorphism. If g € G then G has only one

conjugacy class of elements of order o(g) . Hence, by Proposition 4.2, ¢ is
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conjugation-like and Corollary 2.5 implies that % and G are conjugate in
QG.

Suppose now that 5 divides [#|. Since (ZC3) holds for G/N (Theo-
rem 3.2), it follows that (%) is either dihedral of order 10 or isomorphic
to As. Thus [H] = 20 or 120. Let [H| = 20. Up to isomorphims there are
3 nonabelian groups of order 20 (3, Table 1}; namely, the dihedral group,
the K-metacyclic group and the group < 2,2,5 >. The first two groups
contain more then one element of order 2 (3, p.11]; hence, H is isomorphic
t0 < 2,2,5 >, as z is the unique element of order 2 in #H. A similar argument
shows that a subgroup Gy of order 20 in G is isomorphic to < 2,2,5 >. If
|#| = 120 then # is nonsolvable with quaternion Sylow 2-subgroups and by
{21, p.122] H must be isomorphic to SL(2,5). Thus, in both cases there is

an isomorphism ¢ : H = Go C G.

We want to show that, if necessary, we can modify ¢ in such a way that

it becomes conjugation-like.

Let G, be the covering group of Sy with generalized quaternion Sylow
2-subgroups. Then SL(2,5) is a subgroup of index 2 in G, N =< z >=
Z(G)) and Gy/ < z >= S;. In the case when |H| = 20 we suppose that
%(Go) =< (123 4 5),(1 4)(2 3) > (Clearly, in the case |H| = 120 we have
Go = G). Let u be an element of G; such that its image in Sy is (2 3 5 4).
Let C, be the conjugacy class of g in G. Then by (i) of Lemma 4.1 we see

that conjugation by u induces an automorphism 8 of G such that

11



0(Go) = Go, 8(Ca) =Cp =Cp, 8(Cra) =Coan

and

0(Cy) =C, if olg) #5 or o(g) # 10.

It follows from the knowledge of the conjugacy classes of G (see Table
2) and Proposition 4.2 that ¢ is conjugation-like on elements whose orders
are not divisible by 5. Moreover, if d is an element of order 5 in H and ¢ is
not conjugation-like, then ¢(dy) and d) are not conjugate in U(QG). Hence
o(d1) ~ d} and p(zd1) ~ zd? in QG. Now it is easy to see that (ZC1) for

G implies that 0o : H = Go is conjugation-like.

Thus, we can suppose that ¢(h) ~ h in U(QG) for all h € H and it

follows from Corollary 2.5 that H and G are rationally conjugate. o
5 The Zassenhaus conjecture for Ss

We recall that (ZC1) has been proved for S5 in [19}).

Theorem 5.1 The Zassenhaus conjecture (ZC3) holds for Ss.

Proof. Set G = Ss. Let H be a finite subgroup of UI(ZG) and let

Ho = HN (1 + A(G, 4s))-

12



Clearly, [H : Ho] < 2. As (ZC1) holds for S5, every element of H is
rationally conjugate to an element of 5. Moreover, it is easy to see that
each element of #, is conjugate in U(QG) to an element of As. We know
that S5 has an absolutely irreducible representation I' : G — GL(4,Q) with

the following character x:

11(12)((12)34) [ (123)[(123)(45)[(1234)|(12345)
x4] 2 0 1 -1 0 -1

Table 3

(see (10, p. 349)).

Since a group of order 15 or 30 has an element of order 15, we see that
jH| # 15,30. If X is abeliuu we may suppose that # is not cyclic and choose
a matrix X € GL(4,C) such that X ="M X consists of diagonal matrices in
GL(4,C).

According to Corollary 2.5 it suffices to find a homomorphism ¢ : H =+ G

which is conjugation-like .

Case 1: H =< u,v > is isomorphic to the Klein four group. If % = #,
then h ~ (1 2)(3 4) in QG for all 1 # A € H and, consequently, u —
(1 2)(3 4),v — (1 3)(2 4) defines a monomorphism which is conjugation-
like. If # # Hyp, we can choose the generators u and v such that u € H,
and v ¢ Ho. By (ZC1), u ~ (1 2)(3 4) and v ~ (1 2) in QG. Hence,

u — (1 2)(3 4),v = (1 2) gives a monomorphism which is conjugation-like.

13



Thus in both cases H is rationally conjugate to a subgroup of G.

Case 2: The order of H is 6. Since H is not cyclic, H is isomorphic to

S3. Let H =< u,v > with u® = v? = 1. By (ZC1) u ~ (123) in QG. Put

(12) ifv~(12)inQG,

u—(123)v— { (12)(45) ifv~(12)(45)in QG.

It is easy to see that we get a monomorphism which is conjugation-like.

Case 3: The order of H is 8. Suppose that H =< v > x < v >
where o(u) = 4 and o(v) = 2. By (ZC1) wv ~u ~ (123 4) in QG
and x(uv) = x(u) = x[(1 2 3 4)] = 0. As As does not contain elements
of order 4, u & Ho. Consequently, [H : Ho] = 2 and we may suppose
that v € Ho. Since x(u?) = 0, we can choose a X € GL(4,C) such that
X-'T(u)X = diag(i,—i,1,~1). We have x(v) =0as v~ (12)(34) in QG.
Hence, since x(uv) = 0 and X"'T['(v)X # X 'T(4?)X = diag(-1,-1,1,1),
we obtain that X~'T'()X = diag(1,1,~1,~1). Then X~ 'T(u*v)X =

2

disg(~1,-1,-1,-1) and x(u?v) = —4 which is impossible as u®v is ra-

tionally conjugate to an element of G.

Let H=<u>x<v>x<w>wherew? =2 =uw?=1L Ifl H = H,,
then x(h) = O for all 1 # h € Hp and it is easy to check that X-IT(H)X
contains diag(—1,~1,—1,—1), a contradiction. Thus, [} : Hg] = 2 and
we can assume that u,v € Ho,w € Ho. By (ZC1) we can see that for
every 1 # h € H we have x(h) = 0, or 2. We can choose X such that

X-'M(u)X = diag(1,1,-1,-1). If X"'['(v)X = diag(-1,-1,1,1), then

14



X~'T(uw)X = diag(~1,—1,~1,-1), contradicting the fact that y(uv) =
0. Thus, we may suppose that X~ 'T(v)X = diag(1,~1,1,—1). Then
X~'T(w)X = diag(1,1,1,-1) because otherwise y(uw) = —2 or x(vw) =
—2 which is not possible. But then X~ 'T'(uvw)X = diag(1,-1,~1,—1) and

x(vvw) = -2, a contradiction.

If #H is quaternion of order 8 then M has six =lements of order 4 which
are rationally conjugate to (1 2 3 4) by (ZC1). This is impossible as
[H : Ho] < 2 and Hy does not contain elements of order 4. Thus # must
be dihedral. Since # contains elements of order 4, [H : o] = 2 and we can
choose the generators u,v of G such that u! = v2 =1 and v ~ (1 2)(3 4)
in QG. Tt is easy to check that u — (1 2 3 4),v = (1 2)(3 4) defines an
isomorphism H — G =< (1 2 3 4),(1 2)(3 4) > which is conjugation-like

and, consequently, # and Gy are conjugate in QG.

Case 4: The order of H is 10. By {3, Table 1] H is dihedral. Let X =
< u,v > withu® =92 = 1. By (ZC1) u~ (1 2345) in QG. We have
that u ¢ Hg and we can choose v such that v € Hy. Hence v is rationally
conjugate to (1 4)(2 3) and it is easy to check that u = (123 4 5),v =
(1 4)(2 3) defines an isomorphism H — Gp =< (1 2 3 4 5),(1 4)(2 3) >

which is conjugation-like. Consequently, # and Gy are conjugate in QG.

Case 5: The order of # is 12. If H is abelian, then H =< u > x <v >
where u? = 1,0® = 1. Since A5 has no elements of order 6, it follows

from (ZC1) that Hg has no elements of order 6. Hence v, uv, uv? ¢ 7, a

15



contradiction with [H : Ho] < 2. Thus H is not abelian and by [3, Table 1],

up to isomorphisms, A is either Dg, < 2,2,3 >, or 44.

3 1

Let H =< 2,2,3 >. Then H =< u,v > where wW=11=uvluv=
u~l. Since As has no elements of orders 6 nor 4, (ZC1) implies that

u,v,uv ¢ Hg, a contradiction with [H : Ho) < 2.

Let H be dihedral. Then H =< u,v > where u® = v2 =1 and v™luv =
u~!. By (ZC1) u~ (123)(4 5) and v ~ (1 2) or v ~ (1 2)(4 5) in QG. Put

12) if v~ (12) in QG,
SRR v { (12)(45) ifv~(12)45)in QG.
It is easy to see that we get a monomorphism # — G which is conjugation-

like and therefore, H is rationally conjugate to a subgroup of G.

Finally, let H 2 A4. Since A4 does not have a subgroup of index 2,
H = Hy. Hence, (ZC1) implies that every non-identity element of H is
rationally conjugate to (1 2)(3 4) or (1 2 3). Therefore, every isomorphism
H = Ay =< (123),(1 2)(3 4) > is conjugation-like and, consequently, H

and A4 are conjugate in QG.

Case G: The order of H is 20. The only group of order 20 without
elements of order 10 is the K-metacyclic group (see [3, Table 1 and §1.8}).
Hence H =< u,v > where u® = v* = 1 and v~luv = u®. By (ZC1),
u~ (12345 andv ~ (235 4)in QG. It is easy to check that
u = (12345),v - (235 4) defines a monomorphism which is conjugation-

like; therefore, X and Go =< (1 2 3 4 5), (2 3 5 4) > are rationally conjugate.
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Case 7: The order of H is 24. By Case 3 the Sylow 2-subgroups of H
are dihedral. Hence, # has an element of order 4. As A5 has no elements of
order 4, H 3 Hy and |H| = 12. Moreover, since #g has no elements of order
6, Mo is isomorphic to A4. Consequently, the largest normal 2'-subgroup of
# is trivial and [9, p.462] implies that H & PGL(2,3) = S, (see also 3,

p.96)).

Let v : H — Sy =< (1234),(1 2) >C Ss be an arbitrary isomorphism.
We want to show that ¢ is conjugation-like. By Case 5, ¢ is conjugation-
like on Ho. Take h € H,h € Ho. Since Ss has only one conjugacy class of
elements of order 4, we may assume that h has order 2. As k ¢ H,, (ZC1)
implies that h is rationally conjugate to an odd permutation of Ss5. Since
w(Ho) = A4, ¢(h) is also odd. It follows that  is conjugation-like and,

consequently, #{ and S, are conjugate in QG.

Case 8: The order of H is 40. We shall show that this case does not
occur. If O(#), the largest normal 2'-subgroup of H is the identity then, by
{9, p-462), PSL(2,p") C H for some odd prime p. Thus, |H| = 40 implies
that p = 5,n = 1 and, consequently, |[PSL(2,5)| = 60 is a divisor of 40,
which is impossible. Therefore, O(H) # 1 and H =2 CsxDy. Tt is easy to
see that the centralizer of Cs in D4 is not identity so # has an element of

order 10, a contradiction.
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Case 9: The order of % is 60. Then # is not solvable as by Hall’s theorem
a solvable group of order 60 contains an element of order 15. Hence, H is
isomorphic to As and H = Ho. It follows from (ZC1) that every element of
H is rationally conjugate to an even permutation. Let ¢ : H — As C S5 be
an isomorphism. According to Table 1 we only need to worry about elements
of order 5. The conjugation by (2 4 5 3) € Ss induces an automorphism ¥
of Ag such that ¥(12345) = (1234 5)% Hence, if ¢(h) is not rationally
conjugate to h for some element h € H of order 5, then pop : H = A5 C Ss

is conjugation-like and, consequently, H and As C Sy are conjugate in QG.

Case 10: |H| = |G|- Since both the isomorphism problem and the
automorphism problem are positive for Ss (see [26, Theorem 43.6] and [25,

Theorem 4.3]), H and G are rationally conjugate. a

6 The Frobenius Groups

Theorem 6.1 Let G be a Frobenius group. Then
(i) G satisfies (p-ZC3) if p > 2.
(ii) G satisfies (2-ZC3) if G can not be mapped homomorphically onto

Ss.

Proof. In view of (5, Corollary 5.2] we may suppose that G is not solvable.
By [9, pp. 38, 339] G is the semidirect product of a normal nilpotent sub-

group N (the Frobenius kernel) by a group X (the Frobenius complement)
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of order relatively prime to |N|. According to Corollary 2.3, it is sufficient

to prove (p-ZC3) for X.

We know by Zassenhaus’ Theorem [21, p.204] that a nonsolvable Frobe-
nius complement X contains a subgroup Xp with [X: Xo] £2and Xo =
SL(2,5) x M where M is a metacyclic group whose Sylow subgroups are
cyclic and [M] is prime to 2, 3 and 5. Moreover, the Sylow 2-subgroups of
X are generalized quaternion groups (21, p.194]. It is easy to see that the
Sylow subgroups of X/SL(2, 5) are cyclic and, consequently, by [5, Theorem
5.1] we have that X/SL(2,5) also satisfies (p-ZC3). Hence, if p > 5, the

result follows from Theorem 2.1.

Let p < 5. If X = Xp then X/M 2 SL(2,5) and since p does not
divide |[M| we are done by Corollary 2.2 and Theorem 4.3. Let X # X,
and set Y = X/M. Then Y has generalized quaternion Sylow 2-subgroups
and, up to isomorphisms, SL(2,5) is a subgroup of index 2 in Y. Since
SL(2,5)/N = As, where N = {1, z} is the center of SL(2,5) then again, up
to isomorphisms, Aj is a subgroup of index 2 in ¥ = Y/N. It is easy to see

that ¥ has dihedral Sylow 2-subgroups and that Cy(As) = 1. Hence,

Y = Np(45)/Cy(As) C Aut(As) = S5

and, consequently, the equality |¥| = |S5| implies that ¥ = Sj,.
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Let K be the inverse image of N CY = X/M in X. Then X/K = Ss
and using Corollary 2.2 and Theorem 5.1 we complete the proof of (i). For
(i), by our assumption no factor group of X is isomorphic to S5. Hence

X = Xo and we are done by the preceeding paragraph. a
7 ACKNOLEDGEMENTS

We express our appreciation to Prof. Mazi Shirvani for useful conversations.
The first author thanks the Institute of Mathemathics and Statistics of the

State University of Sao Paulo for its warm hospitality.

References

{1] Bhandari, A.K. and Luthar, I.S., Torsion Units of Integral Group Rings
of Metacyclic Groups, J. Number Theory, 17 (1983), 170-183.

(2] Bovdi, A.A., Marciniak, Z. and Sehgal, S. K., Torsion Units in Infinite
Group Rings, J. Number Theory 47 (1994), 284-299.

(3] Coxeter, H. S. M. and Moser, W. O. J., Generators and Relations Jor
Discrete Groups, Springer-Verlag, Berlin, 1965.

[4] Dokuchaev, M.A., Torsion units in integral group rings of nilpotent
metabelian groups, Commun. Algebra 20 (2) (1992), 423-435.

[5] Dokuchaev, M.A. and Juriaans, S.0., Finite Subgroups in Integral
Group Rings, Canad. J. Math. (to appear).

(6] Dokuchaev, M.A. and Sehgal, S.K., Torsion Units in Integral Group
Rings of Solvable Groups, Commun. Algebra 22 (12) (1994), 5005-5020.

[7) Goodaire, E.G. and Polcino Milies, C., Torsion units in alternative loop
rings, Proc. Amer. Math. Soc. 107, 1 (1989), 7-15.

20



[8] Goodaire, E.G. and Polcine Milies, C., Finite subloops of units in al-
ternative loop rings, Proc. Amer. Math. Soc. (to appear).

[9) Gorenstein, D., Finite groups, Harper & Row, New York, 1968.

[10] James, G. and Kerber, A., The Representation Theory of the Symmetric
Group, Addison - Wesley, Reading, Mass., 1981.

(11] Juriaans, S. O., Torsion units in integral group rings, Commaun. Algebra
22 (12) (1994), 4905-4913.

(12] Juriaans, S. O., Torsion Units in Integral Group Rings I1, Canad. Math.
Bull. 38 (3) (1995), 317-324.

[13) Kargapolov, M.I. and Merzljakov, Yul., Fundamentals of the Theory
of Groups, Springer-Verlag, New York, 1979,

[14] Kimmerle, W. and Roggenkamp, K.W., Projective Limits of Group
Rings, J. Pure Appl. Algebra 88 (1993), 119-142.

[15) Kimmerle, W. and Roggenkamp, K.W., A Sylowlike Theorem for In-
tegral Group Rings of Finite Solvable Groups, Arch. Math. 60 (1993),
1-6.

[16] Klinger, L., Construction of a counterexample to a conjecture of Zassen-
haus, Commun. Algebra 19 (1993), 2303-2330.

[17] Lichtman, A.L and Sehgal, S.K., The elements of finite order in the
group of units of group rings of free products of groups, Commun.
Algebra 17 (1989), 2223-2253.

[18] Luthar, 1.S. and Passi, I.B.S., Zassenhaus conjecture for As, Proc. In-
dian Acad. Sci 99 (1) (1989), 1-5.

[19] Luthar, I.S., Poonam Trama, Zassenhaus corjecture for Sy, (preprint).

[20] Marciniak, Z. and Sehgal, S.K., Hirsch induction and torsion units in
group rings, Arch. Math. 64 (1995), 374-384.

21



[21] Passman, D.S., Permutation groups, W.A. Benjamin, Inc. New York,
1968.

[22] Polcino Milies, C., Ritter, J. and Sehgal, S. K., On a conjecture of
Zassenhaus on torsion units in integral group rings II, Proc. Amer.
Math. Soc. 97 (2) (1986), 206-210.

[23] Roggenkamp, K.W., Subgroup rigidity of p-adic group rings (Weiss
arguments revisited), J. London Math. Soc. 46 (1992), 432-448.

[24) Roggenkamp, K.W. (with contributions by Kimmerle, W. and Zimmer-
mann, A.), Group Rings: Units and the Isomorphism Problem, 1-152,
DMV Sem. 18, Birkhauser, Basel, 1992.

[25] Sandling, R., The isomorphism problem for group rings, A survey,
Springer Lecture Notes Math. 1141 (1985), 239-255.

[26] Sehgal, S.K., Units of Integral Group Rings, Longman’s, Essex, 1993.

[27] Valenti, A., Torsion Units in Integral Group Rings, Proc. Amer. Math.
Soc. 120 (1) (1994), 1-4.

[28] Weiss, A., Rigidity of p-adic torsion, Ann. Math. 127 (1988), 317-332.

[29] Weiss, A., Torsion units in integral group rings, J. Reine Angew. Math.
415 (1991), 175-187.

[30] Zassenhaus, H.J., On the torsion units of finite group rings, Estudos
de matemafica em homenagem ao Prof. A. Almeida Costa, Instituto de
Alta Cultura, Lisboa (1974), 119-126.

Instituto de Matemdtica e Estatistica
Universidade de Sao Paulo

Caixa Postal 66281

05389-970 - S3o Paulo - Brasil

e-mail addresses:
dokucha@ime.usp.br
ostanley@ime.usp.br
polcino@ime.usp.br

22



95-01
95-02

95-03
95-04

95-05

95-06
95-07

95-08
95-09
95-10

95-11

95-12
95-13
95-14
95-15
95-16
95-17
95-18
95-19
95-20
95-21
95-22

95-23

TRABALHOS DO DEPARTAMENTO DE MATEMATICA

TITULOS PUBLICADOS

BARROS, L.G.X. de and Juriaans, S.0. Loops whose Loop
Algebras are Flexible. 25p.

GUIDORIZZI, H.L. - Jordan canonical form: an elementary
proof, 12 p.

CATALAN A., and COSTA R. E-Ideals in Baric Algebras. 14p.

MARTIN, P.A. On the generating function of the decimal
expansion of an irracional real numbers. Tp.

COELHO F.U., MARCOS E.N,, MERKLEN H.A. and PLATZECK.M.I.
Modules of Infinite Projective Dimension over
Algebras whose Idempotent Ideals are
Projective. 13p.

GUIDORIZZI, H. L. The family of functions S,k and the
Liénard Equation. 22p.

GUIDORIZZI, H. L. On the Existence of Periodic Solution

for the Equation X+ax™'%+x*"'=0. sp.
CORTIZ0, S.F. Extensdes Virtuais. 27p.
CORTIZO, S.F. CAlculo Virtual. 31p.
GUIDORIZZI, H. L. On Periodic Solutions of Systems of the

Type ¥=HO), y=-3Y fOHO)-g(x). 16p.

1=
OLIVA, S. M., PEREIRA, A. L. Attractors for Parabolic
Problems with Non linear Boundary Conditions in
Fractional Power Spaces. 28p.

CORDARG, P. D. Global hypoellipticity for &, on certain
compact three dimensional CR manifolds. 11p.

COELHO, F.U. and SKOWRONSKI, A. On Auslander-Reiten
Components for Quasitilted Algebras. 1l6p.

COELHO, F.U. and HAPPEL, D. Quasitilted algebras admit a
preprojective component. 12p.

GOODAIRE, E.G. and POLCINO MILIES, C. The torsiocn product
property in alternative algebras. 10p.

GOODAIRE, E. G. and POLCINO MILIES, Cc. Central
idempotents in alternative loop algebras. 7p.

GOODAIRE, E. G. and POLCINO MILIES, C. Finite conjugacy
in alternative loop algebras. 7 p.

EXEL, R. Unconditional integrability for dual actions.
22p.

OLIVA, W.M. and SALLUM, E.M. The dynamic of malaria at a
rice irrigation system 1lp.

FIGUEIREDO, L.M.V., GONGALVES, J.Z. and SHIRVANI, M, Free
Group Algebras in Certain Division Rings. 28p.

SHIRVANTI, M. and GONGALVES, J. Z. Algebraically
Independent Orbits and Free Algebras.17p.

ARAGONA, J. Generalized functions on quasi-regular sets.
17p.

GUZ220 JR., H. On normal and composition series for baric
algebras. 18p.



95-24
95-25
95-26
95-27
95-28
95-29
95-30
95-31
95-32
95313
95-34
96-01
96-02
96-03

96-04

96-05

96-06

96~-07
96-08

96-09

96-10

96-11
96-12
96-13
96-14

DRUCK, I. de F. Um pouco da histéria de poténcias,
exponenciais e logaritmos. 25p.

BARROS, L.G.X. de and JURIAANS, S.0. Integral Loop Rings
of Code Loops. 7p.

GARCIA D., LOURENGO M.L., MORAES L.A., and PAQUES O.W.
The spectra of some algebras of analytic
mappings. 15p.

BRASIL, A. JR Complete hipersurfaces of sSA*l with
constant mean curvature and constant scalar
curvature. llp.

GUZZO JR., H. The bar-radical of baric algebras. 19p.

MARTINS, M.I.R. Composition factors of indecomposable
modules. 26p.

CORTIZO, S.F. C&lculo Virtual - Parte II. 19p.

CORTIZO, S.F. Sobre o Cailculo Delta de Dirac. 18p.

COSTA, R. and SUAZO, A. The Multiplication Algebra of a
Bernstein Algebra: Basic Results. 13p.

FABEL, E., GORODSKI, C. and RUMIN, M. Holonomy of Sub-
Riemannian Manifolds. 34p.

MELO, S.T. Characterizations of Pseudodifferential
Operators on the Circle. 9p.

GUZZO JR., H. On commutative train algebras of rank 3.
15p.

GOODAIRE, E. G. and POLCIRO MILIES, C. Nilpotent Moufang
Unit Loops. 9p.

COSTA., R. and SUAZO, A. The multiplication algebra of a
train algebra of rank 3. 12p.

COELHO, SLIRY JESPERS, E. and POLCINO MILIES, C.
Automorphisms of Groups Algebras of Some
Metacyclic Groups. 12p.

GIANNONI, F., MASIELLO, A. and PICCIONE, P. Sur une
Théorie Variationelle pour Rayons de Lumiére
sur Variétés Lorentziennes Stablement Causales.
ip.

MASIELLO, A. and PICCIONE, P. Shortening Null Geodesics
in Lorentzian Manifolds. Applications to Closed
Light Rays, 17p.

JURIAANS, S.0. Trace Properties of Torsion Units in Group
Rings II. 22p.

JURIAANS, S.0. and SEHGAL, S.K. On a conjecture of
Zassenhauss for Metacyclic Groups. 13p.

GIANNONI, F. and MASIELLO, A. and PICCIONE, P. A Timelike
Extension of Fermat’s Principle in General
Relativity and Applications. 21p.

GUZZO JR, H. and VICENTE, P. Train algebras of rank n
which are Bernstein or Power-Associative
algebras. 1llp.

GUZZ0 JR, H. and VICENTE, P. Some properties of
commutative train algebras of rank 3. 13p.

COSTA, R. and GU220 JR., H. A class of exceptional
Bernstein algebras associated to graphs. 13p.

ABREU, N.G.V. Aproximagio de operadores ndo lineares no
espago das fungdes regradas. 17p.

HENTZEL, I.R. and PERESI. L.A. Identities of Cayley-
Dickson Algebras. 22p.



96-15 CORDES, H.O. and MELO, 8.T.. Smooth Operators for the
Action of S0(3) on L¥*(S%). 12p.

96~-16 DOKUCHAEV, M.A., JURIAANS, S.0. and POLCINO MILIES, C.
Integral Group Rings of Frobenius Groups and
the Conjectures of H.J. Zassenhaus. 22p.

NOTA: Os titulos publicados nos Relatdérios Técnicos dos anos de
1980 a 1994 estdo A& disposicio no Departamente de Matemdtica do
IME-USP.

Cidade Universitaria "Armando de Salles Oliveira”

Rua do Matio, 1010 - Butantl

Caixa Postal - 66281 (Ag. Cidade de Sado Paulo)

CEP: 05389-970 - S3o Paulo - Brasil





