'-) Check for updates

Received: 11 May 2025 Revised: 16 January 2026 Accepted: 3 February 2026

DOI: 10.1112/jlms.70496

Journal of the London
RESEARCH ARTICLE Mathematical Society

Unitary ensembles with a critical edge point,
their multiplicative statistics, and the
Korteweg-de-Vries hierarchy

Mattia Cafasso' | Carla Mariana da Silva Pinheiro?

1Univ Angers, CNRS, LAREMA, SFR

MATHSTIC, Angers, France Abstract
2nstituto de Ciéncias Mateméticas e de We study the multiplicative statistics associated to the
Computagao, Universidade de Sao Paulo, limiting determinantal point process describing eigen-

Sao Carlos, Brazil . . o "
values of unitary random matrices with a critical edge
Correspondence point, where the limiting eigenvalue density vanishes
Mattia Cafasso, Univ Angers, CNRS,
LAREMA, SFR MATHSTIC, F-49000
Angers, France.

Email: mattia.cafasso@univ-angers.fr de-Vries (KdV) hierarchy, and study the asymptotic

like a power 5/2. We prove that these statistics are
governed by the first three equations of the Korteweg-

behavior of the relevant solutions.
Funding information

Centre Henri Lebesgue, Grant/Award
Number: ANR-11-LABX0020-0;
International Research Project PIICQ,
Grant/Award Number:
CNRS-Mathématiques; Sao Paulo
Research Foundation, Grant/Award
Numbers: 2021/10819-3, 2023/14157-0

MSC 2020
60B20, 37K10

Contents
1. INTRODUCTION AND STATEMENT OF THE RESULTS . ... ... ... ...... 2
2. THE RIEMANN-HILBERT CHARACTERIZATIONOF Q. . . . . . . . . .. .. ... 9
3. KdV, POTENTIAL KdV EQUATIONS, AND LAX MATRICES . . .. ... ... .... 15
4. THE FIRST ASYMPTOTICREGIME . . . . . . .. .. .. . . o i 19
4.1. Estimates for the jump matrixof Y. . . . . . . . .. . ... o 0oL 19
5. THE SECOND ASYMPTOTICREGIME. . . . . . . . ... .. ... .. .... 21
5.1. Analysis of the global parametrix. . . . . . . . . . . ... ... 0o 27
5.2. Asymptoticsforuandov . . . . .. ... L0 L L e 33
6. THE THIRD ASYMPTOTICREGIME. . . . . . . . ... .. ... ..., 34

© 2026 The Author(s). Journal of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.

J. London Math. Soc. (2) 2026;113:e70496. wileyonlinelibrary.com/journal/jlms 10f46
https://doi.org/10.1112/jlms.70496


https://orcid.org/0000-0002-8566-7319
mailto:mattia.cafasso@univ-angers.fr
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/jlms
https://doi.org/10.1112/jlms.70496
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fjlms.70496&domain=pdf&date_stamp=2026-03-09

2of46 | CAFASSO and PINHEIRO

6.1. Local and global parametrices . . . . . . .. . ... ... . L. 37

6.2. Asymptoticsforuandv . . .. .. .. ... e 40
APPENDIX A: EXPLICIT COMPUTATIONS FOR THE POTENTIAL KdV EQUATIONS . . 41
APPENDIX B: THE LAX PAIR ASSOCIATED TO THE PI® EQUATION . . ... ... .. 43
ACKNOWLEDGMENTS . . . . . .. e e 44
REFERENCES. . . . . . . . e e 45

1 | INTRODUCTION AND STATEMENT OF THE RESULTS

Determinantal point processes were introduced by O. Macchi in 1975 [25]. They appear naturally in
the study of fermionic systems, random matrices, random permutations, tilings, and many other
different models, see [32] and [23] for a pedagogical introduction. In this paper, we are interested
in a particular point process, describing the universal behavior of eigenvalues of unitary random
matrix ensembles near a critical edge point, where the limiting eigenvalue density vanishes like
power 5/2. In the physics literature, this kind of multicritical models begun to be studied in the
nineties [5, 6]. The relevant kernel was introduced, in the mathematical literature, by Claeys and
Vanlessen [16]. It is of integrable type (in the sense of Its-Izergin-Korepin and Slavnov [21]), as it
is written in the form

_ $1(4; Lo, £1)Po (15 Ly, 1) — Po(As b, £ (5 5 E1)

—27i(A — w) (L1

KA, usty, ty) -

The functions ¢;,j = 1,2 are best described as entries of the (unique) solution of a given
Riemann-Hilbert problem, depending parametrically on ¢y, ¢; € R, and are related to a distin-
guished solution y = y(¢,, t;) of the second member of the Painlevé I hierarchy, usually denoted
by PI?). This is a fourth-order analog of the Painlevé I equation, and it reads

4

atOy 5 a 2 62 3 —
ot g(( W)’ +2y [Oy) +10y° + 4y.t; — 4t = 0. 12)

The Painlevé trascendent y plays a distinguished role in the so-called Dubrovin’s conjecture about
the universality of the critical behavior of Hamiltonian perturbation of hyperbolic partial differ-
ential equations (PDEs), see [18] and also [20] for a partial solution of the conjecture restricted
to the equations of the Korteweg-de-Vries (KdV) hierarchy, which are defined below. The precise
definition of y, as well as the one of ¢ s j =1,2,is formulated in terms of the Riemann-Hilbert
problem 2.1 below, in Section 2. The kernel (1.1) should be thought of as a higher order analog
of the Airy kernel, the latter appearing near regular edge points of unitary random matrices,
when the limiting eigenvalue density vanishes like power 1/2 (as, e.g., in the case of the Wigner
semi-circle law, associated to the Gaussian Unitary Ensemble). As for the Airy point process, one
can prove that the point process X associated to (1.1) has (almost surely) a largest particle and,
as such, almost all realizations of the point process are given by a strictly decreasing sequence
of points &, > &, > &, > ---. We introduce a real function o : R — R, satisfying the following
assumptions:
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THE KORTEWEG-DE-VRIES HIERARCHY 3 of 46

Assumption 1.1.

1. o : R - [0,1]is anon-decreasing function, C* everywhere except, possibly, at a finite number
of points ry, ..., 1. At those points, the left and right limits of o and of all its derivatives exist
(but are not, in general, the same).

2. The function r — r*o(r) is in L%(R~, dr).

We will denote ¢ : = lim,_, , o(r) (because of the assumption above, such a ¢ exists and 0 < ¢ €

1).

We are interested in:

§ s
Qo (g, t1,80,81) 1=E | | l1-0 i = 1.3)
j>0 s, So

where s, > 0 and s, € R. These two parameters s, and s; parameterize affine transformations of
the point process X.

Remark 1.2. One might wonder about the peculiar choice of the parameterization of affine trans-
formations in (1.3). Besides being convenient in the sequel of the paper, they are also related to
the (integrated) density of the point process X. Using Corollary B.1 in Appendix B, heuristically
we expect that

j °1 s 2 72
E[#{jeN : §j>_r}]N,/—r;P2dP=%r ,

so that the expected number of points, to the right of —r, for the rescaled point process is inversely
proportional to s:

£
El#djen : =L s bl 272
83/7 77,

A similar parameterization, related to the density of the Airy point process, was also used in [7],
see eq. (1.4) in loc. cit.

Remark 1.3. The quantities Q,(t,,1;,S,,5;) are usually called multiplicative statistics associ-
ated to the point process. In the last years, due to their applications to solvable models in the
Kardar-Parisi-Zhang (KPZ) universality class and to integrable PDEs, they attracted considerable
attention by researchers interested in integrability. They have the following elegant interpretation
in terms of thinning of a point process, see, for instance, [11] and references therein. Consider a
realization &, > &, > &, > --- of the point process X and construct a new configuration of points
by keeping each & j» J = 0, with probability o€ [ s(; 27 _ 18, 1), and by deleting it with probability
1-o0(¢ j Sy 27 _ $18y 1. In this way, a new point process X? is created by thinning the original one.
Q. (tgs t15 S, 81) is the probability that X7 is empty:

Q,(to: 11,50, 81) 1= P(X° = ).
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4 of 46 | CAFASSO and PINHEIRO

Since &X' is a determinantal point process, by general results about determinantal point processes
(see, for instance, [23]), Q,(ty, t;, So. 1) are Fredholm determinants, see Equations (2.12) and (2.13)
below. Moreover, being the associated kernel of integrable type, in the sense of [21], a natural
connection is established with Riemann-Hilbert problems and, ultimately, with integrable PDEs.
The ones relevant in this work are the first three equations of the KdV hierarchy, which we now
define.

Definition 1.4. Let R, be the Lenard differential polynomials, depending on v and its derivatives
with respect to 7, defined by the recursion relation

1

where D := a% and U, =D,v, k>1. The KdV hierarchy is, by definition, the set of
k

commuting flows given by the equations

v 0. 1.5)

A\

i = D1 (R2k+1[U])’ k

It is easy to see that, when k = 1, Equation (1.5) becomes the celebrated KdV Equation (1.11).
This equation, as first observed in 1968 in a seminal paper by Gardner, Kruskal, and Miura [28],
possesses an infinite number of conserved quantities, each one giving an equation of the hierar-
chy, defined by the flow with respect to the parameter 7, . The recursion (1.4), which is already
present in [19], eq. (3.20), has been successively interpreted by Magri [27] as a bihamiltonian
recursion, D, and %Df +2vD; + v, being the two (compatible) Poisson operators associated to
the equation.

In order to state our first main result, we need to introduce the change of variable {t,, ¢;, 5y, 51} —
{r1, 73,75, T;} defined by the one-to-one map

3/7
583 t.s 552 248
1 151 1/7 1 1°0 2
T, =—+ —=2t8."", T,=—++ , Ts=28, T7==8). 1.6
1 8s(2) 3/7 059 3 4s, 3 5 1 7= 7% (1.6)

Our first main result states that Q,(r, 73,75, 7;) produces a family of solutions, depending
on the function o, to the first three equations of the KdV hierarchy, and also to three more
equations detailed in the theorem below.

Theorem 1.5. Let o : R — [0, 1] be a function satisfying Assumptions 1.1 and

y = y(to(fly T35 TS; 7'.7)5 [1(7:1’ T37 T57 T7))’ h = h(t()(Tl’ T3’ TS’ T7)’ tl(Tla T3, TSa 7"7))

defined as in (2.2). Then, we have the following:

1. The function

3 2\ 175
v =0(7y,73,T5,77) 1=£10gQa+<7—T7>y—§Z (1.7)
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THE KORTEWEG-DE-VRIES HIERARCHY 50f 46

satisfies the first three equations of the KdV hierarchy:

Upeer = D1(R2k+1[v]), k=1,2,3. (1.8)
2. The function
( yi= 2 log, - (2)1 S 30515 T 10 (1.9)
u =u(ry,73,75,77) := — log ( ) = =22 , .
ek 7 T;/7 98 2 274473 T 1
satisfies the “potential KdV” equations
Uey o = Ropqalug I, k=1,2,3. (1.10)

Remark 1.6. The functions v and u, Equations (1.7) and (1.9), are well defined because, under
Assumption 1.1, Q,(ty, £, Sg, 51) > 0, see Remark 2.8 below.

In a more explicit form, denoting with a prime the derivative with respect to 7;, the
equations satisfied by v, defined in (1.7), are

1 /N

v, =70+ 3vv/, (1.11)
1 W) S n S 15 2 /

v, =—V =v'v —VU v, 1.12
s 16 3 *a T (112)

o, _%v(vii) + %vuvm + %vv’v”+ 16vv(v)+ 325 3+ %0/34_ %v/v(iv)+ %vzv”’,
(1.13)

while those of u, defined in Equation (1.9), are
1 n 3 N2
u_ ==u"+ZW)?", 1.14
o =70+ 500 (114)
u, = 16u(V) +Z "W = (u")2 + = (u "3, (1.15)
7 35 35

uT7 64 (vu) + L 16 u(v) + ( ///)2 //u(1v)+ ///( /)2 /( //)2 ( /)4 (1.16)

The first part of Theorem 1.5 above should be regarded as the analog, for the Claeys—Vanlessen
kernel, of [7, Theorem 1.3] for the Airy kernel. The asymptotic results of [7] have been further
improved in [10]. As other recent examples of multiplicative statistics associated to integrable
evolution equations, let us also mention [14] for the sine kernel, [31] for the Bessel kernel, and
[8, 9] for the discrete Bessel kernel. Multiplicative statistics of determinantal point processes are
also associated to integro-differential versions of Painlevé equations, and can be described using
operator-valued Lax systems; see, for instance, [2-4, 24].

Remark 1.7. Consider the particular case in which o = H, with H the Heaviside step function. In
this case, the function Qy; in (1.3) reduces to the cumulative distribution function associated to
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6 of 46 | CAFASSO and PINHEIRO

the largest particle in the point process:

T
Qu(1, 73,75, 7)) =P &, < —— | 1.17)
7 7
(377)

In other words, Q;; depends just on a particular combination of 75 and 7, and so does v, defined
in (1.7). By consequence, it is easy to prove that, for each fixed 75 and 7., we have that

7
TsvTS + gT7UT7 =0.

Using the definition of the KdV hierarchy and integrating once, we find that

which is known as a stationary KdV reduction. These equations, in the periodic case, have been
studied since the seventies, in relation with finite-gap solutions of the KdV equation, see [17, 22,
30]. In the non-periodic case, stationary reductions are related to multi-solitons solutions and their
stability; see [26]. On the other hand, the Claeys-Vanlessen kernel (1.1) is the second one (the first
one being the Airy kernel) of a hierarchy of kernels, whose gap probability Q;; has been studied in
[12], and put in relation with the Painlevé I hierarchy. Even in the case of o = H, the results found
in this paper are different from the ones in [12]. Indeed, in this paper, v is the double log-derivative
of Q, with respect to 7,, while Painlevé-type equations are obtained in [12] differentiating Qy
by the combination of the variables 75 and 7, appearing in (1.17); see nevertheless Remark 1.12
below for a comparison between the asymptotics obtained in this paper and in [12] for n = 2.
We will study the multiplicative statistics associated to the whole family of kernels in [12] in a
subsequent work.

Remark 1.8. It can be verified (see details in Section 2) that

2/7
- 2 175
T1,72,T5,T7) = | — - = 1.19
P(11, 73,75, 77) <7T7>y 77, (119)
is itself a solution of (1.11). Analogously,

8 1/7 7372 8 11T
h(‘[‘l"[3,‘[5"[7) ;:<g> L_ii_}.i_s_klg (1.20)

7 1.1/7 98 T% 2744 T; 7 14

7

is itself a solution of (1.14).

The second main result concerns the (singular) behavior of the functions v and u when v, — 0.
From now on, we will work under a stronger assumption for o:

Assumption 1.9. There exist k,, k,, k5, K > 0 positive real constants such that

10(2) = X (000)(2)] < ke 17, vz eER (121)

lo’(2)| < kslz| ™2, Vz€E€R, |z|>K. (1.22)
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THE KORTEWEG-DE-VRIES HIERARCHY | 7 of 46

Theorem 1.10. Consider Q (7, 73,75, T;) as defined in (1.3), with o satisfying Assumptions 1.1 and
1.9, and u and v defined, respectively, in (1.9) and (1.7). Then we have the following:

1. Letts > M (77)5/ 7, for a fixed real constant M > 0 and 1, 75 satisfying Assumptions 4.1. Then,
there exist two positive constants T and k such that

1/7 37,72 1574
T TyT T 5/7
u=- <i) h—< L5 _ 25 5 )o@ hn/m, (1.23)

7T, 7t; 9872 274473

2/7 T s
v= <i> y— =2 o k=, (1.24)
7T, 7T,

uniformly for 7, € (0, T), where
h = h(ty(ty, 73,75, 77), (11,73, T5,7T7))  and y = y(ty(ty, 73,75, T7), (71, T3, T5, T7)),

defined in (2.2), are, respectively, distinguished solutions to the potential KdV Equation (2.5) and
to the PI® Equation (2.6).
2. Let|t;| < MTI;N, k =1,3,5, for a large enough constant M. Then, as 7, — 0,

6\ 1/7
u= <2—> <% + p) + O(T;ﬁ), (1.25)

7T,

6\ 1/7 6 \1/7 2
v= (X S4_(2 q—+o(r;/7> , (1.26)
775 0ty 2 77, 2
where q = q(xy, X;,X,) is a solution to the third member of the Painlevé II hierarchy (5.11) and
2
the first two equations of the modified KdV hierarchy (5.9) (5.10), and 2 p= q?. The variables

0xg
X, X1, X, are given, in function ofrj, j=1,3,5 by

T 3T 5.1
1—17, X = 3a %, Xy = Si% (127)
7:7/ 4 17/ 16 1'7/

x0=—a

wherea = (2°/ 7)1/ 7. Moreover, p and q are both characterized by the uniquely solvable Riemann—
Hilbert Problem 5.5 with s = i(t — 1), see Equation (5.8).
3. Suppose that 1 = 1. Let M,,M,, and M, be positive real constants such that —er;W <75 <

5/7 2/7
—M2T7/ , T3] < M1r7/ , —M; < 7; < x, where

5 6/7 5 4/7 5 2/7
x*”(?) ”5(7) "Ta'(ﬁ) ’
7 7 7

and (—Mj5, x) # 0. Then, as t; — 0,
u = —p,(~7,) + O(x), (1.28)

v = —p2(-1)) + 2g,(-7)) + O(x), (1.29)

where p_ and q,, which depend solely on t,, are characterized by the uniquely solvable Riemann—
Hilbert problem 6.3.
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8of 46 | CAFASSO and PINHEIRO

Remark 1.11. One should note the similarities between Theorem 1.10 and the analog theorem for
the Airy point process, Theorem 1.8 in [7]. In particular, the quantity — pg(—rl) +2q,(—1;) in
(1.29) is the same as v, in [7, Theorem 1.8], eq. (1.25)," see details in Section 6. Moreover, in both
the first and second asymptotic regimes, the asymptotic approximations of v, Equations (1.24)
and (1.26), are themselves solutions of the KdV Equation (1.11), as it was already happening in
[7]. For the first asymptotic regime, this has been already observed in Remark 1.8. For the second
asymptotic regime, one recognizes that

26 1/7 9 q 26 1/7q2
w = (70) (53-(5) 5

is, essentially, a Miura transformation of a solution of modified KdV, plus a re-scaling of coordi-

L)Zﬁ -

nates. More specifically, from Equation (5.9) we know that g solves %q =—-6 ( i q°5-9+
3 7 1

3
iaa?q, and this allows us to conclude that § satisfies Equation (1.11).
1

Remark 1.12. Let us consider again the special case in which o = H the Heaviside function, as
in Remark 1.7. We compare our asymptotic results with the ones obtained in [12] (for n = 2) for
the “higher Tracy-Widom distribution” describing the position of the largest particle in the point

/7

process X. We start observing that, as s; /s(s) — 00, a close inspection of the proof of Lemma 4.2

shows that

9 logQ, =0 <e—C(S1/S(S)/7)7/2 > )
oty

in agreement with [12].
On the other side, Theorem 1.5 implies that (in the PI?) variables)

3
3 4 5S1 St 2t0 1/7 0
——logQ, =— - — =25, —u
3s, a1, AT 35,

Moreover, it can be checked that, in the third asymptotic regime of Theorem 1.10 with x < —& for
some fixed § > 0,

iu =const + O <sé/7> ,
as;

where const =~ 1.1341, as it can be verified from the asymptotic expansion of the Bessel Riemann-
Hilbert problem stated in Equation (6.9). Consequently, as s, — 0,

3
3 d o8 sty 2t 17
ds, ot log Qs = g7 107 577 0 <So ) : (1.30)
0 0 0

TIn fact, v, is defined in [7] by means of two functions ¢2, p? as v, = —(p?)? — 2¢°, and through Equation (6.7) one can
easily verify that qg(.) in [7] is equal to —q,(.) in this paper.
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This result is consistent with [12]. In fact, Theorem 1.5 from [12] claims that, as s; / sg/ 75—,

6 4 3 2,2 2
3 logQ, = 258) e R L LU L3 + f 3 +O<sw/7/s3>
g~ - 5. 0 1)

ds, 2565, 16835/7 8330/7 4S35/7 830/7 S3/7 8s;

Formally differentiating with respect to f,, one obtains the same leading behavior as in
Equation (1.30).

2 | THE RIEMANN-HILBERT CHARACTERIZATION OF Q_

We start recalling the Riemann-Hilbert problem related to the kernel (1.1). We slightly reformulate
the one described in [12, pp. 3 and 4] and k = 1 (see also the previous work [16, section 3.6.1], but
with different normalization), “flattening” the set of contours on the real axis.

Riemann-Hilbert Problem 2.1.

1. ®(ty,t;;2z) = ®(z) is analytic on C \ R, and has continuous boundary values ®, satisfying the
jump relation

@4@=¢J@<éi>JeR. @1

2. Asz — oo,

— 2 @]
_ _—o/a 1 h 0\, 1 /h* iy P —8(2)05
D(z) =z N(I = ( o n)tmly ne)t Z 5 )
I largz| < m—¢

X 1 O )
T—e<targz<m
+1 1

1 1 .
where N := L < >e"”03/4 and 9(z) := 527/2 + §t123/2 —2t,z'/2. In the formula

\/E -1 1
above, 0 < ¢ < /2, and the principal branches of z=93/4 and z!/2 are taken, analytic in
C/(—o0,0] and positive for z > 0.

2.2)

Remark 2.2. The scalars h,y and the matrices @), even if not explicitly written, are functions of
the parameters f, and ¢;.

Remark 2.3. It was proven in [15] that the Riemann-Hilbert problem above is uniquely solvable,
when t, and t; arereal. Using symmetries of the Riemann-Hilbert problem, it is also proven, in the
same paper, that the matrix-valued functions ®) in the asymptotic expansion of the Riemann-
Hilbert problem 2.1 present the following structure,

ekt — (I ik okt — [ Ve Wk 2.3)
irk —qk ’ —iwk Uk ’ )
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10 of 46 | CAFASSO and PINHEIRO

where the functions qy, ., v, and w, are real-valued.

Differentiating the solution @ of the Riemann-Hilbert problem above with respect to fy, ¢;,
and z, one can write a Lax system which, in turn, gives differential equations for y = y(¢,, ¢;). In
particular, we have the following:

Proposition 2.4. The functions h = h(t,,t,) and 'y = y(t,, t,) defined in Equation (2.2) satisfy the
relation

3
—h=2y. 2.4
5t y (2.4)

The function h satisfies the potential KdV equation

1 2 1
3, h+ Z(%h) + 50k =0, 2.5)

while y solves the PI® and the KdV equation

1 5
6—46;‘0y + §<(6t0y)2 + 2y6t20y> +10y> + 4yt, — 4t, =0, (2.6)
1
9,y +yo,y+ &afoy =0. 2.7)

Remark 2.5. We draw the attention of the reader to the fact that both the KdV equation and the
potential KdV equation appear twice in the paper, with two different normalizations: See, respec-
tively, Equations (1.14), (2.5) and (1.11) and (2.7). For completeness, we report here the necessary
rescaling bringing one equation into the other:

v(Ty, 73) = KoY (K, Ty, K3T3),
where x, = 22/532/5, 1, = 2#/531/5 and x; = —x,,.

u(ty, 73) = voh(v171, v573),
where v, = —(3/2)1/4, v, = =23/431/4 and v; = -,

The proposition above is well known (see, for instance, [12, 16] and references therein), except
perhaps for Equation (2.5). For the readers’ convenience, we re-derived them in Appendix B. Then,
itis straightforward to check, using the change of coordinates (1.6), combined with Equations (2.5)
and (2.7), that y and h, defined in Remark 1.8, satisfy the KdV and potential KdV Equations (1.11)
and (1.14).

Definition 2.6. Let ® be the unique solution of the Riemann-Hilbert problem 2.1. We define

1 (Astg, 1)) 1= (P (A, 10, 11)) 1 $r(Asto, 1)) 1= (P (As g, 1)), (2.8)
and the Claeys—Vanlessen kernel

_ $1(As to, t1)po (s tgs B1) — Po(As Lo, £1)P (s Lo, £1)

—27i(A — w) 29)

KA, 1389, t1) -
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THE KORTEWEG-DE-VRIES HIERARCHY | 11 of 46

Remark 2.7. Using the jumps of the Riemann-Hilbert problem 2.1, one can verify that the ker-
nel K(4, u;ty,t;) is actually independent from which boundary value of ® we are taking in
Equation (2.8). This is easily seen, for instance, rewriting the kernel K(4, ; t,, t;) = K(4, u) as

(1 0)@T (W7 (1) <(1)>
A—u '

1
K@, u) = o

Standard arguments in the theory of determinantal point processes (see, for instance, [23])
allow us to express the multiplicative statistics Q,, defined in (1.3), as a Fredholm determinant.
To the point, define f(1) = f(4; ¢y, t;,50,5,) and h(1) = h(4; ty, t;, Sg. 1) as

s s -
i ({2200 - {52 ) o
and the associated integrable kernel as
K (A, usto, 81,80, 81) i = ﬂ%)]/;('u) (211)
Then,
Qo (g, 11,80, 81) = detI — K;), (2.12)

where K, is the integral operator associated to the kernel K, whose Fredholm determinant is
equal to

det(I — K;) = 1+ Y (~1) / det(K,(2;,4;))dA, -+ dAy. 13)
k>1 Rk

Remark 2.8. The decaying condition we imposed in Assumption 1.1 for o (see point 2. of the
Assumption) and the fact that K(1,1) = O(|1|5/?) as 1 - — (see Appendix B) imply that
K,(1,2) € L'(R)so that K, is a (non-negative) trace-class operator, and hence the Fredholm series
(2.13) is convergent.

We can also prove that Q, (¢, t;, 5y, 5;) > Oforany t,, t;,s; € Rands, > 0. To see this, we prove
that 1 is not an eigenvalue of K. Indeed, suppose that f € L?(R) is such that K, f = f. We now
show that f = 0. We start rewriting K, : = MKM, where K is the projection operator (e.g., because
of eq. (1.35) in [16]) associated to the Claeys-Vanlessen kernel (1.1), and M is the multiplication
operator by o!/2 (As(; 27 _ 515, > Now set g := KMJ. Using the eigenvalue equation K, f = f,
we see that ¢ is an entire function such that f = Mg. Hence,

9llz2@m) = NIKMf Il 2y < IMFll2w) < If 2wy = IMgll2w) < N191l22(w)-
Consequently, we have that actually
Mgl 2Ry = 191l L2(m)s

and this implies that g = 0. This is easily seen when ¢ = lim,_, , < 1. In the case ¢t = 1, because
of the decaying condition of o at —co, we still have that there exists 4, large enough such that
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12 of 46 | CAFASSO and PINHEIRO

g(1) =0 for all 1 < 4, and this implies g = 0 because of analyticity. Since f = Mg, we proved
that f = 0.

Note, in particular, that K is of integrable type [21], and as such it is related to a Riemann-
Hilbert problem in the way we now describe (for a pedagogical presentation of the results used
below, see [1]). First of all, recall that, thanks to Remark 2.8, Q,(t,, t;, Sy, 1) € (0, 1]. Hence, one
can define the resolvent operator

L, i= T - K) 'K, (2.14)

which is also of integrable type. Now, let Y(z) be the 2 X 2 matrix-valued function

_ F(M)h' ()
where
F()=(Q1-K)'f(D) (2.16)

(1 — K,)7! acts entry-wise on f). Then, Y solves the Riemann-Hilbert problem 2.9 below and,
additionally, the kernel of the resolvent L is given by

Loyttt 1, 50,5) = ﬁfT(miu)Y;T(M)h(u), 217)

where Y is the boundary value of Y.

Riemann-Hilbert Problem 2.9.

1. Y =Y(z;¢y,t,8p,8;) is analyticon C \ R.

2. Y has boundary values Y, on R such that Y, —I € L*(R), and which are continuous except
r

2

possibly at the points ( z—l), J=1,...k, forr; the same as in Assumption 1.1, and related
0

by the jump relation

Y. 2)=Y_(2)I - 2mif(z)h!(z)], Vz €R.

3. Asz — oo,
1oy, 1vo -3
Y(z)=I+-=-Y"V+=Y"4+0(z7).
z z2

A straightforward calculation allows us to rewrite the jump in the previous Riemann-Hilbert
problem as follows:

140(2577 = 51/50)1@a@) =0 (25,77 =51/ )$a(2)
Y, (2)=Y_(2) . (218)

o(z57 = si/50)8x@?  1=0(257 = 51/5 )hi(2)a(2)
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THE KORTEWEG-DE-VRIES HIERARCHY | 13 of 46

Moreover, it is easy to see that det(Y(z)) =1, and hence the matrix Y in the asymptotic
expansion of the Riemann-Hilbert problem 2.9 can be written as

(2.19)

Y(l)(t £ S8 ): a(to’tlaso’sl) Y(t07t1780’sl) .
0771270271 IB(t01t1’s0aS1) _a(t()’tlas()’s])

A very explicit formula relates Y to the first log-derivative of Q, with respect to ;.
Proposition 2.10. Forany t,,75,75 € Rand 7; € R,

3 2 1/7
a 10g Qo(flaf3975977) = _<7_T7> Y(T15T3’TS’T7)5 (220)

where y(t,T3,Ts, T7) is defined in (2.19).
Proof. The Jacobi’s formula implies that
3, logQ, = 6, logdet(1 — K,) = —Tr((l - KG)_16t0K0>. 2.21)
Recall that the kernel K of K is written as

T
K, ) = L,

where f and h are associated to the solution ® of the Riemann-Hilbert problem 2.1, see

Equation (2.10).
In particular, using the relation

(see Appendix B), we compute

-_1 A s 7R
8, Ko(d 1) = = —$1 (D1 (1) | 0 i N beiates
0 0

=—[f(D][f )11
(in the last equality, we used Equation 2.16). Therefore,
Tr((1 = K10, K, ) = (= K) 7 [f s (1) = (Flus [F ), 2)
where the brackets < -, - > denote the standard inner product on L*(R).

‘We now use Equation (2.15) that, combined with the asymptotic expansion for Y(z) as z — oo,
allows us to conclude that

y® = / F(s)hT (s)ds. (2.23)
R
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14 of 46 | CAFASSO and PINHEIRO

A direct consequence of Equation (2.23), using (2.10), is that

v = XFhu ),

and, therefore,
1
6[0 lOg QU(T19 73, Ts, T7) = ZYEZ)(Tli 73, Ts, T7) = ZV(TI’ 73, Ts, T7)'

The result now follows by considering a% =-1 (
1

2 )1/76
2

7)) .

‘We now combine the two Riemann-Hilbert problems 2.1 and 2.9 to simplify the jumps of the lat-
ter, which at the end will allow us to find the related integrable equations and study the asymptotic
behavior of Q_(ty,t;, Sy, ;). To this end, define the new spectral variable

¢ = zs, 7 - 51/ (2.24)

0

We will work with the new variables 7 i J=13,5.7, related to (¢, t;, S, ;) by Equations (1.6).
We define the sectionally analytic matrix-valued function

X() =X($311,73,T5,77) 1= ASOI_?‘ Y (z(E)P(z()), (2.25)

Ao L 0 (2.26)
.= ys(;l/7 1 . .

We now show that X({) solves the following Riemann-Hilbert problem:

where

Riemann-Hilbert Problem 2.11.

1. X isanalyticon C \ R.
2. X hasboundaryvalues X, on RsuchthatX, € LIZOC(IR), which are continuous except (possibly)
at the points ry, ..., 7, and satisfy the jump relation

_ 1 1-0()
x@=x©(; '79).
3. As¢ — oo,
I |argl| <m—e¢
_o X
X() =ACEN|T+ z pa e?()os 1 0 s (2.27)
S ilz L1 mT—e<zxarg{<mw
7 5 3 1
where p(¢{) 1= — (T7§5 +75¢2 + 7382 + r1§’5>. In the formula above, 0 < € < 77/2, and the

principal branches of ¢ ~93/4 and ¢1/2 are taken, analytic in C\(—oo, 0] and positive for ¢ > 0.
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The conditions (1) and (2) follow from the analogous conditions for Y and &; as for the explicit
expression of the jump condition, it comes from the following chain of inequalities:

XTHOX () = 2T @)Y )Y (2P (2(D) =

1 1—G(§)>

— 0 (1=, (3) (1 o) eeen )e.en= (5 1

where, in the last equality, we used that ®_(z({)) ((1)> =d_(z({)) <(1)> The following propo-

sition will be useful in the derivation of the Lax matrices associated to the solution of the
Riemann-Hilbert problem 2.11, described in the next section.

Proposition 2.12. The matrices X\/) in the asymptotic expansion (2.27) satisfy the symmetry

conditions
(2k+1) (2k+1) (2k) (2k)
x(k+1) (Xu X1 ) X2k — < X0 X0 )
(2k+1) (2k+1) |’ - (2k) k) |-
X12 _X11 _X12 X11
Moreover,
2
c h c ¢ h 2
X0- e h x@o_ra vk G ah h
1/7 1/7 11 5 1/7 2 2/7 2 1/7 5 2/7
So 5o So 5o 0 So
N iy @ 145 yh a 51 Y
X = X = + +—=—-—+
12 1/7 12 1/7 2/7 2/7  4s 2/7
280 2s0 2s0 5, 0 2s0
where

2 4

o = St sty O8]
1= -——t—
/7 6/7 3

4s, / So/ 645,

and a and y are defined in Equation (2.19), while h and y are defined in (2.2).

Proof. The symmetry conditions on the matrices X{) come from the analog symmetry condition
for @, see Equation (2.3). The explicit expressions of the first two terms is derived from the defini-
tion (2.25) of X, together with the two asymptotic expansions of the Riemann-Hilbert problems
2.1and 2.9 at z = . O

3 | KdV,POTENTIAL KdV EQUATIONS, AND LAX MATRICES

The evolution Equations (1.11)-(1.13) and (1.14)-(1.16), satisfied by the variables v and u (Equa-
tions 1.7 and 1.9), are deduced by a set of Lax equations satisfied by the solution X to the
Riemann-Hilbert problem 2.11. The starting point is the following lemma which, formally, is eas-
ily verified using the properties of X: namely its asymptotic expansion at infinity and the fact that
its jumps do not depend on the parameters 7;, j = 1,3, 5, 7, see the Riemann-Hilbert problem 2.11.
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The rigorous analytical proof, modulo the obvious changes of notation, can be carried out exactly
asin [7], Lemma 3.3.

Lemma 3.1. Forany z € C\R, the solution X to the Riemann-Hilbert problem 2.11 is differentiable
with respect to the variables T s j =1,3,5,7. Moreover, its derivatives satisfy the Riemann—Hilbert
problem detailed below, where d denotes the derivative with respect to one of the variables ;.

Riemann-Hilbert Problem 3.2.

1. dX is analyticon C \ R.
2. 0X has boundary values X, on R such that dX, € leoc(R)’ which are continuous except
(possibly) at the points ry, ..., 7, and satisfy the jump relation

6X.,.(¢) = 3X_(0) (3 1= "“’) .

1
3. As¢ — oo,
_a x axW
0X() =AL *N [ I+ ) =— )dp({)os + = ) |e#©es (3.1)
; e 3 g{ e
I |argl| <m—e¢
X 1 O ¢ .
T—e<zarg{ <m
+1 1 g

In the formula above, 0 < € < 77/2, and the principal branches of ¢{~93/4 and ¢1/2 are taken,
analytic in C\(—o0, 0] and positive for ¢ > 0.

Proposition 3.3. The matrix-valued function X({) defined in (2.25) satisfies the Lax equations

3 —A, C,
X =B X = X,
0Tok41 2kt < Dy, Ak)

where the entries Ay, Cy, Dy of the Lax matrices are differential polynomials of v, defined in (1.7).
Explicitly,

k
Co =¢F + ) ¢TRy; (0], (3.2)
j=1
134
-2, 33
k=33, Ck (3.3)

k 5 ‘
Dy = ¢ - Ry [ulgk + Z {RZjl [v] - <laT + 2R, [U]>R2j3 }§k+1] (3.4)
j=2 1

(L2 4ok (0] Ry 00,
2 57%
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with Ryja defined as in (1.4). Moreover, v satisfies the KdV Equations (1.8) while u, defined in (1.9),
satisfies the potential KdV Equations (1.10).

Proof. Consider the matrix-valued functions

By = _oX_ X1, k=0,1,2,3.
9Tsk41

Using the Riemann-Hilbert characterization of X and its derivatives, we deduce that these func-
tions have no jumps on R/{ry, ..., 1, }. Hence, they are analytic functions with, possibly, isolated
singularities at the points of discontinuity of o. On the other hand, the boundary values of X and
its derivatives are locally L?, and hence B, , , are, in fact, entire functions. More precisely, they are
polynomials (in the variable ¢) of degree k + 1, as easily deduced from the asymptotic expansion
at infinity

0 0
o 1) 2
< oX )X‘l _ ax®  |+ac N [§ 172 0X( 4 90X +0(¢)
9Tk —2i—2 0 9Topt1 OTok41
Tok+1

X0 x@ xO PN .
X[I+m+7+m+0(§ ) N §4A

‘ O x®  x0O
+ALTTN [I T S S S (§_2)] (=120,

¢1/2 ¢ &3/2

We now observe that u, defined in (1.9), can be equivalently rewritten as u = X (1) +iX glz) using

Equation (2.20) and Proposition 2.12. Hence, using the asymptotic expansion above it can be
verified that the functions B, ; satisfy the recursion relation

0 0 .
Byjy1 = §<sz—1 + <u 0)) + Rk,
Tok—1

where RZk+D) are matrices of degree 0 in {. Consequently, there exist functions {b isJ =0, 10},
depending on the parameters {7,k = 1, 3, 5, 7}, such that

0 1
B = <§+bo 0>,

o).

- ”11§ +b, —b

B
< b + by {2+uT1§+b4>’
=

$—u, §2 + bs¢ + by —b,;{ — b,

bi¢? +by¢ + b, §3+uT1§2+b4§+b8>
$t—u, §3+b5§2+b9§+b10 —b;{* —by¢ — by ’
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18 of 46 | CAFASSO and PINHEIRO

with bs = b, + u,, and by = bs + u, . We now use the Lax equations

d 0
—B;, — —B; =[B{,B,]l, k=3,5,7, 3.5
aTl k aTk 1 [ 1 k] ( )
to obtain more information on these functions. For each k, we get three equations for the variables
{bj, j =0,...,10} and one additional equation satisfied by u. Explicitly,

e fork=3
3 192 5\ 18
by = —2—u, by =—="u, by=—22u) -2 3.6
0 5‘[1u ! 2arzu g <5T1u> 2673u (3.6)
and
a 92 104 92
5r, a0 T 20 Canan, 3.7
e fork=5
b, = _l 62 u b, = iu b, = _Ziuiu — l 63 u (3 8)
3 201,075 Y79ty 6 0ty 013 29r,01; .
and
0 92 9> 9 92 1 o4
4— 2—u—u-2 = =0; 3.9
5r, ' ar,on, " er o, 0Td ¢ 2ongr (3:9)
o fork=7
1 92 0 d 0 19% 9
__1 A =,9%,9, 1 0 10
by 291,075 " s ol " b1 875 ua‘[l Y3520t (3.10)
and
0 92 92 9 92 1 o4
42 S ulu-2 1 = 0. 3.11
5r, " r,an " ar oty 8T8 2owgdr (3-11)

Equations (3.6), (3.8), (3.10), together with the explicit expressions for bs = b, + U, and by = b +
u,,are equivalent to the explicit expressions (3.2), (3.3), (3.4), once the potential KdV equations

Uy = R2k+1[ufl]5 k=1,2,3

are proven, which we will do now. The strategy we use is to expand ( afa X ) X lat¢ — oo,
2k+1

and set to 0 the coefficients in ¢ =%, k = 1,2 of these expansions. In this way (details are given in
Appendix A), we obtain the equations

b3 byb
b, = %bg =2, bg=—b+ 2 —boby = 2ur, by = —2 = 2bybs —bibs—2u,  (312)

which, combined with the expressions of b,, by, and b, given in (3.6), (3.8), and (3.10) give the
potential KdV Equations (1.10). As for the KdV Equations (1.8), the first one is already written
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THE KORTEWEG-DE-VRIES HIERARCHY | 19 of 46

in (3.7). The other two are proven combining (3.9) and (3.11), with Upy,, = Rok +lu; ] for k =
2,3. O

The following remark will be useful in the subsequent sections, when we will study the
asymptotic behavior of the functions u and v.

Remark 3.4. As already observed, the function u, defined in (1.9), can be equivalently rewritten
as

2 4
e e Y h [ Sih sty 35
u=Xy tixy, = /7 1/7 11/7 6/7 toe 6452 ’ (3.13)
Sy 5y 4s,

thanks to Equation (2.20) and Proposition 2.12. Analogously, we also have that v, defined in (1.7),
can be written as

2

(D)D) X @ _ 200 ¥ Y 5
—2ixVx¢ +2< ) —aix) =2 - Lo - L (3.14)
5 5, Sy 0

4 | THE FIRST ASYMPTOTIC REGIME

In this section, we work under the assumption that both Assumptions 1.1 and 1.9 hold. We analyze
the case in which 7, is small and 75 > M(z,)/7, for M large enough. In this section and in the ones
below, we will sometimes use the variable s, instead of 7,. In view of Equation (1.6), this amounts
to a simple rescaling, which makes equations clearer. Some conditions must be imposed also on
7,, 73. Namely, we will work under the following:

Assumption 4.1. The variables 7,, 75 satisfy either of the following conditions:

2

T 148

T3 <<37 >—+ﬁandrleﬂ%, for any € > 0.
56 So Ts

The meaning of these assumptions will be clearer in the next subsection. Essentially, they are
used to control the behavior of the exponential part in Equation (2.2).

4.1 | Estimates for the jump matrix of Y
We will denote with Jy the jump matrix of the Riemann-Hilbert problem 2.9, explicitly written

in Equation (2.18). In the regime of this section, this jump matrix is exponentially close to the
identity.
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20 of 46 | CAFASSO and PINHEIRO

Lemma 4.2. Let

5/7

Ts >Ms0

(4.1)

for M some positive real constant, and suppose that Assumptions (4.1) are satisfied. Then, there exist
two constants T, k > 0 such that

57 57
175(@) = I gy = O™, [Ty (2) = I|| 2, = O™ %5/,

I (@) = I|[, s = O K755y (4.2)
Y L*(R)

uniformly for s, € (0,T]. In the equation above, ||Jy(z) — I“L“(R)’ a = 1,2, 00, denotes the maxi-
mum of the entry-wise corresponding L%(R)-norm.

Proof. Recall, from Equation (2.18), that
$1(2)¢,(2) —¢1(Z)2
8,2 —p(D$y2)|

where {(z) is the same as in Equation (2.24). We will analyze the behavior of |(Jy(2)),;]| (the
behavior of the other entries is very similar). Let us analyze three different cases:

Jy(2) =1 =0({(2))

1. Suppose that z > 75/ 23(5)/ 7. In this regime, using Equation (2.2) and the assumptions 4.1 on 7,
and 75, we obtain

$2(2) = 0(e) = 0 <e—z—fs/2sé/ >
(the exponents are not sharp). Hence, using o({(z)) € [0, 1], we deduce that

Uy (@) = 0 (e—zz—fs/ 53”> . (4.3)

2. Suppose |z| < 75/ 23(5)/ 7. In this regime, ¢, (as well as ¢;) is bounded. On the other hand,

z T T T T M
(=2 BB B L M,
5(2)/7 So 255 S 25, 2

Take M > 2, so that ¢ < —1 and —|¢|® < —|¢|. Therefore, by Assumption 1.9,

75

k —
¢ < kel < ke kaldl < e T e

Now pick a constant T € (0, 1). For s, < T, one has s, < sg/ 7, Then, for s, € (0, T], we have that
_ 5/7
Ty @)y | = [0((2)$,(2)*| =0 <e kats/4 > . (4.4)
5/7

3. At last, we consider the regime in which z < —75/2s"". First notice that {(z) < —375/2s, <
3kyts

—1. Therefore, o(¢(z)) = 0(e 2I¥(@)) = O(e*?e *0 ). On the other hand, using again
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Equation (2.2), ®,(z) = O(z'/*) so that,

3kyts —%kz%
Uy @] = [0€@)y(2)*] = O (eze‘W> -0 <eze % > . (4.5)

5/7

where, in the last equality, we used again that, for s, € (0,T1], sy < S,

Putting together Equations (4.3), (4.4), and (4.5), we obtain that there exists a positive constant
k such that the three estimates in Equation (4.2) are satisfied. O

The previous lemma, using standard Riemann-Hilbert techniques (small norm theorem)
implies that, in the regime that we are considering,

YO =0 (e"“s/ 53/7> ,

5/7 . .
as s /SO/ — +o00, where k is a positive constant.

Lemma4.3. Letts; > M 72/ 7 for M a real constant large enough and suppose that Assumptions 4.1
are satisfied. Then, the functions u and v, defined, respectively, in (1.9) and (1.7), present the following
asymptotic behavior:

1/7 37,72 1574
T 3T T 5/7
u=_<i> h— 15 325+ 5 +O<e—kr5/‘r7 )’
7tq 7T;  98T3 274473

7

2/7
L= i y_£+o<e_kf5/fs/7)’
7T, 7T,

as 7; — 0, where h and y, defined in (2.2), are, respectively, distinguished solutions of the potential
KdV Equation (2.5) and of the PI®) Equation (2.6).

5/7
Proof. We use Equations (3.13) and (3.14), together with the fact that o = Ygll) = O(e_kTS/ %o )and
the change of variables (¢, t1, Sy, ;) +— (71, 73,75, T7), to obtain the claimed result. O

5 | THE SECOND ASYMPTOTIC REGIME

In this section, we assume as before that both Assumptions 1.1 and 1.9 hold. When convenient, as
before, we use the variable s, = %T7 instead of the latter. We analyze the case in which there exists

a constant M such that |1'j| < Msé/7, for j =1,3,5.
Let us set

2(8) = 5,7 a7x ( 53! 7) . (5.1)

It is straightforward to verify that this matrix-valued function solves the following Riemann-
Hilbert problem:
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22 of 46 | CAFASSO and PINHEIRO

Riemann-Hilbert Problem 5.1.

1. Z(§) is analytic on C \ R, and has continuous boundary values Z, on the real line, except for

2/7 2/

the points s 'ry, ... 1y, satisfying the jump relation

S
28 =2 (§)<1 1 1_2/7§)>’§ ER. (5.2)
2. As — oo,
Z() = l 2‘ 5_] ~(2eh st gi et o
I largé| <m—¢ (5.3)

X 1 O )
r—e<zargé<mw
+1 1

5/7 3/7 1/7
where x, = ‘L'S/SO/ , K = 1'3/s0/ and x, = Tl/so/

Notice that x,, x;, x, are bounded because of our assumptions on the variables {r i j=1,3,5}%

Thanks to Assumptions 1.9, as s, — 0 the function a(sgz/ 7§ ) converges pointwise to the indicator
function ty|y - This suggests to use, as global parametrix away from the origin, the solution Z of
the Riemann-Hilbert problem above, with the jump condition replaced by

20=2.0(y 'TH0D), e 64

For ¢ = 1, the Riemann-Hilbert problem 5.1 is just a small modification of a Riemann-Hilbert
problem considered in [12]. Its precise formula will be discussed in the next subsection. For
now, the important feature of its solution Z relies on the fact that, as long as our parameters are
bounded, so is Z for £ bounded.

We set the global parametrix to be Z outside the unit circle and, for |£| < 1, we define a local
parametrix by

GE ﬂ9<1a@v

where

0 —o(¢'s,”") =i=o@s”
=gl [ T [ gy o) cen

We now define, for £ ¢ R, |€| # 1, a new matrix-valued function R(¢) by the equations

Mazz{ﬁﬂﬁﬂ@*,lﬂ>L 53

AZOPE©™, 1§I<1,
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FIGURE 1 Contour for the error Riemann-Hilbert problem.

where

Lemma 5.2. The matrix-valued function R(&), as defined in Equation (5.5), satisfies the Riemann—
Hilbert problem 5.3 detailed below.

Riemann-Hilbert Problem 5.3.
1. R(%) is analytic for every &£ € C\ T, where T ={|§] =1}UR \ [-1,1] as depicted in the
Figure 1, and has continuous boundary values R, satisfying the jump relation
Z(EPH(E) 1§1=1

B -2/7
R, (&) =R_(§)x 7 (6 ((1) X(0.00)(8) ; a(€s, )> Z71¢) ter/[-1,1]

2. As & - oo, with |arg(§)| < 7,
RE) =1+0¢™).

Proof. One can take s, to be small enough such that séﬁrj € (-1,1) for all j €{1,...,k}

Therefore, the analyticity for every & & {|&] = 1} U R\[—1, 1] follows by construction. For & €
2/7 2/7
(—1,1)\{30 Fsees S, i}, we have

Ry(§)=AZ, (HP (O

i 11— D) (1 =2 (1 oo —1) (1 @& -
_AZ‘@)(o 1 ’ )(0 1 ><0 01) 0 1 P&

_ iz () ((1) (a_(§) —a, (&) —10’(533/7) + ‘X[0’°°)>P_(§)_1-

-2/7

By definition, a(§) is the Cauchy transform of (tx g .0)(§) — o(§s,

formula,

)). Therefore, by the Plemelj
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24 of 46 CAFASSO and PINHEIRO

a, (&) = a_(§) = (oe)®) — 05, ).
Consequently,

R (&) =AZ_(5P_()' =R_(%),

and R(§) is analytic for ¢ € (-1, 1)\{52/7 (2)/7
2/7 rj. Set ;= lim, o(o(r; +€) — a(rj —¢€)). The limit exists by Assumption 1.1. In a

neighborhood of sé/ 7

;. We need to be more careful around the
points Sy

rj, we represent Z(&) as follows:
27y
2(8) = E,(8) <(1) w08 T ))

where we take the principal branch of the logarithm. Notice that

fj _ /
B, () = 2,0 <; ~ L tog(s, " - w)

1

¢ _ i
=E,(®) ((1) i 10805 21/ €~ rj>|_> <(1) 1-ot5 % §)>

¢; -2/7
X 1 _Z_%IOg(SO g_rj)l-i-
0 1

_5, (§)<1 1= (00,0 + €0y g, )(§)>>
1

Therefore, the jump of E; is continuous on s(z)/ Ty ;- With this representation, we can now evaluate

the jump of R(£) in the neighborhood of such points as follows:

R (§)=AZ (5P (O

Z; —2/7
= AE;,,(©) <(1) 2w 0800 6 rf)'+> P

2/7¢
=AEJ-,_(§)<(1) 2mlog(s E—rpl- )(0 :)P_(g)—l

1

Z. Z;
* = —2—7;1, log(s(;zﬁf —rjl-+ —log(s 2/7§ rly—¢;— ‘7(532/7

+a_(&) —a,(§) + tx(0,00)(§)-

. - ¢ _ _
Since @, () = a_(§) = (x(0/® — 0(¢5; ) and L log(s;*7E 1), - 5L log(s; Tk -
rj)l_ = fj, we conclude that x = 0, and

5 Yoe(sH e —
R+(§) = AE},—(g) (; 27i 10g(SO . § rf)l_>P_(§)_1 — R—(g)
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THE KORTEWEG-DE-VRIES HIERARCHY 25 of 46

Consequently, R(¢) is analytic for £ € (—1,1). For & € R/[—1,1],
R (&) =AZ,(5)Z71(§) = AZ_()Z_(E) ' Z_(EW (51 (©)221 ()
=R_(§)Z_(E) (6 (©)ZZ1(®),
which gives the correct expression for the jump. For |£] = 1,
R.(§) =AZ(§)P7(§)
=AZ(E)ZHEZEPT(E) = RU(OZ(EPTI(E),

and J; = Z(§)P(£)~!. For the asymptotic condition, notice that as £ — oo, |argé| < 7,

o _a ASEAC) _ ASEASD) _ 1,3
ZEZE) T =¢ 4N[I+ﬁ+?+0(§ 3/2)] [I—m+ : +0(¢ 3/2)]1\1 183
o W _ 70 7@ 4 52 _ 7070 o
= §_T3N[I+ 4 51/22 I e 24 : z7Z +O(§'—3/2)]N_1§'73,

where Z(-2) = —Z(Z(=D _ 7(2) 7 This gives

1 0 1 ay;—iapy+iay +ay, 0
74 -1 _ i ) -1
Z()zE&) = T tlapHlay Hdy, g +§1/2 —b11+ib122+ib21+b22 ay1tHiap—iay; +ay, +0(¢7),
2 2 2

where a, = [Z1) — ZW]; and by, = [2?) - 2@ — zWZW) — ZWZED], . The symmetry in the
asymptotic expansions implies that a,; = —a,,, a;, = a,;, by; = by, and by, = —b,,. The matrix
of order £1/2 is then equal to zero and we are left with

1 0

2@z =y 7)voe,

where d = (—ay; +iay, +iay; + a,,)/2. Therefore,

ko= (1, O)zwzer -rvoe

as claimed. O

Lemma 5.4. Let|T jl < Msé/ 7, j =1,3,5 for M > 0, some real constant large enough. Then, there
exists € > 0 such that
_ 2/7 _ 2/7 _ 2/7
Ve =Tl = 067D W=y = 062, e =y =062 59)
uniformly for s, € (0,€). In the equation above, ||Jx — IHLa(r) , a =1,2, 00, denotes the maximum
of the entry-wise corresponding L%(T')-norm.

R T AT
" The expansion follows from the fact that 3. ., 210 /£//2 <Z,‘>o Z(J)/§J/2) = I.Then, denoting (ijo Z(J)/EJ“) =:
¥ 50 29 /£1/2, expanding and collecting the terms of same order, one has 2V = —ZW and 2(-2) = —Z2(-DZ0) — 7@,
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Proof. Notice that for £ € R/[-1,1],
V&(® = 1]l =[| 0. &) = o€ NZ_©ELZT@)|
=O(e—czsg2/7|§|3—-§z+2x0§2 o ET 4y 1£]1/2) = o(s2/7)

On the unit circle,

wo-1=20 (3 )z

and Z(£) is bounded for £ bounded. Thus, all we need to do is to study the behavior of a(£) as
Sy — 0.
To this aim, we start with a change in variables ¢’ = &’s

71 ey = 0 (¢
a(§) = 27 / Q«/ 2/7 _¢ §

—2/7 . Therefore,

If Im&| > & for some § € R posmve then [¢'s; 2/7 — &7 < |Im |7t < 671, Therefore, uni-
formly for |§] =1 and [Im | >

2/7

s ® [ (0,00)(§") — (")
la(®)| sg—/ Saa d¢’
T J- ;”SO/ —
2/7 2Sz/7k1
<_
Sk,

Now we need to analyze the neighborhoods of 1 and —1. By symmetry, it suffices to analyze one
of the cases. Take, for instance, { = 1 and consider the compact interval K = [s 2/7 /2,3s, 2/7 /2].
The integral can be expressed as

d¢’

st/ Ko=) 1-0(¢)
=3 [ i c+/K§,z/7 .

For some k;, > 0, it follows that |g°/s(2)/7 —&| > kyforall¢’ € R/K. Thus,

(0.00)&) — (&) 1 , o
</[R/K ¢s; 2/7 _ d¢’ Sk_o/R/K 162(0,00)(§") — 0(¢]dS
1 / o 2k
<k—0/R|l)((o,oo)(§ )—o(¢d¢’ < v

For the other integral, with |£| = 1, notice that {’ € K implies ¢’ sé/ Te [%, %]. Moreover,

'3 =812 s =1 —— < ——.
sy el gy -1
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Now consider
—2/7

(—a(¢") ., t—o(s; (s, =0
—— 2| <| | ——d 0 - g,
/Kg“’séﬁ_gg <|/ I +|/ s

I I

For the second integral, we apply the mean value theorem, obtaining

1 e =)

L=-L 07T e
S(2]/7 562/7/2 g, _ S(;Zﬁ
35272
S&/ v/ supz~2d¢’ = ﬁ
séﬁ 552/7/2 z€K 9

On the other side,

1 3/2 — O’(S(;zﬁ) , 1 27
1SSAl, TomE | SEEe
SO/ 1/2 g _g SO/

= o(1).

2 ,
/1/2 "

) and, therefore, Equations (5.6) are satisfied. []

2/7

Altogether we conclude that |a(§)| = O(s,

5.1 | Analysis of the global parametrix

The Riemann-Hilbert problem for Z, defined by Equations (5.4) and (5.3), is closely related to the
Riemann-Hilbert problem associated to the third member of the Painlevé II hierarchy, in a way
which will be presented in this subsection. Let us start considering the following:

Riemann-Hilbert Problem 5.5.

1. ¥(S; xg, X1, X,) = P(§) is analytic for every { € C \ T, where

i i 6mi

F=U_I;, for I} =R.ed, T,=Re?, [;=R,ew
and l"k+3 = _Fk’ k= 1,2,3

(see Figure 2), and has continuous boundary values ¥, satisfying the jump relation

Y () =Yy, z€Ty,

U A S O

where

and Jy,3 = J} .
2. As{ — oo,

Y() = <1 -+ %lp“) + O(§_2)>e_i®@)a3,
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28 of 46 CAFASSO and PINHEIRO

FIGURE 2 Contour and jumps for the Pﬁ) Painlevé hierarchy Riemann-Hilbert problem.

6 4
where ©(¢) = 27§’7 - Z?ngs + §x1§3 + x0¢.

3. As¢ — 0,

[ (1K1 172\ (1 0

O<|§|1/2 |§'|_1/2><i 1>, §€S1,
IK1V2 172\ 10

O<|g’|1/2 |§|—1/2><—i 1)’ FES

lp@=<o IR ‘U

IR ¢ €5 U8
RCE

O<|§|—1/Z |§|l/2) FESUS

This Riemann-Hilbert problem, depending parametrically on s, is a specific case of the gen-
eral Riemann-Hilbert problem associated to the third member of the Painlevé II hierarchy, which
depends on seven parameters (the Stokes parameters) s;, i = 1, ..., 7 (see, for instance, [12] and
references therein). In the case of interest for our paper, wesets; = s; = —i,ands, = s. Using stan-
dard methods about Riemann-Hilbert formulation of isomonodromic problems, one can prove
(see details in [12]) that

i , X1, X —lg(x ,Xq1,X
]‘P(l) = II}(1)(-)(:07')(:17')(:2) = lip(xo ' 2) zq( o 2) ’ (58)
E(J(xo, X1, %3)  —ip(xg, X1, X3)
where p = p(x,,x;,X,) and g = q(x,, x;, X,) are real-valued functions such that
op _ 1.
ox, 2°°
and, in addition, g solves the following equations:
0 2 0 103
—q =2¢°—q - =—q, 5.9
0x; q 0x, 39x3 1 (59
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3
) 4 0 , 9° 9 a2 ) 1 aS
—q=-6 2¢° ——q +8q=— - 5.10
ax,d T3, q+ qa3q+ 935,932 2q <ax0q> 565 (5.10)
3% ;92 5 , 82 ) 9*
—q=x9+x(2¢° - =—=q | +x,| -6¢° + 10> —q +10g=—¢* - —
axgq od 1( q axgq 2| —64 q axgq 95 0q ™ 4q
32 s\ , ot 3 &
+20q” — 70¢* — —1403<—> +14¢*—q + 56 =—q—
q q 6x(2)q 7| 55, q e 79+ 5605 a7 3q
2\ ) 32
1
42q — 70 - 5.11
+ q<ax§q) + <ax ) q (5.11)

Equations (5.9) and (5.10) are the two first members of the modified KdV hierarchy, while Equa-
tion (5.11) is the third member of the Painlevé II hierarchy. We now define, as in [12], the following
folding transformation:

E(Xg, X1, X3 Z) = B(2) = 279/ *Ne™%/4@(iz!/2)e713/4,
The matrix-valued function E will then have jumps on the oriented contours
[:=RUR,e"7
and solves the following Riemann-Hilbert problem:

Riemann-Hilbert Problem 5.6.

1. E(z) is analytic on C \ T and has continuous boundary values E satisfying the jump relation

1 0 67[1
zeR, et 7
0 1
B (2) =E_(z) X1 < ) O) z € (—0,0) . (5.12)
1 is 0, 0)
z € (0,0
0 1
2. Asz - oo,
o mioy /4g(j) a—7ios /4 -
E(z) = Z AN|I + Z € lp_ € - e9(2)o3 (5.13)
j>1 zl/?
where 8(z) = £27/2 + 2 x z5/% 4 %xlz3/2 — xoz'/2.

3. Asz -0,

E(z) = O(|z|~/?).
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In the case s = 0, the existence of the solution of the above Riemann-Hilbert problem had
been proven in [12]. We will extend in a moment the same result for arbitrary s € i[0, 1]. This is
important for us since, as it is easy to check, the Riemann-Hilbert problem 5.6 is closely related
to the global parametrix Z satisfying the Riemann-Hilbert problem with conditions (5.4), (5.3).
Namely, we have the following:

Proposition 5.7. Suppose that a solution E of the Riemann—-Hilbert problem 5.6 exists. Then,

26 = co3/4E(C§';x0,x1,x2),
where x, = —2°/7x,, x, = 3- 21711, x, = 5- 2737, and ¢ = 27197, Moreover, the Stokes param-
eters L and s are related by s = i(t — 1).

‘We now prove the existence of E by the following vanishing lemma:

Lemma 5.8 (Vanishing Lemma). Let x,, x;, X, € R and consider the matrix-valued function ¥(¢)
that satisfies the Riemann-Hilbert problem 5.5, but with asymptotic condition given by

Y()el®C)s = 0(1/¢), as¢ — .

Then, ¥(¢) = 0.

Proof. We start with the definition of an auxiliary matrix function

(B($)e®)s, for{ €S,US;US,US,,

N 1 0)\ .
—1

u 1 —i\ .
¥(z) ( ) ) el®as - for¢ €S,

A =3 0 (514)

.1 0\ .
‘P(O(. 1> e, for¢ €S,
1

N 1 i .
17(9) <0 1) el for¢ € Sq,

where the regions S; are the ones depicted in Figure 2. It is straightforward to verify that A({)
satisfies the following Riemann-Hilbert problem

1. A(¢) is analytic for every ¢ € C \ (R UiR) and has continuous boundary values A, satisfying
the jump relations
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A () =A_(O) x5

(:
=
(-
(-

2. As¢ — oo,

Se_21®(§)
0 )

se210¢) 1>

e—2i0(5)
e210(%) 1
je—2i0)
e2i0() 0
A)=0¢™h.

3. A(¢) has the following behavior as{ — 0

g2
O<|§|1/2

Rk
© <|§|-1/2

A =

117172
51712 )

I¢11/>2
¢ 112

¢ €(0,i00),
¢ € (—ic,0),
>,§e(amx

> , ¢ € (—,0).

Im¢ > 0,

Im¢ < 0.

This new problem enjoys remarkable symmetries. In particular,

e—i10(0) = 19 gpd e=10¢) = ¢=10(={) — £iOK)

for every ¢ € iR, and e-19¢) = ¢l®¢) for every ¢ € R. For simplicity, we represent the solu-
tion to A({) piecewise by the matrix-functions A, A,, A5, A, which are analytic in the sectors
Q;,Q,, Q3,Q, (see Figure 3), respectively, that is,

A (),
Ay (),
A3,
Ay &),

A($) =

where

0
Jy = <_ie2i®(§)

1
J3= <_ie2i®(§)

{€Qy,
{€Qy,
§EQ3,’
§ €Qy

_ie_2i®(§)
1

_le_2i®(§)
o)

A1)
Ay(©)
A3
Ay )

= A4,
= A, (5,
= A5
= A3(O)J,4

7= 1 se—2i0®
0 1
1 0
Ty = (SeZiG)({) 1) -
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|
Q2 : (o
|
V2 A T
|
|
|
T = . —_ —__
|
|
V3 Y V4
|
Q3 : Q4
|

FIGURE 3 Sectors of the complex plane.

—T
We proceed now as in [13]. Set B({) := A({)A($) . The integral over y, (see Figure 3) of B(¢)
gives

J— ] R — 7T 0 —
[ MR d = Jim ( [ A0a® &+ [ A0ne d§>=o. (515)
4! e 0 iR

On the other side, the integral over y, of B({) gives

0 —iR
| e = im < [ moac+ [ B(g)d§>

0 0
—jim ([ s+ [ se-oc) =o

and, consequently,

R—o0

R T 0 - T
lim < /0 AyDAL) df - /R A1(ALS) d¢ > =0. (5.16)

Summing up Equations (5.15) and (5.16) and taking the limit, we obtain
© — T — T e ———T
/0 A(DALL) +AHA() df =/0 AO +TT]AL) d¢

o — T
- / ALOErp Q) d¢ =0,
0

Analogously, the integrals of B({) over y, and y give

. 0 T iR r
[ o= pm [ a@a@ &+ [ a0n® d§>=o

/y B = Jim ( / B + / ; B@)d;)
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—R iR
= RIE’E}O ( /0 B($)d¢ + /0 B(—s“)d§>

—0 T ioco T
- / ALOAD) & + / A de =o.
0 0

Combining the previous results leads to

0 _ T 0 o ————T
/_ A +TTTAQ) d¢ = / AOILT + T A d¢

o0

0 S
=2 / ALOEnAL Q) d¢ = 0.

(s

Therefore, the entries (1,1) and (2,2) give us

/R AP + [A@PdS = 0

This implies that A, ,,({) = A4;,({) = 0. Combined with the jump condition it implies that
A1 11(§) = A5 (§) = 0andthat A, = A}, A; = A,.Itfollows that the matrix-valued function A({)
restricted to the upper or lower half-plane is analytic. The proof that the remaining entries are also
equal to zero is then exactly the same as in [13, Proposition 2.5]. Therefore, A({) = 0. O

5.2 | Asymptotics for u and v

We are now ready to prove the asymptotics of u, v in the given regime. We resume the results with
the following:

K/7

; k=13, 5 for a large enough constant M > 0. Then, ast, — 0,

Proposition 5.9. Let |7 | < Mt

7

2
_ 1 9 g -1/79 1/7
v =ar, <£§—af7 ?+O<T7 )),

u= ar_1/7<% +p> + O(T;ﬁ),

where a = (2°/ 7)1/ 7, q = q(xy,x;,X,) is the solution to the third member of the Painlevé II hier-

archy characterized by the uniquely solvable Riemann-Hilbert problem 5.5 with s = i(t — 1), and
2
D = p(xy, X1, X,) satisfies the equation % p= %. The variables x,, x,, X, are given by
0

T 31 51
X = —aﬁ, X = 3&%, X, = Si%. (5.17)
1'7/ 4 1,,7/ 16 r7/

Moreover, for 1 =1, q is the solution to the third member of the Painlevé II whose asymptotic
behavior has been studied in [12], Theorem 1.8.
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Proof. As for u, we start recalling Equation (3.13). On the other hand, thanks to (5.1), X(1) =
-1/7 1)
S, Z'Y so that
_ V() i)
u=s, (Z11 + 1Z12 ) .
Now we use the fact that, thanks to the small norm theorem, from J, =1 + O(sg/ 7), it follows
that RV = O(s(z)/ 7), and therefore

D 4 ) _sM s 2/7
VAN BVANE VAR S VAN +O<s0 )
The relation given in Proposition 5.7 together with Equation (5.13) gives
5Q) = _ 5/Tjemios [ag(D) g—mios /4 — _55/7; < ip Q/2>
q/2 —ip

and the asymptotics for u is proven. The formula for v is proven analogously, starting with (3.14)
instead of (3.13). O

6 | THE THIRD ASYMPTOTIC REGIME

The last asymptotic regime we study is the one where there exist a constant M; and a (sufficiently
large) constant M, such that —Mlsg/ 7 <75 < —Mzsg/ ’ In this section, for simplicity, we restrict
our study to the case ¢ = 1. It is convenient to re-write the asymptotic expansion (5.3) for the
Riemann-Hilbert problem 5.1 in the following way:
N 21 H 3 1
2 =|1+ ? + 0(5‘3/2)] 5‘?Ne_<552+K°§2+K1§2+K2§2>°3

I largé| <7 —¢ (6.1)

X 1 0 )
T—e<zxargf<m
+1 1

5/7 3/7 1/7 .
where ¥, =1'5/s0/ , X =7:3/s0/ , and x, =17, /SO/ , as our results are more conveniently
expressed in function of the matrix Z().

We define the variable

el | 243077, T5s w20, T3
ni=- ;g S0 +7§ +7§+T1 s (62)
So 5o

so that the exponential phase in the asymptotic expansion above can be rewritten as (SO_ 2/ 7§' /2.
The hypothesis in Theorem 1.10 allows us to control the behavior of 77 when £ is bounded, under

some assumption on the behavior of the variables 7;.
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Assumption 6.1. There exist three constants M, M,, and M5, with M, and M, sufficiently large,
such that —M; s, 47 <75 < Mzs , |‘L'3| < Mls(z)ﬁ, —M; < 11 < x, where

1/7 4/7 2/7

x=(=2s)"/T+75/s) —It5l/5,

and (—M3, x) # 0.
Lemma 6.2. Suppose that Assumptions 6.1 are verified. Then, for |€| < 1, 1, defined in (6.2), has
the following properties:

a) 7 is bounded and has positive real part;
b) assy = 0,7 = —1; + O(x).
c) n - Oonlywhent; - xand x — 0.

Proof. For boundedness and positiveness, notice that under the conditions above

5/7 2/7 4/7 27
531/7 M,s, §2_Ms fox< 531/7 M;s, §2+M1 £ M
7 2/7 SN S P 27 3
5o So 5o 5o
2 Y7 4 g5t/ 2 243177 2
7 5)3 + M,s, (1+§)+M1(1—§)<77<—7§ s’ +M§° + M+ M.
Moreover, denoting 7 = —%§3s3/7 4/7 & - 2575, we see that n =1 — 1, = O(x), and |7] <

|71|. This means that — Oonlyon the regime 7; — x and x — 0. Because of the the term 2 é’ 352/ 7,

we conclude that in such regime 7 — 0 at most as s(l)/ 7. This happens only when 75 — —Mzss/ 7,

Ty = O(sgﬁ), and 7, — Xx. O
The local parametrix in this asymptotic regime will be given by the following:

Riemann-Hilbert Problem 6.3.

1. H,(¢) is analytic on C\ R, and has continuous boundary values H, , satisfying the jump
relation

=t Oy 1T7C) ten 63)

2. As{ — o0,

_ l ds Ps - —%3 20y
@ =|reg (3 P ) rog|e e

ag g

I largl| <m—¢ (6.4)

X 1 O .
T—e<zxarg{ <7
+1 1

From Lemma 6.2 it is possible to write the following Taylor expansions for p, (%) and q,(%):
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P = po(=11) + pL(=1)( + 7)) + O((n + 7,)*) = p,(—7,) + O(x), (6.5)
4o = qo(=71) + ¢, (=7)() + 71) + O(( + 71)%) = go(=77) + O(x). (6.6)

They are particularly useful when x — 0 (75 = o(sg/ 7), Ty = o(s(z)/ 7)).

Some straightforward manipulations allow us to verify that, if H satisfies the Riemann-Hilbert
problem 6.3, then

() 1= 7T <f’i },i) Ho(©), (6.7)

satisfies the Riemann-Hilbert problem in 7, section 7.1]. Below we transcribe some useful results
from [7] concerning to the small 7 analysis of H,(¢).

Lemma 6.4. Set z := n?¢. Then, for |z| > 1, it follows that asn — 0,

H,(zn™?) = 1°/?S(2)H(2), (6.8)
where
0 i mios /4 -2
HE@) = ([ ) e g e,
2 M my(o)
S(Z) =1+ ? <_9%’l60(c7) _3,%0(5)) + O(n4/Z),
128 16

formy(o) = /u;z( X[0,00)(8) — 0(5))ds and @y ({) is the same as in [7, section 7.1]:

¢ € C\(~0,0], (6.9

o (1 B\ VELOVD —iERGD
<O o 1) |vEed G |

where I, 1,,K,, and K, are the modified Bessel functions, see, for instance, [29].
Proof. It follows from [7, Lemma 7.1 and subsection 7.2] together with Equation (6.7). O

Lemma 6.5. Asn — 0,

7 1, 3mp(0) | 9 ,
=2 — — 4+ 0(), = o),
Ps(m) = 5my(0) i ) 95(m) 6t 12877 +0()
9my (o) 39
=—— + O(n).
r5(n) 287+ 5120 )
Proof. It follows from [7, subsection 7.2] together with the asymptotic expansion for H,. O
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6.1 | Local and global parametrices

We define the global and the local parametrices as follows:
G(§) 1= §7o/ANe 000, 51> 1,
L =5, H (s ), 181 <1,

where we recall

N=L 1 1 e—nia3/4.
N

The related small norm Riemann-Hilbert problem is given by

REE) - {(rlsg TyeslZE6 s, B 18> 1

6.10
(15, /)P ZOL () ey, )2, g < L (610

In the lemma below T' := (R \ [—1,1]) U S! as in the previous section.

Lemma 6.6. The matrix R defined in 6.10 solves the following Riemann-Hilbert problem:

1. Risanalyticon C\ T, and has continuous boundary values R, satisfying the jump relation

(s yerg (g [L oo ® =069
o 7 \o 1

X GZH(E) x5y Ty, £ er/[-1,1]

(1,5, ) PGEL(E) (x5, ), €l =1.

]R(g) =

2. Asé > oand |argé| < 7,
R(E) =I+RVET 4 0(E).

Proof. 1t is clear, by construction, that R is analytic everywhere, except for R and S!. As for the
interval [—1, 1], using the fact that Z and L have the same jumps, one proves that R does not have
any discontinuities (using also arguments similar to the ones in the previous section to show that
the points of discontinuities of o are removable singularities, and all of them are in the unit disk
when s, is small enough). For § € R \ [—1, 1], the jump condition comes from the straightforward
computation

(115 P 2RL(E)Tys, Yo = Z, (D)6 )
=Z_ (O, (&G
= (135, )7 2R_(E)(Ty5; Y OGN HEFHE)GTA (&)

= (15 )/ ?R_(E)(1y5, )G (&)

x ((1) X[0.00)(§) N ‘7(33/75)> GZ'(©),
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and analogously for & € S!. For the asymptotic condition, as £ — oo

RE) =(r,5, ) Z(E)G (@) (tys, )/
=(1;5, 7)o/ ;) + 0| (05, )72 =T+ 0™,
as claimed. I

Lemma 6.7. Suppose that the Assumptions 6.1 are satisfied. Then, as s, — 0,

& = I”Ll(r) = 0(32/7 s Ve _I”LZ(F) = 0(32/7 s Ve - I”L""(F) = 0(52/7 .

In the equation above,
sponding L%(T')-norm.

R~ I”L“(F)’ a = 1,2, 00, denotes the maximum of the entry-wise corre-

Proof. For§ e R/[-1,1],
2/7 .
-1=@s" " 6.® (” °°°>(§)0 oG5 §)> G E) s

and, using the explicit expression of G, one finds that each entry of J; — I is less or equal to

01(&) ~o(s) 0|75y e 2

4.7 5 3 1
exp{—;é’z — 2562 — 21182 —2K2§2} ,

that is, the jump is exponentially close to the identity. Consequently, Assumption 1.9 implies the
existence of a constant ¢ > 0 such that

TW&—T=06e%""°), tes

For the error in the unit circle, we must take into account two different regimes.
We first consider the case in which # is bounded away from zero. In this case, the asymptotic
condition for H,; holds uniformly. Then,

2/7H(1) 2/7

TR® = (@sy )y PO @) sy ) =7 1 —°T+o - T;fs/z, (6.11)

leading to
Tr(®) =T+ 0.t ).

We now consider the case in which 7 — 0. In this case, by Lemma 6.2, point(c),n = —t; + O(x)

1/7
goes to zero at most as so/ .

Hence, using Lemma 6.4, for M, large enough, we have |772s(: 2/ 7§ | > 1. Therefore,
L&) = 5,7 H (5,7 & )

— 80—03/14770'3/25(S0—2/7gnZ)H(SO—Z/7§772)
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2/7
GELNE) = ,703/23503/14 | §n 20y +o< 4/7 -4>

2/7

s

0 (1) 4/7 —g./2.03/14
X I—TS +O(s0 )n a3/ so3 ,

and the jump becomes

Tr =15, /)0 PGELT (&) (xys, )

2/7 2/7
S N
=/ | 1= 2 HO +o(sy/ ) 11— s +0(sy7) /ey s/

2/7 1 a3/2 —03/2 03/2 —03/2
S 3 3 3 3
=/ — 0_ 77_2 <l H(l) 2 + 2 S(l) i) + O(Sg/777_4)
§ | T T 71 71
52/7 [ S _n 3 i/
=I - OT n~ (3192181 % > + my(o) (_ o >] + 0(54/7 ) (6.12)
5127 128 1287 16
=I+ O(séﬁn‘z) =1+ 0(35/711‘2),
and the claimed result follows. O

We can now compute the first term correction in the asymptotic expansion of R in Lemma 6.6.
When 7 is far from zero, using Equation (6.11) of the previous lemma and the fact that the jumps
on the real line are exponentially small, we obtain

RW(ry,50) = / J1(s)ds

_ 2/7 03/2,7(1)_03/2 4/7 —
__27”0 13 Hy't’ /sl =ds + O(s, )

2/7_—03/2,,(1)_03/2 4/7 __1
=5,/ 7, TH T T+ 0(s) ).

When 7 — 0, we use instead (6.12) and obtain

S _n 3 A
27| 47 _
RD(zy,s0) =So/ l’? ? (3192181 8T1> + my(0) (_ 19611 i >] +0(s, / 7.
5127 128 1287 16

Combined with the asymptotic expression for H, as# — 0, we finally obtain that, uniformly in
the regime given by Assumption 6.1,

R(l)(fl,SO) = 82/7 <rq£‘7§7)731 pién)(;;;) + O(sgﬁn“‘). (6.13)
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6.2 | Asymptotics for u and v

Using the small-norm theorem for the matrix R defined in (5.5), we obtain

Z(l) — (T1S51/7)U3/2R(1)(T1, SO)(T1S;1/7)_U3/2

_2/7 —03/14.,(1) 03/14 3/7_—3
=5, s, 2 Hg'sy’ " +0(s) 1),

where Z() appears in (6.1). Combining the latter with the asymptotic expansion (5.3), we obtain

5(1) . 1/7 .
Z -1 i by (-1 i
(1) 12 o 3/7_-3
z _2<i 1>_ 2 (i 1>+O(S0 oo

o ( 22y - lzm)

1(2% 7)) Zﬁ) @

* is2/7q 3/7
= 0 27+ 0(s, 1'1_3),
*

where we denoted with * the entries that are not relevant for the following computations.
The asymptotic behavior of the relevant functions is summarized below.

Lemma 6.8. Let —M1r4/7 <75 < —M2r§/7, [T5] < M1r2/7 —M; < 7, < X, where

x==(2) " () —lml(=)
7 7T, 7T7

M,, M,, M5 are real positive constants such that (—M5, x) # @. Then, as T, — 0,

u = —py(—1,) + O(x),

L= —pf,(—fl) +2g,(—11) + O(x).

Proof. For u, using Equation (3.13) together with X(l) + 1X(1) 1/ 7(Z(1) + 1Z(1)) and the
expression above for Z() above Lemma 6.8, we obtain

2/7 _3) —

= —p,(m) + O(z; —p,(=77) + O(x),

where in the last equation we used Lemma 6.2. For v, we start with (3.14) and, similarly, as before,
we obtain

=57 [—2iz0Z) + 2z - 2iz2)]

=5/ T=s P m) — 257" 4, () + 0} T )]
=~ ) +24,0) + O(; 07) = —pl(=11) + 24, (~11) + O(x),

again using Lemma 6.2 in the last equality. O
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APPENDIX A: EXPLICIT COMPUTATIONS FOR THE POTENTIAL KdV EQUATIONS
The aim of this appendix is to give a full derivation of Equations (3.12). Expanding (aiX ) X1

71
at ¢ = oo and setting to zero the terms in ¢! and ¢~ the following non-trivial relations between
the entries of X), defined in (2.27), are found:

(2)
Xll - 2 4

@ __1(/,@)? @)? Dy, vDypG)
X1 __§<<X11> +<X12> +X X)) XX

These equations will be used in subsequent simplifications, without mentioning them. Next,
expanding (a%X ) X~! we obtain new expressions for b; and b,:
3

2 2
— o (O D 4 ax® (D) _ iy D@ L ip @D
b, = —21<X11 ) xD 4 axt (Xlz) —2ixVx@ 4 2ixx L

3
(5D Dy @ _ 5@
+ 21(X12 ) +axDx? _2ix®)

3 2 2 2
— 9i x® €Y) @ @ @ (2) (D) 3 (2) 5 (D)
by = 21<X11 ) X~ 6<X11 ) <X12 > + 21<X11 ) Xpy — X XXy,
3 2
(D (51 D) 51 (2) 3 (D 5-(3) ) (D 13 (2 5(2)
— 61X, <X12 ) — 8Xy Xy Xy, 27X, +4X) <X12 > — 22X X,
£2ix@x0 4 2(x0) 2 6i(xD) X2 _axOx® _o(x@Y’
1412 12 12 ) 412 12412 12
0 d

) @ _ @
+ 21X12 - 6—7._3)(11 — 16—1"3)(12 ,

as well as the identity

0 WV @ i) i@ D) (D) @)
5o _—1()(11 ) x? _2ixWx® _2ixx (1 —1<X ) X

2
D53 @) _ iy @
+axUx® _ 2<X12 ) —2ix®.

The formulas for b, and b, allow us to verify the first equation in (3.12).

b2
b2 = _0 - Ziu.
4 013

Next, expanding (a%X ) X1, and using relations coming from the fact that the term in ¢! is
5
equal to 0, we further obtain

_ Lo\ e, 1) (D) OV D@ D) B
by = ZI<X > Xo + EI(XII) <X1z> +2<X11 ) X2 X1 _I(Xu) X2

2
S D3 @) | 4Dy _ iy Dy@ | 453 (5D (35
—2ixVxPxY +axVx VxS —2ix Vx4 ax <X12> —2ixVx
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1./,M)° OV @ , e vV B3 gD (@) (1))
+ ZI<X12> +2(X12) x® +51(X12) x® —3ix( (X12> +axUx@

3 (5)
—2X05,
b, = —2i( XDV xD 1 2(x0V(xD) Z2i(xD) XD 4 aixVx@x®
4= 11 12 11 12 11 12 111112
3 2
D (D) (D (3) @ (5@ v (2)5(2) _ 55 (3) (1)
— 21X, (Xu ) — 22X Xy —4Xg) <X12 ) + 20X X5 20X,
2(xOY Z2i(xD)x@ 4 axOx® _2(x@) _ 2ix@
+ 1) ~ANAn 12 T A, 12) T 4
4 2 2 4 2 2 2
= (x® M ) ) 15 M\ 5@ M) (D5 G)
b = (Xn ) <X12 > +2(X11 ) <X12 ) _41(X11 ) <X12 ) X _4<X11 ) XnX1
2 2 3
D)3 (3) (5 1) U AP D33 (4) _ gix(3) (5D
— 88X X0 <X12 ) — 81X, <X12 ) Xy —8X Xy Xy, — 81Xy, <X12 )
6 4 3 2 2
(3 (1) () ¢9) S x DY @ C AR ¢9) )
—8X XX, <X12 ) _41(X12 ) X5+ 4(X12 ) X0 _4<X12 ) <X12 )
2 d

2
@ C)) @)@ (3
81<X12 ) X, —8X X+ 4<X12 ) 26_[51.4.

Once again, the explicit form for such entries allows us to verify the second equation in (3.12):

) 3
be = —b? + 30 — byb, — 2Eu.

Analogously, using the expansion of (%X ) X1, one gets
7

6 2 4 4 4 2
bm:_l(Xu)) <X<1)> _§(X(1>) (X(1)> +1<X<1)> (Xu)) @
2 2 11 12

4 3 2 2 6
MY x5O M) 3 (xD 3(x® &
+ <X11 ) X1 +4(X11 ) X1 (X12 ) - §<X ) (X )
2 4 2 3 2 2 2
A x@ MY @ €8] AR ¢9) ¢9) @
+ 21<X11 ) <X12 ) X1 +6<X11 > (X12 ) X5~ 2(Xn ) <X12 ) <X12 )
~ il xOY (xOV %@ _ 4(xD) xOx® 4 axOx® (x0)*
11 12 12 1 12712 1111 \ 12
2 2
(D5 B3) (1)) 5 (2) (1) 3 (3) 5 (1) x(3) W) (1)
— 81X Xy <X12 ) Xy, — 88X X X X, — 88X Xy (Xlz )
gixD(xD ) x® _ gxOxDx® _ 4(x®)* (xD)’
et § U e ) 127 %ttt 11 12
2 3
U AD By (D) _ gix(5) (51 ) (D))
— 81X)) <X12 > Xp; —8Xy Xy Xy, —8iXy) (X12 ) — 88X X1 X,

1) (x0)°p@ ANTE) OV (x@)?
- §(X12> +1<X12> X0 +5<X12> X0 _2<X12> <X12>
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4 3 3 2 3
AxOY @ _oif (D) (2503 MY G 4 g4if xD @
—41<X12) x@ 81<X12> xx6 +4(X12) x8 +41<X12> <X12>
2 2 2 2
M\ @5 M 3) T AY
- 8(X12 ) X52%1 _4<X12 > (Xlz ) - 81<X12 > X1
d

2 2
O (@) O _ gy @x©® gy @x() @
+4x4 <X12> x3 _sxPx® 1 gxOx —4(X12) - 25,

and

_L 0V @ L L OV (O Vv @ _ (D) @ i (D32
b _ZI<X11 ) X5+ §1<X11) <X12> X0 _1(X11 ) Xy — 22X, XX

D35 _ 5@ 53 _ iy (M 1Y @) o ) 5@
— 20X Xy 22X Xy S 2K X, + ZI<X12 ) X5~ 1(X12 ) X1
3 2
i3 (1) 3(2)5(3) D5 6G) 4 @ @) y® €) :5(6)
—2ixDxPx® 4 axWxC +1(X12> —ax@x +2<X12> —2ix9.
Substituting %u = bg in the formula for b, one finds the third equation of (3.12):
5

byb
biy = 2% — 2byb, — bybs - 26%% (A2)
7

APPENDIX B: THE LAX PAIR ASSOCIATED TO THE PI® EQUATION

The aim of this appendix, added for the reader’s convenience, is to write explicitly the Lax system
associated to the Riemann-Hilbert problem 2.1, and explain how the equations in Proposition 2.4
are obtained. We also gather information about the asymptotics of the density of the point pro-
cess & on the negative real axis, see Corollary B.1 below. Since the jump on the Riemann-Hilbert
problem 2.1 is constant, using the asymptotic expansion (2.2), one proves that there exist three
polynomial (in z) matrices U, W, and V such that the following system of equations is satisfied:

21, 1132) = Wity 1 D000, 1152),

0

Z (1, 1132) = Vit 113200t 1132), (B.1)
1

aa—zq)(to’ﬁ;z) = U(ty, t1;2)P(tg, L1; 2).

These Lax matrices, which can be written in terms of the h and y appearing in the asymptotic
expansion (2.2), read explicitly

1 2 2
W) = < 0 —02>’ V(z) = (g . 67l gzl+ §y>, (B2)

_ 2
2242y +h, Rt e N A AU
and
1 3 1 2 3y? 1
U(Z) = Zytnz + Zyyto + aytu[n[o z +yZ + T + Eytoto + tl .
3 _yg2 _lyp_ 1 34 L B N N S YR
z° —yz* + (4 3y 16)’10{0)2"' Y+ YV T 1650 0 V6,2 = 7YV T Vet

(B.3)
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Moreover, using the fact thatlim,_,  z [( %(D(z)) O 1(z) — W(z)] o 0, we also obtain the rela-
0

tion (2.4) hto = 2y. Equations (2.6) and (2.7) are derived, respectively, from the Lax compatibility
conditions

3 3 3 3
Sw_Susw,ul=0 and Sw-viw,v]=
52" T UtIWUI=0 and ZW - -V + WV

As for the potential KdV Equation (2.5), using the fact that

lim z i<I:'(t0,t1,z)cl> Yto,t1,2) = U(2)| =0,

Z—>0
by inspection of the entries we find that 3y® + %yto +3h, =0, which gives (2.5) using
Equation (2.4).

The explicit form of the Lax matrices associated to ® gives also information about the density
of the point process with kernel (1.1).

é
|2

Corollary B.1. K(u,u) = “2 + 0(Ju|'/?) asu - —co.

Proof. We have

¢1(u)¢2(v) — ¢ (L), (1)

K, u) = —27i(u —v)

=_h ¢1(u)—¢2(v) —U¢1(U)¢2(u)

27mi v

_ 1 3 2 1., 1 3,1 2
—%{<u —yu +<t1—5y —1—6}’zozo)“+2y +3Wiote T 16)’ 2t0)¢ (w)+

2

=2( (391, ) = v, ) G0a(w) - (uz +yu+t 3% + 17+ f1)¢§<u>}-

At last, from Equation (2.2), one obtains
. -} .o L 1
2miK (u, u) =2ilu|z + 2ijlu|z2t; + O(Jlu| " 2). O

ACKNOWLEDGMENTS

We are grateful to Thomas Bothner, Tom Claeys, and Giulio Ruzza for very fruitful discussions on
preliminary versions of the results presented here. M.C. acknowledges the support of the Centre
Henri Lebesgue, program ANR-11-LABX0020-0, and the International Research Project PIICQ,
funded by CNRS-Mathématiques. C.M.S.P. acknowledges the support of the Sdo Paulo Research
Foundation (FAPESP), grants #2021/10819-3 and #2023/14157-0. We also want to thank the two
anonymous referees, whose comments greatly improved the quality of the exposition.

Open access publication funding provided by COUPERIN CY26.

JOURNAL INFORMATION

The Journal of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and

SUORIPUOD Pue SWLB 1 B} 855 *[9202/60/€2] UO ARIgITaUNUO AB]IM ‘|1Z8ig - OlNed 08S JO AISIRAIUN AQ 9670L SWII/ZTTT OT/I0p/L0d"A3| 1M AReaq 1 BUI|UO-D0SUIRWPUO|//SANY W1} papeojumod ‘€ ‘9202 ‘0SLL69T

- Ko ImARRIqIBUIUO,

B5UBD17 SUOLLLOD BAIER1D 8 [qeat|dde sy Aq peusench ae sajpiLe YO ‘8sn Jo Sajni Jo) Arig1auljuQ 43| Lo (suol



THE KORTEWEG-DE-VRIES HIERARCHY | 45 of 46

mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
Mattia Cafasso ® https://orcid.org/0000-0002-8566-7319

REFERENCES

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

J. Baik, P. Deift, and T. Suidan, Combinatorics and random matrix theory, vol. 172, American Mathematical
Society, Providence, RI, 2016.

. T. Bothner, On the origins of Riemann-Hilbert problems in mathematics, Nonlinearity 34 (2021), no. 4, 1-73.
. T. Bothner, M. Cafasso, and S. Tarricone, Momenta spacing distributions in anharmonic oscillators and the

higher order finite temperature Airy kernel, Ann. Inst. Henri Poincaré Probab. Stat. 58 (2022), no. 3, 1505-1546.

. T. Bothner and A. Little, The complex elliptic Ginibre ensemble at weak non-Hermiticity: bulk spacing

distributions, J. Phys. A 57 (2024), no. 25, 255201.

. M. . Bowick and E. Brézin, Universal scaling of the tail of the density of eigenvalues in random matrix models,

Phys. Lett. B 268 (1991), no. 1, 21-28.

. E. Brezin, E. Marinari, and G. Parisi, A non-perturbative ambiguity free solution of a string model, Phys. Lett. B

242 (1990), no. 1, 35-38.

. M. Cafasso, T. Claeys, and G. Ruzza, Airy kernel determinant solutions to the KdV equation and integro-

differential Painlevé equations, Comm. Math. Phys. 386 (2021), no. 2, 1107-1153.

. M. Cafasso, M. Mucciconi, and G. Ruzza, Multiplicative averages of Plancherel random partitions: elliptic

functions, phase transitions, and applications, arXiv: 2601.05164, 2026.

. M. Cafasso and G. Ruzza, Integrable equations associated with the finite-temperature deformation of the discrete

Bessel point process, J. Lond. Math. Soc. 108 (2023), no. 1, 273-308.

C. Charlier, T. Claeys, and G. Ruzza, Uniform tail asymptotics for Airy kernel determinant solutions to KdV and
for the narrow wedge solution to KPZ, J. Funct. Anal. 283 (2022), no. 8, 109608.

T. Claeys and G. Glesner, Determinantal point processes conditioned on randomly incomplete configurations,
Ann. Inst. Henri Poincaré Probab. Stat. 59 (2023), no. 4, 2189-2219.

T. Claeys, A. Its, and I. Krasovsky, Higher-order analogues of the Tracy-Widom distribution and the Painlevé II
hierarchy, Comm. Pure Appl. Math. 63 (2010), no. 3, 362-412.

T. Claeys, A. B. Kuijlaars, and M. Vanlessen, Multi-critical unitary random matrix ensembles and the general
Painlevé II equation, Ann. of Math. 167 (2008), 601-641.

T. Claeys and S. Tarricone, On the integrable structure of deformed sine kernel determinants, Math. Phys. Anal.
Geom. 27 (2024), no. 1, 3.

T. Claeys and M. Vanlessen, The existence of a real pole-free solution of the fourth order analogue of the Painlevé
I equation, Nonlinearity 20 (2007), no. 5, 1163-1184.

T. Claeys and M. Vanlessen, Universality of a double scaling limit near singular edge points in random matrix
models, Comm. Math. Phys. 273 (2007), 499-532.

B. Dubrovin, Inverse problem for periodic finite-zoned potentials in the theory of scattering, Funct. Anal. Appl.
9 (1975), no. 1, 61-62.

B. Dubrovin, On Hamiltonian perturbations of hyperbolic systems of conservation laws, II: universality of critical
behaviour, Comm. Math. Phys. 267 (2006), no. 1, 117-139.

C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura, Korteweg-devries equation and generalizations.
VI. methods for exact solution, Comm. Pure Appl. Math. 27 (1974), no. 1, 97-133.

T. Grava and T. Claeys, The KdV hierarchy: universality and a Painlevé transcendent, Int. Math. Res. Not. IMRN
2012 (2012), no. 22, 5063-5099.

A. R. Its, A. G. Izergin, V. E. Korepin, and N. A. Slavnov, Differential equations for quantum correlation
functions, Internat. J. Modern Phys. B 4 (1990), no. 05, 1003-1037.

A. R.Its and V. B. Matveev, Hill’s operator with finitely many gaps, Funct. Anal. Appl. 9 (1975), no. 1, 65-66.
K. Johansson, Random matrices and determinantal processes, Mathematical statistical physics, Elsevier B. V.,
Les Houches, 2006, pp. 1-55.

SUORIPUOD Pue SWLB 1 B} 855 *[9202/60/€2] UO ARIgITaUNUO AB]IM ‘|1Z8ig - OlNed 08S JO AISIRAIUN AQ 9670L SWII/ZTTT OT/I0p/L0d"A3| 1M AReaq 1 BUI|UO-D0SUIRWPUO|//SANY W1} papeojumod ‘€ ‘9202 ‘0SLL69T

1o,

ol ARIgIRL

Pl

B5UBD17 SUOLLLOD BAIER1D 8 [qeat|dde sy Aq peusench ae sajpiLe YO ‘8sn Jo Sajni Jo) Arig1auljuQ 43| Lo (suol


https://orcid.org/0000-0002-8566-7319
https://orcid.org/0000-0002-8566-7319

46 of 46 CAFASSO and PINHEIRO

24.

25.
26.

27.
28.

29.

30.

31.

32.

A. Krajenbrink, From Painlevé to Zakharov-Shabat and beyond: Fredholm determinants and integro-differential
hierarchies, J. Phys. A 54 (2020), no. 3, 035001.

O. Macchi, The coincidence approach to stochastic point processes, Adv. in Appl. Probab. 7 (1975), no. 1, 83-122.
J. H. Maddocks and R. L. Sachs, On the stability of KdV multi-solitons, Comm. Pure Appl. Math. 46 (1993), no.
6, 867-901.

F. Magri, A simple model of the integrable Hamiltonian equation, J. Math. Phys. 19 (1978), no. 5, 1156-1162.

R. M. Miura, C. S. Gardner, and M. D. Kruskal, Korteweg-de Vries equation and generalizations. II. Existence of
conservation laws and constants of motion, J. Math. Phys. 9 (1968), no. 8, 1204-1209.

NIST Digital Library of Mathematical Functions, https://dlmf.nist.gov/, Release 1.2.5 of 2025-12-15. F. W. J.
Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller, B. V. Saunders,
H. S. Cohl, and M. A. McClain, eds.

S. P. Novikov, The periodic problem for the Korteweg—de Vries equation, Funktsional. Anal. i Prilozhen. 8 (1974),
no. 3, 54-66.

G. Ruzza, Bessel kernel determinants and integrable equations, Annales Henri Poincaré, Springer International
Publishing, Cham, 2025, pp. 1-34.

A. Soshnikov, Determinantal random point fields, Russian Math. Surveys 55 (2000), no. 5, 923.

SUORIPUOD Pue SWLB 1 B} 855 *[9202/60/€2] UO ARIgITaUNUO AB]IM ‘|1Z8ig - OlNed 08S JO AISIRAIUN AQ 9670L SWII/ZTTT OT/I0p/L0d"A3| 1M AReaq 1 BUI|UO-D0SUIRWPUO|//SANY W1} papeojumod ‘€ ‘9202 ‘0SLL69T

1o,

ol ARIgIRL

Pl

3SUBD| 7 SUOLILLOD BAIERID 3[Rt |dde ay) Ag pauseAob afe S ILe YO 85N JO S3|NJ 10y AkiqiT auljuQ A3|1AA Lo (Suol


https://dlmf.nist.gov/

	Unitary ensembles with a critical edge point, their multiplicative statistics, and the Korteweg-de-Vries hierarchy
	Abstract
	1 | INTRODUCTION AND STATEMENT OF THE RESULTS
	2 | THE RIEMANN-HILBERT CHARACTERIZATION OF 
	3 | KdV, POTENTIAL KdV EQUATIONS, AND LAX MATRICES
	4 | THE FIRST ASYMPTOTIC REGIME
	4.1 | Estimates for the jump matrix of 

	5 | THE SECOND ASYMPTOTIC REGIME
	5.1 | Analysis of the global parametrix
	5.2 | Asymptotics for and 

	6 | THE THIRD ASYMPTOTIC REGIME
	6.1 | Local and global parametrices
	6.2 | Asymptotics for and 

	APPENDIX A: EXPLICIT COMPUTATIONS FOR THE POTENTIAL KdV EQUATIONS
	APPENDIX B: THE LAX PAIR ASSOCIATED TO THE EQUATION
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


