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1 INTRODUCTION AND STATEMENT OF THE RESULTS

Determinantal point processeswere introduced byO.Macchi in 1975 [25]. They appear naturally in
the study of fermionic systems, random matrices, random permutations, tilings, and many other
different models, see [32] and [23] for a pedagogical introduction. In this paper, we are interested
in a particular point process, describing the universal behavior of eigenvalues of unitary random
matrix ensembles near a critical edge point, where the limiting eigenvalue density vanishes like
power 5/2. In the physics literature, this kind of multicritical models begun to be studied in the
nineties [5, 6]. The relevant kernel was introduced, in the mathematical literature, by Claeys and
Vanlessen [16]. It is of integrable type (in the sense of Its–Izergin–Korepin and Slavnov [21]), as it
is written in the form

𝐾(𝜆, 𝜇; 𝑡0, 𝑡1) ∶=
𝜙1(𝜆; 𝑡0, 𝑡1)𝜙2(𝜇; 𝑡0, 𝑡1) − 𝜙2(𝜆; 𝑡0, 𝑡1)𝜙1(𝜇; 𝑡0, 𝑡1)

−2𝜋i(𝜆 − 𝜇)
. (1.1)

The functions 𝜙𝑗, 𝑗 = 1, 2 are best described as entries of the (unique) solution of a given
Riemann–Hilbert problem, depending parametrically on 𝑡0, 𝑡1 ∈ ℝ, and are related to a distin-
guished solution 𝑦 = 𝑦(𝑡0, 𝑡1) of the second member of the Painlevé I hierarchy, usually denoted
by 𝑃𝐼(2). This is a fourth-order analog of the Painlevé I equation, and it reads

𝜕4𝑡0
𝑦

64
+
5

8

(
(𝜕𝑡0𝑦)

2 + 2𝑦𝜕2𝑡0
𝑦
)
+ 10𝑦3 + 4𝑦.𝑡1 − 4𝑡0 = 0. (1.2)

The Painlevé trascendent 𝑦 plays a distinguished role in the so-called Dubrovin’s conjecture about
the universality of the critical behavior of Hamiltonian perturbation of hyperbolic partial differ-
ential equations (PDEs), see [18] and also [20] for a partial solution of the conjecture restricted
to the equations of the Korteweg-de-Vries (KdV) hierarchy, which are defined below. The precise
definition of 𝑦, as well as the one of 𝜙𝑗, 𝑗 = 1, 2, is formulated in terms of the Riemann–Hilbert
problem 2.1 below, in Section 2. The kernel (1.1) should be thought of as a higher order analog
of the Airy kernel, the latter appearing near regular edge points of unitary random matrices,
when the limiting eigenvalue density vanishes like power 1/2 (as, e.g., in the case of the Wigner
semi-circle law, associated to the Gaussian Unitary Ensemble). As for the Airy point process, one
can prove that the point process  associated to (1.1) has (almost surely) a largest particle and,
as such, almost all realizations of the point process are given by a strictly decreasing sequence
of points 𝜉0 > 𝜉1 > 𝜉2 > ⋯. We introduce a real function 𝜎 ∶ ℝ → ℝ, satisfying the following
assumptions:
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THE KORTEWEG-DE-VRIES HIERARCHY 3 of 46

Assumption 1.1.

1. 𝜎 ∶ ℝ → [0, 1] is a non-decreasing function,𝐶∞ everywhere except, possibly, at a finite number
of points 𝑟1, … , 𝑟𝑘. At those points, the left and right limits of 𝜎 and of all its derivatives exist
(but are not, in general, the same).

2. The function 𝑟 → 𝑟4𝜎(𝑟) is in 𝐿2(ℝ−, d𝑟).

We will denote 𝜄 ∶= lim𝑟→∞ 𝜎(𝑟) (because of the assumption above, such a 𝜄 exists and 0 ⩽ 𝜄 ⩽
1).
We are interested in:

𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) ∶= 𝔼

⎡⎢⎢⎣
∏
𝑗⩾0

⎛⎜⎜⎝1 − 𝜎
⎛⎜⎜⎝
𝜉𝑗

𝑠
2∕7
0

−
𝑠1
𝑠0

⎞⎟⎟⎠
⎞⎟⎟⎠
⎤⎥⎥⎦, (1.3)

where 𝑠0 > 0 and 𝑠1 ∈ ℝ. These two parameters 𝑠0 and 𝑠1 parameterize affine transformations of
the point process  .
Remark 1.2. One might wonder about the peculiar choice of the parameterization of affine trans-
formations in (1.3). Besides being convenient in the sequel of the paper, they are also related to
the (integrated) density of the point process  . Using Corollary B.1 in Appendix B, heuristically
we expect that

𝔼
[
#

{
𝑗 ∈ ℕ ∶ 𝜉𝑗 > −𝑟

}]
∼ ∫

0

−𝑟

1

𝜋
𝜌
5
2 d𝜌 =

2

7𝜋
𝑟7∕2,

so that the expected number of points, to the right of−𝑟, for the rescaled point process is inversely
proportional to 𝑠0:

𝔼

⎡⎢⎢⎢⎣#
⎧⎪⎨⎪⎩𝑗 ∈ ℕ ∶

𝜉𝑗

𝑠
2∕7
0

> −𝑟

⎫⎪⎬⎪⎭
⎤⎥⎥⎥⎦ ∼

2

7𝜋𝑠0
𝑟7∕2.

A similar parameterization, related to the density of the Airy point process, was also used in [7],
see eq. (1.4) in loc. cit.

Remark 1.3. The quantities 𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) are usually called multiplicative statistics associ-
ated to the point process. In the last years, due to their applications to solvable models in the
Kardar-Parisi-Zhang (KPZ) universality class and to integrable PDEs, they attracted considerable
attention by researchers interested in integrability. They have the following elegant interpretation
in terms of thinning of a point process, see, for instance, [11] and references therein. Consider a
realization 𝜉0 > 𝜉1 > 𝜉2 >⋯ of the point process  and construct a new configuration of points
by keeping each 𝜉𝑗, 𝑗 ⩾ 0, with probability 𝜎(𝜉𝑗𝑠

−2∕7
0

− 𝑠1𝑠
−1
0
), and by deleting it with probability

1 − 𝜎(𝜉𝑗𝑠
−2∕7
0

− 𝑠1𝑠
−1
0
). In this way, a new point process𝜎 is created by thinning the original one.

𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) is the probability that 𝜎 is empty:

𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) ∶= ℙ(𝜎 = ∅).
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4 of 46 CAFASSO and PINHEIRO

Since is a determinantal point process, by general results about determinantal point processes
(see, for instance, [23]),𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) are Fredholmdeterminants, see Equations (2.12) and (2.13)
below. Moreover, being the associated kernel of integrable type, in the sense of [21], a natural
connection is established with Riemann–Hilbert problems and, ultimately, with integrable PDEs.
The ones relevant in this work are the first three equations of the KdV hierarchy, which we now
define.

Definition 1.4. Let 𝑅𝑘 be the Lenard differential polynomials, depending on 𝑣 and its derivatives
with respect to 𝜏1, defined by the recursion relation

𝐷12𝑘+3[𝑣] =
(
1

4
𝐷31 + 2𝑣𝐷1 + 𝑣𝜏1

)2𝑘+1[𝑣], 1[𝑣] ∶= 𝑣, (1.4)

where 𝐷𝑘 ∶=
𝜕

𝜕𝜏𝑘
and 𝑣𝜏𝑘 = 𝐷𝑘𝑣, 𝑘 ⩾ 1. The KdV hierarchy is, by definition, the set of

commuting flows given by the equations

𝑣𝜏2𝑘+1 = 𝐷1
(2𝑘+1[𝑣]

)
, 𝑘 ⩾ 0. (1.5)

It is easy to see that, when 𝑘 = 1, Equation (1.5) becomes the celebrated KdV Equation (1.11).
This equation, as first observed in 1968 in a seminal paper by Gardner, Kruskal, and Miura [28],
possesses an infinite number of conserved quantities, each one giving an equation of the hierar-
chy, defined by the flow with respect to the parameter 𝜏2𝑘+1. The recursion (1.4), which is already
present in [19], eq. (3.20), has been successively interpreted by Magri [27] as a bihamiltonian
recursion, 𝐷1 and

1

4
𝐷3
1
+ 2𝑣𝐷1 + 𝑣𝜏1 being the two (compatible) Poisson operators associated to

the equation.
In order to state our firstmain result,weneed to introduce the change of variable {𝑡0, 𝑡1, 𝑠0, 𝑠1} ↦

{𝜏1, 𝜏3, 𝜏5, 𝜏7} defined by the one-to-one map

𝜏1 =
5𝑠3
1

8𝑠2
0

+
𝑡1𝑠1

𝑠
4∕7
0

− 2𝑡0𝑠
1∕7
0
, 𝜏3 =

5𝑠2
1

4𝑠0
+
2𝑡1𝑠

3∕7
0

3
, 𝜏5 = 𝑠1, 𝜏7 =

2

7
𝑠0. (1.6)

Our first main result states that 𝑄𝜎(𝜏1, 𝜏3, 𝜏5, 𝜏7) produces a family of solutions, depending
on the function 𝜎, to the first three equations of the KdV hierarchy, and also to three more
equations detailed in the theorem below.

Theorem 1.5. Let 𝜎 ∶ ℝ⟶ [0, 1] be a function satisfying Assumptions 1.1 and

𝑦 = 𝑦(𝑡0(𝜏1, 𝜏3, 𝜏5, 𝜏7), 𝑡1(𝜏1, 𝜏3, 𝜏5, 𝜏7)), ℎ = ℎ(𝑡0(𝜏1, 𝜏3, 𝜏5, 𝜏7), 𝑡1(𝜏1, 𝜏3, 𝜏5, 𝜏7))

defined as in (2.2). Then, we have the following:

1. The function

𝑣 = 𝑣(𝜏1, 𝜏3, 𝜏5, 𝜏7) ∶=
𝜕2

𝜕𝜏2
1

log𝑄𝜎 +

(
2

7𝜏7

)2∕7

𝑦 −
1

7

𝜏5
𝜏7

(1.7)
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THE KORTEWEG-DE-VRIES HIERARCHY 5 of 46

satisfies the first three equations of the KdV hierarchy:

𝑣𝜏2𝑘+1 = 𝐷1
(2𝑘+1[𝑣]

)
, 𝑘 = 1, 2, 3. (1.8)

2. The function

𝑢 = 𝑢(𝜏1, 𝜏3, 𝜏5, 𝜏7) ∶=
𝜕

𝜕𝜏1
log𝑄𝜎 −

(
2

7

)1∕7ℎ
𝜏
1∕7
7

+
3

98

𝜏3𝜏
2
5

𝜏27
−

15

2744

𝜏45

𝜏37
−
1

7

𝜏1𝜏5
𝜏7

, (1.9)

satisfies the “potential KdV” equations

𝑢𝜏2𝑘+1 = 2𝑘+1[𝑢𝜏1], 𝑘 = 1, 2, 3. (1.10)

Remark 1.6. The functions 𝑣 and 𝑢, Equations (1.7) and (1.9), are well defined because, under
Assumption 1.1, 𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) > 0, see Remark 2.8 below.

In a more explicit form, denoting with a prime the derivative with respect to 𝜏1, the
equations satisfied by 𝑣, defined in (1.7), are

𝑣𝜏3 =
1

4
𝑣′′′ + 3𝑣𝑣′, (1.11)

𝑣𝜏5 =
1

16
𝑣(v) +

5

2
𝑣′𝑣′′ +

5

4
𝑣𝑣′′′ +

15

2
𝑣2𝑣′, (1.12)

𝑣𝜏7 =
1

64
𝑣(vii) +

35

16
𝑣′′𝑣′′′ +

35

2
𝑣𝑣′𝑣′′ +

7

16
𝑣𝑣(v) +

35

2
𝑣3𝑣′ +

35

8
𝑣′3 +

21

16
𝑣′𝑣(iv) +

35

8
𝑣2𝑣′′′,

(1.13)

while those of 𝑢, defined in Equation (1.9), are

𝑢𝜏3 =
1

4
𝑢′′′ +

3

2
(𝑢′)2, (1.14)

𝑢𝜏5 =
1

16
𝑢(v) +

5

4
𝑢′𝑢′′′ +

5

8
(𝑢′′)2 +

5

2
(𝑢′)3, (1.15)

𝑢𝜏7 =
1

64
𝑢(vii) +

7

16
𝑢′𝑢(v) +

21

32
(𝑢′′′)2 +

7

8
𝑢′′𝑢(iv) +

35

8
𝑢′′′(𝑢′)2 +

35

8
𝑢′(𝑢′′)2 +

35

8
(𝑢′)4. (1.16)

The first part of Theorem 1.5 above should be regarded as the analog, for the Claeys–Vanlessen
kernel, of [7, Theorem 1.3] for the Airy kernel. The asymptotic results of [7] have been further
improved in [10]. As other recent examples of multiplicative statistics associated to integrable
evolution equations, let us also mention [14] for the sine kernel, [31] for the Bessel kernel, and
[8, 9] for the discrete Bessel kernel. Multiplicative statistics of determinantal point processes are
also associated to integro-differential versions of Painlevé equations, and can be described using
operator-valued Lax systems; see, for instance, [2–4, 24].

Remark 1.7. Consider the particular case in which 𝜎 = 𝐻, with𝐻 the Heaviside step function. In
this case, the function 𝑄𝐻 in (1.3) reduces to the cumulative distribution function associated to
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6 of 46 CAFASSO and PINHEIRO

the largest particle in the point process:

𝑄𝐻(𝜏1, 𝜏3, 𝜏5, 𝜏7) = ℙ

⎛⎜⎜⎜⎝𝜉1 ⩽
𝜏5(

7

2
𝜏7

) 5
7

⎞⎟⎟⎟⎠. (1.17)

In other words, 𝑄𝐻 depends just on a particular combination of 𝜏5 and 𝜏7 and so does 𝑣, defined
in (1.7). By consequence, it is easy to prove that, for each fixed 𝜏5 and 𝜏7, we have that

𝜏5𝑣𝜏5 +
7

5
𝜏7𝑣𝜏7 = 0.

Using the definition of the KdV hierarchy and integrating once, we find that

5𝜏55[𝑣] + 7𝜏77[𝑣] = const, (1.18)

which is known as a stationary KdV reduction. These equations, in the periodic case, have been
studied since the seventies, in relation with finite-gap solutions of the KdV equation, see [17, 22,
30]. In the non-periodic case, stationary reductions are related tomulti-solitons solutions and their
stability; see [26]. On the other hand, the Claeys–Vanlessen kernel (1.1) is the second one (the first
one being the Airy kernel) of a hierarchy of kernels, whose gap probability𝑄𝐻 has been studied in
[12], and put in relationwith the Painlevé II hierarchy. Even in the case of 𝜎 = 𝐻, the results found
in this paper are different from the ones in [12]. Indeed, in this paper, 𝑣 is the double log-derivative
of 𝑄𝜎 with respect to 𝜏1, while Painlevé-type equations are obtained in [12] differentiating 𝑄𝐻
by the combination of the variables 𝜏5 and 𝜏7 appearing in (1.17); see nevertheless Remark 1.12
below for a comparison between the asymptotics obtained in this paper and in [12] for 𝑛 = 2.
We will study the multiplicative statistics associated to the whole family of kernels in [12] in a
subsequent work.

Remark 1.8. It can be verified (see details in Section 2) that

𝑦̃(𝜏1, 𝜏3, 𝜏5, 𝜏7) ∶=

(
2

7𝜏7

)2∕7

𝑦 −
1

7

𝜏5
𝜏7

(1.19)

is itself a solution of (1.11). Analogously,

ℎ̃(𝜏1, 𝜏3, 𝜏5, 𝜏7) ∶=
(
2

7

)1∕7ℎ
𝜏
1∕7
7

−
3

98

𝜏3𝜏
2
5

𝜏27
+

15

2744

𝜏45

𝜏37
+
1

7

𝜏1𝜏5
𝜏7

(1.20)

is itself a solution of (1.14).

The secondmain result concerns the (singular) behavior of the functions 𝑣 and 𝑢when 𝜏7 → 0.
From now on, we will work under a stronger assumption for 𝜎:

Assumption 1.9. There exist 𝑘1, 𝑘2, 𝑘3, 𝐾 > 0 positive real constants such that

|𝜎(𝑧) − 𝜄𝜒(0,∞)(𝑧)| ⩽ 𝑘1e−𝑘2|𝑧|3 , ∀𝑧 ∈ ℝ (1.21)

|𝜎′(𝑧))| ⩽ 𝑘3|𝑧|−2, ∀𝑧 ∈ ℝ, |𝑧| > 𝐾. (1.22)
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THE KORTEWEG-DE-VRIES HIERARCHY 7 of 46

Theorem 1.10. Consider𝑄𝜎(𝜏1, 𝜏3, 𝜏5, 𝜏7) as defined in (1.3), with 𝜎 satisfying Assumptions 1.1 and
1.9, and 𝑢 and 𝑣 defined, respectively, in (1.9) and (1.7). Then we have the following:

1. Let 𝜏5 ⩾ 𝑀(𝜏7)5∕7, for a fixed real constant 𝑀 > 0 and 𝜏1, 𝜏3 satisfying Assumptions 4.1. Then,
there exist two positive constants 𝑇 and 𝑘 such that

𝑢 = −

(
2

7𝜏7

)1∕7

ℎ −

(
𝜏1𝜏5
7𝜏7

−
3𝜏3𝜏

2
5

98𝜏27
+

15𝜏45

2744𝜏37

)
+ 𝑂(e−𝑘𝜏5∕𝜏

5∕7
7 ), (1.23)

𝑣 =

(
2

7𝜏7

)2∕7

𝑦 −
𝜏5
7𝜏7

+ 𝑂(e−𝑘𝜏5∕𝜏
5∕7
7 ), (1.24)

uniformly for 𝜏7 ∈ (0, 𝑇), where

ℎ = ℎ(𝑡0(𝜏1, 𝜏3, 𝜏5, 𝜏7), 𝑡1(𝜏1, 𝜏3, 𝜏5, 𝜏7)) and 𝑦 = 𝑦(𝑡0(𝜏1, 𝜏3, 𝜏5, 𝜏7), 𝑡1(𝜏1, 𝜏3, 𝜏5, 𝜏7)),

defined in (2.2), are, respectively, distinguished solutions to the potential KdV Equation (2.5) and
to the 𝑃𝐼(2) Equation (2.6).

2. Let |𝜏𝑘| ⩽ 𝑀𝜏𝑘∕77 , 𝑘 = 1, 3, 5, for a large enough constant𝑀. Then, as 𝜏7 → 0,

𝑢 =

(
26

7𝜏7

)1∕7(𝑞
2
+ 𝑝

)
+ 𝑂(𝜏

1∕7
7 ), (1.25)

𝑣 =

(
26

7𝜏7

)1∕7
(

𝜕

𝜕𝜏1

𝑞

2
−

(
26

7𝜏7

)1∕7 𝑞2

2
+ 𝑂

(
𝜏
1∕7
7

))
, (1.26)

where 𝑞 = 𝑞(𝑥0, 𝑥1, 𝑥2) is a solution to the third member of the Painlevé II hierarchy (5.11) and
the first two equations of the modified KdV hierarchy (5.9) (5.10), and 𝜕

𝜕𝑥0
𝑝 =

𝑞2

2
. The variables

𝑥0, 𝑥1, 𝑥2 are given, in function of 𝜏𝑗, 𝑗 = 1, 3, 5, by

𝑥0 = −𝑎
𝜏1

𝜏
1∕7
7

, 𝑥1 =
3𝑎3

4

𝜏3

𝜏
3∕7
7

, 𝑥2 =
5𝑎5

16

𝜏5

𝜏
5∕7
7

. (1.27)

where𝑎 = (26∕7)
1∕7.Moreover,𝑝 and𝑞 are both characterized by the uniquely solvableRiemann–

Hilbert Problem 5.5 with 𝑠 = i(𝜄 − 1), see Equation (5.8).
3. Suppose that 𝜄 = 1. Let 𝑀1,𝑀2, and 𝑀3 be positive real constants such that −𝑀1𝜏

4∕7
7 ⩽ 𝜏5 ⩽

−𝑀2𝜏
5∕7
7 , |𝜏3| ⩽ 𝑀1𝜏

2∕7
7 , −𝑀3 ⩽ 𝜏1 ⩽ 𝑥, where

𝑥 = −𝜏7

(
2

7𝜏7

)6∕7

+ 𝜏5

(
2

7𝜏7

)4∕7

− |𝜏3|( 2

7𝜏7

)2∕7

,

and (−𝑀3, 𝑥) ≠ ∅. Then, as 𝜏7 → 0,

𝑢 = −𝑝𝜎(−𝜏1) + 𝑂(𝑥), (1.28)

𝑣 = −𝑝2𝜎(−𝜏1) + 2𝑞𝜎(−𝜏1) + 𝑂(𝑥), (1.29)

where𝑝𝜎 and 𝑞𝜎, which depend solely on 𝜏1, are characterized by the uniquely solvable Riemann–
Hilbert problem 6.3.
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8 of 46 CAFASSO and PINHEIRO

Remark 1.11. One should note the similarities between Theorem 1.10 and the analog theorem for
the Airy point process, Theorem 1.8 in [7]. In particular, the quantity −𝑝2𝜎(−𝜏1) + 2𝑞𝜎(−𝜏1) in
(1.29) is the same as 𝑣𝜎 in [7, Theorem 1.8], eq. (1.25),† see details in Section 6. Moreover, in both
the first and second asymptotic regimes, the asymptotic approximations of 𝑣, Equations (1.24)
and (1.26), are themselves solutions of the KdV Equation (1.11), as it was already happening in
[7]. For the first asymptotic regime, this has been already observed in Remark 1.8. For the second
asymptotic regime, one recognizes that

𝑞(𝜏1, 𝜏3, 𝜏5, 𝜏7) ∶=

(
26

7𝜏7

)1∕7
(

𝜕

𝜕𝜏1

𝑞

2
−

(
26

7𝜏7

)1∕7 𝑞2

2

)

is, essentially, a Miura transformation of a solution of modified KdV, plus a re-scaling of coordi-

nates. More specifically, from Equation (5.9) we know that 𝑞 solves 𝜕

𝜕𝜏3
𝑞 = −6

(
1

14𝜏7

)2∕7
𝑞2 𝜕

𝜕𝜏1
𝑞 +

1

4

𝜕3

𝜕𝜏3
1

𝑞, and this allows us to conclude that 𝑞 satisfies Equation (1.11).

Remark 1.12. Let us consider again the special case in which 𝜎 = 𝐻 the Heaviside function, as
in Remark 1.7. We compare our asymptotic results with the ones obtained in [12] (for 𝑛 = 2) for
the “higher Tracy-Widom distribution” describing the position of the largest particle in the point
process  . We start observing that, as 𝑠1∕𝑠5∕70

→ ∞, a close inspection of the proof of Lemma 4.2
shows that

𝜕

𝜕𝑡0
log𝑄𝜎 = 𝑂

(
e−𝑐(𝑠1∕𝑠

5∕7
0

)
7∕2

)
,

in agreement with [12].
On the other side, Theorem 1.5 implies that (in the 𝑃𝐼(2) variables)

𝜕

𝜕𝑠1

𝜕

𝜕𝑡0
log𝑄𝜎 = −

5𝑠3
1

8𝑠
20∕7
0

−
𝑠1𝑡1

𝑠
10∕7
0

+
2𝑡0

𝑠
5∕7
0

− 2𝑠
1∕7
0

𝜕

𝜕𝑠1
𝑢.

Moreover, it can be checked that, in the third asymptotic regime of Theorem 1.10 with 𝑥 ⩽ −𝛿 for
some fixed 𝛿 > 0,

𝜕

𝜕𝑠1
𝑢 = const + 𝑂

(
𝑠
1∕7
0

)
,

where const ≈ 1.1341, as it can be verified from the asymptotic expansion of the Bessel Riemann–
Hilbert problem stated in Equation (6.9). Consequently, as 𝑠0 → 0,

𝜕

𝜕𝑠1

𝜕

𝜕𝑡0
log𝑄𝜎 = −

5𝑠3
1

8𝑠
20∕7
0

−
𝑠1𝑡1

𝑠
10∕7
0

+
2𝑡0

𝑠
5∕7
0

+ 𝑂
(
𝑠
1∕7
0

)
. (1.30)

† In fact, 𝑣𝜎 is defined in [7] by means of two functions 𝑞0𝜎, 𝑝
0
𝜎 as 𝑣𝜎 = −(𝑝0𝜎)

2 − 2𝑞0𝜎 , and through Equation (6.7) one can
easily verify that 𝑞0𝜎(.) in [7] is equal to −𝑞𝜎(.) in this paper.
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THE KORTEWEG-DE-VRIES HIERARCHY 9 of 46

This result is consistent with [12]. In fact, Theorem 1.5 from [12] claims that, as 𝑠1∕𝑠
5∕7
0

→ −∞,

𝜕

𝜕𝑠1
log𝑄𝜎 =

25𝑠6
1

256𝑠5
0

+
5𝑠4
1
𝑡1

16𝑠
25∕7
0

−
5𝑠3
1
𝑡0

8𝑠
20∕7
0

+
𝑠2
1
𝑡2
1

4𝑠
15∕7
0

−
𝑠1𝑡0𝑡1

𝑠
10∕7
0

+
𝑡2
0

𝑠
5∕7
0

−
3

8𝑠1
+ 𝑂

(
𝑠
10∕7
0

∕𝑠31

)
.

Formally differentiating with respect to 𝑡0, one obtains the same leading behavior as in
Equation (1.30).

2 THE RIEMANN–HILBERT CHARACTERIZATION OF 𝑸𝝈

Westart recalling theRiemann–Hilbert problem related to the kernel (1.1).We slightly reformulate
the one described in [12, pp. 3 and 4] and 𝑘 = 1 (see also the previous work [16, section 3.6.1], but
with different normalization), “flattening” the set of contours on the real axis.

Riemann–Hilbert Problem 2.1.

1. Φ(𝑡0, 𝑡1; 𝑧) ≡ Φ(𝑧) is analytic on ℂ ⧵ ℝ, and has continuous boundary values Φ± satisfying the
jump relation

Φ+(𝑧) = Φ−(𝑧)

(
1 1

0 1

)
, 𝑧 ∈ ℝ. (2.1)

2. As 𝑧 → ∞,

Φ(𝑧) = 𝑧−𝜎3∕4𝑁

(
𝐼 +

1

𝑧1∕2

(
−ℎ 0

0 ℎ

)
+

1

2𝑧

(
ℎ2 i𝑦

−i𝑦 ℎ2

)
+

∑
𝑗⩾2

Φ(𝑗)

𝑧𝑗∕2

)
e−𝜃(𝑧)𝜎3

×

⎧⎪⎨⎪⎩
𝐼 | arg 𝑧| < 𝜋 − 𝜖(

1 0

±1 1

)
𝜋 − 𝜖 < ±arg 𝑧 < 𝜋

,

(2.2)

where 𝑁 ∶= 1√
2

(
1 1

−1 1

)
e−𝜋i𝜎3∕4 and 𝜃(𝑧) ∶= 2

7
𝑧7∕2 + 2

3
𝑡1𝑧

3∕2 − 2𝑡0𝑧
1∕2. In the formula

above, 0 < 𝜖 < 𝜋∕2, and the principal branches of 𝑧−𝜎3∕4 and 𝑧1∕2 are taken, analytic in
ℂ∕(−∞, 0] and positive for 𝑧 > 0.

Remark 2.2. The scalars ℎ, 𝑦 and the matrices Φ(𝑗), even if not explicitly written, are functions of
the parameters 𝑡0 and 𝑡1.

Remark 2.3. It was proven in [15] that the Riemann–Hilbert problem above is uniquely solvable,
when 𝑡0 and 𝑡1 are real. Using symmetries of theRiemann–Hilbert problem, it is also proven, in the
same paper, that the matrix-valued functions Φ(𝑗) in the asymptotic expansion of the Riemann–
Hilbert problem 2.1 present the following structure,

Φ(2𝑘+1) =

(
𝑞𝑘 i𝑟𝑘
i𝑟𝑘 −𝑞𝑘

)
, Φ(2𝑘+2) =

(
𝑣𝑘 i𝑤𝑘
−i𝑤𝑘 𝑣𝑘

)
, (2.3)
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10 of 46 CAFASSO and PINHEIRO

where the functions 𝑞𝑘, 𝑟𝑘, 𝑣𝑘, and 𝑤𝑘 are real-valued.

Differentiating the solution Φ of the Riemann–Hilbert problem above with respect to 𝑡0, 𝑡1,
and 𝑧, one can write a Lax system which, in turn, gives differential equations for 𝑦 = 𝑦(𝑡0, 𝑡1). In
particular, we have the following:

Proposition 2.4. The functions ℎ = ℎ(𝑡0, 𝑡1) and 𝑦 = 𝑦(𝑡0, 𝑡1) defined in Equation (2.2) satisfy the
relation

𝜕

𝜕𝑡0
ℎ = 2𝑦. (2.4)

The function ℎ satisfies the potential KdV equation

𝜕𝑡1ℎ +
1

4

(
𝜕𝑡0ℎ

)2
+

1

48
𝜕3𝑡0
ℎ = 0, (2.5)

while 𝑦 solves the 𝑃𝐼(2) and the KdV equation

1

64
𝜕4𝑡0
𝑦 +

5

8

(
(𝜕𝑡0𝑦)

2 + 2𝑦𝜕2𝑡0
𝑦
)
+ 10𝑦3 + 4𝑦𝑡1 − 4𝑡0 = 0, (2.6)

𝜕𝑡1𝑦 + 𝑦𝜕𝑡0𝑦 +
1

48
𝜕3𝑡0
𝑦 = 0. (2.7)

Remark 2.5. We draw the attention of the reader to the fact that both the KdV equation and the
potential KdV equation appear twice in the paper, with two different normalizations: See, respec-
tively, Equations (1.14), (2.5) and (1.11) and (2.7). For completeness, we report here the necessary
rescaling bringing one equation into the other:

𝑣(𝜏1, 𝜏3) = 𝜅0𝑦(𝜅1𝜏1, 𝜅3𝜏3),

where 𝜅0 = 22∕532∕5, 𝜅1 = 24∕531∕5, and 𝜅3 = −𝜅0.

𝑢(𝜏1, 𝜏3) = 𝜈0ℎ(𝜈1𝜏1, 𝜈3𝜏3),

where 𝜈0 = −(3∕2)1∕4, 𝜈1 = −23∕431∕4, and 𝜈3 = −𝜈0.

The proposition above is well known (see, for instance, [12, 16] and references therein), except
perhaps for Equation (2.5). For the readers’ convenience,we re-derived them inAppendix B. Then,
it is straightforward to check, using the change of coordinates (1.6), combinedwith Equations (2.5)
and (2.7), that 𝑦̃ and ℎ̃, defined in Remark 1.8, satisfy the KdV and potential KdV Equations (1.11)
and (1.14).

Definition 2.6. Let Φ be the unique solution of the Riemann–Hilbert problem 2.1. We define

𝜙1(𝜆; 𝑡0, 𝑡1) ∶=
(
Φ+(𝜆; , 𝑡0, 𝑡1)

)
11
, 𝜙2(𝜆; 𝑡0, 𝑡1) ∶=

(
Φ+(𝜆; 𝑡0, 𝑡1)

)
21
, (2.8)

and the Claeys–Vanlessen kernel

𝐾(𝜆, 𝜇; 𝑡0, 𝑡1) ∶=
𝜙1(𝜆; 𝑡0, 𝑡1)𝜙2(𝜇; 𝑡0, 𝑡1) − 𝜙2(𝜆; 𝑡0, 𝑡1)𝜙1(𝜇; 𝑡0, 𝑡1)

−2𝜋i(𝜆 − 𝜇)
. (2.9)
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THE KORTEWEG-DE-VRIES HIERARCHY 11 of 46

Remark 2.7. Using the jumps of the Riemann–Hilbert problem 2.1, one can verify that the ker-
nel 𝐾(𝜆, 𝜇; 𝑡0, 𝑡1) is actually independent from which boundary value of Φ we are taking in
Equation (2.8). This is easily seen, for instance, rewriting the kernel 𝐾(𝜆, 𝜇; 𝑡0, 𝑡1) ≡ 𝐾(𝜆, 𝜇) as

𝐾(𝜆, 𝜇) =
1

2𝜋i

(
1 0

)
Φ𝑇+(𝜆)Φ

−𝑇
+ (𝜇)

(
0

1

)
𝜆 − 𝜇

.

Standard arguments in the theory of determinantal point processes (see, for instance, [23])
allow us to express the multiplicative statistics 𝑄𝜎, defined in (1.3), as a Fredholm determinant.
To the point, define 𝑓(𝜆) = 𝑓(𝜆; 𝑡0, 𝑡1, 𝑠0, 𝑠1) and ℎ(𝜆) = ℎ(𝜆; 𝑡0, 𝑡1, 𝑠0, 𝑠1) as

𝑓(𝜆) ∶=
1√
𝜋𝑖

√√√√√𝜎
⎛⎜⎜⎝ 𝜆

𝑠
2∕7
0

−
𝑠1
𝑠0

⎞⎟⎟⎠
(
𝜙1(𝜆)

𝜙2(𝜆)

)
, ℎ(𝜆) ∶=

1

2
√
𝜋𝑖

√√√√√𝜎
⎛⎜⎜⎝ 𝜆

𝑠
2∕7
0

−
𝑠1
𝑠0

⎞⎟⎟⎠
(
−𝜙2(𝜆)

𝜙1(𝜆).

)
, (2.10)

and the associated integrable kernel as

𝐾𝜎(𝜆, 𝜇; 𝑡0, 𝑡1, 𝑠0, 𝑠1) ∶=
𝑓𝑇(𝜆)ℎ(𝜇)

𝜆 − 𝜇
. (2.11)

Then,

𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) = det(𝐼 − 𝕂𝜎), (2.12)

where 𝕂𝜎 is the integral operator associated to the kernel 𝐾𝜎, whose Fredholm determinant is
equal to

det(𝐼 − 𝕂𝜎) = 1 +
∑
𝑘⩾1

(−1)𝑘 ∫ℝ𝑘 det(𝐾𝜎(𝜆𝑖, 𝜆𝑗))d𝜆1⋯ d𝜆𝑘. (2.13)

Remark 2.8. The decaying condition we imposed in Assumption 1.1 for 𝜎 (see point 2. of the
Assumption) and the fact that 𝐾(𝜆, 𝜆) = 𝑂(|𝜆|5∕2) as 𝜆 → −∞ (see Appendix B) imply that
𝐾𝜎(𝜆, 𝜆) ∈ 𝐿1(ℝ) so that𝕂𝜎 is a (non-negative) trace-class operator, andhence the Fredholm series
(2.13) is convergent.
We can also prove that𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) > 0 for any 𝑡0, 𝑡1, 𝑠1 ∈ ℝ and 𝑠0 > 0. To see this, we prove

that 1 is not an eigenvalue of 𝕂𝜎. Indeed, suppose that 𝑓 ∈ 𝐿2(ℝ) is such that 𝕂𝜎𝑓 = 𝑓. We now
show that 𝑓 = 0. We start rewriting𝕂𝜎 ∶= 𝕄𝕂𝕄, where𝕂 is the projection operator (e.g., because
of eq. (1.35) in [16]) associated to the Claeys–Vanlessen kernel (1.1), and 𝕄 is the multiplication
operator by 𝜎1∕2

(
𝜆𝑠
−2∕7
0

− 𝑠1𝑠
−1
0

)
. Now set g ∶= 𝕂𝕄𝑓. Using the eigenvalue equation 𝕂𝜎𝑓 = 𝑓,

we see that g is an entire function such that 𝑓 = 𝕄g . Hence,

‖g‖𝐿2(ℝ) = ‖𝕂𝕄𝑓‖𝐿2(ℝ) ⩽ ‖𝕄𝑓‖𝐿2(ℝ) ⩽ ‖𝑓‖𝐿2(ℝ) = ‖𝕄g‖𝐿2(ℝ) ⩽ ‖g‖𝐿2(ℝ).
Consequently, we have that actually

‖𝕄g‖𝐿2(ℝ) = ‖g‖𝐿2(ℝ),
and this implies that g ≡ 0. This is easily seen when 𝜄 = lim𝑟→+∞ < 1. In the case 𝜄 = 1, because
of the decaying condition of 𝜎 at −∞, we still have that there exists 𝜆0 large enough such that
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12 of 46 CAFASSO and PINHEIRO

g(𝜆) = 0 for all 𝜆 ⩽ 𝜆0, and this implies g = 0 because of analyticity. Since 𝑓 = 𝕄g , we proved
that 𝑓 ≡ 0.

Note, in particular, that 𝐾𝜎 is of integrable type [21], and as such it is related to a Riemann–
Hilbert problem in the way we now describe (for a pedagogical presentation of the results used
below, see [1]). First of all, recall that, thanks to Remark 2.8, 𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1) ∈ (0, 1]. Hence, one
can define the resolvent operator

𝕃𝜎 ∶= (𝐼 − 𝕂𝜎)
−1𝕂𝜎, (2.14)

which is also of integrable type. Now, let 𝑌(𝑧) be the 2 × 2matrix-valued function

𝑌(𝑧) = 𝐼 − ∫ℝ
𝐹(𝜆)ℎ𝑇(𝜆)

𝜆 − 𝑧
d𝜆, (2.15)

where

𝐹(𝜆) = (1 − 𝕂𝜎)
−1𝑓(𝜆) (2.16)

((1 − 𝕂𝜎)
−1 acts entry-wise on 𝑓). Then, 𝑌 solves the Riemann–Hilbert problem 2.9 below and,

additionally, the kernel of the resolvent 𝐿𝜎 is given by

𝐿𝜎(𝜆, 𝜇, 𝑡0, 𝑡1, 𝑠0, 𝑠1) =
1

𝜆 − 𝜇
𝑓𝑇(𝜆)𝑌𝑇+(𝜆)𝑌

−𝑇
+ (𝜇)ℎ(𝜇), (2.17)

where 𝑌+ is the boundary value of 𝑌.

Riemann–Hilbert Problem 2.9.

1. 𝑌 = 𝑌(𝑧; 𝑡0, 𝑡1, 𝑠0, 𝑠1) is analytic on ℂ ⧵ ℝ.
2. 𝑌 has boundary values 𝑌± on ℝ such that 𝑌± − 𝐼 ∈ 𝐿2(ℝ), and which are continuous except

possibly at the points (
𝑟𝑗

𝑠
2∕7
0

−
𝑠1
𝑠0
), 𝑗 = 1, … , 𝑘, for 𝑟𝑗 the same as in Assumption 1.1, and related

by the jump relation

𝑌+(𝑧) = 𝑌−(𝑧)[𝐼 − 2𝜋i𝑓(𝑧)ℎ
𝑇(𝑧)], ∀𝑧 ∈ ℝ.

3. As 𝑧 → ∞,

𝑌(𝑧) = 𝐼 +
1

𝑧
𝑌(1) +

1

𝑧2
𝑌(2) + 𝑂(𝑧−3).

A straightforward calculation allows us to rewrite the jump in the previous Riemann–Hilbert
problem as follows:

𝑌+(𝑧) = 𝑌−(𝑧)

⎛⎜⎜⎜⎝
1 + 𝜎

(
𝑧𝑠
−2∕7
0

− 𝑠1∕𝑠0

)
𝜙1(𝑧)𝜙2(𝑧) −𝜎

(
𝑧𝑠
−2∕7
0

− 𝑠1∕𝑠0

)
𝜙1(𝑧)

2

𝜎
(
𝑧𝑠
−2∕7
0

− 𝑠1∕𝑠0

)
𝜙2(𝑧)

2 1 − 𝜎
(
𝑧𝑠
−2∕7
0

− 𝑠1∕𝑠0

)
𝜙1(𝑧)𝜙2(𝑧)

⎞⎟⎟⎟⎠ . (2.18)
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THE KORTEWEG-DE-VRIES HIERARCHY 13 of 46

Moreover, it is easy to see that det(𝑌(𝑧)) ≡ 1, and hence the matrix 𝑌(1) in the asymptotic
expansion of the Riemann–Hilbert problem 2.9 can be written as

𝑌(1)(𝑡0, 𝑡1, 𝑠0, 𝑠1) =

(
𝛼(𝑡0, 𝑡1, 𝑠0, 𝑠1) 𝛾(𝑡0, 𝑡1, 𝑠0, 𝑠1)

𝛽(𝑡0, 𝑡1, 𝑠0, 𝑠1) −𝛼(𝑡0, 𝑡1, 𝑠0, 𝑠1)

)
. (2.19)

A very explicit formula relates 𝑌(1) to the first log-derivative of 𝑄𝜎 with respect to 𝜏1.

Proposition 2.10. For any 𝜏1, 𝜏3, 𝜏5 ∈ ℝ and 𝜏7 ∈ ℝ>0,

𝜕

𝜕𝜏1
log𝑄𝜎(𝜏1, 𝜏3, 𝜏5, 𝜏7) = −

(
2

7𝜏7

)1∕7

𝛾(𝜏1, 𝜏3, 𝜏5, 𝜏7), (2.20)

where 𝛾(𝜏1, 𝜏3, 𝜏5, 𝜏7) is defined in (2.19).

Proof. The Jacobi’s formula implies that

𝜕𝑡0 log𝑄𝜎 = 𝜕𝑡0 log det(1 − 𝕂𝜎) = −Tr
(
(1 − 𝕂𝜎)

−1𝜕𝑡0𝕂𝜎

)
. (2.21)

Recall that the kernel 𝐾𝜎 of 𝕂𝜎 is written as

𝐾𝜎(𝜆, 𝜇) =
𝑓𝑇(𝜆)ℎ(𝜇)

𝜆 − 𝜇
,

where 𝑓 and ℎ are associated to the solution Φ of the Riemann–Hilbert problem 2.1, see
Equation (2.10).
In particular, using the relation

𝜕𝑡0Φ = −2

(
0 1

𝑧 − 2𝑦 0

)
Φ

(see Appendix B), we compute

𝜕𝑡0𝐾𝜎(𝜆, 𝜇) = −
1

𝜋𝑖
𝜙1(𝜆)𝜙1(𝜇)

√√√√√𝜎
⎛⎜⎜⎝ 𝜆

𝑠
2∕7
0

−
𝑠1
𝑠0

⎞⎟⎟⎠
√√√√√𝜎

⎛⎜⎜⎝
𝜇

𝑠
2∕7
0

−
𝑠1
𝑠0

⎞⎟⎟⎠
= − [𝑓(𝜆)]11[𝑓(𝜇)]11

(in the last equality, we used Equation 2.16). Therefore,

−Tr
(
(1 − 𝕂𝜎)

−1𝜕𝑡0𝕂𝜎

)
= ⟨(1 − 𝕂𝜎)

−1[𝑓]11, [𝑓]11⟩ = ⟨[𝐹]11, [𝑓]11⟩, (2.22)

where the brackets < ⋅, ⋅ > denote the standard inner product on 𝐿2(ℝ).
We now use Equation (2.15) that, combined with the asymptotic expansion for 𝑌(𝑧) as 𝑧 → ∞,

allows us to conclude that

𝑌(1) = ∫ℝ 𝐹(𝑠)ℎ
𝑇(𝑠)d𝑠. (2.23)
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14 of 46 CAFASSO and PINHEIRO

A direct consequence of Equation (2.23), using (2.10), is that

𝑌(1)
12

=
1

2
⟨[𝐹]11, [𝑓]11⟩,

and, therefore,

𝜕𝑡0 log𝑄𝜎(𝜏1, 𝜏3, 𝜏5, 𝜏7) = 2𝑌(1)
12
(𝜏1, 𝜏3, 𝜏5, 𝜏7) = 2𝛾(𝜏1, 𝜏3, 𝜏5, 𝜏7).

The result now follows by considering 𝜕

𝜕𝜏1
= −1

2

(
2

7𝜏7

)1∕7
𝜕

𝜕𝑡0
. □

Wenow combine the twoRiemann–Hilbert problems 2.1 and 2.9 to simplify the jumps of the lat-
ter, which at the endwill allowus to find the related integrable equations and study the asymptotic
behavior of 𝑄𝜎(𝑡0, 𝑡1, 𝑠0, 𝑠1). To this end, define the new spectral variable

𝜁 ∶= 𝑧𝑠
−2∕7
0

− 𝑠1∕𝑠0. (2.24)

We will work with the new variables 𝜏𝑗, 𝑗 = 1, 3, 5, 7, related to (𝑡0, 𝑡1, 𝑠0, 𝑠1) by Equations (1.6).
We define the sectionally analytic matrix-valued function

𝑋(𝜁) ≡ 𝑋(𝜁; 𝜏1, 𝜏3, 𝜏5, 𝜏7) ∶= 𝐴𝑠
𝜎3
14

0
𝑌(𝑧(𝜁))Φ(𝑧(𝜁)), (2.25)

where

𝐴 ∶=

(
1 0

𝛾𝑠
−1∕7
0

1

)
. (2.26)

We now show that 𝑋(𝜁) solves the following Riemann–Hilbert problem:

Riemann–Hilbert Problem 2.11.

1. 𝑋 is analytic on ℂ ⧵ ℝ.
2. 𝑋 has boundary values𝑋± onℝ such that𝑋± ∈ 𝐿2

loc
(ℝ), which are continuous except (possibly)

at the points 𝑟1, … , 𝑟𝑘 and satisfy the jump relation

𝑋+(𝜁) = 𝑋−(𝜁)

(
1 1 − 𝜎(𝜁)

0 1

)
.

3. As 𝜁 → ∞,

𝑋(𝜁) =𝐴𝜁−
𝜎3
4 𝑁

[
𝐼 +

∑
𝑗⩾1

𝑋(𝑗)

𝜁𝑗∕2

]
e𝜑(𝜁)𝜎3

⎧⎪⎨⎪⎩
𝐼 | arg 𝜁| < 𝜋 − 𝜖(

1 0

±1 1

)
𝜋 − 𝜖 < ±arg 𝜁 < 𝜋

, (2.27)

where 𝜑(𝜁) ∶= −
(
𝜏7𝜁

7
2 + 𝜏5𝜁

5
2 + 𝜏3𝜁

3
2 + 𝜏1𝜁

1
2

)
. In the formula above, 0 < 𝜖 < 𝜋∕2, and the

principal branches of 𝜁−𝜎3∕4 and 𝜁1∕2 are taken, analytic in ℂ∖(−∞, 0] and positive for 𝜁 > 0.
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THE KORTEWEG-DE-VRIES HIERARCHY 15 of 46

The conditions (1) and (2) follow from the analogous conditions for 𝑌 and Φ; as for the explicit
expression of the jump condition, it comes from the following chain of inequalities:

𝑋−1− (𝜁)𝑋+(𝜁) = Φ−1− (𝑧(𝜁))𝑌−1− (𝑧(𝜁))𝑌+(𝑧(𝜁))Φ+(𝑧(𝜁)) =

= Φ−(𝑧(𝜁))

(
𝐼 − 𝜎(𝜁)Φ+(𝑧(𝜁))

(
1

0

) (
1 0

)
Φ−1+ (𝑧(𝜁))

)
Φ+(𝑧(𝜁)) =

(
1 1 − 𝜎(𝜁)

0 1

)
,

where, in the last equality, we used that Φ+(𝑧(𝜁))
(
1

0

)
= Φ−(𝑧(𝜁))

(
1

0

)
. The following propo-

sition will be useful in the derivation of the Lax matrices associated to the solution of the
Riemann–Hilbert problem 2.11, described in the next section.

Proposition 2.12. The matrices 𝑋(𝑗) in the asymptotic expansion (2.27) satisfy the symmetry
conditions

𝑋(2𝑘+1) =

(
𝑋(2𝑘+1)
11

𝑋(2𝑘+1)
11

𝑋(2𝑘+1)
12

−𝑋(2𝑘+1)
11

)
, 𝑋(2𝑘) =

(
𝑋(2𝑘)
11

𝑋(2𝑘)
12

−𝑋(2𝑘)
12

𝑋(2𝑘)
11

)
.

Moreover,

𝑋(1)
11

=
𝛾

2𝑠
1∕7
0

+ 𝑐1 +
ℎ

𝑠
1∕7
0

𝑋(2)
11

=
𝛾𝑐1

2𝑠
1∕7
0

+
𝛾ℎ

2𝑠
2∕7
0

+
𝑐2
1

2
+
𝑐1ℎ

𝑠
1∕7
0

+
ℎ2

2𝑠
2∕7
0

𝑋(1)
12

=
𝑖𝛾

2𝑠
1∕7
0

𝑋(2)
12

=i
⎛⎜⎜⎝
𝛾𝑐1

2𝑠
1∕7
0

+
𝛾ℎ

2𝑠
2∕7
0

+
𝛼

𝑠
2∕7
0

−
𝑠1
4𝑠0

+
𝑦

2𝑠
2∕7
0

⎞⎟⎟⎠,
where

𝑐1 ∶=
𝑠2
1
𝑡1

4𝑠
11∕7
0

−
𝑠1𝑡0

𝑠
6∕7
0

+
5𝑠4
1

64𝑠3
0

and 𝛼 and 𝛾 are defined in Equation (2.19), while ℎ and 𝑦 are defined in (2.2).

Proof. The symmetry conditions on the matrices 𝑋(𝑗) come from the analog symmetry condition
forΦ, see Equation (2.3). The explicit expressions of the first two terms is derived from the defini-
tion (2.25) of 𝑋, together with the two asymptotic expansions of the Riemann–Hilbert problems
2.1 and 2.9 at 𝑧 = ∞. □

3 KdV, POTENTIAL KdV EQUATIONS, AND LAXMATRICES

The evolution Equations (1.11)–(1.13) and (1.14)–(1.16), satisfied by the variables 𝑣 and 𝑢 (Equa-
tions 1.7 and 1.9), are deduced by a set of Lax equations satisfied by the solution 𝑋 to the
Riemann–Hilbert problem 2.11. The starting point is the following lemma which, formally, is eas-
ily verified using the properties of 𝑋: namely its asymptotic expansion at infinity and the fact that
its jumps do not depend on the parameters 𝜏𝑗 , 𝑗 = 1, 3, 5, 7, see the Riemann–Hilbert problem 2.11.
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16 of 46 CAFASSO and PINHEIRO

The rigorous analytical proof, modulo the obvious changes of notation, can be carried out exactly
as in [7], Lemma 3.3.

Lemma 3.1. For any 𝑧 ∈ ℂ∖ℝ, the solution𝑋 to the Riemann–Hilbert problem 2.11 is differentiable
with respect to the variables 𝜏𝑗, 𝑗 = 1, 3, 5, 7. Moreover, its derivatives satisfy the Riemann–Hilbert
problem detailed below, where 𝜕 denotes the derivative with respect to one of the variables 𝜏𝑗 .

Riemann–Hilbert Problem 3.2.

1. 𝜕𝑋 is analytic on ℂ ⧵ ℝ.
2. 𝜕𝑋 has boundary values 𝜕𝑋± on ℝ such that 𝜕𝑋± ∈ 𝐿2

loc
(ℝ), which are continuous except

(possibly) at the points 𝑟1, … , 𝑟𝑘 and satisfy the jump relation

𝜕𝑋+(𝜁) = 𝜕𝑋−(𝜁)

(
1 1 − 𝜎(𝜁)

0 1

)
.

3. As 𝜁 → ∞,

𝜕𝑋(𝜁) =𝐴𝜁−
𝜎3
4 𝑁

[(
𝐼 +

∑
𝑗⩾1

𝑋(𝑗)

𝜁𝑗∕2

)
𝜕𝜑(𝜁)𝜎3 +

(∑
𝑗⩾1

𝜕𝑋(𝑗)

𝜁𝑗∕2

)]
e𝜑(𝜁)𝜎3 (3.1)

×

⎧⎪⎨⎪⎩
𝐼 | arg 𝜁| < 𝜋 − 𝜖(

1 0

±1 1

)
𝜋 − 𝜖 < ±arg 𝜁 < 𝜋

.

In the formula above, 0 < 𝜖 < 𝜋∕2, and the principal branches of 𝜁−𝜎3∕4 and 𝜁1∕2 are taken,
analytic in ℂ∖(−∞, 0] and positive for 𝜁 > 0.

Proposition 3.3. The matrix-valued function 𝑋(𝜁) defined in (2.25) satisfies the Lax equations

𝜕

𝜕𝜏2𝑘+1
𝑋 = 𝐵2𝑘+1𝑋 =

(
−𝐴𝑘 𝐶𝑘
𝐷𝑘 𝐴𝑘

)
𝑋,

where the entries 𝐴𝑘, 𝐶𝑘, 𝐷𝑘 of the Lax matrices are differential polynomials of 𝑣, defined in (1.7).
Explicitly,

𝐶𝑘 =𝜁
𝑘 +

𝑘∑
𝑗=1

𝜁𝑘−𝑗2𝑗−1[𝑣], (3.2)

𝐴𝑘 =
1

2

𝜕

𝜕𝜏1
𝐶𝑘, (3.3)

𝐷𝑘 = 𝜁𝑘+1 −1[𝑣]𝜁
𝑘 +

𝑘∑
𝑗=2

{
2𝑗−1[𝑣] −

(
1

2

𝜕2

𝜕𝜏2
1

+ 21[𝑣]

)
2𝑗−3

}
𝜁𝑘+1−𝑗 (3.4)

−

(
1

2

𝜕2

𝜕𝜏2
1

+ 21[𝑣]

)
2𝑘−1[𝑣],
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THE KORTEWEG-DE-VRIES HIERARCHY 17 of 46

with2𝑗−1 defined as in (1.4). Moreover, 𝑣 satisfies the KdV Equations (1.8) while 𝑢, defined in (1.9),
satisfies the potential KdV Equations (1.10).

Proof. Consider the matrix-valued functions

𝐵2𝑘+1 ∶=

(
𝜕𝑋

𝜕𝜏2𝑘+1

)
𝑋−1, 𝑘 = 0, 1, 2, 3.

Using the Riemann–Hilbert characterization of 𝑋 and its derivatives, we deduce that these func-
tions have no jumps on ℝ∕{𝑟1, … , 𝑟𝑘}. Hence, they are analytic functions with, possibly, isolated
singularities at the points of discontinuity of 𝜎. On the other hand, the boundary values of 𝑋 and
its derivatives are locally 𝐿2, and hence𝐵2𝑘+1 are, in fact, entire functions.More precisely, they are
polynomials (in the variable 𝜁) of degree 𝑘 + 1, as easily deduced from the asymptotic expansion
at infinity

(
𝜕𝑋

𝜕𝜏2𝑘+1

)
𝑋−1 =

⎛⎜⎜⎜⎝
0 0

−2𝑖
𝜕𝑋(1)

12

𝜕𝜏2𝑘+1
0

⎞⎟⎟⎟⎠ + 𝐴𝜁
−
𝜎3
4 𝑁

[
𝜁−1∕2

𝜕𝑋(1)

𝜕𝜏2𝑘+1
+ 𝜁−1

𝜕𝑋(2)

𝜕𝜏2𝑘+1
+ 𝑂

(
𝜁−3∕2

)]

×

[
𝐼 +

𝑋(1)

𝜁1∕2
+
𝑋(2)

𝜁
+
𝑋(3)

𝜁3∕2
+ 𝑂

(
𝜁−2

)]−1
𝑁−1𝜁

𝜎3
4 𝐴−1

+𝐴𝜁−
𝜎3
4 𝑁

[
𝐼 +

𝑋(1)

𝜁1∕2
+
𝑋(2)

𝜁
+
𝑋(3)

𝜁3∕2
+ 𝑂

(
𝜁−2

)]
(−𝜁𝑘+1∕2𝜎3)

×

[
𝐼 +

𝑋(1)

𝜁1∕2
+
𝑋(2)

𝜁
+
𝑋(3)

𝜁3∕2
+ 𝑂

(
𝜁−2

)]−1
𝑁−1𝜁

𝜎3
4 𝐴−1.

We now observe that 𝑢, defined in (1.9), can be equivalently rewritten as 𝑢 = 𝑋(1)
11
+ i𝑋(1)

12
, using

Equation (2.20) and Proposition 2.12. Hence, using the asymptotic expansion above, it can be
verified that the functions 𝐵2𝑘+1 satisfy the recursion relation

𝐵2𝑘+1 = 𝜁

(
𝐵2𝑘−1 +

(
0 0

𝑢𝜏2𝑘−1 0

))
+ 𝑅(2𝑘+1),

where 𝑅(2𝑘+1) are matrices of degree 0 in 𝜁. Consequently, there exist functions {𝑏𝑗, 𝑗 = 0,… , 10},
depending on the parameters {𝜏𝑘, 𝑘 = 1, 3, 5, 7}, such that

𝐵1 =

(
0 1

𝜁 + 𝑏0 0

)
,

𝐵3 =

(
𝑏1 𝜁 + 𝑢𝜏1

𝜁2 − 𝑢𝜏1𝜁 + 𝑏2 −𝑏1

)
,

𝐵5 =

(
𝑏1𝜁 + 𝑏3 𝜁2 + 𝑢𝜏1𝜁 + 𝑏4

𝜁3 − 𝑢𝜏1𝜁
2 + 𝑏5𝜁 + 𝑏6 −𝑏1𝜁 − 𝑏3

)
,

𝐵7 =

(
𝑏1𝜁

2 + 𝑏3𝜁 + 𝑏7 𝜁3 + 𝑢𝜏1𝜁
2 + 𝑏4𝜁 + 𝑏8

𝜁4 − 𝑢𝜏1𝜁
3 + 𝑏5𝜁

2 + 𝑏9𝜁 + 𝑏10 −𝑏1𝜁
2 − 𝑏3𝜁 − 𝑏7

)
,
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18 of 46 CAFASSO and PINHEIRO

with 𝑏5 = 𝑏2 + 𝑢𝜏3 and 𝑏9 = 𝑏6 + 𝑢𝜏5 . We now use the Lax equations

𝜕

𝜕𝜏1
𝐵𝑘 −

𝜕

𝜕𝜏𝑘
𝐵1 = [𝐵1, 𝐵𝑘], 𝑘 = 3, 5, 7, (3.5)

to obtainmore information on these functions. For each 𝑘, we get three equations for the variables
{𝑏𝑗, 𝑗 = 0,… , 10} and one additional equation satisfied by 𝑢. Explicitly,

∙ for 𝑘 = 3

𝑏0 = −2
𝜕

𝜕𝜏1
𝑢, 𝑏1 = −

1

2

𝜕2

𝜕𝜏2
1

𝑢, 𝑏2 = −2

(
𝜕

𝜕𝜏1
𝑢

)2

−
1

2

𝜕3

𝜕𝜏3
1

𝑢 (3.6)

and

6
𝜕

𝜕𝜏1
𝑢
𝜕2

𝜕𝜏2
1

𝑢 +
1

2

𝜕4

𝜕𝜏4
1

𝑢 − 2
𝜕2

𝜕𝜏3𝜕𝜏1
𝑢 = 0; (3.7)

∙ for 𝑘 = 5

𝑏3 = −
1

2

𝜕2

𝜕𝜏1𝜕𝜏3
𝑢, 𝑏4 =

𝜕

𝜕𝜏3
𝑢, 𝑏6 = −2

𝜕

𝜕𝜏1
𝑢
𝜕

𝜕𝜏3
𝑢 −

1

2

𝜕3

𝜕𝜏3𝜕𝜏
2
1

𝑢 (3.8)

and

4
𝜕

𝜕𝜏1
𝑢

𝜕2

𝜕𝜏3𝜕𝜏1
𝑢 + 2

𝜕2

𝜕𝜏2
1

𝑢
𝜕

𝜕𝜏3
𝑢 − 2

𝜕2

𝜕𝜏5𝜕𝜏1
𝑢 +

1

2

𝜕4

𝜕𝜏3𝜕𝜏
3
1

𝑢 = 0; (3.9)

∙ for 𝑘 = 7

𝑏7 = −
1

2

𝜕2

𝜕𝜏1𝜕𝜏5
𝑢, 𝑏8 =

𝜕

𝜕𝜏5
𝑢, 𝑏10 = −2

𝜕

𝜕𝜏5
𝑢
𝜕

𝜕𝜏1
𝑢 −

1

2

𝜕2

𝜕𝜏2
1

𝜕

𝜕𝜏5
𝑢 (3.10)

and

4
𝜕

𝜕𝜏1
𝑢

𝜕2

𝜕𝜏5𝜕𝜏1
𝑢 + 2

𝜕2

𝜕𝜏2
1

𝑢
𝜕

𝜕𝜏5
𝑢 − 2

𝜕2

𝜕𝜏7𝜕𝜏1
𝑢 +

1

2

𝜕4

𝜕𝜏5𝜕𝜏
3
1

𝑢 = 0. (3.11)

Equations (3.6), (3.8), (3.10), together with the explicit expressions for 𝑏5 = 𝑏2 + 𝑢𝜏3 and 𝑏9 = 𝑏6 +

𝑢𝜏5 , are equivalent to the explicit expressions (3.2), (3.3), (3.4), once the potential KdV equations

𝑢𝜏2𝑘+1 = 2𝑘+1[𝑢𝜏1], 𝑘 = 1, 2, 3

are proven, which we will do now. The strategy we use is to expand
(

𝜕

𝜕𝜏2𝑘+1
𝑋

)
𝑋−1 at 𝜁 → ∞,

and set to 0 the coefficients in 𝜁−𝑘, 𝑘 = 1, 2 of these expansions. In this way (details are given in
Appendix A), we obtain the equations

𝑏2 =
1

4
𝑏20 − 2𝑢𝜏3 , 𝑏6 = −𝑏21 +

𝑏3
0

8
− 𝑏0𝑏4 − 2𝑢𝜏5 𝑏10 =

𝑏0𝑏6
2

− 2𝑏1𝑏3 − 𝑏4𝑏5 − 2𝑢𝜏7 (3.12)

which, combined with the expressions of 𝑏2, 𝑏6, and 𝑏10 given in (3.6), (3.8), and (3.10) give the
potential KdV Equations (1.10). As for the KdV Equations (1.8), the first one is already written

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70496 by U

niversity O
f Sao Paulo - B

razil, W
iley O

nline L
ibrary on [23/03/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



THE KORTEWEG-DE-VRIES HIERARCHY 19 of 46

in (3.7). The other two are proven combining (3.9) and (3.11), with 𝑢𝜏2𝑘+1 = 2𝑘+1[𝑢𝜏1] for 𝑘 =
2, 3. □

The following remark will be useful in the subsequent sections, when we will study the
asymptotic behavior of the functions 𝑢 and 𝑣.

Remark 3.4. As already observed, the function 𝑢, defined in (1.9), can be equivalently rewritten
as

𝑢 = 𝑋(1)
11
+ i𝑋(1)

12
= −

𝛾

𝑠
1∕7
0

−
ℎ

𝑠
1∕7
0

−
⎛⎜⎜⎝
𝑠2
1
𝑡1

4𝑠
11∕7
0

−
𝑠1𝑡0

𝑠
6∕7
0

+
5𝑠4
1

64𝑠3
0

⎞⎟⎟⎠, (3.13)

thanks to Equation (2.20) and Proposition 2.12. Analogously, we also have that 𝑣, defined in (1.7),
can be written as

𝑣 = −2i𝑋(1)
11
𝑋(1)
12
+ 2

(
𝑋(1)
12

)2
− 2i𝑋(2)

12
=

2𝛼

𝑠
2∕7
0

−
𝛾2

𝑠
2∕7
0

+
𝑦

𝑠
2∕7
0

−
𝑠1
2𝑠0

. (3.14)

4 THE FIRST ASYMPTOTIC REGIME

In this section, wework under the assumption that both Assumptions 1.1 and 1.9 hold.We analyze
the case inwhich 𝜏7 is small and 𝜏5 ⩾ 𝑀(𝜏7)5∕7, for𝑀 large enough. In this section and in the ones
below, we will sometimes use the variable 𝑠0 instead of 𝜏7. In view of Equation (1.6), this amounts
to a simple rescaling, which makes equations clearer. Some conditions must be imposed also on
𝜏1, 𝜏3. Namely, we will work under the following:

Assumption 4.1. The variables 𝜏1, 𝜏3 satisfy either of the following conditions:

𝜏3 ⩾
5

4

𝜏25
𝑠0

and 𝜏1 ⩾
5𝜏35

8𝑠2
0

,

𝜏3 ⩽
(
37

56
− 𝜖

)𝜏25
𝑠0
+
𝜏1𝑠0
𝜏5

and 𝜏1 ∈ ℝ, for any 𝜖 > 0.

The meaning of these assumptions will be clearer in the next subsection. Essentially, they are
used to control the behavior of the exponential part in Equation (2.2).

4.1 Estimates for the jumpmatrix of 𝒀

We will denote with 𝐽𝑌 the jump matrix of the Riemann–Hilbert problem 2.9, explicitly written
in Equation (2.18). In the regime of this section, this jump matrix is exponentially close to the
identity.
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20 of 46 CAFASSO and PINHEIRO

Lemma 4.2. Let

𝜏5 ⩾ 𝑀𝑠
5∕7
0

(4.1)

for𝑀 some positive real constant, and suppose that Assumptions (4.1) are satisfied. Then, there exist
two constants 𝑇, 𝑘 ⩾ 0 such that

‖‖𝐽𝑌(𝑧) − 𝐼‖‖𝐿1(ℝ) = 𝑂(e−𝑘𝜏5∕𝑠
5∕7
0 ), ‖‖𝐽𝑌(𝑧) − 𝐼‖‖𝐿2(ℝ) = 𝑂(e−𝑘𝜏5∕𝑠

5∕7
0 ),

‖‖𝐽𝑌(𝑧) − 𝐼‖‖𝐿∞(ℝ) = 𝑂(e−𝑘𝜏5∕𝑠
5∕7
0 ) (4.2)

uniformly for 𝑠0 ∈ (0, 𝑇]. In the equation above, ‖‖𝐽𝑌(𝑧) − 𝐼‖‖𝐿𝑎(ℝ) , 𝑎 = 1, 2,∞, denotes the maxi-
mum of the entry-wise corresponding 𝐿𝑎(ℝ)-norm.

Proof. Recall, from Equation (2.18), that

𝐽𝑌(𝑧) − 𝐼 = 𝜎(𝜁(𝑧))
⎛⎜⎜⎝
𝜙1(𝑧)𝜙2(𝑧) −𝜙1(𝑧)

2

𝜙2(𝑧)
2 −𝜙1(𝑧)𝜙2(𝑧)

⎞⎟⎟⎠ ,
where 𝜁(𝑧) is the same as in Equation (2.24). We will analyze the behavior of |(𝐽𝑌(𝑧))21| (the
behavior of the other entries is very similar). Let us analyze three different cases:

1. Suppose that 𝑧 ⩾ 𝜏5∕2𝑠
5∕7
0

. In this regime, using Equation (2.2) and the assumptions 4.1 on 𝜏1
and 𝜏3, we obtain

𝜙2(𝑧) = 𝑂(e−2𝑧) = 𝑂

(
e−𝑧−𝜏5∕2𝑠

5∕7
0

)
(the exponents are not sharp). Hence, using 𝜎(𝜁(𝑧)) ∈ [0, 1], we deduce that

|(𝐽𝑌(𝑧))21| = 𝑂

(
e−2𝑧−𝜏5∕𝑠

5∕7
0

)
. (4.3)

2. Suppose |𝑧| < 𝜏5∕2𝑠
5∕7
0

. In this regime, 𝜙2 (as well as 𝜙1) is bounded. On the other hand,

𝜁(𝑧) =
𝑧

𝑠
2∕7
0

−
𝜏5
𝑠0

⩽
𝜏5
2𝑠0

−
𝜏5
𝑠0
= −

𝜏5
2𝑠0

⩽ −
𝑀

2
< 0.

Take𝑀 > 2, so that 𝜁 ⩽ −1 and −|𝜁|3 ⩽ −|𝜁|. Therefore, by Assumption 1.9,
|𝜎(𝜁(𝑧))| ⩽ 𝑘1e−𝑘2|𝜁|3 ⩽ 𝑘1e−𝑘2|𝜁| ⩽ 𝑘1e−𝑘2

2
|𝜁|e−𝑘2 𝜏5

4𝑠0 .

Nowpick a constant𝑇 ∈ (0, 1). For 𝑠0 < 𝑇, one has 𝑠0 ⩽ 𝑠
5∕7
0

. Then, for 𝑠0 ∈ (0, 𝑇], we have that

|(𝐽𝑌(𝑧))21| = |𝜎(𝜁(𝑧))𝜙2(𝑧)2| = 𝑂

(
e−𝑘2𝜏5∕4𝑠

5∕7
0

)
. (4.4)

3. At last, we consider the regime in which 𝑧 ⩽ −𝜏5∕2𝑠
5∕7
0

. First notice that 𝜁(𝑧) ⩽ −3𝜏5∕2𝑠0 <

−1. Therefore, 𝜎(𝜁(𝑧)) = 𝑂(e−𝑘2|𝜁(𝑧)|) = 𝑂(e2𝑧e
−
3𝑘2𝜏5
4𝑠0 ). On the other hand, using again
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THE KORTEWEG-DE-VRIES HIERARCHY 21 of 46

Equation (2.2), Φ2(𝑧) = 𝑂(𝑧1∕4) so that,

|(𝐽𝑌(𝑧))21| = |𝜎(𝜁(𝑧))𝜙2(𝑧)2| = 𝑂

(
e𝑧e

−
3𝑘2𝜏5
4𝑠0

)
= 𝑂

(
e𝑧e

− 3
4
𝑘2

𝜏5

𝑠
5∕7
0

)
. (4.5)

where, in the last equality, we used again that, for 𝑠0 ∈ (0, 𝑇], 𝑠0 ⩽ 𝑠
5∕7
0

.

Putting together Equations (4.3), (4.4), and (4.5), we obtain that there exists a positive constant
𝑘 such that the three estimates in Equation (4.2) are satisfied. □

The previous lemma, using standard Riemann–Hilbert techniques (small norm theorem)
implies that, in the regime that we are considering,

𝑌(1) = 𝑂

(
e−𝑘𝜏5∕𝑠

5∕7
0

)
,

as 𝜏5∕𝑠
5∕7
0

→ +∞, where 𝑘 is a positive constant.

Lemma 4.3. Let 𝜏5 ⩾ 𝑀𝜏
5∕7
7 for𝑀 a real constant large enough and suppose that Assumptions 4.1

are satisfied. Then, the functions 𝑢 and 𝑣, defined, respectively, in (1.9) and (1.7), present the following
asymptotic behavior:

𝑢 = −

(
2

7𝜏7

)1∕7

ℎ −

(
𝜏1𝜏5
7𝜏7

−
3𝜏3𝜏

2
5

98𝜏27
+

15𝜏45

2744𝜏37

)
+ 𝑂

(
e−𝑘𝜏5∕𝜏

5∕7
7

)
,

𝑣 =

(
2

7𝜏7

)2∕7

𝑦 −
𝜏5
7𝜏7

+ 𝑂
(
e−𝑘𝜏5∕𝜏

5∕7
7

)
,

as 𝜏7 → 0, where ℎ and 𝑦, defined in (2.2), are, respectively, distinguished solutions of the potential
KdV Equation (2.5) and of the 𝑃𝐼(2) Equation (2.6).

Proof. We use Equations (3.13) and (3.14), together with the fact that 𝛼 = 𝑌(1)
11

= 𝑂(e−𝑘𝜏5∕𝑠
5∕7
0 ) and

the change of variables (𝑡0, 𝑡1, 𝑠0, 𝑠1) ↦ (𝜏1, 𝜏3, 𝜏5, 𝜏7), to obtain the claimed result. □

5 THE SECOND ASYMPTOTIC REGIME

In this section, we assume as before that both Assumptions 1.1 and 1.9 hold. When convenient, as
before, we use the variable 𝑠0 =

7

2
𝜏7 instead of the latter. We analyze the case in which there exists

a constant𝑀 such that |𝜏𝑗| ⩽ 𝑀𝑠𝑗∕70
, for 𝑗 = 1, 3, 5.

Let us set

𝑍(𝜉) = 𝑠
−𝜎3∕14

0
𝐴−1𝑋

(
𝜉𝑠
−2∕7
0

)
. (5.1)

It is straightforward to verify that this matrix-valued function solves the following Riemann–
Hilbert problem:
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22 of 46 CAFASSO and PINHEIRO

Riemann–Hilbert Problem 5.1.

1. 𝑍(𝜉) is analytic on ℂ ⧵ ℝ, and has continuous boundary values 𝑍± on the real line, except for
the points 𝑠2∕7

0
𝑟1, … , 𝑠

2∕7
0
𝑟𝑘, satisfying the jump relation

𝑍+(𝜉) = 𝑍−(𝜉)

(
1 1 − 𝜎(𝑠

−2∕7
0

𝜉)

0 1

)
, 𝜉 ∈ ℝ. (5.2)

2. As 𝜉 → ∞,

𝑍(𝜉) = 𝜉−
𝜎3
4 𝑁

[
𝐼 +

∑
𝑗⩾1

𝑍(𝑗)

𝜉𝑗∕2

]
e
−

(
2
7
𝜉
7
2 +𝜅0𝜉

5
2 +𝜅1𝜉

3
2 +𝜅2𝜉

1
2

)
𝜎3

×

⎧⎪⎨⎪⎩
𝐼 | arg 𝜉| < 𝜋 − 𝜖(

1 0

±1 1

)
𝜋 − 𝜖 < ±arg 𝜉 < 𝜋

,

(5.3)

where 𝜅0 = 𝜏5∕𝑠
5∕7
0

, 𝜅1 = 𝜏3∕𝑠
3∕7
0

and 𝜅2 = 𝜏1∕𝑠
1∕7
0

.

Notice that 𝜅0, 𝜅1, 𝜅2 are bounded because of our assumptions on the variables {𝜏𝑗, 𝑗 = 1, 3, 5}.
Thanks to Assumptions 1.9, as 𝑠0 → 0 the function 𝜎(𝑠−2∕7

0
𝜉) converges pointwise to the indicator

function 𝜄𝜒[0,∞). This suggests to use, as global parametrix away from the origin, the solution 𝑍̃ of
the Riemann–Hilbert problem above, with the jump condition replaced by

𝑍̃+(𝜉) = 𝑍̃−(𝜉)

(
1 1 − 𝜄𝜒(0,∞)(𝜉)

0 1

)
, 𝜉 ∈ ℝ. (5.4)

For 𝜄 = 1, the Riemann–Hilbert problem 5.1 is just a small modification of a Riemann–Hilbert
problem considered in [12]. Its precise formula will be discussed in the next subsection. For
now, the important feature of its solution 𝑍̃ relies on the fact that, as long as our parameters are
bounded, so is 𝑍̃ for 𝜉 bounded.
We set the global parametrix to be 𝑍̃ outside the unit circle and, for |𝜉| < 1, we define a local

parametrix by

𝑃(𝜉) ∶= 𝑍̃(𝜉)

(
1 𝑎(𝜉)

0 1

)
,

where

𝑎(𝜉) =
1

2𝜋𝑖

⎛⎜⎜⎝∫
0

−∞

−𝜎(𝜉′𝑠
−2∕7
0

)

𝜉′ − 𝜉
d𝜉′ + ∫

∞

0

𝜄 − 𝜎(𝜉′𝑠
−2∕7
0

)

𝜉′ − 𝜉
d𝜉′

⎞⎟⎟⎠, 𝜉 ∉ ℝ.

We now define, for 𝜉 ∉ ℝ, |𝜉| ≠ 1, a new matrix-valued function 𝑅(𝜉) by the equations

𝑅(𝜉) ∶=

{
𝐴̃𝑍(𝜉)𝑍̃(𝜉)−1, |𝜉| > 1,

𝐴̃𝑍(𝜉)𝑃(𝜉)−1, |𝜉| < 1,
(5.5)
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THE KORTEWEG-DE-VRIES HIERARCHY 23 of 46

F IGURE 1 Contour for the error Riemann–Hilbert problem.

where

𝐴̃ =

(
1 0

−𝑎̃ 1

)
,

with 𝑎̃ ∶= (−𝑎11 + i𝑎12 + i𝑎21 + 𝑎22)∕2 and 𝑎𝑗𝑘 ∶= [𝑍(1) − 𝑍̃(1)]𝑗𝑘.

Lemma 5.2. The matrix-valued function 𝑅(𝜉), as defined in Equation (5.5), satisfies the Riemann–
Hilbert problem 5.3 detailed below.

Riemann–Hilbert Problem 5.3.

1. 𝑅(𝜉) is analytic for every 𝜉 ∈ ℂ ⧵ Γ, where Γ = {|𝜉| = 1} ∪ ℝ ⧵ [−1, 1] as depicted in the
Figure 1, and has continuous boundary values 𝑅± satisfying the jump relation

𝑅+(𝜉) = 𝑅−(𝜉) ×

⎧⎪⎨⎪⎩
𝑍̃(𝜉)𝑃−1(𝜉) |𝜉| = 1

𝑍̃−(𝜉)

(
1 𝜄𝜒(0,∞)(𝜉) − 𝜎(𝜉𝑠

−2∕7
0

)

0 1

)
𝑍̃−1− (𝜉) 𝜉 ∈ ℝ∕[−1, 1]

.

2. As 𝜉 → ∞, with | arg(𝜉)| < 𝜋,

𝑅(𝜉) = 𝐼 + 𝑂(𝜉−1).

Proof. One can take 𝑠0 to be small enough such that 𝑠2∕7
0
𝑟𝑗 ∈ (−1, 1) for all 𝑗 ∈ {1, … , 𝑘}.

Therefore, the analyticity for every 𝜉 ∉ {|𝜉| = 1} ∪ ℝ∖[−1, 1] follows by construction. For 𝜉 ∈
(−1, 1)∖{𝑠

2∕7
0
𝑟1, … , 𝑠

2∕7
0
𝑟𝑘}, we have

𝑅+(𝜉) = 𝐴̃𝑍+(𝜉)𝑃+(𝜉)
−1

= 𝐴̃𝑍−(𝜉)

(
1 1 − 𝜎(𝜉𝑠

2∕7
0
)

0 1

) (
1 −𝑎+(𝜉)

0 1

) (
1 𝜄𝜒[0,∞) − 1

0 1

) (
1 𝑎−(𝜉)

0 1

)
𝑃−(𝜉)

−1

= 𝐴̃𝑍−(𝜉)

(
1 (𝑎−(𝜉) − 𝑎+(𝜉)) − 𝜎(𝜉𝑠

2∕7
0
) + 𝜄𝜒[0,∞)

0 1

)
𝑃−(𝜉)

−1.

By definition, 𝑎(𝜉) is the Cauchy transform of (𝜄𝜒(0,∞)(𝜉) − 𝜎(𝜉𝑠
−2∕7
0

)). Therefore, by the Plemelj
formula,
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24 of 46 CAFASSO and PINHEIRO

𝑎+(𝜉) − 𝑎−(𝜉) = 𝜄𝜒(0,∞)(𝜉) − 𝜎(𝜉𝑠
−2∕7
0

).

Consequently,

𝑅+(𝜉) = 𝐴̃𝑍−(𝜉)𝑃−(𝜉)
−1 = 𝑅−(𝜉),

and 𝑅(𝜉) is analytic for 𝜉 ∈ (−1, 1)∖{𝑠
2∕7
0
𝑟1, … , 𝑠

2∕7
0
𝑟𝑘}. We need to be more careful around the

points 𝑠2∕7
0
𝑟𝑗 . Set 𝓁𝑗 = lim𝜖↓0(𝜎(𝑟𝑗 + 𝜖) − 𝜎(𝑟𝑗 − 𝜖)). The limit exists by Assumption 1.1. In a

neighborhood of 𝑠2∕7
0
𝑟𝑗 , we represent 𝑍(𝜉) as follows:

𝑍(𝜉) = 𝐸𝑗(𝜉)

(
1

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)

0 1

)
,

where we take the principal branch of the logarithm. Notice that

𝐸𝑗,+(𝜉) = 𝑍+(𝜉)

(
1 −

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7

0
𝜉 − 𝑟𝑗)|+

0 1

)

= 𝐸𝑗,−(𝜉)

(
1

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7

0
𝜉 − 𝑟𝑗)|−

0 1

) (
1 1 − 𝜎(𝑠

−2∕7

0
𝜉)

0 1

)

×

(
1 −

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7

0
𝜉 − 𝑟𝑗)|+

0 1

)

= 𝐸𝑗,−(𝜉)

(
1 1 − (𝜎(𝑠

−2∕7

0
𝜉) + 𝓁𝑗𝜒(−1,𝑠2∕7

0
𝑟𝑗)
(𝜉))

0 1

)
.

Therefore, the jump of 𝐸𝑗 is continuous on 𝑠
2∕7
0
𝑟𝑗 . With this representation, we can now evaluate

the jump of 𝑅(𝜉) in the neighborhood of such points as follows:

𝑅+(𝜉) = 𝐴̃𝑍+(𝜉)𝑃+(𝜉)
−1

= 𝐴̃𝐸𝑗,+(𝜉)

(
1

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)|+
0 1

)
𝑃+(𝜉)

−1

= 𝐴̃𝐸𝑗,−(𝜉)

(
1

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)|−
0 1

) (
1 ⋆

0 1

)
𝑃−(𝜉)

−1

⋆ = −
𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)|− + 𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)|+ − 𝓁𝑗 − 𝜎(𝜉𝑠
2∕7
0
)

+ 𝑎−(𝜉) − 𝑎+(𝜉) + 𝜄𝜒(0,∞)(𝜉).

Since 𝑎+(𝜉) − 𝑎−(𝜉) = 𝜄𝜒(0,∞)(𝜉) − 𝜎(𝜉𝑠
−2∕7
0

) and
𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)|+ − 𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 −

𝑟𝑗)|− = 𝓁𝑗 , we conclude that ⋆ = 0, and

𝑅+(𝜉) = 𝐴̃𝐸𝑗,−(𝜉)

(
1

𝓁𝑗
2𝜋𝑖

log(𝑠
−2∕7
0

𝜉 − 𝑟𝑗)|−
0 1

)
𝑃−(𝜉)

−1 = 𝑅−(𝜉).
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THE KORTEWEG-DE-VRIES HIERARCHY 25 of 46

Consequently, 𝑅(𝜉) is analytic for 𝜉 ∈ (−1, 1). For 𝜉 ∈ ℝ∕[−1, 1],

𝑅+(𝜉) =𝐴̃𝑍+(𝜉)𝑍̃
−1
+ (𝜉) = 𝐴̃𝑍−(𝜉)𝑍̃−(𝜉)

−1𝑍̃−(𝜉)𝐽𝑍(𝜉)𝐽
−1
𝑍̃
(𝜉)𝑍̃−1− (𝜉)

=𝑅−(𝜉)𝑍̃−(𝜉)𝐽𝑍(𝜉)𝐽
−1
𝑍̃
(𝜉)𝑍̃−1− (𝜉),

which gives the correct expression for the jump. For |𝜉| = 1,

𝑅+(𝜉) =𝐴̃𝑍(𝜉)𝑃
−1(𝜉)

=𝐴̃𝑍(𝜉)𝑍̃−1(𝜉)𝑍̃(𝜉)𝑃−1(𝜉) = 𝑅−(𝜉)𝑍̃(𝜉)𝑃
−1(𝜉),

and 𝐽𝑅 = 𝑍̃(𝜉)𝑃(𝜉)−1. For the asymptotic condition, notice that as 𝜉 → ∞, | arg 𝜉| < 𝜋,

𝑍(𝜉)𝑍̃(𝜉)−1 = 𝜉−
𝜎3
4 𝑁

[
𝐼 +

𝑍(1)

𝜉1∕2
+
𝑍(2)

𝜉
+ 𝑂(𝜉−3∕2)

][
𝐼 −

𝑍̃(1)

𝜉1∕2
+
𝑍̃(−2)

𝜉
+ 𝑂(𝜉−3∕2)

]
𝑁−1𝜉

𝜎3
4

= 𝜉−
𝜎3
4 𝑁

[
𝐼 +

𝑍(1) − 𝑍̃(1)

𝜉1∕2
+
𝑍(2) + 𝑍̃(−2) − 𝑍(1)𝑍̃(1)

𝜉
+ 𝑂(𝜉−3∕2)

]
𝑁−1𝜉

𝜎3
4 ,

where 𝑍̃(−2) = −𝑍̃(1)𝑍̃(−1) − 𝑍̃(2).† This gives

𝑍(𝜉)𝑍̃(𝜉)−1 =

(
1 0

−𝑎11+i𝑎12+i𝑎21+𝑎22
2

1

)
+

1

𝜉1∕2

(
𝑎11−i𝑎12+i𝑎21+𝑎22

2
0

−𝑏11+𝑖𝑏12+i𝑏21+𝑏22
2

𝑎11+i𝑎12−i𝑎21+𝑎22
2

)
+ 𝑂(𝜉−1),

where 𝑎𝑗𝑘 = [𝑍(1) − 𝑍̃(1)]𝑗𝑘 and 𝑏𝑗𝑘 = [𝑍(2) − 𝑍̃(2) − 𝑍(1)𝑍̃(1) − 𝑍̃(1)𝑍̃(−1)]𝑗𝑘. The symmetry in the
asymptotic expansions implies that 𝑎11 = −𝑎22, 𝑎12 = 𝑎21, 𝑏11 = 𝑏22 and 𝑏12 = −𝑏21. The matrix
of order 𝜉1∕2 is then equal to zero and we are left with

𝑍(𝜉)𝑍̃(𝜉)−1 =

(
1 0

𝑎̃ 1

)
+ 𝑂(𝜉−1),

where 𝑎̃ = (−𝑎11 + i𝑎12 + i𝑎21 + 𝑎22)∕2. Therefore,

𝑅(𝜉) =

(
1 0

−𝑎̃ 1

)
𝑍(𝜉)𝑍̃(𝜉)−1 = 𝐼 + 𝑂(𝜉−1),

as claimed. □

Lemma 5.4. Let |𝜏𝑗| ⩽ 𝑀𝑠𝑗∕70
, 𝑗 = 1, 3, 5 for𝑀 > 0, some real constant large enough. Then, there

exists 𝜖 > 0 such that

‖‖𝐽𝑅 − 𝐼‖‖𝐿1(Γ) = 𝑂(𝑠
2∕7
0
), ‖‖𝐽𝑅 − 𝐼‖‖𝐿2(Γ) = 𝑂(𝑠

2∕7
0
), ‖‖𝐽𝑅 − 𝐼‖‖𝐿∞(Γ) = 𝑂(𝑠

2∕7
0
) (5.6)

uniformly for 𝑠0 ∈ (0, 𝜖). In the equation above, ‖‖𝐽𝑅 − 𝐼‖‖𝐿𝑎(Γ) , 𝑎 = 1, 2,∞, denotes the maximum
of the entry-wise corresponding 𝐿𝑎(Γ)-norm.

† The expansion follows from the fact that
∑
𝑗⩾0 𝑍̃

(𝑗)∕𝜉𝑗∕2
(∑

𝑗⩾0 𝑍̃
(𝑗)∕𝜉𝑗∕2

)−1
= 𝐼. Then, denoting

(∑
𝑗⩾0 𝑍̃

(𝑗)∕𝜉𝑗∕2
)−1

=∶∑
𝑗⩾0 𝑍̃

(−𝑗)∕𝜉𝑗∕2, expanding and collecting the terms of same order, one has 𝑍̃(−1) = −𝑍̃(1) and 𝑍̃(−2) = −𝑍̃(−1)𝑍̃(1) − 𝑍̃(2).
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26 of 46 CAFASSO and PINHEIRO

Proof. Notice that for 𝜉 ∈ ℝ∕[−1, 1],

‖‖𝐽𝑅(𝜉) − 𝐼‖‖ =‖‖‖(𝜄𝜒(0,∞)(𝜉) − 𝜎(𝜉𝑠−2∕70
))𝑍̃−(𝜉)𝐸12𝑍̃

−1
− (𝜉)

‖‖‖
=𝑂(e−𝑐2𝑠

−2∕7
0

|𝜉|3− 4
7
𝜉
7
2 +2𝜅0𝜉

5
2 −2𝜅1𝜉

3
2 +2𝜅2𝜉

1
2 |𝜉|1∕2) = 𝑜(𝑠

2∕7
0
).

On the unit circle,

𝐽𝑅(𝜉) − 𝐼 =𝑍̃(𝜉)

(
0 −𝑎(𝜉)

0 0

)
𝑍̃−1(𝜉),

and 𝑍̃(𝜉) is bounded for 𝜉 bounded. Thus, all we need to do is to study the behavior of 𝑎(𝜉) as
𝑠0 → 0.
To this aim, we start with a change in variables 𝜁′ = 𝜉′𝑠

−2∕7
0

. Therefore,

𝑎(𝜉) =
𝑠
2∕7
0

2𝜋𝑖 ∫
∞

−∞

𝜄𝜒(0,∞)(𝜁
′) − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 𝜉
d𝜁′.

If |Im 𝜉| ⩾ 𝛿 for some 𝛿 ∈ ℝ positive, then |𝜁′𝑠2∕7
0

− 𝜉|−1 ⩽ |Im 𝜉|−1 ⩽ 𝛿−1. Therefore, uni-
formly for |𝜉| = 1 and |Im 𝜉| ⩾ 𝛿,

|𝑎(𝜉)| ⩽𝑠2∕70

2𝜋 ∫
∞

−∞

||||||
𝜄𝜒(0,∞)(𝜁

′) − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 𝜉

||||||d𝜁′
⩽
𝑠
2∕7
0

2𝜋𝛿 ∫
∞

−∞

|||𝜄𝜒(0,∞)(𝜁′) − 𝜎(𝜁′)|||d𝜁′ ⩽ 2𝑠
2∕7
0
𝑘1

𝛿𝑘2
.

Nowwe need to analyze the neighborhoods of 1 and−1. By symmetry, it suffices to analyze one
of the cases. Take, for instance, 𝜉 = 1 and consider the compact interval 𝐾 = [𝑠

−2∕7
0

∕2, 3𝑠
−2∕7
0

∕2].
The integral can be expressed as

𝑎(𝜉) =
𝑠
2∕7
0

2𝜋𝑖

⎡⎢⎢⎣∫ℝ∕𝐾
𝜄𝜒(0,∞)(𝜁

′) − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 𝜉
d𝜁′ + ∫𝐾

1 − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 𝜉
d𝜁′

⎤⎥⎥⎦.
For some 𝑘0 ⩾ 0, it follows that |𝜁′𝑠2∕70

− 𝜉| ⩾ 𝑘0 for all 𝜁′ ∈ ℝ∕𝐾. Thus,

||||||∫ℝ∕𝐾
𝜄𝜒(0,∞)(𝜁

′) − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 𝜉
d𝜁′

|||||| ⩽ 1

𝑘0 ∫ℝ∕𝐾 |𝜄𝜒(0,∞)(𝜁′) − 𝜎(𝜁′)|d𝜁′
⩽
1

𝑘0 ∫ℝ |𝜄𝜒(0,∞)(𝜁′) − 𝜎(𝜁′)|d𝜁′ ⩽ 2𝑘1
𝑘0𝑘2

.

For the other integral, with |𝜉| = 1, notice that 𝜁′ ∈ 𝐾 implies 𝜁′𝑠2∕7
0

∈ [1
2
, 3
2
]. Moreover,

|𝜁′𝑠2∕7
0

− 𝜉| ⩾ |𝜁′𝑠2∕7
0

− 1| ⇒ 1|𝜁′𝑠2∕7
0

− 𝜉| ⩽ 1|𝜁′𝑠2∕7
0

− 1| .
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THE KORTEWEG-DE-VRIES HIERARCHY 27 of 46

Now consider||||||∫𝐾
𝜄 − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 𝜉
d𝜁′

|||||| ⩽
||||||∫𝐾

𝜄 − 𝜎(𝑠
−2∕7
0

)

𝜁′𝑠
2∕7
0

− 𝜉
d𝜁′

||||||
⏟⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⏟

𝐼1

+

||||||∫𝐾
𝜎(𝑠

−2∕7
0

) − 𝜎(𝜁′)

𝜁′𝑠
2∕7
0

− 1
d𝜁′

||||||
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

𝐼2

.

For the second integral, we apply the mean value theorem, obtaining

𝐼2 =
1

𝑠
2∕7
0

∫
3𝑠
−2∕7
0

∕2

𝑠
−2∕7
0

∕2

||||||
𝜎(𝜁′) − 𝜎(𝑠

−2∕7
0

)

𝜁′ − 𝑠
−2∕7
0

||||||d𝜁′
⩽
𝑘3

𝑠
2∕7
0

∫
3𝑠
−2∕7
0

∕2

𝑠
−2∕7
0

∕2
sup
𝑧∈𝐾

𝑧−2d𝜁′ =
4𝑘3
9
.

On the other side,

𝐼1 =
1

𝑠
2∕7
0

||||||∫
3∕2

1∕2

𝜄 − 𝜎(𝑠
−2∕7
0

)

𝜁′ − 𝜉
d𝜁′

|||||| ⩽ 1

𝑠
2∕7
0

e−𝑘2𝑠
−2∕7
0

|||||∫
3∕2

1∕2

1

𝜁′ − 𝜉
d𝜁′

||||| = 𝑜(1).

Altogether we conclude that |𝑎(𝜉)| = 𝑂(𝑠
2∕7
0
) and, therefore, Equations (5.6) are satisfied. □

5.1 Analysis of the global parametrix

The Riemann–Hilbert problem for 𝑍̃, defined by Equations (5.4) and (5.3), is closely related to the
Riemann–Hilbert problem associated to the third member of the Painlevé II hierarchy, in a way
which will be presented in this subsection. Let us start considering the following:

Riemann–Hilbert Problem 5.5.

1. Ψ(𝜁; 𝑥0, 𝑥1, 𝑥2) ≡ Ψ(𝜁) is analytic for every 𝜁 ∈ ℂ ⧵ Γ, where

Γ = ∪6
𝑗=1

Γ𝑗, for Γ1 = ℝ+e
𝜋i
14 , Γ2 = ℝ+e

𝜋i
2 , Γ3 = ℝ+e

6𝜋i
14

and Γ𝑘+3 = −Γ𝑘, 𝑘 = 1, 2, 3

(see Figure 2), and has continuous boundary values Ψ± satisfying the jump relation

Ψ+(𝜁) = Ψ−(𝜁)𝐽𝑘, 𝑧 ∈ Γ𝑘,

where

𝐽1 =

(
1 0

−i 1

)
, 𝐽2 =

(
1 𝑠

0 1

)
, 𝐽3 =

(
1 0

−i 1

)
, (5.7)

and 𝐽𝑘+3 = 𝐽𝑇
𝑘
.

2. As 𝜁 → ∞,

Ψ(𝜁) =

(
𝐼 +

1

𝜁
Ψ(1) + 𝑂(𝜁−2)

)
e−𝑖Θ(𝜁)𝜎3 ,

 14697750, 2026, 3, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70496 by U

niversity O
f Sao Paulo - B

razil, W
iley O

nline L
ibrary on [23/03/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



28 of 46 CAFASSO and PINHEIRO

F IGURE 2 Contour and jumps for the 𝑃(3)
𝐼𝐼
Painlevé hierarchy Riemann-Hilbert problem.

where Θ(𝜁) = 26

7
𝜁7 − 24

5
𝑥2𝜁

5 + 4

3
𝑥1𝜁

3 + 𝑥0𝜁.
3. As 𝜁 → 0,

Ψ(𝜁) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑂

(|𝜁|1∕2 |𝜁|−1∕2|𝜁|1∕2 |𝜁|−1∕2
) (

1 0

i 1

)
, 𝜁 ∈ 𝑆1,

𝑂

(|𝜁|1∕2 |𝜁|−1∕2|𝜁|1∕2 |𝜁|−1∕2
) (

1 0

−i 1

)
, 𝜁 ∈ 𝑆4

𝑂

(|𝜁|1∕2 |𝜁|−1∕2|𝜁|1∕2 |𝜁|−1∕2
)

𝜁 ∈ 𝑆2 ∪ 𝑆3

𝑂

(|𝜁|−1∕2 |𝜁|1∕2|𝜁|−1∕2 |𝜁|1∕2
)

𝜁 ∈ 𝑆5 ∪ 𝑆6.

This Riemann–Hilbert problem, depending parametrically on 𝑠, is a specific case of the gen-
eral Riemann–Hilbert problem associated to the thirdmember of the Painlevé II hierarchy, which
depends on seven parameters (the Stokes parameters) 𝑠𝑖, 𝑖 = 1, … , 7 (see, for instance, [12] and
references therein). In the case of interest for our paper,we set 𝑠1 = 𝑠7 = −i, and 𝑠4 = 𝑠. Using stan-
dard methods about Riemann–Hilbert formulation of isomonodromic problems, one can prove
(see details in [12]) that

Ψ(1) = Ψ(1)(𝑥0, 𝑥1, 𝑥2) =

(
i𝑝(𝑥0, 𝑥1, 𝑥2) − i

2
𝑞(𝑥0, 𝑥1, 𝑥2)

i

2
𝑞(𝑥0, 𝑥1, 𝑥2) −i𝑝(𝑥0, 𝑥1, 𝑥2)

)
, (5.8)

where 𝑝 = 𝑝(𝑥0, 𝑥1, 𝑥2) and 𝑞 = 𝑞(𝑥0, 𝑥1, 𝑥2) are real-valued functions such that

𝜕𝑝

𝜕𝑥0
=
1

2
𝑞2,

and, in addition, 𝑞 solves the following equations:

𝜕

𝜕𝑥1
𝑞 =2𝑞2

𝜕

𝜕𝑥0
𝑞 −

1

3

𝜕3

𝜕𝑥3
0

𝑞, (5.9)
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THE KORTEWEG-DE-VRIES HIERARCHY 29 of 46

𝜕

𝜕𝑥2
𝑞 = − 6𝑞4

𝜕

𝜕𝑥0
𝑞 + 2𝑞2

𝜕3

𝜕𝑥3
0

𝑞 + 8𝑞
𝜕

𝜕𝑥0
𝑞
𝜕2

𝜕𝑥2
0

𝑞 + 2

(
𝜕

𝜕𝑥0
𝑞

)3

−
1

5

𝜕5

𝜕𝑥5
0

𝑞, (5.10)

𝜕6

𝜕𝑥6
0

𝑞 =𝑥0𝑞 + 𝑥1

(
2𝑞3 −

𝜕2

𝜕𝑥2
0

𝑞

)
+ 𝑥2

(
−6𝑞5 + 10𝑞2

𝜕2

𝜕𝑥2
0

𝑞 + 10𝑞
𝜕

𝜕𝑥0
𝑞2 −

𝜕4

𝜕𝑥4
0

𝑞

)

+ 20𝑞7 − 70𝑞4
𝜕2

𝜕𝑥2
0

𝑞 − 140𝑞3
(

𝜕

𝜕𝑥0
𝑞

)2

+ 14𝑞2
𝜕4

𝜕𝑥4
0

𝑞 + 56𝑞
𝜕

𝜕𝑥0
𝑞
𝜕3

𝜕𝑥3
0

𝑞

+ 42𝑞

(
𝜕2

𝜕𝑥2
0

𝑞

)2

+ 70

(
𝜕

𝜕𝑥0
𝑞

)2
𝜕2

𝜕𝑥2
0

𝑞 −
1

2
. (5.11)

Equations (5.9) and (5.10) are the two first members of the modified KdV hierarchy, while Equa-
tion (5.11) is the thirdmember of the Painlevé II hierarchy.We now define, as in [12], the following
folding transformation:

Ξ(𝑥0, 𝑥1, 𝑥2; 𝑧) ≡ Ξ(𝑧) = 𝑧−𝜎3∕4𝑁e𝜋i𝜎3∕4Ψ(i𝑧1∕2)e−𝜋i𝜎3∕4.

The matrix-valued function Ξ will then have jumps on the oriented contours

Γ̃ ∶= ℝ ∪ ℝ+e
±6𝜋i

7

and solves the following Riemann–Hilbert problem:

Riemann–Hilbert Problem 5.6.

1. Ξ(𝑧) is analytic on ℂ ⧵ Γ̃ and has continuous boundary values Ξ satisfying the jump relation

Ξ+(𝑧) = Ξ−(𝑧) ×

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
1 0

1 1

)
𝑧 ∈ ℝ+e

±6𝜋i
7

(
0 1

−1 0

)
𝑧 ∈ (−∞, 0)

(
1 i𝑠

0 1

)
𝑧 ∈ (0,∞)

. (5.12)

2. As 𝑧 → ∞,

Ξ(𝑧) = 𝑧−
𝜎3
4 𝑁

[
𝐼 +

∑
𝑗⩾1

e𝜋i𝜎3∕4Ψ(𝑗)e−𝜋i𝜎3∕4

𝑧𝑗∕2

]
e−𝜃̃(𝑧)𝜎3 , (5.13)

where 𝜃̃(𝑧) = 26

7
𝑧7∕2 + 24

5
𝑥2𝑧

5∕2 + 4

3
𝑥1𝑧

3∕2 − 𝑥0𝑧
1∕2.

3. As 𝑧 → 0,

Ξ(𝑧) = 𝑂(|𝑧|−1∕2).
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30 of 46 CAFASSO and PINHEIRO

In the case 𝑠 = 0, the existence of the solution of the above Riemann–Hilbert problem had
been proven in [12]. We will extend in a moment the same result for arbitrary 𝑠 ∈ i[0, 1]. This is
important for us since, as it is easy to check, the Riemann–Hilbert problem 5.6 is closely related
to the global parametrix 𝑍̃ satisfying the Riemann–Hilbert problem with conditions (5.4), (5.3).
Namely, we have the following:

Proposition 5.7. Suppose that a solution Ξ of the Riemann–Hilbert problem 5.6 exists. Then,

𝑍̃(𝜉) = 𝑐𝜎3∕4Ξ(𝑐𝜉; 𝑥0, 𝑥1, 𝑥2),

where 𝑥0 = −25∕7𝜅2, 𝑥1 = 3 ⋅ 21∕7𝜅1, 𝑥2 = 5 ⋅ 2−3∕7𝜅0, and 𝑐 = 2−10∕7. Moreover, the Stokes param-
eters 𝜄 and 𝑠 are related by 𝑠 = i(𝜄 − 1).

We now prove the existence of Ξ by the following vanishing lemma:

Lemma 5.8 (Vanishing Lemma). Let 𝑥0, 𝑥1, 𝑥2 ∈ ℝ and consider the matrix-valued function Ψ̂(𝜁)
that satisfies the Riemann–Hilbert problem 5.5, but with asymptotic condition given by

Ψ̂(𝜁)eiΘ(𝜁)𝜎3 = 𝑂(1∕𝜁), as 𝜁 → ∞.

Then, Ψ̂(𝜁) ≡ 0.

Proof. We start with the definition of an auxiliary matrix function

𝐴(𝜁) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ψ̂(𝜁)eiΘ(𝜁)𝜎3 , for 𝜁 ∈ 𝑆2 ∪ 𝑆3 ∪ 𝑆6 ∪ 𝑆7,

Ψ̂(𝜁)

(
1 0

−i 1

)
eiΘ(𝜁)𝜎3 , for 𝜁 ∈ 𝑆1,

Ψ̂(𝑧)

(
1 −i

0 1

)
eiΘ(𝜁)𝜎3 , for 𝜁 ∈ 𝑆5,

Ψ̂(𝜁)

(
1 0

i 1

)
eiΘ(𝜁)𝜎3 , for 𝜁 ∈ 𝑆4,

Ψ̂(𝜁)

(
1 i

0 1

)
eiΘ(𝜁)𝜎3 , for 𝜁 ∈ 𝑆8,

(5.14)

where the regions 𝑆𝑗 are the ones depicted in Figure 2. It is straightforward to verify that 𝐴(𝜁)
satisfies the following Riemann–Hilbert problem

1. 𝐴(𝜁) is analytic for every 𝜁 ∈ ℂ ⧵ (ℝ ∪ iℝ) and has continuous boundary values 𝐴± satisfying
the jump relations
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THE KORTEWEG-DE-VRIES HIERARCHY 31 of 46

𝐴+(𝜁) = 𝐴−(𝜁) ×

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(
1 𝑠e−2iΘ(𝜁)

0 1

)
, 𝜁 ∈ (0, i∞),

(
1 0

𝑠e2iΘ(𝜁) 1

)
, 𝜁 ∈ (−i∞, 0),

(
0 −ie−2iΘ(𝜁)

−ie2iΘ(𝜁) 1

)
, 𝜁 ∈ (0,∞),

(
1 −ie−2iΘ(𝜁)

−ie2iΘ(𝜁) 0

)
, 𝜁 ∈ (−∞, 0).

2. As 𝜁 → ∞,

𝐴(𝜁) = 𝑂(𝜁−1).

3. 𝐴(𝜁) has the following behavior as 𝜁 → 0

𝐴(𝜁) =

⎧⎪⎪⎨⎪⎪⎩
𝑂

(|𝜁|1∕2 |𝜁|−1∕2|𝜁|1∕2 |𝜁|−1∕2
)
, Im 𝜁 > 0,

𝑂

(|𝜁|−1∕2 |𝜁|1∕2|𝜁|−1∕2 |𝜁|1∕2
)

Im 𝜁 < 0.

This new problem enjoys remarkable symmetries. In particular,

e−iΘ(𝜁) = e−iΘ(𝜁) and e−iΘ(𝜁) = e−iΘ(−𝜁) = eiΘ(𝜁)

for every 𝜁 ∈ iℝ, and e−iΘ(𝜁) = eiΘ(𝜁) for every 𝜁 ∈ ℝ. For simplicity, we represent the solu-
tion to 𝐴(𝜁) piecewise by the matrix-functions 𝐴1,𝐴2, 𝐴3, 𝐴4 which are analytic in the sectors
𝑄1, 𝑄2, 𝑄3, 𝑄4 (see Figure 3), respectively, that is,

𝐴(𝜁) =

⎧⎪⎪⎨⎪⎪⎩

𝐴1(𝜁), 𝜁 ∈ 𝑄1,

𝐴2(𝜁), 𝜁 ∈ 𝑄2,

𝐴3(𝜁), 𝜁 ∈ 𝑄3,

𝐴4(𝜁), 𝜁 ∈ 𝑄4,

,

𝐴1(𝜁) = 𝐴4(𝜁)𝐽1

𝐴2(𝜁) = 𝐴1(𝜁)𝐽2

𝐴3(𝜁) = 𝐴2(𝜁)𝐽3

𝐴4(𝜁) = 𝐴3(𝜁)𝐽4

,

where

𝐽1 =

(
0 −ie−2iΘ(𝜁)

−ie2iΘ(𝜁) 1

)
𝐽2 =

(
1 𝑠e−2iΘ(𝜁)

0 1

)
𝐽3 =

(
1 −ie−2iΘ(𝜁)

−ie2iΘ(𝜁) 0

)
𝐽4 =

(
1 0

𝑠e2iΘ(𝜁) 1

)
.
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32 of 46 CAFASSO and PINHEIRO

F IGURE 3 Sectors of the complex plane.

We proceed now as in [13]. Set 𝐵(𝜁) ∶= 𝐴(𝜁)𝐴(𝜁)
𝑇
. The integral over 𝛾1 (see Figure 3) of 𝐵(𝜁)

gives

∫𝛾1 𝐴1(𝜁)𝐴4(𝜁)
𝑇
d𝜁 = lim

𝑅→∞

(
∫

𝑅

0
𝐴1(𝜁)𝐴4(𝜁)

𝑇
d𝜁 + ∫

0

i𝑅
𝐴1(𝜁)𝐴4(𝜁)

𝑇
d𝜁

)
= 0. (5.15)

On the other side, the integral over 𝛾4 of 𝐵(𝜁) gives

∫𝛾4 𝐵(𝜁)d𝜁 = lim
𝑅→∞

(
∫

0

𝑅
𝐵(𝜁)d𝜁 + ∫

−i𝑅

0
𝐵(𝜁)d𝜁

)

= lim
𝑅→∞

(
∫

0

𝑅
𝐵(𝜁)d𝜁 + ∫

0

i𝑅
𝐵(−𝜁)d𝜁

)
= 0,

and, consequently,

lim
𝑅→∞

(
∫

𝑅

0
𝐴4(𝜁)𝐴1(𝜁)

𝑇
d𝜁 − ∫

0

i𝑅
𝐴1(𝜁)𝐴4(𝜁)

𝑇
d𝜁

)
= 0. (5.16)

Summing up Equations (5.15) and (5.16) and taking the limit, we obtain

∫
∞

0
𝐴1(𝜁)𝐴4(𝜁)

𝑇
+ 𝐴4(𝜁)𝐴1(𝜁)

𝑇
d𝜁 =∫

∞

0
𝐴4(𝜁)

[
𝐽1 + 𝐽

𝑇
1

]
𝐴4(𝜁)

𝑇
d𝜁

=2∫
∞

0
𝐴4(𝜁)𝐸22𝐴4(𝜁)

𝑇
d𝜁 = 0.

Analogously, the integrals of 𝐵(𝜁) over 𝛾2 and 𝛾3 give

∫𝛾2 𝐵(𝜁)d𝜁 = lim
𝑅→∞

(
∫

0

−𝑅
𝐴2(𝜁)𝐴3(𝜁)

𝑇
d𝜁 + ∫

i𝑅

0
𝐴2(𝜁)𝐴3(𝜁)

𝑇
d𝜁

)
= 0

∫𝛾3 𝐵(𝜁)d𝜁 = lim
𝑅→∞

(
∫

−𝑅

0
𝐵(𝜁)d𝜁 + ∫

0

−i𝑅
𝐵(𝜁)d𝜁

)
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THE KORTEWEG-DE-VRIES HIERARCHY 33 of 46

= lim
𝑅→∞

(
∫

−𝑅

0
𝐵(𝜁)d𝜁 + ∫

i𝑅

0
𝐵(−𝜁)d𝜁

)

=∫
−∞

0
𝐴3(𝜁)𝐴2(𝜁)

𝑇
d𝜁 + ∫

i∞

0
𝐴2(𝜁)𝐴3(𝜁)

𝑇
d𝜁 = 0.

Combining the previous results leads to

∫
0

−∞
𝐴2(𝜁)[𝐽3 + 𝐽

𝑇
3 ]𝐴2(𝜁)

𝑇
d𝜁 = ∫

0

−∞
𝐴4(𝜁)𝐽1𝐽2

[
𝐽3 + 𝐽

𝑇
3

]
𝐽𝑇2 𝐽

𝑇
1 𝐴4(𝜁)

𝑇
d𝜁

= 2∫
0

−∞
𝐴4(𝜁)𝐸22𝐴4(𝜁)

𝑇
d𝜁 = 0.

Therefore, the entries (1,1) and (2,2) give us

∫ℝ |𝐴4,12(𝜁)|2 + |𝐴4,22(𝜁)|2d𝜁 = 0

This implies that 𝐴4,22(𝜁) = 𝐴4,12(𝜁) = 0. Combined with the jump condition it implies that
𝐴1,11(𝜁) = 𝐴1,21(𝜁) = 0 and that𝐴2 = 𝐴1,𝐴3 = 𝐴4. It follows that thematrix-valued function𝐴(𝜁)
restricted to the upper or lower half-plane is analytic. The proof that the remaining entries are also
equal to zero is then exactly the same as in [13, Proposition 2.5]. Therefore, 𝐴(𝜁) ≡ 0. □

5.2 Asymptotics for 𝒖 and 𝒗

We are now ready to prove the asymptotics of 𝑢, 𝑣 in the given regime.We resume the results with
the following:

Proposition 5.9. Let |𝜏𝑘| ⩽ 𝑀𝜏𝑘∕77 , 𝑘 = 1, 3, 5 for a large enough constant𝑀 > 0. Then, as 𝜏7 → 0,

𝑢 = 𝑎𝜏
−1∕7
7

(𝑞
2
+ 𝑝

)
+ 𝑂(𝜏

1∕7
7 ),

𝑣 = 𝑎𝜏
−1∕7
7

(
𝜕

𝜕𝜏1

𝑞

2
− 𝑎𝜏

−1∕7
7

𝑞2

2
+ 𝑂

(
𝜏
1∕7
7

))
,

where 𝑎 =
(
26∕7

)1∕7, 𝑞 = 𝑞(𝑥0, 𝑥1, 𝑥2) is the solution to the third member of the Painlevé II hier-
archy characterized by the uniquely solvable Riemann–Hilbert problem 5.5 with 𝑠 = i(𝜄 − 1), and
𝑝 = 𝑝(𝑥0, 𝑥1, 𝑥2) satisfies the equation

𝜕

𝜕𝑥0
𝑝 =

𝑞2

2
. The variables 𝑥0, 𝑥1, 𝑥2 are given by

𝑥0 = −𝑎
𝜏1

𝜏
1∕7
7

, 𝑥1 =
3𝑎3

4

𝜏3

𝜏
3∕7
7

, 𝑥2 =
5𝑎5

16

𝜏5

𝜏
5∕7
7

. (5.17)

Moreover, for 𝜄 = 1, 𝑞 is the solution to the third member of the Painlevé II whose asymptotic
behavior has been studied in [12], Theorem 1.8.
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34 of 46 CAFASSO and PINHEIRO

Proof. As for 𝑢, we start recalling Equation (3.13). On the other hand, thanks to (5.1), 𝑋(1) =
𝑠
−1∕7
0

𝑍(1), so that

𝑢 = 𝑠
−1∕7
0

(
𝑍(1)
11
+ i𝑍(1)

12

)
.

Now we use the fact that, thanks to the small norm theorem, from 𝐽𝑅 = 𝐼 + 𝑂(𝑠
2∕7
0
), it follows

that 𝑅(1) = 𝑂(𝑠
2∕7
0
), and therefore

𝑍(1)
11
+ i𝑍(1)

12
=𝑍̃(1)

11
+ i𝑍̃(1)

12
+ 𝑂

(
𝑠
2∕7
0

)
.

The relation given in Proposition 5.7 together with Equation (5.13) gives

𝑍̃(1) = − 25∕7ie𝜋i𝜎3∕4Ψ(1)e−𝜋i𝜎3∕4 = −25∕7i

(
i𝑝 𝑞∕2

𝑞∕2 −i𝑝

)
,

and the asymptotics for 𝑢 is proven. The formula for 𝑣 is proven analogously, starting with (3.14)
instead of (3.13). □

6 THE THIRD ASYMPTOTIC REGIME

The last asymptotic regime we study is the one where there exist a constant𝑀1 and a (sufficiently
large) constant𝑀2 such that −𝑀1𝑠

4∕7
0

⩽ 𝜏5 ⩽ −𝑀2𝑠
5∕7
0

. In this section, for simplicity, we restrict
our study to the case 𝜄 = 1. It is convenient to re-write the asymptotic expansion (5.3) for the
Riemann–Hilbert problem 5.1 in the following way:

𝑍(𝜉) =

[
𝐼 +

𝑍̂(1)

𝜉
+ 𝑂(𝜉−3∕2)

]
𝜉−

𝜎3
4 𝑁e

−

(
2
7
𝜉
7
2 +𝜅0𝜉

5
2 +𝜅1𝜉

3
2 +𝜅2𝜉

1
2

)
𝜎3

×

⎧⎪⎨⎪⎩
𝐼 | arg 𝜉| < 𝜋 − 𝜖(

1 0

±1 1

)
𝜋 − 𝜖 < ±arg 𝜉 < 𝜋

,

(6.1)

where 𝜅0 = 𝜏5∕𝑠
5∕7
0

, 𝜅1 = 𝜏3∕𝑠
3∕7
0

, and 𝜅2 = 𝜏1∕𝑠
1∕7
0

, as our results are more conveniently
expressed in function of the matrix 𝑍̂(1).
We define the variable

𝜂 ∶= −
⎛⎜⎜⎝27𝜉3𝑠1∕70

+
𝜏5

𝑠
4∕7
0

𝜉2 +
𝜏3

𝑠
2∕7
0

𝜉 + 𝜏1

⎞⎟⎟⎠, (6.2)

so that the exponential phase in the asymptotic expansion above can be rewritten as (𝑠−2∕7
0

𝜉)1∕2𝜂.
The hypothesis in Theorem 1.10 allows us to control the behavior of 𝜂 when 𝜉 is bounded, under
some assumption on the behavior of the variables 𝜏𝑗 .
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Assumption 6.1. There exist three constants𝑀1,𝑀2, and𝑀3, with𝑀2 and𝑀3 sufficiently large,
such that −𝑀1𝑠

4∕7
0

⩽ 𝜏5 ⩽ −𝑀2𝑠
5∕7
0

, |𝜏3| ⩽ 𝑀1𝑠
2∕7
0

, −𝑀3 ⩽ 𝜏1 ⩽ 𝑥, where

𝑥 = (−2𝑠
1∕7
0
∕7 + 𝜏5∕𝑠

4∕7
0

− |𝜏3|∕𝑠2∕70
)

and (−𝑀3, 𝑥) ≠ ∅.

Lemma 6.2. Suppose that Assumptions 6.1 are verified. Then, for |𝜉| ⩽ 1, 𝜂, defined in (6.2), has
the following properties:

a) 𝜂 is bounded and has positive real part;
b) as 𝑠0 → 0, 𝜂 = −𝜏1 + 𝑂(𝑥).
c) 𝜂 → 0 only when 𝜏1 → 𝑥 and 𝑥 → 0.

Proof. For boundedness and positiveness, notice that under the conditions above

−
2

7
𝜉3𝑠

1∕7
0

+
𝑀2𝑠

5∕7
0

𝑠
4∕7
0

𝜉2 −
𝑀1𝑠

2∕7
0

𝑠
2∕7
0

𝜉 − 𝑥 ⩽ 𝜂 ⩽ −
2

7
𝜉3𝑠

1∕7
0

+
𝑀1𝑠

4∕7
0

𝑠
4∕7
0

𝜉2 +
𝑀1𝑠

2∕7
0

𝑠
2∕7
0

𝜉 − 𝑀3,

2

7
(1 − 𝜉3)𝑠

1∕7
0

+ 𝑀2𝑠
1∕7
0
(1 + 𝜉2) + 𝑀1(1 − 𝜉) ⩽ 𝜂 ⩽ −

2

7
𝜉3𝑠

1∕7
0

+ 𝑀1𝜉
2 +𝑀1𝜉 +𝑀3.

Moreover, denoting 𝜂 = −2

7
𝜉3𝑠

1∕7
0

−
𝜏5

𝑠
4∕7
0

𝜉2 −
𝜏3

𝑠
2∕7
0

𝜉, we see that 𝜂 = 𝜂 − 𝜏1, 𝜂 = 𝑂(𝑥), and |𝜂| ⩽
|𝜏1|. Thismeans that 𝜂 → 0 only on the regime 𝜏1 → 𝑥 and 𝑥 → 0. Because of the the term 2

7
𝜉3𝑠

1∕7
0

,

we conclude that in such regime 𝜂 → 0 at most as 𝑠1∕7
0

. This happens only when 𝜏5 → −𝑀2𝑠
5∕7
0

,
𝜏3 = 𝑂(𝑠

3∕7
0
), and 𝜏1 → 𝑥. □

The local parametrix in this asymptotic regime will be given by the following:

Riemann–Hilbert Problem 6.3.

1. 𝐻𝜎(𝜁) is analytic on ℂ ⧵ ℝ, and has continuous boundary values 𝐻𝜎,± satisfying the jump
relation

𝐻𝜎,+(𝜁) = 𝐻𝜎,−(𝜁)

(
1 1 − 𝜎(𝜁)

0 1

)
, 𝜁 ∈ ℝ. (6.3)

2. As 𝜁 → ∞,

𝐻𝜎(𝜁) =

[
𝐼 +

1

𝜁

(
𝑞𝜎 𝑝𝜎
𝑟𝜎 −𝑞𝜎

)
+ 𝑂(𝜁−2)

]
𝜁−

𝜎3
4 𝑁e𝜁

1∕2𝜂𝜎3

×

⎧⎪⎨⎪⎩
𝐼 | arg 𝜁| < 𝜋 − 𝜖(

1 0

±1 1

)
𝜋 − 𝜖 < ±arg 𝜁 < 𝜋

.

(6.4)

From Lemma 6.2 it is possible to write the following Taylor expansions for 𝑝𝜎(𝜂) and 𝑞𝜎(𝜂):
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36 of 46 CAFASSO and PINHEIRO

𝑝𝜎(𝜂) = 𝑝𝜎(−𝜏1) + 𝑝
′
𝜎(−𝜏1)(𝜂 + 𝜏1) + 𝑂((𝜂 + 𝜏1)

2) = 𝑝𝜎(−𝜏1) + 𝑂(𝑥), (6.5)

𝑞𝜎(𝜂) = 𝑞𝜎(−𝜏1) + 𝑞
′
𝜎(−𝜏1)(𝜂 + 𝜏1) + 𝑂((𝜂 + 𝜏1)

2) = 𝑞𝜎(−𝜏1) + 𝑂(𝑥). (6.6)

They are particularly useful when 𝑥 → 0 (𝜏5 = 𝑜(𝑠
4∕7
0
), 𝜏3 = 𝑜(𝑠

2∕7
0
)).

Some straightforwardmanipulations allowus to verify that, if𝐻𝜎 satisfies the Riemann–Hilbert
problem 6.3, then

Φ𝜎(𝜁) ∶= e−𝜋i𝜎3∕4
(
0 −i

−i 0

)
𝐻𝜎(𝜁), (6.7)

satisfies the Riemann–Hilbert problem in [7, section 7.1]. Belowwe transcribe some useful results
from [7] concerning to the small 𝜂 analysis of𝐻𝜎(𝜁).

Lemma 6.4. Set 𝑧 ∶= 𝜂2𝜁. Then, for |𝑧| > 1, it follows that as 𝜂 → 0,

𝐻𝜎(𝑧𝜂
−2) = 𝜂𝜎3∕2𝑆(𝑧)𝐻(𝑧), (6.8)

where

𝐻(𝑧) =

(
0 i

i 0

)
e𝜋i𝜎3∕4ΦBe(𝑧𝜂

−2),

𝑆(𝑧) = 𝐼 +
𝜂2

𝑧

(
3𝑚0(𝜎)

16

𝑚0(𝜎)

2

−
9𝑚0(𝜎)

128
−
3𝑚0(𝜎)

16

)
+ 𝑂(𝜂4∕𝑧),

for𝑚0(𝜎) = ∫
ℝ
(𝜒[0,∞)(𝑠) − 𝜎(𝑠))d𝑠 and ΦBe(𝜁) is the same as in [7, section 7.1]:

ΦBe(𝜁) ∶=

(
1 3i

8
0 1

) ⎛⎜⎜⎝
√
𝜋𝜁I1(

√
𝜁) −i

√
𝜁

𝜋
K1(

√
𝜁)

−i
√
𝜋I0(

√
𝜁) 1√

𝜋
K0(

√
𝜁)

⎞⎟⎟⎠ , 𝜁 ∈ ℂ∖(−∞, 0], (6.9)

where 𝐼0, 𝐼1, 𝐾0, and 𝐾1 are the modified Bessel functions, see, for instance, [29].

Proof. It follows from [7, Lemma 7.1 and subsection 7.2] together with Equation (6.7). □

Lemma 6.5. As 𝜂 → 0,

𝑝𝜎(𝜂) =
𝜂

2
𝑚0(𝜎) −

1

8𝜂
+ 𝑂(𝜂3), 𝑞𝜎(𝜂) =

3𝑚0(𝜎)

16
+

9

128𝜂2
+ 𝑂(𝜂2),

𝑟𝜎(𝜂) = −
9𝑚0(𝜎)

128𝜂
+

39

512𝜂3
+ 𝑂(𝜂).

Proof. It follows from [7, subsection 7.2] together with the asymptotic expansion for𝐻𝜎. □
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6.1 Local and global parametrices

We define the global and the local parametrices as follows:

𝐺(𝜉) ∶= 𝜉−𝜎3∕4𝑁e−𝜃(𝜉)𝜎3 , |𝜉| > 1,

𝐿(𝜉) ∶= 𝑠
−𝜎3∕14

0
𝐻𝜎(𝑠

−2∕7
0

𝜉; 𝜂), |𝜉| < 1,

where we recall

𝑁 =
1√
2

(
1 1

−1 1

)
e−𝜋i𝜎3∕4.

The related small norm Riemann–Hilbert problem is given by

𝑅(𝜉) =

{
(𝜏1𝑠

−1∕7
0

)−𝜎3∕2𝑍(𝜉)𝐺−1(𝜉)(𝜏1𝑠
−1∕7
0

)𝜎3∕2, |𝜉| > 1

(𝜏1𝑠
−1∕7
0

)−𝜎3∕2𝑍(𝜉)𝐿−1(𝜉)(𝜏1𝑠
−1∕7
0

)𝜎3∕2, |𝜉| < 1.
(6.10)

In the lemma below Γ ∶= (ℝ ⧵ [−1, 1]) ∪ 𝑆1 as in the previous section.

Lemma 6.6. The matrix 𝑅 defined in 6.10 solves the following Riemann–Hilbert problem:

1. 𝑅 is analytic on ℂ ⧵ Γ, and has continuous boundary values 𝑅± satisfying the jump relation

𝐽𝑅(𝜉) =

⎧⎪⎪⎨⎪⎪⎩
(𝜏1𝑠

−1∕7

0
)−𝜎3∕2𝐺−(𝜉)

(
1 𝜒[0,∞)(𝜉) − 𝜎(𝑠

2∕7

0
𝜉)

0 1

)
×𝐺−1

− (𝜉)(𝜏1𝑠
−1∕7

0
)𝜎3∕2, 𝜉 ∈ ℝ∕[−1, 1]

(𝜏1𝑠
−1∕7

0
)−𝜎3∕2𝐺(𝜉)𝐿−1(𝜉)(𝜏1𝑠

−1∕7

0
)−𝜎3∕2, |𝜉| = 1.

2. As 𝜉 → ∞ and | arg 𝜉| < 𝜋,

𝑅(𝜉) = 𝐼 + 𝑅(1)𝜉−1 + 𝑂(𝜉−2).

Proof. It is clear, by construction, that 𝑅 is analytic everywhere, except for ℝ and 𝑆1. As for the
interval [−1, 1], using the fact that 𝑍 and 𝐿 have the same jumps, one proves that 𝑅 does not have
any discontinuities (using also arguments similar to the ones in the previous section to show that
the points of discontinuities of 𝜎 are removable singularities, and all of them are in the unit disk
when 𝑠0 is small enough). For 𝜉 ∈ ℝ ⧵ [−1, 1], the jump condition comes from the straightforward
computation

(𝜏1𝑠
1∕7
0
)𝜎3∕2𝑅+(𝜉)(𝜏1𝑠

−1∕7
0

)−𝜎3∕2 = 𝑍+(𝜉)𝐺
−1
+ (𝜉)

= 𝑍−(𝜉)𝐽𝑍(𝜉)𝐽
−1
𝐺 (𝜉)𝐺−1−

= (𝜏1𝑠
1∕7
0
)𝜎3∕2𝑅−(𝜉)(𝜏1𝑠

−1∕7
0

)−𝜎3∕2𝐺−(𝜉)𝐽𝑍(𝜉)𝐽
−1
𝐺 (𝜉)𝐺−1− (𝜉)

= (𝜏1𝑠
1∕7
0
)𝜎3∕2𝑅−(𝜉)(𝜏1𝑠

−1∕7
0

)𝜎3∕2𝐺−(𝜉)

×

(
1 𝜒[0,∞)(𝜉) − 𝜎(𝑠

2∕7
0
𝜉)

0 1

)
𝐺−1− (𝜉),
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38 of 46 CAFASSO and PINHEIRO

and analogously for 𝜉 ∈ 𝑆1. For the asymptotic condition, as 𝜉 → ∞

𝑅(𝜉) =(𝜏1𝑠
−1∕7
0

)−𝜎3∕2𝑍(𝜉)𝐺−1(𝜉)(𝜏1𝑠
−1∕7
0

)𝜎3∕2

=(𝜏1𝑠
−1∕7
0

)−𝜎3∕2
[
𝐼 +

𝑍̂(1)

𝜉
+ 𝑂(𝜉−3∕2)

]
(𝜏1𝑠

−1∕7
0

)𝜎3∕2 = 𝐼 + 𝑂(𝜉−1),

as claimed. □

Lemma 6.7. Suppose that the Assumptions 6.1 are satisfied. Then, as 𝑠0 → 0,

‖‖𝐽𝑅 − 𝐼‖‖𝐿1(Γ) = 𝑂(𝑠
2∕7
0
𝜏−21 ), ‖‖𝐽𝑅 − 𝐼‖‖𝐿2(Γ) = 𝑂(𝑠

2∕7
0
𝜏−21 ), ‖‖𝐽𝑅 − 𝐼‖‖𝐿∞(Γ) = 𝑂(𝑠

2∕7
0
𝜏−21 ).

In the equation above, ‖‖𝐽𝑅 − 𝐼‖‖𝐿𝑎(Γ) , 𝑎 = 1, 2,∞, denotes the maximum of the entry-wise corre-
sponding 𝐿𝑎(Γ)-norm.

Proof. For 𝜉 ∈ ℝ∕[−1, 1],

𝐽𝑅 − 𝐼 = (𝜏1𝑠
−1∕7
0

)
−𝜎3∕2

𝐺−(𝜉)

(
0 𝜒[0,∞)(𝜉) − 𝜎(𝑠

2∕7
0
𝜉)

0 0

)
𝐺−1− (𝜉)(𝜏1𝑠

−1∕7
0

)
𝜎3∕2

and, using the explicit expression of 𝐺, one finds that each entry of 𝐽𝑅 − 𝐼 is less or equal to|||𝜎1(𝜉) − 𝜎(𝑠2∕70
𝜉)

|||||||𝜏−11 𝑠
2∕7
0
𝜉−

1
2
||||||||exp{

−
4

7
𝜉
7
2 − 2𝜅0𝜉

5
2 − 2𝜅1𝜉

3
2 − 2𝜅2𝜉

1
2

}||||,
that is, the jump is exponentially close to the identity. Consequently, Assumption 1.9 implies the
existence of a constant 𝑐 > 0 such that

𝐽𝑅(𝜉) − 𝐼 = 𝑂(e−𝑠
−2∕7
0

𝑐), 𝜉 ∈ 𝑆1.

For the error in the unit circle, we must take into account two different regimes.
We first consider the case in which 𝜂 is bounded away from zero. In this case, the asymptotic

condition for𝐻𝜎 holds uniformly. Then,

𝐽𝑅(𝜉) = (𝜏1𝑠
−1∕7
0

)−𝜎3∕2𝐺(𝜉)𝐿−1(𝜉)(𝜏1𝑠
−1∕7
0

)𝜎3∕2 =𝜏
−𝜎3∕2

1

⎡⎢⎢⎢⎣𝐼 −
𝑠
2∕7
0
𝐻(1)
𝜎

𝜉
+ 𝑂

⎛⎜⎜⎝
𝑠
2∕7
0

𝜉

⎞⎟⎟⎠
3∕2⎤⎥⎥⎥⎦𝜏

𝜎3∕2

1
, (6.11)

leading to

𝐽𝑅(𝜉) =𝐼 + 𝑂(𝑠
2∕7
0
𝜏−11 ).

Wenow consider the case inwhich 𝜂 → 0. In this case, by Lemma 6.2, point (c), 𝜂 = −𝜏1 + 𝑂(𝑥)

goes to zero at most as 𝑠1∕7
0

.
Hence, using Lemma 6.4, for𝑀2 large enough, we have |𝜂2𝑠−2∕7

0
𝜉| > 1. Therefore,

𝐿(𝜉) = 𝑠
−𝜎3∕14

0
𝐻𝜎(𝑠

−2∕7
0

𝜉; 𝜂)

= 𝑠
−𝜎3∕14

0
𝜂𝜎3∕2𝑆(𝑠

−2∕7
0

𝜉𝜂2)𝐻(𝑠
−2∕7
0

𝜉𝜂2)
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THE KORTEWEG-DE-VRIES HIERARCHY 39 of 46

𝐺(𝜉)𝐿−1(𝜉) = 𝜂𝜎3∕2𝑠
−𝜎3∕14

0

⎡⎢⎢⎣𝐼 −
𝑠
2∕7
0

𝜉𝜂2
𝐻(1) + 𝑂

(
𝑠
4∕7
0
𝜂−4

)⎤⎥⎥⎦
×

⎡⎢⎢⎣𝐼 −
𝑠
2∕7
0

𝜉
𝑆(1) + 𝑂

(
𝑠
4∕7
0

)⎤⎥⎥⎦𝜂−𝜎3∕2𝑠𝜎3∕140
,

and the jump becomes

𝐽𝑅 =(𝜏1𝑠
−1∕7
0

)−𝜎3∕2𝐺(𝜉)𝐿−1(𝜉)(𝜏1𝑠
−1∕7
0

)𝜎3∕2

=(𝜂∕𝜏1)
𝜎3∕2

⎡⎢⎢⎣𝐼 −
𝑠
2∕7
0

𝜉𝜂2
𝐻(1) + 𝑂

(
𝑠
4∕7
0
𝜂−4

)⎤⎥⎥⎦
⎡⎢⎢⎣𝐼 −

𝑠
2∕7
0

𝜉
𝑆(1) + 𝑂

(
𝑠
4∕7
0

)⎤⎥⎥⎦(𝜂∕𝜏1)−𝜎3∕2
=𝐼 −

𝑠
2∕7
0

𝜉

[
𝜂−2

(
𝜂

𝜏1

)𝜎3∕2

𝐻(1)

(
𝜂

𝜏1

)−𝜎3∕2

+

(
𝜂

𝜏1

)𝜎3∕2

𝑆(1)
(
𝜂

𝜏1

)−𝜎3∕2
]
+ 𝑂(𝑠

4∕7
0
𝜂−4)

=𝐼 −
𝑠
2∕7
0

𝜉

[
𝜂−2

( 9

128
−

𝜂

8𝜏1
39𝜏1
512𝜂

− 9

128

)
+𝑚0(𝜎)

( 3

16

𝜂

2𝜏1

−
9𝜏1
128𝜂

− 3

16

)]
+ 𝑂(𝑠

4∕7
0
𝜂−4) (6.12)

=𝐼 + 𝑂(𝑠
2∕7
0
𝜂−2) = 𝐼 + 𝑂(𝑠

2∕7
0
𝜏−21 ),

and the claimed result follows. □

We can now compute the first term correction in the asymptotic expansion of 𝑅 in Lemma 6.6.
When 𝜂 is far from zero, using Equation (6.11) of the previous lemma and the fact that the jumps
on the real line are exponentially small, we obtain

𝑅(1)(𝜏1, 𝑠0) =
1

2𝜋𝑖 ∫𝑆1 𝐽1(𝑠)d𝑠

= −
1

2𝜋𝑖
𝑠
2∕7
0
𝜏
−𝜎3∕2

1
𝐻(1)
𝜎 𝜏

𝜎3∕2

1 ∫𝑆1
1

𝑠
d𝑠 + 𝑂(𝑠

4∕7
0
𝜏−41 )

= − 𝑠
2∕7
0
𝜏
−𝜎3∕2

1
𝐻(1)
𝜎 𝜏

𝜎3∕2

1
+ 𝑂(𝑠

4∕7
0
𝜏−11 ).

When 𝜂 → 0, we use instead (6.12) and obtain

𝑅(1)(𝜏1, 𝑠0) =𝑠
2∕7
0

[
𝜂−2

( 9

128
−

𝜂

8𝜏1
39𝜏1
512𝜂

− 9

128

)
+𝑚0(𝜎)

( 3

16

𝜂

2𝜏1

−
9𝜏1
128𝜂

− 3

16

)]
+ 𝑂(𝑠

4∕7
0
𝜂−4).

Combined with the asymptotic expression for𝐻𝜎 as 𝜂 → 0, we finally obtain that, uniformly in
the regime given by Assumption 6.1,

𝑅(1)(𝜏1, 𝑠0) = 𝑠
2∕7
0

(
𝑞𝜎(𝜂) 𝑝𝜎(𝜂)𝜏

−1
1

𝑟𝜎(𝜂)𝜏1 −𝑞𝜎(𝜂)

)
+ 𝑂(𝑠

4∕7
0
𝜂−4). (6.13)
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40 of 46 CAFASSO and PINHEIRO

6.2 Asymptotics for 𝒖 and 𝒗

Using the small-norm theorem for the matrix 𝑅 defined in (5.5), we obtain

𝑍̃(1) = (𝜏1𝑠
−1∕7
0

)𝜎3∕2𝑅(1)(𝜏1, 𝑠0)(𝜏1𝑠
−1∕7
0

)−𝜎3∕2

= 𝑠
2∕7
0
𝑠
−𝜎3∕14

0
𝐻(1)
𝜎 𝑠

𝜎3∕14

0
+ 𝑂(𝑠

3∕7
0
𝜏−31 ),

where 𝑍̃(1) appears in (6.1). Combining the latter with the asymptotic expansion (5.3), we obtain

𝑍(1) =
𝑍̃(1)
12

2

(
−1 i

i 1

)
=
𝑠
1∕7
0
𝑝𝜎

2

(
−1 i

i 1

)
+ 𝑂(𝑠

3∕7
0
𝜏−31 ),

𝑍(2) =
1

2

(
𝑍̃(1)
11
+ 𝑍̃(1)

22
i𝑍̃(1)
11
− i𝑍̃(1)

22

−i(𝑍̃(1)
11
− i𝑍̃(1)

22
) 𝑍̃(1)

11
+ 𝑍̃(1)

22

)

=

(
∗ i𝑠

2∕7
0
𝑞𝜎

∗

)
+ 𝑂(𝑠

3∕7
0
𝜏−31 ),

where we denoted with ∗ the entries that are not relevant for the following computations.
The asymptotic behavior of the relevant functions is summarized below.

Lemma 6.8. Let −𝑀1𝜏
4∕7
7 ⩽ 𝜏5 ⩽ −𝑀2𝜏

5∕7
7 , |𝜏3| ⩽ 𝑀1𝜏

2∕7
7 , −𝑀3 ⩽ 𝜏1 ⩽ 𝑥, where

𝑥 = −
(
2

7

)6∕7
𝜏
1∕7
7 + 𝜏5

(
2

7𝜏7

)4∕7

− |𝜏3|( 2

7𝜏7

)2∕7

,

𝑀1,𝑀2,𝑀3 are real positive constants such that (−𝑀3, 𝑥) ≠ ∅. Then, as 𝜏7 → 0,

𝑢 = −𝑝𝜎(−𝜏1) + 𝑂(𝑥),

𝑣 = −𝑝2𝜎(−𝜏1) + 2𝑞𝜎(−𝜏1) + 𝑂(𝑥).

Proof. For 𝑢, using Equation (3.13) together with 𝑋(1)
11
+ i𝑋(1)

12
= 𝑠

−1∕7
0

(𝑍(1)
11
+ i𝑍(1)

12
) and the

expression above for 𝑍(1) above Lemma 6.8, we obtain

𝑢 = −𝑝𝜎(𝜂) + 𝑂(𝜏
2∕7
7 𝜏−31 ) = −𝑝𝜎(−𝜏1) + 𝑂(𝑥),

where in the last equation we used Lemma 6.2. For 𝑣, we start with (3.14) and, similarly, as before,
we obtain

𝑣 =𝑠
2∕7
0
[−2i𝑍(1)

11
𝑍(1)
12
+ 2(𝑍(1)

12
)2 − 2i𝑍(2)

12
]

=𝑠
2∕7
0
[−𝑠

2∕7
0
𝑝2𝜎(𝜂) − 2𝑠

2∕7
0
𝑞𝜎(𝜂) + 𝑂(𝜏

3∕7
7 𝜏−31 )]

= − 𝑝2𝜎(𝜂) + 2𝑞𝜎(𝜂) + 𝑂(𝜏
1∕7
7 𝜏−31 ) = −𝑝2𝜎(−𝜏1) + 2𝑞𝜎(−𝜏1) + 𝑂(𝑥),

again using Lemma 6.2 in the last equality. □
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APPENDIX A: EXPLICIT COMPUTATIONS FOR THE POTENTIAL KdV EQUATIONS
The aim of this appendix is to give a full derivation of Equations (3.12). Expanding

(
𝜕

𝜕𝜏1
𝑋

)
𝑋−1

at 𝜁 = ∞ and setting to zero the terms in 𝜁−1 and 𝜁−2 the following non-trivial relations between
the entries of 𝑋(𝑗), defined in (2.27), are found:

𝑋(2)
11

=

(
𝑋(1)
11

)2
+

(
𝑋(1)
12

)2
2

,

𝑋(4)
11

= −
1

2

((
𝑋(2)
11

)2
+

(
𝑋(2)
12

)2)
+ 𝑋(1)

11
𝑋(3)
11
+ 𝑋(1)

12
𝑋(3)
12
.

These equations will be used in subsequent simplifications, without mentioning them. Next,
expanding

(
𝜕

𝜕𝜏3
𝑋

)
𝑋−1 we obtain new expressions for 𝑏1 and 𝑏2:

𝑏1 = −2i
(
𝑋(1)
11

)2
𝑋(1)
12
+ 4𝑋(1)

11

(
𝑋(1)
12

)2
− 2i𝑋(1)

11
𝑋(2)
12
+ 2i𝑋(2)

11
𝑋(1)
12

+ 2i
(
𝑋(1)
12

)3
+ 4𝑋(1)

12
𝑋(2)
12
− 2i𝑋(3)

12
,

𝑏2 = 2i
(
𝑋(1)
11

)3
𝑋(1)
12
− 6

(
𝑋(1)
11

)2(
𝑋(1)
12

)2
+ 2i

(
𝑋(1)
11

)2
𝑋(2)
12
− 4i𝑋(1)

11
𝑋(2)
11
𝑋(1)
12

− 6i𝑋(1)
11

(
𝑋(1)
12

)3
− 8𝑋(1)

11
𝑋(1)
12
𝑋(2)
12
+ 2i𝑋(1)

11
𝑋(3)
12
+ 4𝑋(2)

11

(
𝑋(1)
12

)2
− 2i𝑋(2)

11
𝑋(2)
12

+ 2i𝑋(3)
11
𝑋(1)
12
+ 2

(
𝑋(1)
12

)4
− 6i

(
𝑋(1)
12

)2
𝑋(2)
12
− 4𝑋(1)

12
𝑋(3)
12
− 2

(
𝑋(2)
12

)2
+ 2i𝑋(4)

12
−

𝜕

𝜕𝜏3
𝑋(1)
11
− i

𝜕

𝜕𝜏3
𝑋(1)
12
,

as well as the identity

𝜕

𝜕𝜏3
𝑢 = − i

(
𝑋(1)
11

)2
𝑋(2)
12
− 2i𝑋(1)

11
𝑋(3)
12
− 2i𝑋(3)

11
𝑋(1)
12
− i

(
𝑋(1)
12

)2
𝑋(2)
12

+ 4𝑋(1)
12
𝑋(3)
12
− 2

(
𝑋(2)
12

)2
− 2i𝑋(4)

12
.

The formulas for 𝑏0 and 𝑏2 allow us to verify the first equation in (3.12).

𝑏2 =
𝑏2
0

4
− 2

𝜕

𝜕𝜏3
𝑢.

Next, expanding
(

𝜕

𝜕𝜏5
𝑋

)
𝑋−1, and using relations coming from the fact that the term in 𝜁−1 is

equal to 0, we further obtain

𝑏3 =
1

4
i
(
𝑋(1)
11

)4
𝑋(1)
12
+
1

2
i
(
𝑋(1)
11

)2(
𝑋(1)
12

)3
+ 2

(
𝑋(1)
11

)2
𝑋(1)
12
𝑋(2)
12
− i

(
𝑋(1)
11

)2
𝑋(3)
12

− 2i𝑋(1)
11
𝑋(3)
11
𝑋(1)
12
+ 4𝑋(1)

11
𝑋(1)
12
𝑋(3)
12
− 2i𝑋(1)

11
𝑋(4)
12
+ 4𝑋(3)

11

(
𝑋(1)
12

)2
− 2i𝑋(3)

11
𝑋(2)
12
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+
1

4
i
(
𝑋(1)
12

)5
+ 2

(
𝑋(1)
12

)3
𝑋(2)
12
+ 5i

(
𝑋(1)
12

)2
𝑋(3)
12
− 3i𝑋(1)

12

(
𝑋(2)
12

)2
+ 4𝑋(1)

12
𝑋(4)
12

− 2i𝑋(5)
12
,

𝑏4 = −2i
(
𝑋(1)
11

)3
𝑋(1)
12
+ 2

(
𝑋(1)
11

)2(
𝑋(1)
12

)2
− 2i

(
𝑋(1)
11

)2
𝑋(2)
12
+ 4i𝑋(1)

11
𝑋(2)
11
𝑋(1)
12

− 2i𝑋(1)
11

(
𝑋(1)
12

)3
− 2i𝑋(1)

11
𝑋(3)
12
− 4𝑋(2)

11

(
𝑋(1)
12

)2
+ 2i𝑋(2)

11
𝑋(2)
12
− 2i𝑋(3)

11
𝑋(1)
12

+ 2
(
𝑋(1)
12

)4
− 2i

(
𝑋(1)
12

)2
𝑋(2)
12
+ 4𝑋(1)

12
𝑋(3)
12
− 2

(
𝑋(2)
12

)2
− 2i𝑋(4)

12
,

𝑏6 =
(
𝑋(1)
11

)4(
𝑋(1)
12

)2
+ 2

(
𝑋(1)
11

)2(
𝑋(1)
12

)4
− 4i

(
𝑋(1)
11

)2(
𝑋(1)
12

)2
𝑋(2)
12
− 4

(
𝑋(1)
11

)2
𝑋(1)
12
𝑋(3)
12

− 8𝑋(1)
11
𝑋(3)
11

(
𝑋(1)
12

)2
− 8i𝑋(1)

11

(
𝑋(1)
12

)2
𝑋(3)
12
− 8𝑋(1)

11
𝑋(1)
12
𝑋(4)
12
− 8i𝑋(3)

11

(
𝑋(1)
12

)3
− 8𝑋(3)

11
𝑋(1)
12
𝑋(2)
12
+

(
𝑋(1)
12

)6
− 4i

(
𝑋(1)
12

)4
𝑋(2)
12
+ 4

(
𝑋(1)
12

)3
𝑋(3)
12
− 4

(
𝑋(1)
12

)2(
𝑋(2)
12

)2
− 8i

(
𝑋(1)
12

)2
𝑋(4)
12
− 8𝑋(2)

12
𝑋(4)
12
+ 4

(
𝑋(3)
12

)2
− 2

𝜕

𝜕𝜏5
𝑢.

Once again, the explicit form for such entries allows us to verify the second equation in (3.12):

𝑏6 = −𝑏21 +
𝑏3
0

8
− 𝑏0𝑏4 − 2

𝜕

𝜕𝜏5
𝑢. (A.1)

Analogously, using the expansion of
(

𝜕

𝜕𝜏7
𝑋

)
𝑋−1, one gets

𝑏10 = −
1

2

(
𝑋(1)
11

)6(
𝑋(1)
12

)2
−
3

2

(
𝑋(1)
11

)4(
𝑋(1)
12

)4
+ i

(
𝑋(1)
11

)4(
𝑋(1)
12

)2
𝑋(2)
12

+
(
𝑋(1)
11

)4
𝑋(1)
12
𝑋(3)
12
+ 4

(
𝑋(1)
11

)3
𝑋(3)
11

(
𝑋(1)
12

)2
−
3

2

(
𝑋(1)
11

)2(
𝑋(1)
12

)6
+ 2i

(
𝑋(1)
11

)2(
𝑋(1)
12

)4
𝑋(2)
12
+ 6

(
𝑋(1)
11

)2(
𝑋(1)
12

)3
𝑋(3)
12
− 2

(
𝑋(1)
11

)2(
𝑋(1)
12

)2(
𝑋(2)
12

)2
− 4i

(
𝑋(1)
11

)2(
𝑋(1)
12

)2
𝑋(4)
12
− 4

(
𝑋(1)
11

)2
𝑋(1)
12
𝑋(5)
12
+ 4𝑋(1)

11
𝑋(3)
11

(
𝑋(1)
12

)4
− 8i𝑋(1)

11
𝑋(3)
11

(
𝑋(1)
12

)2
𝑋(2)
12
− 8𝑋(1)

11
𝑋(3)
11
𝑋(1)
12
𝑋(3)
12
− 8𝑋(1)

11
𝑋(5)
11

(
𝑋(1)
12

)2
− 8i𝑋(1)

11

(
𝑋(1)
12

)2
𝑋(5)
12
− 8𝑋(1)

11
𝑋(1)
12
𝑋(6)
12
− 4

(
𝑋(3)
11

)2(
𝑋(1)
12

)2
− 8i𝑋(3)

11

(
𝑋(1)
12

)2
𝑋(3)
12
− 8𝑋(3)

11
𝑋(1)
12
𝑋(4)
12
− 8i𝑋(5)

11

(
𝑋(1)
12

)3
− 8𝑋(5)

11
𝑋(1)
12
𝑋(2)
12

−
1

2

(
𝑋(1)
12

)8
+ i

(
𝑋(1)
12

)6
𝑋(2)
12
+ 5

(
𝑋(1)
12

)5
𝑋(3)
12
− 2

(
𝑋(1)
12

)4(
𝑋(2)
12

)2
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− 4i
(
𝑋(1)
12

)4
𝑋(4)
12
− 8i

(
𝑋(1)
12

)3
𝑋(2)
12
𝑋(3)
12
+ 4

(
𝑋(1)
12

)3
𝑋(5)
12
+ 4i

(
𝑋(1)
12

)2(
𝑋(2)
12

)3
− 8

(
𝑋(1)
12

)2
𝑋(2)
12
𝑋(4)
12
− 4

(
𝑋(1)
12

)2(
𝑋(3)
12

)2
− 8i

(
𝑋(1)
12

)2
𝑋(6)
12

+ 4𝑋(1)
12

(
𝑋(2)
12

)2
𝑋(3)
12
− 8𝑋(2)

12
𝑋(6)
12
+ 8𝑋(3)

12
𝑋(5)
12
− 4

(
𝑋(4)
12

)2
− 2

𝜕

𝜕𝜏7
𝑢

and

𝑏8 =
1

4
i
(
𝑋(1)
11

)4
𝑋(2)
12
+
1

2
i
(
𝑋(1)
11

)2(
𝑋(1)
12

)2
𝑋(2)
12
− i

(
𝑋(1)
11

)2
𝑋(4)
12
− 2i𝑋(1)

11
𝑋(3)
11
𝑋(2)
12

− 2i𝑋(1)
11
𝑋(5)
12
− 2i𝑋(3)

11
𝑋(3)
12
− 2i𝑋(5)

11
𝑋(1)
12
+
1

4
i
(
𝑋(1)
12

)4
𝑋(2)
12
− i

(
𝑋(1)
12

)2
𝑋(4)
12

− 2i𝑋(1)
12
𝑋(2)
12
𝑋(3)
12
+ 4𝑋(1)

12
𝑋(5)
12
+ i

(
𝑋(2)
12

)3
− 4𝑋(2)

12
𝑋(4)
12
+ 2

(
𝑋(3)
12

)2
− 2i𝑋(6)

12
.

Substituting 𝜕

𝜕𝜏5
𝑢 = 𝑏8 in the formula for 𝑏6, one finds the third equation of (3.12):

𝑏10 =
𝑏0𝑏6
2

− 2𝑏1𝑏3 − 𝑏4𝑏5 − 2
𝜕

𝜕𝜏7
𝑢. (A.2)

APPENDIX B: THE LAX PAIR ASSOCIATED TO THE 𝐏𝐈(𝟐) EQUATION
The aim of this appendix, added for the reader’s convenience, is to write explicitly the Lax system
associated to the Riemann–Hilbert problem 2.1, and explain how the equations in Proposition 2.4
are obtained. We also gather information about the asymptotics of the density of the point pro-
cess  on the negative real axis, see Corollary B.1 below. Since the jump on the Riemann–Hilbert
problem 2.1 is constant, using the asymptotic expansion (2.2), one proves that there exist three
polynomial (in 𝑧) matrices𝑈,𝑊, and 𝑉 such that the following system of equations is satisfied:

⎧⎪⎪⎨⎪⎪⎩

𝜕

𝜕𝑡0
Φ(𝑡0, 𝑡1; 𝑧) = 𝑊(𝑡0, 𝑡1; 𝑧)Φ(𝑡0, 𝑡1; 𝑧),

𝜕

𝜕𝑡1
Φ(𝑡0, 𝑡1; 𝑧) = 𝑉(𝑡0, 𝑡1; 𝑧)Φ(𝑡0, 𝑡1; 𝑧),

𝜕

𝜕𝑧
Φ(𝑡0, 𝑡1; 𝑧) = 𝑈(𝑡0, 𝑡1; 𝑧)Φ(𝑡0, 𝑡1; 𝑧).

(B.1)

These Lax matrices, which can be written in terms of the ℎ and 𝑦 appearing in the asymptotic
expansion (2.2), read explicitly

𝑊(𝑧) =

(
0 −2

−2𝑧 + 2𝑦 + ℎ𝑡0 0

)
, 𝑉(𝑧) =

(
1

6
𝑦𝑡0

2

3
𝑧 + 2

3
𝑦

2

3
𝑧2 − 2

3
𝑧𝑦 + 2

3
𝑦2 + 2ℎ𝑡1 −1

6
𝑦𝑡0

)
, (B.2)

and

𝑈(𝑧) =

(
1

4
𝑦𝑡0𝑧 +

3

4
𝑦𝑦𝑡0 +

1

64
𝑦𝑡0𝑡0𝑡0 𝑧2 + 𝑦𝑧 + 3𝑦2

2
+ 1

16
𝑦𝑡0𝑡0 + 𝑡1

𝑧3 − 𝑦𝑧2 + (𝑡1 −
1

2
𝑦2 − 1

16
𝑦𝑡0𝑡0 )𝑧 + 2𝑦

3 + 1

8
𝑦𝑦𝑡0𝑡0 −

1

16
𝑦2
𝑡0
− 2𝑡0 −1

4
𝑦𝑡0𝑧 −

3

4
𝑦𝑦𝑡0 −

1

64
𝑦𝑡0𝑡0𝑡0

)
.

(B.3)
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Moreover, using the fact that lim𝑧→∞ 𝑧
[(

𝜕

𝜕𝑡0
Φ(𝑧)

)
Φ−1(𝑧) −𝑊(𝑧)

]
12
= 0, we also obtain the rela-

tion (2.4) ℎ𝑡0 = 2𝑦. Equations (2.6) and (2.7) are derived, respectively, from the Lax compatibility
conditions

𝜕

𝜕𝑧
𝑊 −

𝜕

𝜕𝑡0
𝑈 + [𝑊,𝑈] = 0 and 𝜕

𝜕𝑡1
𝑊 −

𝜕

𝜕𝑡0
𝑉 + [𝑊,𝑉] = 0.

As for the potential KdV Equation (2.5), using the fact that

lim
𝑧→∞

𝑧

[
𝜕

𝜕𝑧
Φ(𝑡0, 𝑡1; 𝑧)Φ

−1(𝑡0, 𝑡1, 𝑧) − 𝑈(𝑧)

]
= 0,

by inspection of the entries we find that 3𝑦2 + 1

8
𝑦𝑡0 + 3ℎ𝑡1 = 0, which gives (2.5) using

Equation (2.4).
The explicit form of the Lax matrices associated to Φ gives also information about the density

of the point process with kernel (1.1).

Corollary B.1. 𝐾(𝑢, 𝑢) = |𝑢| 52
𝜋

+ 𝑂(|𝑢|1∕2) as 𝑢 → −∞.

Proof. We have

𝐾(𝑢, 𝑢) = lim
𝑣→𝑢

𝜙1(𝑢)𝜙2(𝑣) − 𝜙1(𝑣)𝜙2(𝑢)

−2𝜋𝑖(𝑢 − 𝑣)

=
1

2𝜋𝑖
lim
𝑣→𝑢

𝜙1(𝑢)
𝜕

𝜕𝑣
𝜙2(𝑣) −

𝜕

𝜕𝑣
𝜙1(𝑣)𝜙2(𝑢)

=
1

2𝜋𝑖

{(
𝑢3 − 𝑦𝑢2 +

(
𝑡1 −

1

2
𝑦2 −

1

16
𝑦𝑡0𝑡0

)
𝑢 + 2𝑦3 +

1

8
𝑦𝑦𝑡0𝑡0 −

1

16
𝑦2𝑡0

− 2𝑡0

)
𝜙21(𝑢)+

−2
((

1

4
𝑦𝑡0

)
𝑢 − 𝑦𝑡1

)
𝜙1(𝑢)𝜙2(𝑢) −

(
𝑢2 + 𝑦𝑢 +

3𝑦2

2
+

1

16
𝑦𝑡0𝑡0 + 𝑡1

)
𝜙22(𝑢)

}
.

At last, from Equation (2.2), one obtains

2𝜋i𝐾(𝑢, 𝑢) =2i|𝑢| 52 + 2i|𝑢| 12 𝑡1 + 𝑂(|𝑢|−1
2 ). □
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