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A quasi transversal Hopf 

bifurcation

*

*
Introduction

Bifurcation of generic one parameter families of vector fields

with, simple recurrence are caused by, either local phenomena such as 

non-hyperbolicity of singularities or periodic orbits, or by semi­

local phenomena, like the non transversal intersection of the in­

variant manifolds of two critical elements.

The persistent ones, i.e those that remain after small• f

perturbations, are the saddle node and the Andronov-Hopf bifurca­

tion [ 1] , [3], Dl]f P-2] and DO] in case we lose hyperbolicity•>

When the family bifurcates by losing transversality, we get persist­

ence by imposing quasi-transversality, that is, non transversality

of the least degenerated kind [6] , [7] » [8] .

There are different ways of defining equivalence between fa­

milies X In the first place, for fields we haveand X

that a topological equivalence between two vector fields X, X on M

is a homeomorphism h: M -4 M such that h sends orbits of X onto

orbits of X, preserving time orientation. If in addition h pre­

serves time, that is h X^ = X^h holds, then h is called a con- 

jugacy. A vector field X is called structurally stable if it is

equivalent to any nearby vector field.

is mildly equivalent toWe say that a family X at jj M Mo
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\ at M0.

X: (U c Rn,^0) (U,UQ) 

so that h^

If we can choose the homeomorphisms h

if there exists a reparametrization (homeomorphism) 

and a family of homeomorphisms h : M -4 M
M

maps orbits of onto orbits of Xx(u) for u near *V
to depend continuously on

XH

U
is continuously (or strongly) equivalentthen we say that X^ 

to Xu (at and UQ) .

The conditions under which two persistent families

*

X andU
X are equivalent are well known. Vhen the bifurcation is due to

the loss of hyperbolicity of a singularity, the saddle-node and the

Andronov Hopf bifurcation are locally strongly equivalent to any 
nearby family, or strongly stable.

On the other hand, some classes of families going through 
quasi transversal bifurcations are not strongly or even mildly stable.

But Van Strien £9] characterized the conditions under which two fa- 
and X■ are either mildly or strongly semi-locally equi­

valent, that is, in a neighborhood of the orbit of tangency. He did 
this in terms of moduli of stability [ 10] ,Qll] ,£l2] ,£13] »[ 14] .

*4milies

This concept appears naturally. For example, let f be a

iffeomorphism of a surface which exhibits two hyperbolic fixed 

points p^, P2, such that VU(p1) meets Ws(p2) quasi transver- 

sally, that is, with parabolic contact. Take g near f. Then it 

shall be topologically equivalent to f if and only if it “looks
072 pS(P1) 07i 3S(P1)
072 3U(p2) = 072 pU(p2) 

is the eigenvalue associated to W**(p.) (wa(p^)) (a=s,u; i=l,2)

[9]» C 5 1 Thus, besides f and g having the same shape, there 

exists a differentiable real invariant which is preserved under to-

= X where (p±) (^(p^)like” f and X =

In this context we call X a modulus forpological equivalence, 

equivalence•

interested in a class of 2-parameter familiesHere we are 

of vector fields with simple recurrences in M3. which isX
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bifurcates by si-persistent. It appears in a natural way: X

multaneously losing hyperbolicity and transversality.

We will give necessary and sufficient conditions for the e- 

xistence of a weak equivalence between members of this class. The 

notion of modulus of stability is essential for our characterization. 

We shall also exhibit some moduli of stability for strong equivalence.

More precisely,

Let X1(M"^) be the space of C*

Whitney topology and let £2(m) be the space the maP” 

pings X: Ixl -» X^(M) with the usual C* topology (i = [-1,1]). 

Suppose X(n),

X^ at |J = (0,0),

a saddle type periodic orbit a^= ^(o) of period 1

o < ipj < i < g2, c2
b) a quasi-hyperbolic singularity p=p(o) of saddle type such

that dim WU(p(0)) = 1, associated to the eigenvalue > 0 and

dim WS(p(0)) =5 2, associated to eigenvalues ± ia2 (a^O) .

Consider x/ws(p(0)) as a "vague attractor";

c) a unique orbit y in WU(p(0)) n WS(a1(o)) that is, a qua­

si-transversal intersection.

Call E c the set of fields like

set of families as the one described above.

vector fields endowed with
COthe C

is a 2-parameter family of vector fields such that

is a field which exhibits:or shortly

a) hyperbolic,

linearizable;with associated eigenvalues

and E' theX o

Let us now give the semilocal versions of the notions of e-

quivalence.

X and X and X 6 E shallA semilocal equivalence between

be an equivalence defined from a neighborhood of Y onto a neigh-
39

borhood of Y •

We can now state the following

E,C - C1*Let X, X be two vector fields inTheorem A. near.
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S2 ~ P2*Then they are semilocally topologically equivalent iff
In this case we say that X has modulus of stability one, and.

that 32 is a modulus for X. In some sense, we are parametrizing the 

equivalence classes in a neighborhood of X by the parameter P2«

The next theorem is concerned with families of vector fields.

Before stating it, we give a rough description of the vector fields 

that belong to the families with which we shall deal for heuristic

purposes•

Due to the hyperbolicity of d^(o) and non singularity of 
dX(p(o)), both a

note then by and p(U1»U2)

When > 0 there shall appear new closed orbits

unique for each value of whose unstable manifold

Wu(a2) meets Ws(a^) for some values of M 
according to Hopf Theorem,

We prove that the intersection of those manifolds contains

and p persist for nearby vector fields. We de-
re spec tively.

These orbits a2 lie2*
very near P»

alternatively 0, 1 or 2 orbits. In case there is only 1 orbit, 

it shall be a quadratic iangency between WU(d2) and WS(d^) and 

this gives rise to a modulus of stability, as stated before.

< 0 we also get tangencies when WU(p)

WS(d1) again arising a modulus [l4] . Then, every such family ex­

hibits curves of vector fields with one modulus of stability each,

For meets

and we have

Let X.. ç E' be a generic 2-parameter family ofTheorem B.

vector fields. Then

a) the modulus of stability for mild topological equivalence is 

one, namely g2 »

b) the modulus of stability for strong topological equivalence 

is infinite, moreover, it is modelled over a space of germs of

functions•

the sake of completeness, let us now consider the “dual"For
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family X^

is a hyperbolic repellor for < 0

is a "vague” repellor for = 0

is a hyperbolic saddle point for > 0

then a hyperbolic periodic orbit appears for > 0,

curve of modulus one vector fields, namely = 0, > 0}.

In this case we have, similarly:

whereHopf bifurcation, that is, a

a) p

*>) P 
c) p

and a

37are C near enough, then:If X andTheorem A1. U
a) XQ

b) the families X^

c) the modulus of stability for strong topological equivalence 

is infinite, and modelled over a space of germs of functions.

is topologically equivalent to Xq

are mildly equivalentand X
li

This paper is organized as follows:

Section 1 deals with the central bifurcation and there we

prove the necessity of the modulus for those vector fields.

In Section 2 we give the bifurcation diagram and begin the

Section 3 completes the proof of Theorems Aproof of Theorem B.

and B, by proving the sufficiency of modulus for the central bifur­

cation and for mild equivalence.

We are thankful to P.C. Carrião, M.J. Pacifico and J. Palis

for stimulating conversations.

§1. The vector fields in E.

Xo = X*In this section we study the central bifurcation

not considering it as a member of a family of vector fields.

By Takens Cl5] pp.l44-l45 we can take coordinates in 3R

such that X is locally in standard form:
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X2^ + X2^X1,X2^ àx2 + A(X1»X2)X3= X1(x1,X

where

l) all eigenvalues of (òX^/òx^) in x^ 2 “ ° have real= x

part zero.

2) A(0,0) > 0.

has only one hyperbolic eigenvalue, the coordinates can be

cr,
As X

taken for r arbitrarily high. In this way we get a split­

ting of our vector field, in a neighborhood L of the singularity.

Recalling a result of Takens [l6] on normal forms we take 

the following as the expression of x/W^(0)

o C
p = bp-^ + oip9) ,

9 = a2 + °(p2) •

b < 0 (vague attractor)

Let us search a parametric expression for the orbits of this

vector field.

The orbits (p(t),0(t)) of X verify: 

|p2(t)(l-2bt)-l| s 0(Jt)

|e(t)-eo-a2t| = o(fei(t)).

Proposition 1,

It is clear that p(t) -> 0 ,
t -* +• 
o(p5)

Proof: because b < 0 and we can

take p(o) do as to get b +

possible with p(0) = 1, without loss of generality.
0 2= b + o (p ) and

We suppose that this is- < 0.
p3

Then
p3 t

11 o(p2(s))d (l.l)« bt + s
2p2(t) 

o(p2(s))ds] 1 = P2(t).

2
'0

t
[l-2bt-2or

Í*o
o

I°(p2(l))IdsP2(t) in case < ® this is= oClearly, rJo |o(p2(s))|d an application of L'Hopitals •♦ +• ,direct and if
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f |o(p2(s))|ds 
J0 __________

* r*
•(P(t)) = 2p2(t)

2 J°
Io(p (s))|ds < ® ,

proves this fact.rule to

o(p2(s))ds = o(t 1/^2) .We claim that

f this follows from the fact thatIndeed, if

p2(t) = oif1) . 

change variables so that

fJ0 Io(p2(s))|dsOn the other hand, if +« , we

dsds = xr tdp
P(t)f t lo(P2)l 1I o(p2) I 4- dp =

P
Io(p2(s))|ds = dp =and

p3 b+o(p )p(t)■>0 1

= o (fto p (t) ) •

Returning to the expression of € ,

e(p(t)) <; 2p2(t)o(Cn(p (t))) <; o(t“1//2)

because p(t) 0.t-*» °9
So, replacing in (l.l),

and X 07! X x-*0

t
o(p2(s))ds = e(p(t)) = 0(Jt)p2(t)(l-2bt)-1 = 2p2(t)

'0
as we wished.

In the same way we prove the result for 8(t). □

With the definitions of Proposition 1, we takeNotation:

p(t) = V 1+e as the expression of the radial component of anl-2bt
orbit in Ws(p(o)).

The convergence is uniform, that means, it is independentRemark:
of the spiral.

We shall now define some objects for each vector field, that 
will be used to prove our results. Take A = {(x^,x2»l)] c L, a

(0,0,1).

Consider L -♦ W^(p) the trivial fibration obtained by pj?o-
Each fiber is tt,tt2) (x°,x°) =

U X (R) n A, this we 
t^O

call a linear spiral. A sector Sn of F shall be a connected component 
of F-Ws(0l).

section transversal to the flow at

jecting on the first coordinates. 

= {(x^jX^jX^), x3 € (R) = R, a line. Let F =
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Xo *
has period 1. Also, we take a section

a1(|i1»W2) where the 
linearized.

We reparametrize all fields near 

ai(iii,u2)
versal to all flows near Xo
Poincare transform is simultaneously 

In ws(a1(u:L,U2)) n 2

so that the periodic

2,orbit trans-
and near

c2
we fix fundamental domains D(jj^,|a2) 

which vary continuously. We also fix an open set N, D(|j ,|j ) c N c: 2 

which we cal a fundamental neighborhood. It has the following prop-

(n) n n = 0, where X is the time two flow of Xerty: X
U*2,U2,U

jj, small.

Call i|i: A ■+ N c £ the Poincare transform associated to the 

♦ = that is» ^2 = where TT2(ui »^2) :
is the trivial fibration obtained by projecting on the second linear­

izing coordinate, with fiber n2 (^i>M2)(c)» c € Wu(o^)# Identifying 
Wu(a1(|i1,U2)) with R, we call Sn an "upper" sector if TT 2 (l|í (S )) c IR+.

Let (Pn»9n)
in polar coordinates. Then

flow,

n2^(Sn^ *Proposition 2. denote the maximum of

0n •+ tt/2 (mod 2n) .

Let ty2^xi *X2^ = ♦2^Xl^t^ »x2^^ where (x^ t) ,x2( t) ) is 
the parametrization of a sector.

The critical points shall be:

Proof:

d*2 (i+e ) 2b _____
(l-2bt)2 (l-bt) 2 

+ 0,<Vtl/2,(-sen,c°s)> J 

r 2b + -M
L(l-2bt) l+eJ

2
+ [a2+0(p (t))] < VTjf 2, (-sen,cos)>

5 v l+e
l-2b tedt“ = <v*2»(x1,X2)> = <V\Ji2,(cos,sen)>

l+e
l-2bt =

(7^2(cos,sen))
= +l-2bt

=s 0.

Remark that e' -♦ 0:
r*

o(p2(s))ds2(t) ande = p
'O t

o(p2(s))ds + p2(t)o(p2(t)).4?- = 2ppdt
'0
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p S bp^ + o(p^)

2p4(b+o(p2))

As it follows
t

°(p2(s))ds + p 2( t) o(p 2( t) ) -* 0 •
t -4 +»'0

diji p
Returning to the expression of , we observe that the

first term tends to zero. The term given by
âll»2

(-sen,cos)> .

dljlo
As —=-(0,0) = 0, and — (0,0) ^ 0, the expression shall be zero if

oXj ®x2
cos 0 ~ 0, that is, 0 ~ (mod 2n) .

Our next claim has a neat geometrical sense. We prove that if 
mk

some iterates f (en^) a sequence of maxima of sectors S

zo e wU(ff1)-°l»
then the maxima of h(Sn^) shall accumulate on

[a2+o(p2(t))]<v»y2,(- cos)) = [a2+o(p2(t))]<(-sen,

□

nk
that is, a point of the unstableaccumulate on

h(zo).manifold not in °i*
Let (Pn»®n) he the maxima of the sectors S^.

Suppose X is another vector field, semilocally

h. Let us call P "the” maximum
- n ~mk z , then A p ft 0 

° nk nk 2
interval whose maximum is h(zQ).

TakeProposition 3.

n2(»(pn.0n)) = AnP„-
equivalent to X by an homeomorphism

M , . mkof the sector S = h(S ) . If A p B -4
Tl 3i rij^

"4 h( z ) .o'

Proof: h(s ) accumulates on an
■ ■ ■ —■ n

□
Let F ss U X (r) PA he parametrized by (p ( t) , 0 ( t) , l) in 

t^O t
polar coordinates. Consider the analogous objects for another
vector field X in E.

Proposition 4. Suppose the semilocal equivalence h is such that 
"the” sequence of maxima of h(F).(p(í„),0(ín>>h(A) c Ã.

Then lim 0(t ) = tt/2. 
n-4+« n

Take

i

Near the focus, we can approximate h(F) by two linearProof:

Then h(F) is shrunkspirals, thus getting a spiral neighborhood.

in an arbitrarily thin spiral neighborhood, which behaves as a

thick linear spiral, and the result follows.

□

Nest, we prove that is a modulus of stability by topo­

logical equivalence, and the linearity of h/Wu(c^(o)) thus esta-
*2
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bli.sh.ing the first part of Theorem A.

Let X,X € E be semilocally equivalent by an homeo —Proposition 5«

morphism h.

Then 02 =* p2 and h/vu(a1) is linear.

X, ox € WU(<J1) n s,

an ordered sequence of the "upper” sectors of F.

Nra(F.TT21(cl)>Sp) = #iS/Sj 0 X-n,(TT21(cl)) * * ’ J 2 P}* 

Calling = n2(*(pm,0m)),

®1+N

andProof: Let F be a linear spiral for

<8«>«1

Define

by definition,

-m
S °1*2 ü eN*mm
-m = h(Cl).where ThenAnalogously * C1^2 £®1+Nm

®1+N ci ihxm
eNwm

By Proposition 4, the angles are approximately f

X, ~ PNmANm
stand for the normal derivatives

for m big

enough, implying where A and Aand ~ PNmV *— m
0^2and ãxj“#dx2

So the last inequality becomes

mm

l-2bt -m1+el+N °1 82 
£ —--

Nm m
£1 + C l-2bt 32C1Nm l+Nm

s_y^!üí
l+£l+N

l-2bt*N l+Nm
l-2btNl+Nm m m

ba 2The expression under the radical tends to when m
b“2

tends to infinity.

So there exists 6 such that

0 < ft

1

10



i

establishing the first statement.Hence 02 = £2

In the limit, the inequality becomes

N/SiL _
A V a2 b = 5

cl

thus proving the linearity of h/Wu(<7

Remarks: l) Comparing with [13], [2] we see that we did not take 

into account any consideration about the irrationality of the in­

variant •

2) The same method of demonstration applied to the hyperbolic

case does not lead to the saune conclusion.

3) h/WU(0 ) is extremely rigid, i.e., it is unique, given the

normal forms of X and X.

Call now D c J^(m) the set of vector fiels analogous to 

those of E, except that the singularity p is hyperbolic.

Proposition 6. Take X Ç E, X Ç D. Then X is not serailocally

equivalent to X.

Proof: With the same notation of the last proposition, we will see
2n51N Nmthat and-------- ► and clearly both statementsm a fa $_ 2 2®2

cannot be true at the same time.

l) By the definition of

/ 1+e

ai+n vm

it followsNm*

/1+CN

-Cl ra
m

1+Nm
l-2bt l-2bt1+N Nm m

Quadrating the inequality and multiplying by Nm, we get

l+el+e 1+N N N2 2 m
< C1 T2m * 

P2
4 •m

m mA 1+N t
1+N Nm

4- -2b ^-2b-2Lm
N NN Nm mm m
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N a2m in the limit the inequality becomesAs 2n *tNm 2c _ N1 .. . m—y lim
A m-M-« 3^

tt2 ~a2
2b 2n á 2m ^ 4iTb

-a2(12 

2m , _ 2,
^TTclb

2) A calculation of the same type, applied to X, 

2TT^1
m & 2

Nm = L •or

e2
leads to

Nm

Dividing both expressions, it follows that

La6 2m
jh 0 (absurd) . □2n2m

02

§2. The families in E7 •

In order to give our bifurcation diagram, let us state Hopf 

Theorem, following [4]»

IR2. k (ks:4) vector field 

X = (X.,0) is also Ck.

IR2Hopf Theorem in Let X. be a C onX
such that X (o) = 0 for all X

A

Let dX^(0,0) have two distinct, complex conjugate eigenvalues 

a±(\) ± i a2(\), a1 > 0 for X > 0. Also let -^-a^X)

Then

and X

> 0.
X=0

ck-2
(x^,0,X(x^)) is on a closed orbit of period 

radius growing like , of X for

B: there is a neighborhood U

closed orbit in U 

is a "vague attractor" for XQ,

for all Xj^ / 0 and the orbits are attracting.

X : ( “C »€ ) -» (Rfunctionthere is a such thatA:

2tí/ I a 2 (0 ) I and 

x^ jL 0 and such that X(0)=0.

of (0,0,0) in IR3

pa

such that

is one of those above. Furthermore, if 0any

then .

> 0C:
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\ e i1(m3), and it is hyperbolic (expansive)Xn our case

along the x0-direction.3
Corollary. For small (positive) values of the unique periodic

orbit a^ which appears near

Ve want to distinguish a subset of E7 • Namely, those Fa­

milies that meet E only at one point, that is, only one member of

is hyperbolic of saddle type.P >

the family is simultaneously non hyperbolic and non transversal.

Ç E7 and call v(tii>U2) = 

= Wu when p is a saddle type

To do so, consider a family 

= TT2(Wuu(p(u1,li2)) n N where W 

singularity.

uu

Identify WU(a1) H 2 with a neighborhood of o 6 R, 

v € C1.

As before, a1(M1»U2) is the real part of the complex 

eigenvalue of dX(|a1,^2) at p(|ilf42) .

so that

v: U -> OR,

E" . Let X. Ç E7 . We say that X Ç E77 ifDefinition of

J(a1(M1.M2) •v(m1,h2))(°.0)
bian matrix of (a^>v). For families in

and

is non singular, where J is the Jaco-

E77 we shall consider,

on account of the Inversefrom now on, ^2= a = V,1
Function Theorem.

X 6 E77E" E' ,is open and dense in so we shall call U
a generic family.

We want to establish the necessity of some moduli of stability

E77 .for equivalence between members of

In the first place, let us mention which kind of vector 

fields shall appear in a generic family (see Figure l).
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*°1C o

BíM
C2Bo

E

B o

Bn

♦

Cj^ • M2 “ ^2^1^

*
■#> «#-

< m2K)Co S M2
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l) a unique vector field in the central bifurcation,E,

2) vector fields in D, which look like those in E, but

are hyperbolic,

3) vector fields in which exhibit a singularity of theC,

source type, hyperbolic and a periodic orbit very near this

singularity.

This set C we subdivide into:

the set of fields such that WU(a2) fl WS(ct^) consists 

only of one orbit, giving rise to a quasi transversal intersection.

b) C^, the set of vector fields such that WU(ct2) f Ws(cj^) 

along 2 orbits.

C) C0,

*) Clf

the set of vector fields such that WU(a2) 0 WS(a^) = 0.

4) Vector fields in 

such that WU(p) fl WS(a1) = 

set of fields where p is hyperbolic; b) 

where p is quasi-hyperbolic.

with a singularity p of saddle type, 

which we subdivide into: a) B the

B,

é t o
the set of fields

Observe that WU(a2) fl WS(a1) consists alternatively of 

none, one or two orbits, and that there might be tangencies only

for those fields of V
This description follows from the next

Lemma 7 (unicity of the curve of tangencies)• Let N be the fun­

damental neighborhood which we chose before, and consider it fiber-

ed by tt^ and

Then these fibers intersect each other along an unique orbit
17 2 *

of tangencies P(p,j_,1^3) which is differentiable, and depends con­

tinuously on the parameters.

Proof: We are needing an expression of the vector field

neighborhood of (0,0,0).

in a
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Due to the hyperboUcity of (0,0,0) along the 

(uniform in [l) , the \-Lemma, and Strong Stable Foliation we get a

(xi’x2> atj +

directionX3

product structure for = X1 ^(x^Xg) ôx-

+ A (x1,x2)x3 -g|

+ X2,|i
where A(0,0) > 0 and the eigenvalues of

3
(axi>|j/axj) at (o,o)
The differentiability of the manifold {x^=0} depends on 

If cl1 > 0

al =
"vague attractor" in this direction.

are complex conjugate, whose real part is a^-

is small enough, we get a high class of differentiability

is acentral manifold because0, we can take a CFor Po

By [ 16]Now, we change coordinates x^ to polar ones.xi’
Theorem 2.1 applied to the angular part of and Proposition 2.3

x\i = (a-LP+bp3) ^ + (a2+o(p2)) -|y +

——, where the coefficients and coordinates depend on

of the same paper, we have

+ A(p,e)x3 dx3

-+ L the Poincare transform.

Take an arc (x^(t),x^(t)) corresponding to a sector, and

Consider

a(t) = 02(p(t)cose(t),p(t)sen0(t)).

Examine the critical points:

a(t) = <yij(2(x1(t) ,x2(t)) ,(pcose-0psen0 ,psen0+0pcos6)> =

s= <V^2(x1(t) ,yi(t)) ,(cos0 ,sen0)>p + < V \Jt 2,0 (-sen0 , cos© ) > p =

2 /i #
= {<yiji2(cos0 ,sen0)>Cn1+bp +0(p )]+0 < v i|i2(-sen© , cos0 ) > p = 0.

x^ = 0 and 0,= 0 when andRecall that ^2 =X1 =ôxl

is bounded away from zero. So

ã*22 3 2[ (u-L+bp +o(pJ))cos0-(a2+o(p ))sen0]

2 3 ^ ^ 2
- - [a2cos0 + ^1+bp +o(p ))sen6]3^“

0X1 ”

p small enough, we see that 0 ~ tt/2, in order toandfor Ux 

satisfy the equation.
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Let us examine the type of these critical points. Call 

and $ the expression in brackets { },H = Hessian \^2,

d2 a(t) = pi + p Ag- $ .
dt2

As $ = 0 on critical points, we develop

= 0<VlJ/2, (-sen0 ,cos0)) (jj1+bp2+0(p^) )+02(yiJi2, (-cos0 ,-sen8)> +

+ <7\Jl2, (cos0 ,sen0)> (2bpp*+3pÔ(p2)+0o(p3))+ p{[ (nl+bp2+o(p3)] 2 .

• (cos0,sen0)h(cos0,sen0) + 0(n1+bp +o(p ))(-sen0,cos0)h(cos0,sen0)

+ (|i1+bp +o(p ) ) ( cos0 , sen0 )h(-sen0 , cos0 ) +0 (-sen0 , cos0 )h(-sen0 , cos 0) }
••

+ 0<V^2,(-sen0,cos0)>.

As 0 = 0(pp), it foil ows that

= Sg[ 0 <V2 , (-cos0 ,-sen0 )) +p0 (-sen0 , cos0 )h(-sen0 ,cos0 ) +

• 2 3+ 8<ViJ(2, (-sen© ,cos0)> (fi1+bp +o(pJ))],

We are only interested in the points for which (t) = 0,

that is, 0<v\|f2, (-sen© ,cos0 )> = -< V \J/ 2 , ( cos0 , sen© ) > [ |i +bp + o(pJ)].

d * 
sg dt $

sg ^ = sg{-[02+(|i1+bp2+o(p3) )2] <yi)i2, (cos© ,sen0)> +

+ P0(-sen0,cos0)H(-sen©,cos©) }

d * se dt *

for p small.

Replacing in the expression of we obtain

and if p is smaller,

2d g<V\Jl2, (cos0 ,sen0)> = -sg sen0, because cos© ~ 0.sg dt * " -s òx2

So all the critical points for the "upper" sectors are extrema 

of the same type, for p and small enough. In particular, if

the periodic orbit CJ2(^jl) is such that <j2(u) < PQ» the tangency 

between WU(a2) and WS(c^) shall be unique or else will not exist.

From the last expression we get the continuity of r(Ui>M2)«
□
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We are now ready to prove the necessity of modulus for weak

equivalence•

V*U 6 E"Proposition 8. Let be weakly equivalent. Then

e2(°) = M°>-
For parameters in a small neighborhood of zero, each familyProof:

exhibits unique vector fields Xq 

They should be equivalent on account of the hypothesis and Proposi-

and X that belong to E.o

tion 6. In this case, we use Proposition 5 to prove our claim. □

Let us prove the necessity of infinite moduli for strong

equivalence.

We recall that in [ 2] it is proven that the fields in D 

have modulus of stability 1, given by X = 0 . De Melo [ 5 ]
1 a2 2

and Palis [ 9 ] proved that a vector field exhibiting a quasi trans­

versal connection between the invariant manifolds of periodic orbits 

has modulus 1, namely \ 2 = 0n p^/gn 02« 

that a one parameter family in D' has 2 moduli of stability for

“ a1/a2 : ^

dulus splits. For a family in 

= 2r 0

Van Strien proves in [13]

strong equivalence: \ that is, the mo-= 0n 02*1,1 1,2
the 2 moduli are X = 071 0 2,

Obviously for weak equivalence we have modulus 1.
1,2

Xl,3 3*

Let X Ç E'Proposition 9« be a generic family. Then there areU
infinitely many moduli of stability for continuous equivalence.

Moreover, the moduli are modelled over a space of germs of functions.

Proof: Take X as in the hypothesis. From the genericity of

this family, j(a1(|i) ,v(|j) ) (0,0) is non singular. So applying the

and v(|i) = ll2*Inverse Function Theorem, we can consider Ul =

then that X^ is another 2-parameter family equi- 

by an equivalence H(n), with reparametrization p.

Suppose

valent to X

18



According to [13] a 1-parameter family x(|ji^,0) has 2 moduli 

for strong equivalence:

*i,i = UiA2(mi)

small enough we can consider that X 

Xl,2

there is only one value P(|i^>0) such that 

X(p(n°,0)) € D

Then, as the families X(n°,|J2) and X(p(u°,|i2))

X1,2

sequently will follow Xn 0 = X, o• 

must be identical on a left neighborhood of zero.

*1,2 = 0jnand

isU2 = 0, 

*1,1’

For 1,2

(*i,i) •a function of that is, = X 1,2

Given X 1,1

X = Xand 1,1 ’1,1

are equivalent,

Xl,l = Xl,l= X This means that ifwe must have con-1, 2-
Then the functions X1,2 * X1,2

As it was demonstrated in the last Proposition, for c > 0,

the one parameter family X(c,H2) must have two vector fields 

X(c,X2(c)) and X(c,X2(c))

strong equivalence there shall be 2 moduli:

Again, for awhich belong to ci*
On 02, &n where e3

is the contracting eigenvalue associated to CJ2(u) * The same rea- 

a) the functions (32(0ti {3^) 

and 32(^ £3) rai*st be identical in a right neighborhood of zero and 

b) (32(0ti 3 3) 21X1(1 3*2(^* 33) roust coincide in a right neighborhood

soning leads to an analogous conclusion:

of zero. □

So we have proven Theorem B, part b).

§3• Sufficiency of moduli for weak equivalence.

Now we have to prove that p2 is the only modulus needed to 

construct an equivalence between two vector fields in E.

X,X 6 E Then they are semi-Proposition 10. Let and p2 = 02.

locally equivalent.
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Proof: Use Lemma 7 to apply essentially the same technique as in

[ 2 ] which we outline.

Take a fundamental domain DS(p^) and the fibrations tt , and 

There is a unique curve of tangencies C c N. Considern2-
the same objects for X.

h/DS: DS -♦Define h (the topological equivalence) on

- DS by a rotation of small angle which induces a correspondence

Consider h(c) c C,between the fibers of and and pre-"1 "r
TT^ in a neighborhood of C. Then the correspondence bet- 

induces one between

serve

through theand andniween ni n2 TT g f

definition of h on C.

define h(Xn(c)) = Xn(h(c)),By conjugation on E, we where

n flow, and extend it to WU(<j-^)X is time as in Propositionn
Now complete tt^ t>y linear segments "in the middle" of C 

in order to malte it compatible with h. □and 5^(6),

This proposition and Proposition 8 prove Theorem A.

Let us end up the proof of Theorem B.

p2(°) = M0)-X , X Ç E' , \i*\±

Then they are weakly equivalent.

Proposition 11. Let generic,

On account of the genericity of X and X we can supposeProof:

ül = =

The axis = 0

The axis \x ^ - 0

D (for < 0) and to fields in

<0, u2 ^ 0 we have fields of B

there are two curves ^(m^) * 

fields such that ¥U(a2(klJL,H2)) 0 Ws(a1(|l1,M2)) 

orbit, and these manifolds meet quasi transversally along this

v.

if U2 0- 

= °)»
corresponds to fields in B 

corresponds to fields in E (for

(nx > °) •

1'

C2fields in

that is Morse-If Ü! o *
MÍ(u2)

has only

ux > 0.ForSmale ones.

of vector

one

orbit.
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is also generic, we get the same portrait, 

der to prove our statement we shall define a reparametrization p.

As X In or-U

M-l < o, u2 = 0,
In case

observe that there are fields in DFor

X^.O) 6 D,or else Morse-Smale. its modulus is
Hi

which is a decreasing function of “i’a2(ui»°)07i P^U^0) ’

for small enough, due to the genericity of X

define p(n^,0) as the only value of £1^ such that

So, for (nlf0),U*

^1^1
a2(Ui>°)^ P2(Ui»°) a2(C1,o)07i ?2(Blf0)

we have to take Ui(u2) onto £*(il2) and M^(m2) 

respecting the modulus 0n p ^/0n p2, as proven in 

[10,11] . By a reparametrization p on >0, in a way that

(0n P3/&1 02) (n^(|i2) tH2) = (0n $j/in P2) (p(m^(u2) ,U2) )

For p.x > 0,

c;(c2).onto

and

(&i Pyfci P2) (u^(m2) ,U2) = (0n 03/0ti P2) (p(m^(m2) ,U2) )

we accomplish our goal. Note that here we use the fact that

*3 = *3(vl(\x2)9»2) P3 — P^(m^(u2) »U2)and

□E" .are monotonous for families in

03 and 03Let us now prove that are monotonous.

The set of values (|j^,H2)Proposition 12. in U for which

wU(<72(Mi*M2)) n Ws(a1(u1,u2)) 

= ^i (^2) for u2

is non transversal is formed by two 

M1 = U1^W2^ for U2 > °*< 0 andcurves

Both are differentiable.

Let (xJL(u1^2) ,x2(|i1,n2)) e A n WU(ct2)
♦ 2 ( X1 (41 * 1^2 ^ 9 X2 ^ M 2 ) ) is a maximum (minimum). 

(Ul,|a2) is differentiable.

Proof: be such that

The dependence on
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For these points let us consider the equation 

X(m1,H2) = ^2(x1(n1,|i2) ,x2(ni,|i2) = 0 where we are stressing

upon (\sl9[i2).the dependence of

Differentiating X with respect to we obtain:Ml,

^ _ !1£!íl+____ .+_
òp. 1 0x2 dx2 Bp

3»2

3*2 3X2 3 ^2ax

SxJLa*2We know that 0, is bounded. Besides bothdHjL

have the same order and tend to infinity when

ôx1 aji-L
0X2and W1 ap-

proaches zero.

Hence we can express

H1 = P^l-^ because preserves its sign for

small and for XÍp^Pg) = 0, the curve of maxima with value zero. 

By the Implicit Function Theorem, we get:

as a function of that is,Ul H2*
sufficientlyHi

0^2 d^2 ôx1 ò\y2 ôx2
*P2 “ âx1 Ôji1 “ òx2 âb2

□s
âí)í2 ôx1 òf2 òx2 ò\Ji2 *

+ ãp^ + ^Hi

^ 3(H1!(l-12^ *^2^ ^Proposition 13. is monotonous in a left neighbor­

hood of zero.

Proof: We recall that for a periodic orbit

and for the Poincare transformation P: £ -♦ £o o
transversal section £ , we haveo

of X, with°2
period T, on a

T
div X(a2(t))dt] = 0p'(q) = ©xpC q 6 CJ2 D .3’

0

^2 ^Our goal shall be achieved if we see that preserves its

sign.

This is the case:

22



T
^ 03 = P' (q) jtt- div x(a2(t))dt =

^2 
* J0

■ T
d

= p, (q) ,U2)div X(a2(T)) + div(x(a2(t)))dt .
dU2

0T
d div(x(cr2(t) )dt shall determinateThen the sign of

^20
the sign we are looking for

T
d div(x(cx2(t)))dt =

I ^2 
’0

T
dMldp- 5S7 div(x(a2(t))) + 3 div(x(o2(t))) dt,

o L ^ 1 ^
=

T h\d1
JL- div(x(a2(t))) dt is dominating. Aswhere

2
0

div(x(d2(t))) = 1 + o(r,nlfu2) and T~ 2tt/cl2, 

that the positive sign is preserved.

we conclude

□

3X23X1 have the same order because the periodicRemark. and
Ô^1

They tend to infinity, because foris almost a circle.orbit a2
c vImjJ •the Hopf bifurcation the radius of a2 is r ~
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