
RT-MAT 99-24 

Some structural properties of the 
topological ring of Colombeau's 

generalized numbers 

J. Aragona and S.O. Juriaans 

Agosto 1999 

Esta e uma publica9ao preliminar (''preprint"). 



Some structural properties of the topological 
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Abstract 

Let K denote the commutative ring with identity of Colombeau's 
generalized numbers. (K will denote either R or C). This ring 
can be endowed with an ultra-metric in such a way that K is a 
topological ring. There are many interesting questions about K in 
the frameworks of Commutative Algebra and General Topology as 
well as of the superposition of these two subjects. This paper is 
meant to represent an initial step in this direction. In a few simple 
cases the study is extended to the ring of Colombeau's generalized 
functions on an open subset of Rn. 

Introduction 

In what follows K will denote either R or C and K will denote the 
commutative ring with identity of generalized numbers. For every non-void 
open subset n of Rn we shall denote by Q(n) the K - algebra of Colombeau 
generalized functions on n (in the simplified sense). 

Recently, D. Scarpalezos (see (S1] and [S2]) introduced metrizable topolo­
gies on Kand on Q(fi) (called "sharp topologies") for which all the operations 
involved in the structure of the K - algebra Q(fi) are continuous. The purpose 
of this paper is to give a contribution to the study of some properties of the 
algebraic and the topological structures of K. Sometimes, when it is natural 
and simple, we extend this study to Q(fi). We now describe briefly the con­
tents of this paper. In section 1 we collect the basic definitions, results and 
notation that we shall use in the forthcoming sections, although we omit the 
well known proofs. In section 2 we present the first general results. Among 

1This research was partially supported by CNPq, Brazil Proc. 30.0871/81-3 and 
30.0652/95-0 respectively 
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them we call the attention to the following ones: (a) The set Inv(K) of the 
units of K is open, {b) K is neither a local nor an integral domain. The same 
holds for Q(S1). (c) The evaluation functions f E Q(n) 1-+ J(x) E K(x En) 
are surjective, continuous ring homomorphisms. This fact is used to derive 
several results connecting the ideals of K with a large class of ideals of Q(n), 
(d) Every maximal ideal of K is closed, (e) The nilradical of K vanishes, (f) 
Any x E K is either an unit or a zero divisor. This result (Theorem 2.18) is 
very useful in section 4. In section 3 we quest to get some information about 
the geometry of K which derives from the strange properties of ultra-metrics 
(the metric in K is in fact an ultrametric). We exhibit an infinite set of con­
tinuous functions from K into itself with interesting geometric properties and 
also an infinite set of homeomorphisms of K. We conclude this section by 
proving that K is a fractal. Finally, in section 4, we present a more accurate 
look of the structure of the maxima.I ideals of K . This study is based on two 
basic tools. First, a careful analysis of the set of zeros of the representatives 
of elements of K. Second, the introduction of a set S of subsets of the do­
main ]O, lj of the representatives of elements of K. The family (xs) (S ES) 
of elements of K, where xs is representated by the characteristic function of 
S, is very useful to the study of a number of interesting questions. Among 
the several results of this section we point out to the following ones: (a) K 
is neither noetherian nor artinian. The same holds for Q(n), (b) The Jacob­
son radical or K vanishes, (c) The (open) set of the units of K is a dense 
set, (d) The set of the maximal ideals of K is uncountable. We also derive 
several characterizations of the units of K as well as a complete description 
of the maximal ideals of K (Theorem 4.20). The description of the prime 
ideals of K appears to be more complicated than that of the maximal ones. 
Nevertheless, a first step in this direction is obtained in Theorem 4.19. 

1 The sharp topologies of K and 9(0) 

In this section we recall the basic definitions and results about K and Q(n) 
(see [Sl],[S2)) with the purpose of fixing the terminology. As a rule, the 
proofs will be ommited. The notation below will be used in the remainder 
of this paper. 
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Notation 1.1 K stands for R or C . 

I :=]0, 1], I:= [O, 1] and I'I :=]0, TJ [ V TJ E I. 
A\ B := {a E Ala~ B}. 
K• := K \ {O} . 
N denotes the set of the natural numbers and N• := N \ {O}. 
R+ := {x E Rix~ O} and R+ := {x E Rix> O}. 
n is a non-void open subset of an and K cc n means that K is a compact 
subset of n. For a given function f : X --+ K and 0 =/: Y C X we set 
11/IIY := sup 1/(x)I. 

:z:EY 

Let &[n] be the ring (pointwise operations) of the functions u : Ix n --+ K 
such that u(c, ·) E c 00(n) for each C E I. If Q E Nn and X E n we set 
8°u(c, x) := 8°u(c, •)(x). Let EM[n] denote the subring of £In] consisting of 
those functions satisfaying the following "moderation condition": 

(M)V K cc n and V o E Nn 3 u E R such that llo"u(c, ·)IIK = o(c0
') 

as c--+ 0. 
By N[n] we denote the ideal of EM[n] of those functions satisfying the fol­
lowing "nullity condition" 

(N)V K cc n, V Q E Nn and V q ER we have llo"u(c, ·)IIK = o(cO') 
as c --+ 0. 

The Colombeau algebra of the generalized functions on n is defined by 

Let E(K) be the ring (pointwise operations) of the functions v : I--+ K . 
Let EM(K) denote the subring of E(K) of those functions v satisfying: 

(M') 3 u E R such that lv(c)I = o(ca) as c--+ 0 

and let N(K) be the ideal of EM(K) of those functions v satisfying: 

(N') Vu E R we have lv(c)I = o(ca) as c--+ 0. 

The ring of the Colombeau generalized numbers is defined by 

K := EM(K)/N(K). 
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It is easy to see that the above definitions are equivalent to those given 
in [A-B, section 8]. If f E 9(11) (resp. x E K} we shall use notation as 
i.J., etc. (resp. x,x., etc.) to denote a representative off (resp. x) . If 
u E &M[11] (resp. v E &M(K)) we shall denote by cl(u} (resp. cl(v)} the 
class of u (resp. v) in 9(11) (resp. K}. We have a natural embedding of K 
into K (induced by the map .>. 1--+ (c 1--+ .>.)) and a natural embedding of K 
into 9(11) (induced by the map. v 1--+ ((c,z) 1--+ v(c))}, which allow to write 
K c K c 9(11). Hence 9(11) (resp. K} is a K - algebra (resp. K - algebra} 
which is commutative and with and identity element. If f E 9(11),{ E 11 
and j is any representative off, the function c E l 1--+ i(c, {) E K belongs 
to &M(K) and its class in K , which does not depend on the representative 
j, is denoted by /({} and is called the value off in{. An element x E K 
is associated to zero, a property which will be denoted by x ~ 0, if for some 
(or equivalently, for each) representative x of x we have limx(c) = 0. Two 

£-0 

elements x1, x2 E K are associated if x1 - x2 ~ 0, a property which will 
be denoted by x1 ~ x 2• We shall denote by Inv(K) the set of units of K 
and clearly K 0 is a subgroup of the multiplicative group Inv(K). Another 
interesting subgroup of Inv(K) is Q := {orlr ER}, where ci'r{c) := cr(c EI}. 
It will be convenient to set f3r := Cl'Jogr for each r E R~. 

Next we recall the sharp topologies on K and 9(11) (see [S1], [S2]). 

Definition 1.2 For a given u E £M(K) the valuation of u is V(u) .­
sup{a E RI lu(c)I = o(ca) as c-+ O}. 

Proposition 1.3 For given u, v E £M(K} and.>. E K we have: 
(a) V(.>.u) = V(u) if.>. f 0; (b} V(uv) ~ V(u) + V(v); (c) V(<iru) = 
r+ V(u) for each r ER; (d} V(u+v) ~ inf(V(u), V(v)); (e) V(u) = +oo 
iff u E N(K}, (f) V is constant on each equivalence class modulo N(K). 

Proposition 1.3 shows that the function D : K x K -+ R+ defined by 
D(x,y) := exp(-V(x-y)), where x and y are any representatives of x and 
y respectively, is well defined. With these notations we have: 

Corollary 1.4 The function D is an ultra-metric on K which is invariant 

under translations. 
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See [D,3.8, Probl. 4] for the more elementary properties of an ultra­
metric. D determines an uniform structure on K called the sharp uniform 
structure on K and the topology resulting from D is called the sharp topology 
on K and we shall denote it by r,. 

Notation 1.5 Let a E K and r E R~. In what follows Br(a) (resp. B~(a) 
and Sr(a)) denotes the open D-ball (resp. closed D-ball and D-sphere) with 
center at a and radius r. In the case when a = 0 we shall omit it in the 
notation, writing Br, B~ and Sr. For the sake of simplicity we define 

llxll := D(x,O) \/ x EK. 

The result below is a direct consequence of Proposition 1.3. 

Corollary 1.6 For given x, y E K, r E R, s ER~ and a, b E K we have: 

(a) llx+yll $ max(llxll, IIYII) and llxyll $ llxl!IIYII; (b) !!xii= 0 iff x = 0, 
(c) !!axil = llxll if a f O; (d) llorxll = e-rllxll and 11.B,xll = sllxll ; (e) 
!!all= 1 if a f O; (f) Ila - bll = OaJ, {Kronecker 6). 

Proposition 1. 7 (K, r,) is a complete topological ring. 

It is known that K is not a K - topological vector space, it is not separable 
and also not locally compact. 

Later we shall need the following result. 

Proposition 1 .8 Let (xm)meN be a sequence in K, x E K and let x and 
Xm be representatives of x and Xm respectively. Then: 

(a) (xm) is a Cauchy sequence in (K, r,) if! \/ p E N 3 N E N such that, 
if m ~ n ~ N there is e'mn E I verifying lxm(e) - Xn(c)I $ g'P whenever 

0 < e < E:mn· 

(b) (xm) converges to x in (K, r,) if! V p E N 3 N EN such that, if m ~ N 
there is e'm EI verifying lxm(c) - x(c)I $ e'P whenever O < e < E:m-

We now introduce the sharp topology in Q(O). 
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Definition 1.9 Let (Dm)meN be an open exhaustion of f2 (e.g. S1 = U f2m 
m 

and nm cc Dm+l \;/ m E N}. Given u E £Min] and m,p E N we set 
Vmp(u) := sup{a E Rl'fl a EN" with !al$ p, we have ll8°u(E:, ·)lln,,. = o(t4

) 

as t-+ O}. 

Results similar to Proposition 1.3 holds for Vmp which shows that the 
function Dmp : Q(f!} x Q(f!} -+ R+ given by 

where j and g are arbitrary representatives of / and g respectively, is well 
defined and is a pseudo-ultra-metric on Q(D). The uniform structure deter­
mined by the family (Dmp)(m,p)eNl is called the sharp uniform structure on 
Q(D) and the metrizable topology resulting from (Dmp) is called the sharp 
topology on Q(r2) which we will denote by rn. Note that rn is Hausdorff in 
view of the result below. 

Proposition 1.10 For every (m,p) E N 2 the pseudo-ultra-metric Dmp is in­
variant under translations. Morever, for f E Q(D) and a E N" the following 
statements hold: 

(a) f = 0 iff for some (or equivalently, for each) representative j off we 
have Vmp(i) = +oo (i.e Dmp(J,O) = 0) for all (m,p) E N 2

. 

(b) Dmp(8°f,0) $ Dm,J>+lo1(/, 0) v'(m,p) E N 2
. 

In what follows we shall assume that Kand Q(D) are endowed with their 
sharp topologies. 

Proposition 1.11 Q(r2) is a complete topological ring and a K - topological 
module. 

Later we shall need the following result. 

Proposition 1.12 Let (h)1eN be a sequence in Q(r2}, f E Q(D) and let f1 
and j representatives of Ii and f respectively. Then: 
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(a) (11) is a Cauchy sequence in 9(f2) iff Y 11 E N*, Y finite sequences = 
(mk, Pk)I$k$v in N 2 and "f/ a e]O, 1( 3 lo E N such that, if r ~ t ~ 10 there 

iSert EI verifying 118''(fr -ft)(€,·)lln,,._ :5 c-lna wheneverO < g < crt, 1 :5 
k $ 11 and !al :5 Pk· 

(b) (/1) converges to f in 9(f2) if! "f/ 11 E N*, Y finite sequence s = 
(mk,Pkh:Sk$v in N 2 and Y a e]O, 1[ 3 lo E N such that if l ~ lo there is 

c1 E I verifying IJ8°(i, - f)(g, ·)Jin,,._ :5 g- lna where O < g < c1, 1 :5 k :5 11 

and !al :5 Pk· 

2 Some properties of K 

In this section we shall present some algebraic properties of K. We refer the 

reader to the previous section whose notation there established will now be 

used freely. As usual X stand for the topological closure of X ( except in the 

notation K). We start with the following: 

Lemma 2.1 (a) 0 E Inv(K); (b) For each x E K, if r := -V(i) where i is 

an arbitrary representative of x, we have y := arx E S1 ; (c) If x E lnv(K) 

then V(i) + V(x-1) :5 0 for all representatives i and x-1 of x and of x-1 

respectively. 

Proof. (a) Follows at once from Corollary 1.6{d). (b) Fix any u > 0 and a 

representative i of x and set i) := DlrX, The definitions of V(i) and r show 

that 

and hence V(y) ~ 0 since u > 0. Now, by assuming that V(y) > 0 there 

would exist u > 0 such that limc-"y(g) = 0 which means that 
c-0 

and this is false in view of the definition of V(i ). We then conclude that 

V(y) = 0 i.e. IIYII = 1. (c) Given two arbitrary representatives i and y 
of x and x - 1 respectively, since i - xy E N (K)(l(g) := 1 Y c EI) if follows 

from Proposition 1.3 that O = V(i) = V(iij) ~ V(i) + V(y). ■ 
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Remark The inequality V(x) + V(x-1) $ 0 can be strict or not. Indeed, 

if r ER then V(cir) + V(ci-r) = 0 and we have the equality. On the other 
hand, consider the functions x,y : I-+ K defined by x(c) := 1 (resp. c) if 

e E In Q (resp. e E I, c irrational) and y(t:) := 1 (resp. e-1 ) if c: E In Q 

(resp. c EI, e irrational). Clearly, x, y E £M(K), V(x) = 0, V(y) = -1 and 
if x := cl(x) then cl(y) = x-1. 

Lemma 2.2 (lo.) x E B1 if! V(x) > 0 for every representative x of x. 

(2o.) If x E B1 then the following statements hold: (a) x :::::: O; (b) 

D,(l , xl = III - xii ~ 1. Hence 1 ff. B1, B1 n B1(1) = 0, B; :J B1 and 

B1 # B1. 

Proof. (lo.) Obvious in view of the definition of V(x) . (2o.) (a) For an 

arbitrary representative x of x E B 1, from the definition of V(x) and from 

(lo.) it follows that there is a> 0 such that e-4 lx(c:)I -+ 0 as t:-+ 0 and hence 

lx(e)I :::; t:4 fort: small enough, i.e. x(€) -+ 0 as c-+ 0. (b) Fix an arbitrary 
representantive x of x, it is enough to show that V(i - x) $ 0 (i(c) := 

1 Ve E I). Indeed, by assuming that V(i - x) > O there would exist b > 0 

such that t:-bl(i - x)(c:)I -+ 0 as E -+ 0, which implies Jim x(c:) = 1 and this 
~-o 

is a contradiction by virtue of (a). Thus, D(l, x) = Ill - xii= e-v(i-±) ~ 1. 

If 1 E B1 there would exist a sequence (xm) in B 1 which is r 8 -convergent to 

1 and therefore 1 $ D(l, xm) -+ 0 as m-+ oo , which is a contradiction ■ 

Let A be a topological commutative ring with 1 and X be an A-topological 
module. We recall that a subset B of X is said to be bounded if for every 

0-neighborhood W in X there is a 0-neighborhood V in A such that VB C 

W. The result below holds for A-topological modules X such that O E 

Inv(A) (([A, Corol. 1.2.6 and Prop. 2.4.6] but here we restrict our attention 

to the case when A= K (see Lemma 2.l(a)). 

Proposition 2.3 (a) K does not have proper open ideals. (b) No topo­

logical K - modules has proper open submodules (c) If X is a Hausdorff 

topological K - module then for all x E X, x # 0 the set Inv(K) .x : = { >.x I>-~ 
Inv(K)} is not a bounded set. Whence, lnv(K) is not a bounded subset ofK. 

(d) A given B c K is bounded if! B is D - bounded. (e) The only K -

topological module which is bounded is (0) . Whence, the only K - topological 

module which is compact is (O) . 
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Proof. (a) If a is an open ideal of K then, from Lemma 2.l(a) it follows 
that a 11 lnv(K) #- 0 hence a = K. (b) If S is a proper open submodule 
of X, fix x E X \ S then the continuity of ). E K f-+ ).x E X implies that 
a := {A E Klh E S} is a proper open ideal of K which is a contradiction 
in view of (a). (c) Since X is Hausdorff there is a 0-neighborhood W of 
X such that x ¢ W. From Lemma 2.l(a), for every 0-neighborhood V of 
K there is ). E Vl1Inv(K) and so x = A.A-1x E V.Inv(K).x. (d) Fix an 
arbitrary r > 0. Since Bt.B3 C Bt3 for all t > 0, s > 0, it is clear that for 
every s > 0 there exists t > 0 such that BtBr C B. which shows that every 
D-bounded set is bounded. Conversely, if L c K is bounded, there exists 
r > 0 such that BrL C B1. From Lemma 2.1 (a) there is ). E Br 11 lnv(K) 
and therefore L C )_-1s 1 . Since there is t ~ 1 such that ).-1B 1 c Bt, it 
follows that Lis D-bounded. (e) The first statement follows at once from 
( c) and the second claim follows from the first one taking into account that 
in a topological module every compact set is bounded ■ 

Remark By virtue of Proposition l.ll the above result is applicable to 9(!1). 

Proposition 2.4 The ring K is neither a local nor an integral domain. 

Proof. In order to proof the first claim consider the following moderate 
functions x(c:) := -sen(c1) and ii(c:) := 1 - x(c:) (c: E I), clearly we have 
x, y E K \ Inv(K), where x := cl(x) and y := cl(y). If K is local and we 
denote by m the unique maximal ideal of K we have m = K \ lnv(K) and 
thus 1 = x + y E m , which is a contradiction. Let us now shows the second 
statement. We set S := {m-11m EN•}, sc :=I\ S and denote by xs (resp. 
'X.Sc) the characteristic function of S (resp. sc). Clearly xs and xsc are 
moderate, xs,Xs• ¢ N(K) and (xsxsc)(c:) = 0 for all c: EI ■ 

In the sequel we will introduce a class of ideals of Q(!1) which will be 
very useful in our study. If 0 ,f:. X c n and a is an ideal of K we define the 
following ideal of 9(!1): 

9x,a(!1) := {f E Q(!1)1J(x) Ea V x EX} 

If a = (0) (resp. X = { O) we denote the above ideal by 9x,o(O) (resp. 
9€,a(O)). Given a non void subset X of n and an ideal a of K we have 
(0) #- 9n,o(O) C 9x,a(O) . 
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The result below encompasses some basic facts that we shall need in the 
sequel. 

Proposition 2.5 For an arbitrary fixed ( E n the following stataments hold: 
(a) If z EK c Q(f2) then z(() = z. Thus for every z E K .!!!ere is f E Q{Q) 
such that f(O = z {b) The map II{: f e Q(n) H f(e) e K is a continuous 
surjective homomorphism of K - algebras and therefore Q{,a(n) = 11i"1(a) is 
a closed ideal of g ( n) for each closed ideal a of K. ( c) If a is an ideal of 
K then 11{(Q{,a(f2)) = a. Moreover, a is a proper ideal if! 9{,a(n) is a proper 
ideal for every ( E f2. 

Proof. Only the continuity of II{ (in (b)) requires justification since the other 
statements are easy to verify. It is enough to prove that if (!1) is a sequence 
in Q(O) which converges to f E Q(D) then (!1(()) converges to f (() and this 
follows at once from Proposition 1.8(b) and Proposition l.12(b). ■ 

Proposition 2.6 Let m be an ideal of K. Then the following statements 
are equivalent: 
(i) m is maximal (resp. prime). 
(ii) 9e,m(f2) is maximal (resp. prime) for every ( En. 

Proof. In view of Proposition 2.5(c) it is clear that each of the conditions 
(i) and (ii) implies that both ideals m and Q{,m(n) are proper. Now consider 
the following diagram 

Q(D) 
! 

Q(D)/9{,m(O) 

"( 
--+ 

.,. 
( 

- ---+ 

K 
l q 

K/m 

where the vertical arrows denote the quotient maps. Since Ker(q o v{) = 
lh,m(O), it follows that 11{ induces, by Proposition 2.5(b), a ring isomorphism 
~- ■ 

Proposition 2.7 (a) If a and b are ideals of K and a=/- b then 9e,a(n) =/-
9e,b(O) for every_( ED. (b) If (, ( E Q and ( =/- ( then Q{,a(n) ,f- 9ca(f2) 
for every proper ideal a of K. (c) Let a, b be ideals of K and assume that at 
l~t one of them is proper and(. ( E n. Then the following are equivalent: 
(1) ( = ( and a= b; (ii) Q{,a(D) = Q<,b(Q). 
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Proof. (a) Fix any ~ E n and x E (a\ b) u (b \ a). If, for instance, 
x E a\ b define f := x E K C Q(n) thus /(~) = x, hence f E 9e,a(D) and 
f </. 9e,b(Q). (b) Fix any proper ideal a of K, x Ea and y EK\ a . Let 
V, W be open sets containing ( and ( respectively and such that V n W = 0 
and consider cp E V(V) and 1/; E V(W) with cp(() = 'ljJ(() = 1. Clearly 
f := cp.x + 1/Jy E Q(D), /(0 = x and /(() = y, thus f E 9e,a(D) and 
f </. 9(,a(f2). (c) Only (ii) ⇒ (i) requires justification. If (i) is false then 
we have one of the following cases: 

(I.) { = ( and a -1- b; (II.) { -1- ( and a= b; (III.) { -1- ( and a -1- b . 
Clearly, the case (I.) (resp. (II.)) is in contradiction with (ii) by (a) (resp. 
(b)). In the case (III.) we also get a contradiction in the following way. 
Consider V, W, cp and 'ljJ as in the proof of (b) and since ( a \ b) U (b \ a) -1- 0, 
assume for instance that x E a\ b . Define g := (cp + 'ljJ)x E 9(0), then 
g({) = g(() = x hence g E 9e,a(f2) and g </. 9(,b(n), which is absurd. ■ 

Corollary 2.8 The ring Q(Q) is not local. 

Proof. K has a maximal ideal by Krull's theorem. Apply Proposition 2.6 
and Proposition 2.7(b). ■ 

The next result will be very useful in our study of the maximal ideals of 
K. 

Lemma 2.9 Let (an)neN be any sequence in K and let x E B1. Then the 
series I: anxn converges in K. In particular I: Xn converges and we have 

n>O n>O 
(1- x){I: Xn) = 1. -

n~O 

Proof. The result is obvious when x = 0 and hence we may suppose that 
x -/= 0 and denote by x a representative of x . For every n E N we define n n 
Xn := I: akxk and Xn := I: akxk. We will show that (xm) is a Cauchy 

k=O k=O 
sequence. In fact, denote by J = J(m,n) := {k E Nin+ 1 ~ k ~ m and 
ak -1- O}. Since V(x) > 0 it follows from Proposition 1.3 that D(xm, xn) = 
exp[-V( I: akxk)] ~ exp(- (n + l)V(x)]-+ 0 if m > n-+ oo and hence the 

kEJ 
series converges in K. In particular this is true when all the an are equal 

n k to one. Now we set y := I: xn. So we have Xn := E x -+ y and clearly 
n ~ O k=O 
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xk-+ Oas k -+ 0. Thus xn(l - x) = 1 - xn+l _. 1. Since multiplication is 
continuous we have xn(l - x) _. y(l - x), hence y(l - x) = l. ■ 

Corollary 2.10 Let a E Inv(K) and set r := lla-111-1
. Then we have 

Br(a) c Inv(K). In particular B1(1) C Inv(K) and Inv(K) is an open set. 

Proof. Let z E Br(a) . Then it is easily seen that lla-1(a- z)II < 1 and since 
z = a[l - a-1(a - z)] it follows from the previous lemma that z is a unit. ■ 

In the following result we shall use the known fact that the closure of a 
submodule of a topological module is also a submodule. In particular the 
closure of an ideal of K is an ideal. 

Theorem 2.11 Let a be a proper ideal of K . Then for each x Ea we have 
D(l, x) ~ 1 and D(l, a) = 1. Hence every maximal ideal of K is closed and 
thus it is also a rare set. 

Proof. The first claim follows from the previous lemma because B 1 ( 1) consist 
of units and moreover that D ( 1, 0) = 1. On the other hand if m is a maximal 
ideal of K from the first part, we have 1 ¢. m. ■ 

Corollary 2.12 Let m be a maximal ideal of K . Then 9(,m(f2) is a closed 
maximal ideal of Q(fi) and hence a rare set. 

Proof. Apply Theorem 2.11 and Propositions 2.5(b) and 2.6. ■ 

Theorem 2.13 If m is a maximal ideal of K then K can be identified to a 
subfield K of L:=K/m and [L : K] > 1, i.e. L is a proper field extention of 
K. 

Proof. Let 1r : K -+ L be the canonical map. Clearly K := 1r(K) ~ K . 
Suppose that L = K then K = K + m . But K is a discrete subset of 
K hence from Theorem 2.11 and Proposition 2.3(a) it follows at once that 
m UK is a closed set with empty interior. Therefore there is x E B 1 , such 
that x (/. m UK. Write x = k:,: - m:,: with k"' E K and m:,: E m, then 
k:r: ,j: 0 and hence m., = k"' - x = k,,(1 - k;1.x) and since k; 1.m., Em we 
can conclude that k;1m,, = 1 - k; 1.x E m . This is a contradiction by virtue 
of Lemma 2.9 since llk;1xll = llxll < 1. ■ 

We shall see later that in fact K is algebraically closed in L . 
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Corollary 2.14 (a) There does not exist a surjective ring homomorphism 
A : K -+ K. (b) There does not exist a surjective ring homomorphism 
B : Q(D) -+ K such that B(K) = K. 

Proof. The statement (a) follows at once from the previous theorem since 
the kernel of such a map would be a maximal ideal of K. The statements 
(b) follows easily from (a). ■ 

Consider the subset of K: 

Kas := {z E Kl 3 a EK such that z RJ a}. 

Note that this is the set of all elements y E K such that Jim y(c) exists for ,--o 
some, and hence all, representative y of y. It is easy to see that Kas is in fact 
a subalgebra of K. Let a : Kas -+ K be the map defined by a(y) := lim y(c ). ,--o 
This is a K-algebra surjective homomorphism. We shall denote by Ko its 
kernel which is the subring of K of the elements associated to zero. 

Proposition 2.15 (a) The algebra homomorphism a defined above is con­
tinuous for the induced topology on K 08• 

(b) Kas and Ko are open subalgebras of K containing B1 • 

Proof. From Lemma 2.2(20.) (a) we have B1 C Ko and hence a(B1) = {O}. 
■ 

The next lemma is an easy consequence of Corollary 1.6(d). 

Lemma 2.16 Let R1, R2 be positive real numbers and setr := logR1-logR2, 
ThenarSR1 = SR~· In particular, ifx EK• andr := -V(x), wherex is any 
representative of x, then ar,X E S1. ■ 

Theorem 2.17 K has no non-zero nilpotent elements and hence its nil­
radical is trivial. It follows that K is contained in a product of integral 
domains. 

Proof. By Lemma 2.16 we just have to show that S1, has no nilpotent 
elements. But this is clear since such an element must be equal to zero as 
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can be easily seen. Therefore, if 'P denotes the set of all prime ideals of K 
we have n p = 0, which is the kernel of the obvious map K-+ p~-P K/p. ■ 

pE'P 

If x E K and xis a representative of x we set (see Notation 1.1): 

Z(x) := {e E II x(e) = O} 

and we denote by Z(x) the closure of Z(x) in I= (0, l]. 

Theorem 2.18 For a given x EK we have: 
(a) x elnv(K) ifJ0 ¢. Z(x) for every representative x of x. 
(b) The following are equivalent: _ 
(i) x </:. Inv(K); (ii) There is a representative x of x such that O E Z(x); 
(iii) x is a zero divisor. 

Proof. (a) Let x Elnv (K) and let x be a representative of such that O E 
Z(i:) . Then the classy in K of the characteristic function of Z(x) satisfies 
xy = 0 and y =/= 0, which is a contradiction. To prove the converse it is enough 
to prove (b) (i)~ (ii). Indeed, fix x r/: Inv(K) and any representative x. of 
x. We can then assume that O </:. Z(x.) and we will show that O E Z(x) for 
some representative x of x. To see this we claim that the following statement 
is true: 

3 a sequence (cm) in I such that em-+ 0 and lx.(em)I < £~ Vm EN*. 
Note first that there exists c1 e]O, 1( such that lx.(c:1)1 < c:1 since otherwise 
ii(e) := (x.(e))-1 fore E]O, l[ is a moderate function and his class y satisfies 
xy = 1 which is absurd. Now the same argument allows to define inductively 
Ek E I.,k from Ej E I.,;(l :$; j $; k-1), where 771 := 1 and 1/i := min(Ej-1 , 1/ j). 
Therefore, the function x(c) := x.(e)(l - y(e)) , where fj is the characteristic 
function of the set {emlm EN*}, is a representative of x and O E Z(x) . The 
imp~ation (ii)~ (iii) is clear since if x is a representative of x such that 
0 E Z(i:) and y is the characteristic function of Z(x) then y := cl(y) E K• 
and xy = 0. ■ 

Exam!le 2.1~ Let x E K _the class of x(e) := sen(c:-1). Then Z(x) = 
!(mt) In EN } and thus x 1s a zero divisor. Let x1 be defined by x1(e) := 
x(e_) if e </:. Z(x) and i:1((n1r)-1) := (n1r)-n if n EN•. Then x1 is a represen­
tative of X and Z(x1) = 0. 
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3 Some Geometric Results 

In this section we prove some results that are strongly related to the topo­
logical structure of K and particularly to the fact that K is an ultrametric 
space. Among other results we present some homeomorphisms of K into 
itself and prove that K is a fractal. The forthcoming results on ultrametric 
spaces might be known but we gather them in the Proposition below for the 
sake of convenience. We shall use Notation 1.5 with the obvious adaptations. 

Proposition 3.1 Let (X,d) be an ultrametric space, a E X and R > 0. 
Then the following hold: 
(a) Let ( = limxn with Xn E BR(a) for each n EN . Then one and only one 
of the following statements is true: 
(I.) ( =/- a and there exists r E]O, R[ such that d(a, xn) = r for all sufficiently 
large n. 

(II.) (=a 
(b) SR( a) and BR( a) are both closed and open. 
(c) (X, d) is totally disconected. 
(d) BR(x) C SR(a) for every x E SR(a). 
(e) BR(a) = BR(b) for every b E BR(a). 
(f) Let r E]O, R[ and x E Sr(a). Then d{x,y) = R for ally E SR(a). 
(g) If d{x, y) =/- d(y, z) then d(x, z) = max(d(x, y), d(y, z)). 

Proof. It is a trivial exercise on metric spaces. ■ 

From Corollary 1.4 it follows that Proposition 3.1 is applicable to K. 

Fix an element z E K. The maps Tz and hz defined by Tz(x) := x + z 
and hz(x) := zx (x EK) are continuous maps from K to K. Clearly Tz is 
a homeomorphism and hz is a homeomorphism if and only if z is a unit in 
K and in this case h;1 = hz-1. Moreover, if a E K and R > 0 it is clear 
that Tz(BR(a)) = Bn(Tz(a)), Tz(SR(a)) = Sn(Tz(a)) and Ta-z(BR(z)) = 
BR(a) = Bn(z) if z E Bn(a) . 

Proposition 3.2 Given O < r < R the following statements hold: (a) If 
x E Sr and y E Sn then x + y E Sn; (b) If a E Sn then Ta(Sr) is a proper 
subset of Sn; (c) If a E Sr then Ta(Sn) = SR(a) = Sn. 
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Proof. The statement (a) follows from Corollary 1.4 and Proposition 3.l(f) . 
The statement (b) is clear since a¢ T0 (Sr)- To prove (c) it is enough to show 
the second identity since from (a) we have Ta(SR) = SR(a) C SR. Since 
b := -a E SR, the argument before the Proposition shows that Tb(SR) = 
SR(b) =CSR, Applying T_b we obtain the result. ■ 

In the sequel we shall use some notation introduced before Definition 1.2. 
For r E R we denote by h0 , the multiplication by ar, Recall that the map 
r E R 1--+ or E Q (resp. r E R+ 1--+ /3r E Q) is an isomorphism of the additive 
group R (resp. multiplicative group R+) into Q (resp. {/3rlr E R+} ). It 
is also obvious that for R > O,r > 0 we have hp,(Sn) = Snr and that 
ha,(SR) = S &-• 

The next result shows that given two spheres there exists a continuous 
map taking one into the other and leaving the others points of K fixed. 

Theorem_3.3 Given a, b E K and R, r E R+, there exists a continuous map 
F: K--, K such that F(Sr(a)) = Sn(b). 

Proof. Defines s := Rr-1 and F by F(x) := x if x ¢. Sr(a) and F(x) := 
b + /3.(x - a) if x E Sr(a). Given x E Sr(a) we have x - a E Sr and hence 
/3.(x - a) E Sn thus F(x) E Sn(b). Conversely, let y E Sn(b) = Tb(Sn). If 
z := Y - b then z E SR= hp.(Sr) hence there is w E Sr such that z = /38 w. 
Since Sr = La(Sr(a)) there exists x E Sr(a) verifying w = T_

0
(x) which 

implies y = F(x) E F(Sr(a)) . 
We now prove that F is a continuous map. It is enough to show that 

the statement~== Jim Xn in K implies F(€) = limF(xn)- Firstly assume that 
( ¢. S,(a). Since Sr(a) is closed there exists n

0 
E N such that Xn ¢ Sr(a) 

for each n_ ~ no and thus F(xn) = Xn whenever n ~ no and we are done. 
Secondly, if ( E S,(a), since Sr(a) is open we have Xn E Sr(a) for sufficiently 
large n E N • Thus the continuity of the multiplication and addition in K 
implies that (F(xn)) converges to F((). ■ 

We now come to our main result of this section. It tell us that the group of 
homeomorphisms of K · t ·t lf · · d m o 1 se 1s uncountable. Before we prove 1t we nee 
some notation Let G b th f . . . · e e group o permutations of R+ (see Notatwn 
1.1). Given a E G we define the maps iu and a by iu(r) .- rcr(r) and 
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o'(r) := a(r)-1 for each r E R~. We also define the map 'Pu : K --+ K by 
\Ou(O) := 0 and 'Pu(x) := f3u(r)X if x E Sr (r E R:+.). Since K" := K \ {O} is 
the disjoint union U Sr it follows that 'Pu is well defined. 

rER+ 

Theorem 3.4 (a) If \Ou is bijective then \Ou(Sr) = Sj,,(r) for every r E R~. 
(b) \Ou is bijective iff Ju is bijective. 
(c) The following are equivalent: 
(i) 'Pa is a homeomorphism. 
(ii) Ju is bijective, limju(r) = 0 and limJ;1(r) = 0. 

r-0 r-o 

Proof. (a) Fix an arbitrary r ER~. Then it is clear that 

Assume by contradiction that there exists y E Sj,,(r) \'Pu(Sr) , Then, since 
\Ou is surjective, there is z E K such that 'Pu( z) = y and z 'I, Sr, Since 
t := llzll > 0 it follows that y = f3u(t)·z and t #- r. So, from the above inclusion 
(applied fort replacing r) we get y E SJ,,(t) and therefore Ju(t) = Ja(r ). Hence, 
we have 'Pu(z) = 'Pu(w) where w := f3rft,Z E Sr and thus, the injectivity of 
'Pa implies z = w, hence r = t, whicli is absurd. 
{b) Assume that 'Pa is bijective. First we will proof that Jo is surjective. 
Indeed, for a given t E R~, from (a) we have 

'Pa(K") = 'Pa( LJ Sr) = LJ Sj,,{r) =I(= LJ Su 
r>O r>O u>O 

hence there is r > 0 such that Ja(r) = t. The injectivity of Ju follows at 
once from (a) and the injectivity of 'Pa• Conversely, if Ja is bijective, since 
a' E G it follows that a1 := o' o ia E G, thus 'Pai is well defined and clearly 
'-Pa, o 'Pa = lK which shows that cp0 is injective. Fix any y E R" then 
y E Sr where r := IIYII > 0, so there is t E ~, such that ia(t) = r. Setting 
x := f3u(t)·Y we have !!xii = t thus, in view of the definition of '-Pa we get 
'-Pu(x) = y, hence '-Pu is surjective. Note that the above argument show that: 

If Ju is bijective then 'Pu is bijective, ,.p;1 = '-Poi and j;1 = Jai (3.4.1) 
(c) (i) => (ii). First we remark that it is easily seen that 

ll'Pa(x)I! = ia(r) whenever x E Sr and r ER~. (3.4.2) 

17 



In view of (i) and (b) it is obvious that iu is bijective, hence (3.4.2) holds 
and since u1 E G we get 

llcp.,jx)II = Ju,(r) whenever x E Sr and r E Rt. (3.4.2') 

Moreover, from the last identity of (3.4.1) it follows that it remains to show 
only that 

(3.4.3) 

Let (rm) be a sequence in R~ such that rm --+ 0. For each m E N fix an 
arbitrary Xm E Sr,,. then llxmll = rm --+ 0. Thus, the continuity of 'Pu and 
'Pap (3.4.2) and (3.4.2') imply Ju(rm) --+ 0 and iu, (rm) -+ O._ 
(ii) => (i). Fix an arbitrary convergent sequence (xm) in K and set e .­
limxm, then it is enough to show that 

(3.4.4) 

If~ i O then (3.4.4) follows at once from Proposition 3.l(a), the definitions 
of 'Pu and 'Pu1 and the continuity of the operations in K. 
If~ = 0, (3.4.4) is trivial if (xm) has finite support, hence we can eliminate 
t.his case. So it remains to show only that if (xmJ is a subsequence of (xm) 
such that Xmv f O for all v E N then 

lim<pu(xmJ = 0 and lim<pu1 (xmJ = 0 

which follows immecliatly from (3.4.2), (3.4.2') and (3.4.3) since rmv = I lxmv II --+ 
0 as v--> oo. ■ 

Our next result proves that K is a fractal. Recall that according to 
B.Mandelbrot (see [E, p.179]) a fractal is a metric space X whose Haus­
dorff dimension dim(X) is strictly bigger than its small inductive dimension 
ind(X). It is well known that if X is an ultrametric space then ind(X) = 0 
a~d thus it remains to show that dim{K) f O. In fact we will show that 
the Hausdorff dimension of K is infinite. In what follows we will use the 
notations of [E]. 
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Theorem 3.5 K is a fractal. 

To prove the theorem we need the following result: 

Lemma 3.6 Let (X, d) be an ultrametric space and let B be a borelian subset 
of X . Suppose that B contains an uncountable subset S such that d(x, y) = 1 
whenever x, y ES and x =/, y. Then dim(X) = oo. 

Proof. Since B and X are both borelian sets, it follows, from [E,Th.6.1.6], 
that we only have to check that dim(B) = oo. We recall that we are using 
the notation of (E,Ch.6, p.147-149]. To prove our result it is enough to show 
that CB,£= 0, where e E]O, 1( and CB,£ denotes the set of all t:-covers of B. 
So fix c E]O, 1( and assume that there exists an t:-cover (An)neN of B. Since 
S C Bit follows that {An)neN covers S . But since Sis uncountable, some An 
must contains an infinity of elements of S . The proof will be complete if we 
prove that each An contains at most one element of S. In fact, let M denote 
the set of all m EN such that Sn Am =f, 0 then, form EN and Xm E Sn Am 
we have d(xm, y) ~ e < l for all y E Am, hence Am C B1(xm) for every 
m E N. Thus it is sufficient to prove that S () B1 (xm) = { xm} for all m E N. 
Indeed, fix m E N and assume that there are u, v E S n B 1 (xm) with u =/, v. 
From the hypothesis on S we get 1 = d(u,v) ~ max(d(u,xm),d(v , xm)) < 1, 
which is a contradiction. ■ 

Proof of Theorem 3.5 Proposition 3.l{b) implies that S 1 is a borelian 
subset of K. Moreover K• is an uncountable subset of S1 verifying the 
hypothesis of Lemma 3.6, in view of Corollary 1.6 (b) and (f). Whence 
0 = ind(K) < dim(K) = oo. ■ 

4 Characteristic functions 

In this section we shall take a closer look at the structure of the set of units of 
K and the prime and maximals ideals of K . In fact we completely describe 
Inv(K} and the set of all maximal ideals of K. To do this we first make 
a careful analysis of the set of zeros of the representatives of elements of 
K . We then study special types of characteristic functions and show that 
they are related to the prime and maximal ideals of K . Some of the main 
consequences of this analysis are that the set of units is an open and dense 
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subset of K and that K is neither a noetherian nor an artinian ring. As 

a consequence the same holds for g(n). The description of the set of all • 

prime ideals of K is, seemingly, more complicated than the same question • 

for maximal ideals. 
In what follows we use frequently the symbols I, I and 111 (see Notation 

1.1). For every T c I let Tc be its complement in I, T its closure in I = 
[O, l] and denote by XT the characteristic function of T with domain I, i.e. 
fr(e:) := 1 (resp. 0) if e: E T (resp. e E re). This is clearly a moderate 

function and we denote by XT its class in K. This, by abuse of language, 

still will be called the characteristic function of T . 

Definition 4.1 S :={SC I I OE Sn sc}. 

Clearly for a given S c I we have S E S if and only if 0 =/:- S n 111 f 111 

for each TJ E I . We now sum up the basic properties of the set S. 

Proposition 4 .2 (a) If S ES then xs E S1. 
(b) S E S if and only if sc E S . 
(c) lfS,TeS and0eSnT thenSnTeS. 
(d) Let x EK• be a non-unit. Then there exists a representative x of x such 

that Z(x) ES, and, for every representative x. of x such that OE Z(x.) we 
have Z(x.) ES. 

Proof. The first three statements are straightforward. The first claim of ( d) 

follows from Theorem 2.18(b) because x must be a zero divisor. Hence there 
is a representative x of x such that OE S, where S := Z(x), and from O ¢ sc 
we would conclude that x = 1, which is a contradiction. ■ 

Remarks (1) Note that if S, T E S then XT and xs are non-trivial idempo­

tents. Moreover, if Sn T = 0 then xs and XT are orthogonal idempotents, 
i.e., XS-XT = 0. In particular this is the case when T = sc. From this it 

follows that if p is a prime ideal of K then either xs or xs, belongs to p 

(2) If SES then xs + xs, = 1 and thus the ideal generated by xs, is equal 
to Ann(xs) (the annilator of xs). 

In view of the above remarks the following result is clear. 

Proposition 4.3 Let SES. Then Ann(xs) = Kxs, and K = Ann(xs) EB 

Ann(xs0
) • Moreover, for each prime ideal p of K we have that either xs or 

Xs0 = 1 - Xs belongs top. ■ 
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Let q = (qn)neN be a sequence in I which converges to zero. It is clear 
that u. := {qnln E N} ES and thus q~ ES. The set of all such sequences 

· will be denoted by E . If q E E, in the sequel we shall still write Xu, Xu, Xu• 
and Xa• to denote Xu., Xu., Xu~ and x~ respectively. The result below is 
obvious: 

Lemma 4.4 There exists a sequence (o-k)keN in E such that uZ nut = 0 
whenever k =/: j. ■ 

Theorem 4.5 K is neither noetherian nor artinian. The same holds for 
Q(f2). 

Proof. We need to produce infinitely strictly descending and ascending 
chains of ideals in K. Fix a sequence (£Tk) in E as in Lemma 4.4 and consider 
for each n E N the following ideals of K: 

Assume that there is n E N" such that an-1 = an, Therefore Xu" E an-1 
and Xu" = I: YkXuk with Yk E K. Since the Xui are orthogonal idem-

O<k<n-1 
potents it follo-;,s, after multiplying by Xu", that x;n = Xu" = 0, which is 
a contradiction. Hence (an)neN is a strictly ascending chain of ideals of K. 
The same argument shows that Xu" ff. bn+b and thus (bn)neN is a strictly 
descending chain of ideals of K. The claim for Q(f2) follows at once from the 
above arguments and Proposition 2.7(a). ■ 

Definition 4 .6 Given u E &M(K) and a E R+ we set 
(a) Na(u) := {c E II lu(c)I < e4

}. 

(b) Xa,u := XN0 (u) and Xa,u := XNa(u)• 

Definition 4. 7 Given u E &M(K) we define the following fe,nctions of I into 
K : 

9u(c) := exp(-iArg(u(c:)) and 9~1(c:) := exp(iArg(u(c:))) (e EI). 

In Definition 4.7, Arg(u(c:)) denote the argument of u(c) EK with the con­
vention that Arg(O) := O. In the case K = R the images of Bu and 9;;

1 
are 
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contained in {-1, l}. It is also clear that these are moderate functions and 
inverses of each other. Moreover, we have u(E:).Bu(f:) = !u(£)1 V£ EI. There­
fore, if we define lul(£) := lu(£)1 V £ E I, we can write u,0u = lul and thus 
lul E EM(R). 

Definition 4.8 Given u E l'M(K) we set 0u := cl(Bu) and 0;;1 := cl{8;;1
) 

Since 0u,0;;1 = 1 we have that they are units. Note however that these 
functions depend on the representative. The following result, whose proof is 
trivial, will be needed in the sequel. 

Lemma 4 .9 Given u E l'M(K) we have: 
(a) If a E R+ then Xa,u = 1 if and only if I,, C Na(u) for some 1/ E I. 
(b) Xa,u = 1 for every a E R+ if and only if u E N(K). ■ 

Corollary 4.10 Let x E K"" be a non-unit and assume that x has a repre­
sentative x satisfying the following condition 

3 a EI such that x(E:) ER+ VE: E ! 0 • (*) 

Then there exists a ER+ such that Xa,:i: i= 0, Xa,i i= 1 and No.(x) ES. 

Proof. The existence of a > 0 such that Xa,:i: =I= 1 follows from x =I= 0 and 
Lemma 4.9(b). Hence it remains to prove that Xo.,:i: =I= 0. Otherwise there 
wouldexist71 EI such that x 0 ,;;(£) = 0 for each£ EI,,. Setting,B := min(a,71) 
we would have Ix(£)!= :i:(£) ~£"for every£ E Ip and thus x would be a unit, 
which is a contradiction. Setting S := N,.(x), from Xa,:i: =I= l (resp. Xa,:i: =I= 0) 
it follows that 0 E sc (resp 0 ES). ■ 

Lemma 4.11 Let x and x be as in Corollary 4.10. Then there exists a ER+ 
such that y := x(l - Xa,i) + Xa,:i: E Inv(K). 

Proof. Let a E R+ be as in Corollary 4.11 and set i; := x(I - Xa,i) + Xa,i• 
It is enough to note that i;(£) ~ £°' for all £ E 11 and thus 1/f; E l'M(K). ■ 

In the result below we denote by R.ad(K) the Jacobson's radical of K. 

Theorem 4.12 Let x E K"" be a non-unit. Then there exists a maximal 
ideal m of K such that x (/. m . Hence Rad(K) = 0. 
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Proof. We first suppose that x has a representantive x verifying the condi­
tion(*) of Corollary 4.10. Hence there is a ER+ such that Xa,x (/. {O, 1} and 
since Xa,x(l - Xa,:i:) = 0 it follows that Xa,x (/. lnv(K). By Krull's theorem 
there exists a maximal ideal m of K such that Xa,:i: E m. We claim that 
x (/. m. Otherwise we would have y = (1 - Xa,x)x + Xa,x E m, which is a 
contradiction in view of Lemma 4.11. To prove the general case let x be a 
representative of x. Then e:i: E lnv(K) and z := x.0x = lxl is a representative 
of z := x.e:i: which satifies condition(*) of Corollary 4.10 (with z replacing 
x). From the first case we can conclude that there exists a maximal ideal m 
of K such that z (/. m and thus x (/. m . ■ 

If u E t:M(K) then the class cl(u) of u depends only on the behavior 
of u in an arbitrary small interval 1'1(77 E I). So whenever we write 1/u it 
means that u does not have zeros in a such interval I'!, since the values of 
1/u in I~ are irrelevant from the viewpoint of moderation. More precisely, 
in the above conditions, 1/u will denote the function v : I --+ K defined 
by v(e:) := u(c )-1 \/ c E I'l and v{e:) arbitrary for c E I~. Of course 1/u 
can fail to be moderate {for instance, take u(e:) := exp{-1/c) \/ c E I'l and 
u(e:) := 0 \f E: EI~ for any 77 EI) . 

Theorem 4.13 For a given x E K the following are equivalent: 
{i) x E lnv(K). 
(ii) For every representative x of x there exist a E R+ and a E I such that 

(4.13.1) 

{iii) 1/x E t:M(K) for each representative x of x . 
(ii') There are a representative x of x , a E R+ and a EI such that {4.13.1) 
holds. 
(iii ') There is a representative x of x such that 1/x E &{K). 

Proof. We shall prove the following implications: (i) => {ii) => (ii') => (iii') 
=> (i) and (i) => (ii) => {iii) => (iii')=> {i) . Note that (ii')=> (iii') and (ii) => 
{iii) are trivial since 
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The implication (iii') => (i) follows from ((1/x).x)(e) = 1 'r/ e E 10 for some 
a- E I. So it remains to show that (i) => (ii) . Fix an arbitrary representative 
x of x and let us first assume the following additional hypothesis: 

there exists 11 EI such that x(e) > 0 for each e E I,i . (4.13.2) 
If (ii) would be false then it is clear that we get 

'rim E N, m ;?: p, 3 E:m E 11/m such that O < x(E:m) < e: ( 4.13.3) 

where p E N is fixed such that p-1 < 71 . Obviously S := {emlm E N and 
m ;?: p} E S, xxs E N(K) and thus x = cl(x.) where x. := x - xxs- But 
this is a contradiction in view of Theorem 2.18(a) since O E S c Z(x.), 
which proves (ii) in this case. In the general case we apply Theorem 2.18(a) 
to conclude that O Ft Z(x) and thus there is 11 E I such that x(e) -f O for all 
e E I,i, Since clearly z := x .e:i: E Inv(K) and i := x.B:i: = lxl, it follows that 
z E Inv(K) has a representative z which satisfies (4.13.2) (with z replacing 
x). So, by the preceding case we can conclude that there exist a > 0 and 
a E I such that i(E:) ;?: e" for every e E ! 0 , which shows that x satifies 
(4.13.1) ■ 

Notation 4 .14 In what follows the symbol P(S) denotes the set of all sub­
sets of S. If So E P(S) and So -::/- 0 we will denote by g(So) the ideal of K 
generated by the set of all xs such that S E So, i.e. 

g(So) :=< {xslS E So} > . 

Definition 4.15 We denote by P.(S) the set of all :F E P(S) verifying the 
two following conditions: 
(I) For every S E S, either S or sc belongs to :F but not both. 
(II) If S E :F and T E :F then S U T E :F. 

Lemma 4.16 If :F E P.(S) and S, T E :F then xsnT and XSLll' belong to 
g(:F). 

Proof. From the definiton of g(F) it follows that xs and XT belong to 
g(:F) and from Definition 4.15(II) it. is clear that XSl.11' E g(:F) . Obviously 

XSnT = XS·XT E g(:F) . ■ 
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Lemma 4.17 If :FE P.(S) then g(F) is a proper ideal of K. 

Proof. Suppose that 1 E g(F), then we can write 

n 
1 = _E a,XT; 

i=l 
(4.17.1) 

_ n n 

where a; E K and T; E F (1 ::; i ::; n) . Now U T; E F and thus S := n T{ E 
i=l i=l 

S . Since XS·XT, = 0 for each i = 1, 2, .. , n, from (4.17.1) it follows that 

n 

xs = L a;xs-XT, = 0 
i=l 

which is absurd since S ES. (see Proposition 4.2(a)). ■ 

Remark 4.18 (1) Note that in the proof of Lemma 4.17 we did not use 
condition (I) in Definition 4.15 . 
(2) If :FE P.(S) then from Lemma 4.17 it follows that: 
(a) S E F if and only if S E S and xs E g(F) 
(b) If F E F, S E S and if there exists 1/ E I such that Sn 1,, = F n I,, then 
SE F. 
( c) If S E S, F E F and S C F then S E F. 

Theorem 4.19 For every prime ideal p of K there exists a unique Fp E 

P.(S} such that g(Fp} C p . In particular, P.(S} ::J 0. 

Proof. Let p be an arbitrary prime ideal of K. Thus pis a proper ideal and 
since xs + xse = 1 for each S E S , it follows from Proposition 4.3 that 

Fp :={SE s I XS E p} 

satisfies condition (I} of Definition 4.15. Now, for given S, T E Fp we have 

xs, XT E p and thus xsrrr = xs-XT E p . Therefore XS\.11' = xs + xr- xsrrr E 
p. So it is enough to show that SU T E S and clearly O E SU T . Hence if 

we assume that S U T ~ S then there is 1/ E I such that r,, C S U T and so 
XSLII' = 1. Thus 1 E p, which is absurd. We then conclude that Fp E P.(S) 
and clearly g(Fp) C p . That Fp is unique follows from the facts that xs and 
xs• are orthogonal idempotents with sum equal to 1 and that p is a proper 

ideal. ■ 
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Theorem 4.19 associates to every prime ideal p of K a well defined :Fp E 
P.(S) characterized by the inclusion g(:Fp) C p. In what follows the symbol 
g(:F), where :FE P.(S), denotes the r 8-closure of g(:F) in K. 

Now we can prove the main result of this section. It completely describes 
the maximal ideals of K. 

Theorem 4.20 (a) For every maximal ideal m of K we have m = g(:Fm) , 
(b) For every :FE P.(S) the ideal m := g(:F) is maximal and :F = :Fm. 

The proof of Theorem 4.20 will rest on the three following lemmas. For 
a given x E K*, x <;. Inv(K), we know by Theorem 2.18 that there is a 
representative i: of x such that O E Z(x). In the next result we state some 
useful properties of these sets Z ( x). 

Lemma 4.21 Let x E ~ be a non-unit. Then 
(a) Z ( x) E S for each representative x such that O E Z ( x). 
(b) For every representative x of x such that OE Z(x) there is a E N* such 
that N0 (x) ES. (see Definition 4.6) 

Proof. Fix an arbitrary representative x of x such that O E S, where S := 
Z(x). The statement (a) is clear since the assumption O <;. sc implies x = 0 
which is absurd. In order to prove (b) note that S C Tv := Nv(x) for all 
v E N*, thus from (a) it follows that O E Tv for each v E N*. From the 
assumption O ¢ ri for every v E N* it is easily seen that for each v E N* 
there is 77(v) E I such that lx(c)I < cv for all c E l!l(v), which implies x = 0, 

which is again a contradiction. ■ 

The next result gives a condition to decide whether x E g(:F) for given 
x E ~ and :F E P.(S). 

Lemma 4.22 Given x E ~ and :F E P.(S) the following statements are 
equivalent: 
(i) X E g(:F). 
(ii) There exists a representative x of x such that Z(x)c E :F and thus XZ(W = 
1 - XZ(%) E g(:F). 
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Proof. (i) => (ii): From Lemma 4.17 it follows that x <f. Inv(K). Whence, 
by Theorem 2.18, there exists a representative x. of x such that O E Z(x.). 
By Lemma 4.21, we have S := Z(x.) E S and hence the result is proved if 
sc E :F. So we can assume that sc <f. :F which implies S E :F. By (i) we can 
write 

t 

x = La;xs. 
i=l 

where Si E :F and a; E K for all i = 1, 2, .. , t. Since xxs = 0 we get 
t 

x = x(l - xs) = xxs• = ~ a;xs.ns• and obviously we can assume without 
•=l 

loss of generality that 

xs.ns• i= o 'r/ i = 1, 2, .. , t . (4.22.1) 

Now, we set U := u~=l S;nsc and T := sc\u. Thus S;nscnr = 0 for each i = 
t 

1, 2, .. , t, which implies XXT = E a;xs,ns•nT = 0. Therefore x := x. - x.xT 
i=l 

is a representative of x and R := Z(x) =SU T . Hence it is enough to show 
that Rc E :F. From (4.22.1) it follows that OE Sin sc (1 $ i $ t) and since 
0 E Sf c (S; n sc)c we get S; n sc e S(l $ i $ t). This, together with 
S; E :F, (1 $ i $ t), implies (see Remark 4.18(c)) S; n sc E :F, (1 $ i $ t), 
hence Rc = U E :F. 
(ii)=> (i): Let x be a representative of x such that Z(x)c E :F and S := Z(x). 
From xxs = 0 it follows that x = x - xxs = xxs• E g(:F) since sc E :F. ■ 

The following approximation lemma is the la.st result that we need in 
order to prove our main result. 

Lemma 4.23 Let x E K* be a non-unit. Consider the two following state­
ments: 
(a) There exist a representative x of x and a > 0 such that S := Z(x) E S 
and lx(t=)I ~ €a for each€ E sc. 
(b) For every representative x of x such that OE Z(x) there exist a sequence 
(Sm)m~l in S and a sequence {am)m~l in N* verifying the following: 
(I.) Sm+l C Sm and am+l > am for each m EN*. 
{II.) lx(c)I < €a,,. \:/ € E Sm and lx(c)I ~ €- 'r/ €Es:;., wheneverm EN* 
(III.) XXSm --+ 0 form--+ 00. 
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Then if x does not satisfy (a) necessarily it satifies (b). 

Proof. Let .i: be a representative of x such that O e Z(.i:). By Lemma 4.2l(b) 
there exists a1 e N such that S1 := N 41 (x) e S and 

(4.23.1) 

Set x2 := xxs1 and x2 := xxs1 • We shall prove that x2 ,:j: 0 and that 
x2 is not invertible. In fact, notice first that if x2 = 0 then x. := x - x2 

is a representative of x and Z(x.) = 81 . But then, by (4.23.1), x. satisfies 
condition (a), which is a contradition. That x2 is a zero divisor follows by 
Theorem 2.18 since Sf C Z(x2) . Hence we may apply Lemma 4.2l(b) to x2. 
It follows that there exists a2 EN such that T2 := N42 (x2) E S and 

Let S2 := S1 n T2. We claim that S2 E S and a2 > a1 . Indeed, the definition 
of x2 and ( 4.23.2) imply that 

(4.23.3) 

Hence it follows that 

( 4.23.4) 

and thus from (4.23.1), (4.23.3) and (4.23.2) we get 

and therefore a2 > a 1. Since S1,T2 E S we have OE Sf U Ti = S~ and 
hence we must have S2 E S. Otherwise we would have O ¢ S2 and hence 
there would exist 71 E l such that S2 n 117 = 0, which implies, as it is easily 
seen from (4.23.3) and the definition of S2, that lx(e:) I ;::: E41 VE e Si and 
lx(e:)I 2:: E42 Ve e Tin 117 = S1 n 117• Thus lx(e)I 2:: e42 Ve e 117 , i.e., x is a 
unit which is a contradiction. 
Now it is clear that by arguing as well as for Sm, am, (m = 1, 2) we can 
construct inductively the sequences (Smh:1 and (am)m~l as in (b) verifying 
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conditions (I.) and (II.). So it remains to check only that condition (III.) 
holds. Indeed, from (II.) it follows that for each m EN we have l(xxsm)(e)I < 
e...., for every e EI which implies that llxxs ... 11 :5 e_....,-+ 0 as m-+ oo. ■ 

Proof of Theorem 4.20. (a) Let m be a maximal ideal of K. By Theorem 
4.19 there exists F = Fm such that g(F) c m . Let x E m \ g(F). We 
shall construct a sequence (xm) in g(F) such that Xm -+ x in K. We first 
show that x satifies condition (b) of Lemma 4.23. Indeed, assume that x 
satisfies condition (a) of Lemma 4.23, then there exist a representative x of 
x and a > 0 such that S := Z(x) e S and lx(e)I ~ e" for each e e sc. 
Assuming first that S E F it follows that y := e,..x + xs e m, which is 
absurd because y is a unit, as it is easily seen by applying Theorem 4.13 to 
the representative y := 8,..x + xs-Next assume sc E F; in this case it follows 
that xs• = 1 - xs E g(F) and since xxs = 0 we get x = xxs• E g(F), 
another contradiction. We can then conclude that x satisfies the condition 
(b) of Lemma 4.23. Fix a representative x of x such that O E Z(x) and 
consider the two sequences (Sm) and (am) associates to x as in condition 
(b) of Lemma 4.23. We will show that S;, E F for each m ~ 1. In fact if 
this were not the case then there would exists 11 ~ l such that, as before, 
y := 0,..x.(l - xs.,) + xsw would be a unit belonging tom, a contradiction. 
Hence it follows that (xxs:Jm~I is a sequence in g(F) and, from Lemma 
4.23, we have XXS;.. = X - xxsm -+ X as m -+ 00 . 

(b) Note that, by Lemma 4.17, g(F) is a proper ideal of K and therefore it 
is contained in a maximal ideal m of K . Moreover, Theorem 4.19 implies 
F = Fm and then the conclusion follows at once from (a) . ■ 

We now recollect the facts already shown about maximal and primes 
ideals of K. 

Remark 4 .24 (a) For each prime ideal p of K there is one and only one 
Fp E P.(S) such that g(Fp) C p (Theorem 4.19). 
(b) To each F E P.(S) it is associated the maximal ideal m := g(F) (Theo­
rem 4.20(b)). Moreover, the non-void set determined by any FE P.(S) : 

P:,: := {Pl p is a prime ideal of K and g(F) C p }, 
has the following properties: 
(1.) . p C m V p E P:,: (where m := g(F)); 
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(II.) :F = :Fp 'v p E P:,: {in particular, :F = :Fm); 
(III.) If q is a minimal prime ideal contained in m, then q E PF and thus 
g(:F) C q C m and :Fq = :F. 
(c) If p is any prime ideal then given any :F E P.(S), p is never properly 
contained in g(:F). 

Indeed, only the second statement of (b) and (c) require some justifi­
cation, being clear that P:,: / 0 since m E PF. If p E P:,: and p <t. m, 
since p is contained in a maximal ideal n we must have m 'f' n. But from 
n :::> p :::> g(:F) it follows that m and n are prime ideals containing g(:F) . 
Hence, by (a), we have :F = :Fm = :Fn and then, by Theorem 4.20(a), we 
get m = n, which is absurd and proves (I.). That (II.) holds follows from 
the unicity in (a) . Let q be as in (III.). From (a) it follows that g(:F') C q 
where :F' = :Fq, hence q E P:,:,. Thus, by (b) we get q C n := g(:F') and n 
is maximal. Since q cm n n, m and n are prime and contain g(:F') we can 
conclude that :F' = :Fm = :Fn = :F and therefore g(:F) C q . Thus q E PF· 
We will show that (c) holds. Assume that pis a prime ideal, that :FE P.(S) 
and that g(:F) contains properly p. For a given S E :F, since xs and XS< are 
orthogonal idempotents with sum equals to 1, it follows that ')(S< (/; p, since 
otherwise we would have 1 = xs + XS< E g(:F), which is absurd by Lemma 
4.17. So xs E p for each SE :F and thus g(:F) c p , which is a contradiction. 

From the point of view of this work there are several interesting questions 
about prime and maximal ideals of K. We list some of them: ( 1) g(:F) 'f' g(:F) 
for each (or for some) :FE P.(S)? (2) g(:F) is a prime ideal for each (or for 
some) :FE P.(S)? (3) Are there prime ideals in K others than the maximal 
ones? ( 4) g(:F1) and g(:F2) are isomorphic whenever :F1 and :F2 belong to 
P.(S)? (5) What can we say about the Krull dimension of K? 

Another interesting consequence of the approximation Lemma 4.23 is the 
following: 

Theorem 4.25 Inv(K) is an open dense subset of K. 

Proof. By Corollary 2.10 it is enough to show that Inv(K) is a dense subset 
of K . To this end we fix any x E K \ Inv(K) and construct a sequence 
(xm}m~l in Inv(K) which is r.-convergent to x. Assume first that x satisfies 
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the condition (a) of Lemma 4.23 then, with this notation, we set xm := 

x(l - xs) + OmXS = x + OmXs(m ~ 1). From Theorem 4.13 it follows at 
once that Xm E lnv(K) for each m ~ 1 and it is clear that xm -+ x since 

llxm - xii = llomxsll = llomll = e-m-+ 0 as m -+ oo. Next we can assume 
that x satisfies the condition (b) of Lemma 4.23. So, for a fixed representative 
x of x such that OE Z(x) we can consider the sequences (Sm)m?:l and (am)m?;l 
associated to x as in Lemma 4.23(b). From the proof of this result we get 

(4.25.1) 

We define Xm := x(l - Xsm) + OmXSm (m ~ 1) and its representative 
Xm := £(1 - xsm) + OmXSm· Hence Xm -+ X as m -+ 00 since llxm - xii = 
11(0 m - x)xsmll ~ max{llomxsmll, llxxs"'II} = max{llomll, llxxsmll} = 
max{e-m, llxxsmll} -+ 0 as m -+ oo. Moreover, for each m ~ 1, the in­
equalities (4.25.1) together with Theorem 4.13 show that Xm E lnv(K) for 
each m ~ 1. ■ 

Now let us recall some algebraic terminology before the next results. Let 
K be a field and L an extension of K . An element a E L is said to be 
algebraic on Kif there exists p E K[x],p-:/= 0 such that p(a) = 0. We denote 
by AL(K) the set of all a E L which are algebraic on K . K is said to be 
algebraically closed in L if AL(K) = K . L is said to be a transcendent (resp. 
an algebraic) extension of K if L :/; AL(K) (resp. L = AL(K)) 

Let m be a maximal ideal of K. From Theorem 2.13 we know that K 
can be identified to a subfield of K/m and we have the following result: 

Proposition 4.26 K is algebraically closed in K/m for every maximal ideal 
m ofK. 

Proof. Firstly assume that K = C and fix a E C/m which is algebraic over 
C . Then C(o) is an algebraic extension of C which is algebraically closed. 
Thus C(o) = C and therefore a EC. 

Secondly assume that K = R and let a E R/m be algebraic over R. If 
a r/. R , it follows that R(o) ~ C since C is, up to isomorphism, the unique 
algebraic extension of R. Hence i := A E R/m. Thus there exists x ER 
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such that µ := x2 + 1 E m . Since µ is a zero divisor, from Theorem 2.18, 
it follows that µ has a representative ji, such that O E Z(ji,} . Hence there is 

a sequence (en)n~i in I such that ji,(en) = 0 for all n ~ 1 and En -+ 0 as 
n -+ oo. Let i; be any representative of x so we can write 

x(e)2 + 1 = ji,(e) + w(e), (e E I), 

where w E N(R). But, for E = En(n ~ 1), the above identity leads to a 
contradiction since x(e) ER for all e EI and w(en)-+ Oas n-+ oo. ■ 

Proposition 4.27 (a) If :Fi, :F2 E P.(S) and :Fi "'f' :F2 then g(:F1) + g(:F2) = 
K. 
(b) If :F E P.(S) then K/ g(:F) is a local ring whose maximal ideal is g(:F)/ g(:F) . 
(c) The field K/g(:F) has characteristic O for every :FE P.(S) . 

Proof. (a) There is S E :Fi such that S f/. :F2. Thus sc E :F2 and hence 

1 = XS+ XS< E g(:F1) + g(:F2). 
(b) Set B := K/g(:F) and denote by cp : K -+ B the quotient map. Let 
m 0 be a maximal ideal of B . Then m := cp-i(m0 ) is a maximal ideal of 
I< containing g(:F) . Hence, from theorem 4.20 it follows that :F = :Fm and 
m = g(:F). Thus 

mo= cp(m) = cp(g(:F)) = g(:F)/g(:F) 

is the unique maximal ideal of B . 
(c) Fix any :F E P.(S) . From Theorem 4.20 we know that m := g(:F) is a 
maximal ideal of K . Hence from Theorem 2.13 we can conclude that K/m 
is an extension of K. Therefore the statement follows at once from the fact 
that K has characteristic 0. ■ 

Theorem 4.28 The set of maximal ideals of K is uncountable 

Proof. Let B = (x>.)>.eA be a transcendence basis of R over Q. Then A is 
an uncountable set and B is also a transcendence basis of C over Q. For 

. lx"I 
each >. E A there is p(>.) E N• such that p(>.) $ 1. Hence 
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is a strictly decreasing sequence in I which converges to zero. 
It follows that 

and moreover 

(4.28.1) 

Indeed, if we assume that (4.28.1) is false then there would exist m ;?: p(.X) 
and n ~ p(µ) such that 

lxAI lxµI -=-, 
m n 

m 
and hence xA = ±-xµ, which is absurd. For each>. EA we set 

n 

SA := (u!)c and n := XS>.· 

From (4.28.1) it follows that 

.X , µ E A and >. =/a µ ⇒ n + Xµ E Inv(K) ( 4.28.2) 

since>. =/aµ implies SAU Sµ = I and hence (;b + ;R:µ)(c) ~ 1 for each c EI. 

Since XA ¢ Inv(K) for every >. E A, there is a maximal ideal mA of K such 
that XA E mA and from Theorem 4.19 it follows that there exists :FA E P.(S) 
such that g(:FA) c mA, hence XA E mA = g(:FA)(.X E A). As a consequence, 
from the definition of :FA (see the proof of Theorem 4.19) we get 

Now it is clear from (4.28.2) and (4.28.3) that the map 

>. E A__. :FAE P.(S) 

is injective and hence, the map 

). EA__. g(:FA) EM, 

(4.28.3) 

where M denotes the set of all maximal ideals of K, is injective. In fact, if 
.X , µ E A, .X =/a µ and m := g(:FA) = g(:Fµ), we would have 

g(:FA) C m, g(:Fµ) C m and :FA 'f' :Fµ, 
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which is a contradiction in view of the uniqueness in Theorem 4.19. ■ 

We finish giving an application of Proposition 4.26. First we need some 
notation. For a commutative ring A with identity let B(A) denote the set of 
all idempotents of A, i.e., B(A) = {e E Ale2 = e}. 

Proposition 4.29 B(C) = B(R). 

Proof. Since R C C it is enough to prove that B(C) C B(R) To this 
end we fix e E B(C) and let e = a+ ib denote a representative of e, where 
a and b denote the real and imaginary part of e. Since e2 = e, there is 
u = u1 + iu2 E .N(C) such that e2 = e + u and therefore we can write 

e2 = a2 - b2 + 2cibi and e + u = (a+ u1) + i(b + u2) . 

It follows that a2 
- b2 = a + U1 and 2ab = b + u2 and hence, if 

a= cl(a) E R, b = cl(b) E R , from the identities above we get in R: 

a2 
- b2 = a and 2ab = b. 

Therefore b = 2ab = 2a(2ab) = 4a2b = 4(a+b2 )b = 4ab+4b3 = 2(2ab)+4b3 = 
2b + 4b3 , whence 

b(4b2 + 1) = 0. 

Assume b t 0. Since the nilradical of R vanishes we have that b2 t 0, 
and since the Jacobson radical also vanishes there exists a maximal ideal m 
such that b2 <1. m . Consider the canonical map 1r : x E R --> x E R/m. 
Identifying R with its image in R/m (see Theorem 2.13) we conclude that 
4i;2 + 1 = 0. Hence ii is algebraic over R. But, by Proposition 4.26, the 
latter is algebraicly closed in R/m and hence ii E R, a contradiction since 
the polinomial p(x) = 4x2 + 1 is irreducible over R . So we must have that 
b = 0 and the result is proved. ■ 
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