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ABSTRACT. The purpose of this paper is twofold. First of all we character­
ize Bernstein algebras having a nilpotent kernel using idempotents of their 
multiplication algebras. Secondly, we describe some properties of Bernstein 
algebras which are preserved by isomorphisms of their multiplication algebras. 

1. INTRODUCTION 

The study of multiplication algebras of Bernstein algebras began in [21 
and [3]. This paper is a continuation of these two ones. We recall that a bane 
algebra over a field Fis a pair (A,w), where A is a not necessarily associative 
algebra over F and w is a character of A, that is, w: A ➔ F is a homomorphism 
and w -::/:- O; in this case w is called the weight function of (A,w}. Moreover, 
N = kerw is a two-sided ideal of A of codimension 1. A baric algebra (A,w) is 
Bernstein if A is commutative and (x2) 2 = w(x)2x2, for all x EA. From now 
on we consider only finite dimensional algebras over fields of characteristic not 
2 and with at least 5 elements. Given a Bernstein algebra (A,w), the set of 
its nonzero idempotents is Jp(A) = {x2: w(x) = l} and given e E Ip(A), we 
have the Peirce decomposition relative to this idempotent, 

A= FeEBUeEB Ve, (1) 
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where Ue = {x EN: 2xe = x} and Ye= {x EN: xe = 0}. Unless necessary, 

we omit the subscript e in Ue and Ye. The relations 

as well as the identities, for u EU and v E V, 

u3 = 0, u(uv) = 0, uv2 = 0, u2(uv) = 0, u2v2 = 0, (uv)2 = 0 (3) 

hold in A. The dimensions of U and Vin (1) are invariant under change of 

idempotents, and the pair (1 + dim U, dim V}, which therefore is well defined, 

is called the type of A. If A satisfies A2 = A then we say that A is nuclear. 

This is equivalent to U2 =Vin (1). The subspace L = {u e U: uU = O} is an 

ideal of A, independent of the idempotent (see, for instance, [5, Th. 3.4.19)). 

We will denote by J the smallest ideal of A such that N / I is nilpotent. Since 

N/L is nilpotent, we have J ~ L. When U2 = 0 in (2), A is called exceptional 
and when UV•= V2 = 0, A is normal. These conditions are independent of 

the idempotent in A. Other characterizations of these algebras can be found 

in (5] or (7], as well 8S the bUBic theory of Bernstein algebras. These algebras 

were defined in the seventies as a model for studing Hardy-Weinberg law in 

Genetics. 
Given a Bernstein algebra A = Fe EB U EB V, its multiplication algebra 

M(A) is the subalgebra of End (A) generated by the operators Ls, x E A, 

defined by Lz(a) = xa, for all a E A. This algebra is baric, with weight 

function w defined on the generators by w(Lz) = w(x), for all x e A. The 

function w is called the weight function on M(A) induced by w. We have 

kerw = (N: A)= {o- E M(A) : o-(A) ~ N}. The operator 2L: - Le is an 

idempotent of weight 1 and so we have the decomposition 

M(A) = F(2L! - Le} EB (N : A). (4) 

Moreover, 4Le - 4L~ E (N: A) is also an idempotent and every O' e M(A) is 

decomposed in the form 

O' = a(2L:- Le)+ (J(4Le - 4L:) + 9, 

with a,fJ E F and 9 EN, where N is the ideal of M(A) generated by {Lz: 

x E N}. Observe that N ~ (N : A). 
If A = Fe EB U EB V is a Bernstein algebra then M(A) has the decomposition 

relative to the idempotent 2L! - Le, 

M(A) = F(2L! - Le) EB fJ EB V, (5) 
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where ff= {t/iz: :r; EU EB U2}, here 1/lz(e) = :r; and 1/lz(N} = O, and V = {u E 
(N: A) : u(e) = O}. These subspaces satisfy the following relations: 

(6) 

If U =/:- 0, we can refine the decomposition presented in (5) using the idempotent 
4Le - 4L~ EV. We have V = Vu EB ½o EB Vo1 EB V00 , such that if a EV then 

O' E Vi.1 {:} u(U) ~ U and u(V) = O; 

u E Vi.o {:} u(U) = 0 and u(V) ~ U; 

a E Vo1 <=> u(U) ~ V and u(V) = O; 

u E Voo <=> u(U) = 0 and u(V) s; V. 

We have two characterizations of normal Bernstein algebras. 

Lemma 1. Let A be a Bernstein algebra. Are equivalent: 

(i) A is no1T11al; 
(ii) Vi.o = O; 

(iii) M(A) = F(2L~ - Le) EB ff EB F{4Le - 4L~) EB {Lu - 2LeLu: u EU}. 

(7) 

(8) 

(9) 

(10) 

For every integer k ~ 1 and a E N", the image of a is contained in N". In 
particular, we have the following relevant fact: 

Theorem 1. The ideal N of A is nilpotent if and only if the ideal N of M(A) 
is nilpotent. 

All the above facts about multiplication algebras of Bernstein algebras were 
proved in [2,3]. 

In the following A= FeEBUEBV will be a Bernstein algebra of type (l+r,s), 
L = {u EU: uU = O} and J ~ L the smallest ideal of A such that N/1 is 
nilpotent, where N = U EB V. Recall that the symbol 1/1:i: denotes a linear 
mapping in ff and hence, we are assuming that x E U EB U2. 

2. IDEMPOTENTS IN THE MULTIPLICATION ALGEBRA 

After the description of some properties of idempotents in multiplication 
algebras, we will have a characterization of Bernstein algebras such that N = 
ker w is nilpotent. We will see, initially, how is the Peirce decomposition of 
idempotents in M(A), for A Bernstein. First, we note that the weight of an 
idempotent in M(A) is either O or 1. 
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Proposition 1. (i) An element q E M(A) is an idempotent of weight 1 
{that is, w(a) = 1) if and only if a = 2L~ - L., + t/J:r + 0, with O E V an 
idempotent and x E ker0 n (U EB U2). 

(ii) An element q E (N: A) is an idempotent if and only if u = t/J:r+O, where 
0 E V is an idempotent and x E Im 0. 

PROOF: Let u be an element in M(A) of weight 1. According to (5) we can 

write u = 2L~ -- L., + t/J:i: + 0, with t/Jz E fi and O E V. Then a is an idempotent 
if and only if 2L~ - L., + 1P:r + 01/;:r + 02 = 2L~ - L., + t/J:r + 0. This equality is 
equivalent to 0'1/J:r = 0 and 02 = (} since 01/J:r is in fl. Sou is an idempotent if 
and only if fJ is an idempotent and 8(x) = 0. The proof for (ii) is similar. ■ 

By the previous proposition, the description of idempotents in M(A) can 
be restricted to the description of idempotents in V. The elements in V can 

be written in the form a(4Le - 4L~) + 8, where a E F and fJ E V n N since 
V = F(4Le - 4L~) + (V n N). Recall that the idempotent 4L., - 4L~ is zero 
if and only if U = 0. 

Lemma 2. If N is nilpotent, then the nonzero idempotents in V have the 
form 4L., - 4L~ + 8, with fJ E V n N. 

PROOF: If U = 0, then 4Le - 4L~ = 0 and hence V ~ N is nilpotent by 
Theorem 1. Therefore V has not idempotents distinct from zero, in this case. 
Next, we will assume that U =/: 0. Then 4L., - 4L! ¢ N since N is nilpotent, 
and hence V = F(4L .. - 4L:) EB (V n N). Thus, for u an idempotent element 
in V, we have that u = o(4Le - 4£!) + 8, with () E V n N. Then, because 
V n N is an ideal of V, the relation u2 = a implies a 2 = a, that is, a= O or 
o = 1. If a = 0 then u = fJ E N; so u = 0, because N is nilpotent. In this 
way, if u is a nonzero idempotent, we must have a = 1. ■ 

Lemma 3. For all u E M(A) and tJ E V, v =/: 0, we have u(v) =/: v. 

PROOF: Let u E M(A) satisfying u(v) = v for some v E V. Recall that u 
has a decomposition u = o(2L! - L .. ) + {3(4L., - 4L~) + (J with 0 EN. Thus 
v = u(v) = fJ(v) and hence"= tJ'c(u), for all k. Then, because the elements of 
&1e have their images in N1e, we obtain that 11 = fJlc(u) e Nie~ I~ L ~ U for 
some k ~ 1, that is, v e V n U = {O}. ■ 

Corollary 1. Every idempotent in (N: A) has mnk less than or equal tor. 
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PROOF: Suppose that there is an idempotent a E (N : A) of rank greater 
than r. By definition of (N: A), we have that Im (a)~ N and hence there is 
0 ::p v E Im (a) n V, what is a contradicition, by Lemma 3. ■ 

Corollary 2. Every idempotent in M(A) has rank less than or equal to r+l. 

Corollary 3. They are equivalent: 

(i) s > O; 
(ii) M(A) is an algebra without unity. 

Proposition 2. If N is nilpotent then all the non-zero idempotents of V have 
rank r. 

PROOF: By Lemma 2, an idempotent a E V can be decomposed as a = 
4Le -4L~ +9 with 8 EV n N. If rank of u is less than r, then dim(keru) > s 
and hence there exists O # u E keranU. So O = a(u) = {4Le-4L~)(u)+9(u) = 
u + 9(u) and therefore 9(u) = -u, contrary to the nilpotency of 9. Thus, the 
rank of u is greater than or equal to r. Finally, using Lemma 3 we conclude 
that the rank of u is necessarily r. ■ 

Now, from Proposition 1 and Proposition 2 we obtain the following fact. 

Corollary 1. If N is nilpotent then 

(i) the idempotents of M(A) of weight 1 have rank 1 or 1 + r; 
(ii) the idempotents of (N : A) have rank r. 

PROOF: If u is an idempotent of weight 1 then, by (i) of Proposition 1, 
u = 2L~ - Le+ ,p., + 9, where 9 E V is an idempotent and x E ker9. If 
8 = 0 then u = 2L~ - Le + ,p., has rank 1. If 9 ::p O then, by the Proposition 2, 
rk (8) =rand consequently rk (u) = 1 +r. In the case that u is an idempotent 
in (N: A), we have, by (ii) of Proposition 1, that u = t/J., + 8, with x E Im8 
and ()2 = 8. So rk (u) = rk (8) = r. ■ 

We intend to classify Bernstein algebras having nilpotent kernel using idem­
potents in their multiplica~on algebras. For this, it will be necessary to de­
scribe the idempotents in N. 

Proposition 3. If u e .N is an idempotent then Im u ~ I ~ L. 

PROOF: Let A= A/1 and 1r: M(A) ➔ M(A) be the epimorphism given by 
1r(L:i:) = ½, where x = x + I. Obviously N = {x : x E N} is nilpotent. Thus, 

from Theorem 1 we get that N is also nilpotent. Then, because 1r(.N) = N, 
for every idempotent u EN, we have 7r(a) = 0, that is Imu ~ I. ■ 
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Corollary 1. If 4Le - 4L~ E N then A is exceptional. 

Thus we have proved that if A is non-exceptional or N is nilpotent with 
r > 0, then 

M(A) = F(2L! - Le) EB F{4Le - 4L!) EB N. {11) 

Theorem 2. Let A= FeEBN be Bernstein of type (I+r,s). If N is nilpotent 
then all the idempotents in (N : A) have rank r. The converse is true if A is 
non exceptional. 

PROOF: If N is nilpotent then, by Corollary 1 of Proposition 2, idempotent 
elements of (N: A) have rank r. For the converse we will assume that N is 
not nilpotent. In view of the Theorem 1, N is not nilpotent and hence there 
is an idempotent a EN, a "I- 0. Now by Proposition 3 we have that Ima~ I. 
Then, because I is a proper subspace of U, we have that the rank of a is less 

~~ ■ 

Now we will see other properties of idempotents in M(A). 

Propqsition 3 gives us a characterization of idempotents in N. From this 
result, we can obtain more information about these elements: 

Proposition 4. An element a E N is an idempotent if and only if a = a11 + 
a10, where uu E Yu is an idempotent and u10 E Vio is auch that Im (a10} ~ 
Im(uu). 

PROOF: If u E N is an idempotent then, by Proposition 3, its image is 
contained in I ~ L. Then u E Vi.1 EB Vi.o- Decompose u = u11 + u10 , with 
au E Vi.1 and u10 E Vio- From a2 = u we obtain of1 + u11u10 = au + a10, 
that is, uf1 = au and uuu10 = a1o. It follows that u11 is an idempotent and 
Im (a10) ~ Im (a11). The reverse is trivial. ■ 

3. ON ISOMORPHISMS OF MULTIPLICATION ALGEBRAS 

Here we will consider the following problem: "If A and A' are Bernstein 
algebras such that M(A) and M(A') are isomorphic and A has the property 
P then does A' also have the property P?" We will derive some properties of 
Bernstein algebras that are preserved by isomorphisms of their multiplication 
algebras. 

We prove initialy {Theorem 3) that all isomorphisms of multiplication alge­
bras of Bernstein algebras are baric, that is, they preserve the induced weight 
function w already defined. 
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Lemma 4. Let (B,w) and (B',w') be two baric algebras such that there is an 
isomorphism qt : B ➔ B'. Then: 

(i) qt is a baric isomorphism if and only if qt(kerw) ~ kerw'; 
(ii) if there is c EB such th~t both c andw(c) have weight 1 and \ll((Fc) kerw) 

is contained in ker w' then 'V is a baric isomorphism. 

PROOF: 

(i) As "\II is an isomorphism, "\ll(kerw) has codimension 1 in B'. Thus if 
w(kerw) ~ kerw' then w(kerw) = kerw'. Moreover, if c EB is such that 
w(c) = 1 then w'(w(c)) = w'(\Jf(c2)) = w'(qt(c)2), that is, w'(w(c)) = O or 
1. But \Jt(c) f/. kerw'. Therefore, w'(\Jf(c)) = 1. Using the decomposition 
B = Fe EB kerw, we conclude that w' o '11 = w, that is, qt is baric. The 
converse is trivial. 

(ii) We have that elements of \Jf{Fc)\Jf(kerw) have weight 0. Since \Jf(c) has 
weight 1, we have \Jf(kerw) ~ kerw'. By part (i) above, w is a baric 
isomorphism. ■ 

Lemma 5. The following relation holds: 

n V1 = {u E M(A): u(A2
) = O}. 

fElp{A) 

PROOF: Let CT in the intemection of Vt, f E lp(A). For each u E Ue we have 
u(e + u + u2) = 0, since u E Vt, where/= e + u + u2. As u(e) = 0, we have 
u( u + u2) = 0. We now take the element -u E Ue and obtain u(-u + u2) = 0, 
that is, u(u) = 0 = u(u2), for all u E Ue- Therefore u(A2

) = u(FeeUeeU:) = 
0. On the other hand, if u(A2) = 0 then u(e+u+u2) = 0, for all u EU. Thus 
u E V1, for all J E lp(A). ■ 

Theorem 3. Every isomorphism between any two multiplication algebras of 
Bernstein algebras is baric. 

PROOF: Suppose that the isomorphism cl>: M(A) ➔ M(A') is not baric. 
Let e and e be two fixed idempotents in A and A' respectively. Using the 
inverse isomorphism, that is not baric too, and (ii) of Lemma 4, we have that 
P = c1>-1({2L~ - Le1 + 'Pz : x E Ue1 $ lf:,}) is contained in (N: A). Thus 
{O} = c1>{(2£:-Le)P) = c1>(2L:-Le)cl>(P), and hence O = [c1>(2£:-Le)](2£~­
Le1 + ,pz1 )(e) = [c1>(2L: - Le)](e + x'), for all x' E Ue1 $ lf:,. Consequently, 
(c1>(2L! - Le)]((A')2) = 0 but this is impossible since c1>(2£~ - Le) is a non-zero 
idempotent and Im [c1>(2L~ - Le)] ~ (A')2

• ■ 
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We have seen in Proposition 1 (i) bow are the idempotents of weight 1 in 
multiplication algebras of Bernstein algebras. The next result shows us how are 
the idempotents that might be the image by an isomorphism of the operator 

2L!-Le. 

Proposition 5. Let A = Fe EB U EB V and A' = Fe' EB U' EB V' be Bernstein 
and 4> : M(A) ➔ M(A') an isomorphism. Then for every x E U EB U2 there 

exists x' EU' EB U'2 such that w(2L~ - Le+ 1/Jz) = 2L~ - L~ + "Pr· 

PROOF: Let x be an element in U EB U2 and consider the idempotent u = 
2L~ - Le+ 'P:r:• In view of the Proposition 1 we have that 4>(u) is of the 

form 2L~ - L~ + 'Pr + 0', with 0' E V' and idempotent. Since c) is a baric 
isomorphism, there is 8 E (N: A) such that 4>(8) = 8'. Then O = (2L!- Le+ 
'P:r:)9 forces that O = 4>{2L~ - Le+ t/J'l/)9) = (2L~ - L~ +'Pr+ 9')9' = 9'2 = 9'. 
Consequently, we have proved that 0' = 0. ■ 

Remark 1. In view of the Proposition 5, if U' :/: 0 then there are idempotents 
of weight 1 in M(A') that cannot be the image of 2L~ - Le by isomorphisms. 
For instance, 2L~ - Le'+ t/J:r1 + 4Le' - 4L~, with x' E U'2 • 

Proposition 6. If A and A' are Bernstein and~= M(A) ➔ M(A') is an 
isomorphism then 4>{ii) = ii'. 
PROOF: Let now x be an element in U EB rJ2 and consider 'f/J'I/ E ii. Then, 
by Proposition 5, c)('f/Jz) = ~({2L~ - Le+ ,J,,.) - (2L~ - Le)) = ~(2L~ - Le+ 
t/J,.) - 4>(2L~ - Le) E ii'. Therefore ~(ii) ~ ii'. In a similar way, using the 
isomorphism 4>-1 we obtain that 4>-1(U') ~ ii. So 4>(U) = U'. ■ 

In view of the Proposition 6, if A = Fe EB Ue EB Ve and A' = Fe EB U~ EB V~ 
are Bernstein algebras such that M(A) and M{A') are isomorphic with 4> as 
isomorphism, then we have the following results. 

Corollary 1. The algebras A2 and A'2 have the same dimension. 

Corollary 2. We have that 4>(F(2L~ - Le) EB U) = F(2L~ - L~) EB U'. 
Proposition 7. Let 4>: M(A) ➔ M(A') be an isomorphism. Then, for every 
<1 E M(A), we have that 

rk (u!A2 ) ~ rk {4>(u) JA,2) ~ rk (4>(u)). 

PROOF: Let u = a(2L~-Le)+,J,'11+9 E M{A), t/Jz E ii, 9 EV. Ha#- 0 or x :/-
0, rk {a(2L~-Le)+,t,z) = 1. So we have rk {u!A2) = l+rk (8JA2 ) or rk (ulA2 ) = 
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rk(OjA2 ). Hrk{o- jA2 ) = l+rk(O IA,) = l+mthen therearexi, .. , ,xm E Ue'l/2 
such that { o-(e}, o-(xi), ... , a(xm)} is a linearly independent set, that is, for all 
(.XO, A1, ••. , ,\,,.) E F"'+l \ {O}, we have O-# Aoa(e)+,\1a(xi)+· • ·+,\,,.u(xm) = 
(..X0a(2L! - Le) + At0'1Pz1 + · · · + Am0'1Pz,,.)(e). Applying the isomorphism <I> 
and recalling that <I>{U) = U' and <I>(2L~ - Le) = 2L~ - Lr1 + ,pz1, for some 
x' E U' e U'2, we get: 

Aoil>(a)(2L~ - Le1 + ,p:z1) + At <I>(a),p~ + · · · + Amil>(a)t/J:r:1.,. ¥= 0, 

with 'Pr;= <I>(tJ,~;). This operator is in F(2L~ - L,1) (BU'. Then, evaluating 
one', 

Aoil>{a)(e' + x') + A1 <I>{a)(xD + · · · + ,\,,.il>(a)(x:,.) ¥= 0, 

for all (),o, .l.1, ... , Am) E F"'+l \ {O}, that is, 

{ <I>(a}(e' + x'), il>(a)(xD, ... , il>(a)(x:,.)} 

is a linearly independent set. Consequently rk (a!A,) :S rk (<I>(o-) IA, 2). If 
rk (a!A2)=rk (O jA2 ), there are x1, .. . ,xm E UelP such that {a(xi), ... ,a(xm)} 
is linearly independent. The proof that rk (a jA,) ~ rk (<I>(o) IA,1) in this~ 
is similar to the previous one. ■ 

Corollary 1. If <P: M(A) ➔ M(A1
) is an isomorphism and A is a nuclear 

Bernstein algebra then rk (O') ~ rk (cJl(u)), for all CT E M(A). ■ 

Corollary 2. If<!>: M(A) ➔ M(A') is an isomorphism and A, A' are nuclear 
Bernstein algebras then rk (u) = rk (<I>(a)), for all O' E M(A). ■ 

Proposition 8. If A= Fee U e V and A'= Fe$ U' EB V' are Bernstein 
with isomorphic multiplication algebras then dim U = dim U'. 

PROOF: Let dim U = r and dim U' = r'. The idempotent 4Le - 4L~ has 
rank rand (4Le - 4L~)fv = O. By Proposition 7, rk(<I>(4Le - 4L~)) ~ r. 
On the other hand, the idempotent cJ1(4Le - 4L~) E (N' : A') has rank less 
or equal to r', by Proposition 1. Then r :S rk (cJ1(4Le - 4L~)) :S r'. In a 
similar way, using the inverse isomorphism, we obtain r' :S r. Consequently, 
dimU = r = r' = dimU'. ■ 

Corollary 1. If A and A' are Bernstein with isomorphic multiplication alge­
bras then A 2 and A'2 have the .same type. 

Corollary 2, If A and A' are Bern.stein with isomorphic multiplication alge­
bras, then A is exceptional if and only if A' is exceptional. 

9 



The Corollary 2 shows us a class of Bernstein algebras that is preserved by 
isomorphisms of their multiplication algebras. We will see in the following that 
the same property holds for normal algebras and for algebras with nilpotent 
kernel that are not exceptional. In the next lemma, the baric algebras are not 
necessarily commutative. 

Lemma 6. Let (B,w), (B',w') be arbitrary baric algebras,~: B ➔ B' a baric 
isomorphism and Xi, E ann(ker w'). The linear application f z:, : B ➔ B' defined 
by fr

0
(x) = ~(x} +·w(x)x~ is an isomorphism if and only if% = w(e)ro + 

ro~(e}, for some element e E B of weight 1. 

PROOF: Let e E B be an element of weight 1 and consider e = ~(e). Then, 
for every x, y E B we have that 

fz:,(x)fr
0
(y) = (~(x) + w(x)ro)(~(y) + w(y)ro) 

= ~(x)~(y) + w(y)~(x)ro + w(x)ro~(y) 
= ~(xy) +w(y)w(x)ero + w(x)row(y)e 
= ~(xy) + w(x)w(y)(e'ro + roe) 
= ~(xy)+w(xy)(ero+roe}. 

Thus fz:,(xy) = fz:,(x)fz:,(y) for all x, y EB if and only if To= ~(e}ri,+ro~(e). 
■ 

In the case of Bernstein algebras, ro must be an element of U' n ann ker w'. 
For multiplication algebras of Bernstein algebras, B = M(A) and B' = M(A'), 
it is enough that ru E U' n ann(N' : A'), that is, ro E {t/,z1: x' E annA'}. 

Consider now an isomorphism~: M(A} ➔ M(A'), where A is a Bernstein 
algebra and A' is a normal Bernstein algebra. Let e E A and e' E A' be 
idempotent elements. We know that ~(2L~-L .. } is of the form 2L~ -L.,,+Wr, 
with x' E U' EB U'2• If x' = u' + v', with u' E U' and v' E U'2, then we have 
that 

fr0 (2L!- L,.) = 2L~ - Le1o 

where ri, = t/Ju,a_.,,, and ea is the idempotent e' + u' + U'2• Thus, the following 
porposition is proved. 

Proposition 9. If A and A' are Bernstein algebras with isomorphic multipli­
cation algebras and A' is normal, then there exist~: M(A) ➔ M(A') isomor-

, phism and idempotents e EA and e' EA' such that ~(2L~ - L,.) = 2L~ - L..,. 

Proposition 10. If A and A' are Bernstein with isomorphic multiplication 
algebras and A' is normal then so is A. 
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PROOF: We have M(A) = F{2L!-Le)EBUEB½1EB½oEBYo1EBV'oo and M(A') = 
~(2L~ - L~) EB U' EB F( 4L~ - 4L~) EB { Lu - 2LeL,.: u E U'}. Let's prove that 
V10 = 0. By the previous corollary, we may assume that <Ii: M(A} ➔ M(A') 
is an isomorphism such that <Ii(2L! - Le)= 2L~ - L~. Thus <I> preserves the 
first Peirce decomposition, that is, <Ii(U) = U' and <Ii(V) = V'. Let u E V10 • 

Since a 2 = 0, we have <Ii(u) E V'nN' = VJ1• Then <Ii(u) = <I>((4Le-4L~)u) = 
<I>(4Le - 4L~)<I>(a) E (V/1 EB VJ1)V~1 = 0. Therefore a = 0, that is, Vc,1 = 0. 
Consequently A is normal. ■ 

The next example (obtained by J.C. Gutierrez F.) shows that we may have 
non isomorphic normal nuclear Bernstein algebras with the same type and 
isomorphic multiplication algebras. 

Example 1. Let A= (e,u1,'-'2,V) and A'= (e',u~,u2,v'} be Bernstein alge­
bras with the following non-zero products: 

A : e2 = e eu1 = ½u1 eu2 = ½u2 u~ = v u~ = v 

A': e'2 = e' e'u~ = ½u~ e'ui = ½t4 u~t4 = v 

Both A and A' are normal and nuclear, have the same type and isomorphic 
multiplication algebras; however they are not isomorphic if considered as al­
gebras over the field ·or real numbers. 

Proposition 11. Let A and A' be non-exceptional Bernstein algebras with 
isomorphic multiplication algebras. Then N is nilpotent if and only if N' is 
nilpotent. 

PROOF: Let A and A' be non-exceptional Bernstein algebras with isomorphic 
multiplication algebras, and consider <I>: M(A) ➔ M(A') an isomorphism. H 
N is nilpotent then N is also nilpotent and by (11) we have that <I>(N) ~ 
N'. So <I>(N) = N'. Consequently, N' is also nilpotent and this forces that 
N' is nilpotent. The converse is obtained in an analogous way, using the 
isomorphism <I>-1. ■ 

The hypothesis that A is not exceptional in the previous proposition is 
necessary, according to the following example. 

Example 2. Let A= FeffJUfBV be the Bernstein algebra with bases {u1, '-'2} 
of U and {v1, !'2} of V and the non-zero products in N = U EB V 
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Vt 

V2 U2 

This algebra is exceptional, M(A) = F(2L!-Le)EB(,Pu11 1/Ju3}EBF(4Le-4L!)EB 
(LVJ., L"") and N = {Lv1 , L112 ) is nilpotent. 

We now consider the Bernstein algebra A' = Fe1 EB U' EB V' with non-zero 
products 

u~ ~ v' l v; 
u~ u' 1 

~ u' 2 

v' l u' l ~ 
v' 2 

where {u~,u;} and {Ui,vH are bases of U' and V', respectively. We ob­
serve that M(A') = F(2L~ - Le1) EB (1/Ju~, 1Pv2) EB F( 4Le1 - 4£~) EB (2LeLu~ -
½1bu~, 2Le1Lu~ - ½,t,~} is isomorphic to M(A), under th!. application L. ~ Le1, 
'Pu, t-+ 1/Ju,; Lv, t-+ 2LeLu, - ½1/Ju:, i = 1, 2, but N' = F(LVi) EB V{o = 
F(4Le1 - 4£~) EB V{0 is not nilpotent. 
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