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A sequence P={v 1,v 2 , ... ,vn)of distinct vertices of VG 

is called a path if vivi+l € EG for all 1 ~ i$ n-1. The length of . 

this path is n-1. If, furthermore, vnvl € EG then we have -a ay,cle 

of length n which will be denoted by [v
1
,v

2
, ... ,vn). A cycle of 

1 eng th jVG I is ca 11 ed hamiZtonian. 

/ . 
A verte~ v of a graph G is cal led a aut-vertex of · G if 

the number of components of the graph obtained from G by removing 

- ·" --
the vertex v, is greater than t~e number of components of G. 

An isorrorphism be tween two graphs G and G' is a one-to-one 

mapping +: VG - VG I such that ·xy e EG if and only if 4>{x)¢>(y) € EG'. 

If ♦ is an isomorphism between and a .subgraph of G' then we 

say that ¢> is an embedding of G · in • G'. In thl s case G is said 

~ be embeddable in G'. 

The following result, which can be easily proved, wl 11 

be used in the next two sections. 

LEMMA 1 - If G is a graph 1JJith I EG I - > I VG I {k- l) /2 then G has a vertex v 

- such that d(v) ? k. 

SECTION 1 

In thi.s section we prove the validity of the conjecture 

b-y _ Erd8s . and Sos [1] when · k• \VG I -1. 

The following definition and lemma will be ·used In the 

next theorem. 

Given a subgraph T' of a tree T, we say that T' ·. Is a 

_,_ . 



pending tree of T if ] VT' I -=3, I ET' I a2 and there is a vertex v € VT' 

such that any edge in ET\ET 1 incident -to VT' is incident to .v. 

In some cases we use the nota~ion v-pending tree. · 

LEMMA 2 - If T is a tree with at least 2 edges then T has a pend.in(] tree. 

PROOF - let P=(v 1 ,_v.
2

, ••• ,vn) be a path of ma~_imum length in T. 

Clearly, n ~ 3. If d(vn_
1

) ""2 then 

T' == ({v 
2

,v 
1

,v },{v 
2

v 1 ,v 1
v }) 

n- n- n n- n- n- n 

is a pending tree of T. Otherwise, there is a vertex xSVT,x;&v. (l!i~n) 
I 

such that v 1 x e ET. n-

Observe that d(x)=l, otherwise T would have a path of 

length ·greater than n-1, a contradiction. In this case, 
' 

T 1 ,.. ( "{ V l , X , V } , { V l X , V l V } ) 
n- n · n- n- n 

is a pending tree of T. 

I 

THEOREM 1 - Let G be .a graph 1Jith IVGI • k+l and T a tree with k edges. If 

I EG I > I VG I (k-1) /2 then T is embeddal:iLe in G. 

PROOF - By I n d u c t I on on k • 

If G Is a complete graph the result rs obvious. Suppose 

therefore that G Is not complete. 

It ls easy to see that the theorem is true for k~2. 

By the Induction hypothesis, . given a tree f with J edges, 

J < k, and a graph G such that 
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l·VG I -= J+l and jEGI > JvGl(j-1)/.2, 

-T i9 embeddable in G. 

let us define a grap.h G' and a tree T', from G and 

respectively. 

/" (a) Definition of G1
: . 

·T 
·' 

Since G is not complete, there is a vertex x •~ V~ such 

that d(x) < k. 

By lemma 1 t there i s a ve rt.ex y € VG such that d(y) ::k. 

As d ( v) ~ k for a 11 V € VG, i t fo 11 ows that d(y)=k. 

let G I be the graph obtained from G by removing 

vertices X and y. 

Observe that: 

i) I VG I 1 = k- 1 

Ii) jEG' I• ]·EG I -d(x) -:-d(y)+l 2 IEGl-2k+2 > (k-l)(k-3)/2 

• I VG 1 1(k-3)/2 

·• (b) .Definition of T': · 

-By ,lemm_a 2, T has . av-pending tree T. 

the 

Let T1 be the tree obtained from- T by removing the 

.vertices of vi,{v}. 

Observe that: 

- ... 
11) IET' I • k-2 

By the Induction hypothesis, there ls an embedding $
1 

of T • In G 1 • 

... 
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Lei us define now an embedding t of T in G . . 

-
First consider the case were T ~ ({vu w} ·{vu uw}) , ' , . . 

let ♦: VT-+ VG such that 

y if z=u 

x if z=w 

♦ ' ( z) , o the rw i s e . 

Since ♦' is an embedding of T' .in G' an·d the edges xy 

and ♦ ( v) y e E G'\. E G ' , i t f o I I ow s th a t ♦ i s a n em b e d d i n g o f T i n G • 

~ 

Consider now the case where T = ({v,u,w},{vu,vw}). 

let ♦: VT-+ VG such that: 

y if z :::, V 

X I f z = w 

♦ ( z) - f I ( V) i f z "" u 

♦ 1 ( zl otherwise. 

As d(y)=k, the restriction of ♦ to VT' is an embedding 

·of T' in the subgraph obtained from G by removing the vertices x 

and ♦ '(v). 

Since the edges yx and y ♦' (v) e EG'\.EG', it follows that 

+ Is an embedding of T In G. 

■ 

· SECTiON 2 

tn this section we prove . that under the assumptions of 

ErdHsand Sos'conjecture, G contains any tree with k edges that 

- has a path of length greater than k-2. 
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First, we present two results due to G.A. Dirac [2]. 

which will be used In the proof of the next proposition. 

LEHMA 3 - Let G be a graph. IF · d(v) 1 k ~ 2 for all v € VG, and if IVGj~2k, 

then G has a hamiltonian cycle. 

,LEMMA 4 - Let G be a graph with no cut-verte:£, If d(v) ~- k ? 2 for aU 

v € VG, and if IVG I ? 2k then G ·contains a cycle of length at 

Z.east 2k. 

The proposition below is . .a parti cula_r case of a result due 

to P. Erdos & T. Gallai [3]. 

PROPOSITION - Let G=(VG,EG) be a ·connected graph containing no cycle of 

l ength greater than k-1, k?3- Then jEGI ~ (IVG ]-l)(k-1)/2. 

PROOF - By induction on IVG!. If IVG ! =l the result is obvious. 

If 1 ·< IVG ! < k then IEG I ~ ( IVG l -1)\VG j/2 •( j VG i •t)(k-1)/2. 

Suppose . jVG I ? k. We will consider two cases: 

i) G has a cut-vertex. 

Let G1, G2, ... , G~ (p~2) be the components obtained 

from t by removlng ,. a cut-vertex v. _Let_ G1 , 1st Sp, be graphs 

. 
such that: VG 1 .. VG' . i u {v} 

EG 1 -EG' i u {wv e EG such that w 6 VG 1} 

Let IVG. I .. n I • 1 < I ~ p. Then n 1+n2+ ••• +np·p+l • IVG I and 
I 
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, I 

n 1 < jVGI, 1 ~ i ~ p. Since each Gi does not contain cycles : of 

,length grea_ter than k-1, by the induction hypothesis: 

IEGI = I EG1 I +. IEG_2 l +~--+ l°EGP! · ~ 

~ {(n 1-1) + (n 2
-~} + ••. + (np-l))(k-1)/2 =(!VG l -tHk-.-1)/2. 

ll) · G has no cut-vertex. 

We show that G has a vertex v such that d ( v) ~ ( k- .1) /2 . 

Suppose that such a vertex does not exist. We have the cases: . . 
1) k · = 2j 

In this case d(x) ~ j for all x e VG. 

Since IVG ! ~ 2J, applying lemma 4, we conclude that G 

has a -cycle of length at least k, a contradiction. 

2) k = 2j+1. 

In this case d(x} _? J+l for all x € VG. 

Since I VG ! > 2J+l either I VG ! = 2j+_1 or IVGI ~ 2j+2. In 

both cases we obtafn a contradiction, using lemma 3 and lemma 4, 

res'pec 't t ve 1 y. 

Let G 
1 

be the graph ob ta i ne·d from G by removing the 

vertex v. 

Si nee G 
1 

does not contain eye 1 es of 1 eng th greater than 

k-1 by the Induction hypothesis, jEG 1 1 :: ( I VG l -z)(k-1)/2 ·. -.Thus 

jEGI • d(v) + jEG 1 I ~ _(_k- _1}/2+(IVGl-2)(k-1)/2 = ( IVG l -l)(k-1_}/2. 

The proof of the proposition ls concluded. 

• 

COROLLARY - Given a connected graph G, if jEG I > IVG ! (k-1)/2, k?3, then G 

con.taina a cycl.e of length at least k • 
. ..,·_ . f 
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. 
•THEOREM 2- Let~ be a graph suah that :jEG I >IVG! (k-1)/2 .. Then G· aontains 

any tree ?Ji.th k edges that has a path of length g:eat~r than • 

k-2. 

PROOF - By contradlction. 

Let G' be a graph with the smallest number of vertices sue~ that 

!EG~1>!VG 1 1(k-1)/2 and G' does not satisfy the theorem. 

Suppose GI is _not connected. Let G 1 ; Gi, ... ; 4~, p :! 2, be -the .. 

components of G'. If !'EG 1 I~ lvG 1 I (k-1)/2 for al 1 1:; i ~ p, then 

!EG1s !VG' I (k-1)/2. Therefore for some i, •~ i~ p, JEGP>IVG 1! (k-1)/2 . 

. But this contradicts the choice of G'. ~hus G' is connect~d. 

If 0~ k< 3 the . theorem is trivially true. Suppose ther~fore that 

k:t 3.· By the corollary, G' contains a cycle C= [v1 ,v2, •.. vn] such that ~k. 

Case 1- C is not hamiltonian. 

Since G1 is connected, there is a vertex .we VG' not in C, w adja­

cent to a vertex of C. In this case, it is inmediate that G' contains any 

tree with k edges that ~as a path of ]ength greater than k-2.Contradiction~ 

Case 2- C is hamiltoni.an. 

k-2. 

By lermia 1, C contains a vertex v such that d(v)?k'. But then 

k+l. 

let T be a tree with k edges that has a path of length greater than 

If T Is a path, clearly T ts embeddable In G', a contradiction. 

If T Is not a path then T has 

. ·contains a vertex x1, 1 < I < k, such 

a path P = (x1, x2, .•. , xk) which 

that -d(x.) - 3 • 
I 

lt : 1s easy to find an embedding~• of P in C such that t'(x1)- v. 

Since d(v) > k, there Is a vertex w In C which does not belong to 

the.Image of,• and such that wv e EG'. 

-8-
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Therefore, from~• we can obtain an embedding ~·of T In G', a con­

tradiction. 

- REMl\RK - It Is easy to verify that the conjecture is true for k < 5 . 

. / 
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