





1. INTRODUCTION

A coordinate-free approach in finite populations was introduced by Rodrigues
(1989) as an alternative to the Gauss-Markov set up, used with the purpose of
predicting linear functions. The Gauss-Markov approach is characterized by a de-
pendence on a particular basis matrix, but in the coordinate-free language we need
only to describe a parametric subspace of R¥ » where N is the size of the finite
population. Coordinate-free models in the linear models context are discussed by
Arnold (1980) and Drygas (1970).

In a finite population P = {1,2,...,N}, where N is the known population
gize, let 2;, i = 1,2,.._, N be the value of a random variable y associated to each
population unit. Under the superpopulation approach, we will assume that ¥ is a
random vector such that Y € Q, where Q is an N-dimensional real vector space
with the usual inner product.

The superpopulation model is expressed by
EY)=peq
(1.1)
Var (Y) = a2V,
where (1 is a p-dimensional subspace of @, o* is a unknown positive parameter and
V is a known positive definite matrix.
The considered model is coordinate free, in the senx;e that no basis is defined for
2, the parametric space of 4.
Our main objective is predicting £, a linear combination of the elements of Y.
With this purpose, a sample of n observations is drawn of the population and the

values of y; in Y become known for the sample elements. Let s and r be the sets of

sample and non sample elements, respectively, such that P = s Ur.



We will consider, without loss of generality that Y and V are reordered as

1Y Ve Ve
vel %] wav=[ 1 %],

with ¥, containing the n observed sample elements, Y, containing the unobserved
elements, V, = Var(Y,), V, = Var(¥;) and V,, = Cov(Y,,Y;) is the covariance
matrix.
Under a less general model, with Var (Y) = ¢?D, D a known diagonal matrix,
" Rodrigues (1989) presented the optimal linear predictor of £'Y. In the next section,
we extended the result, obtaining the best linear unbiased predictor of £ in the
model (1.1) and this is the main contribution of the paper. In Section 3, we show
that under the coordinatized model, this predictor coincides with that given by

Royall (1976). Finally, we conclude the paper with some examples in Section 4.

2. BEST LINEAR UNBIASED PREDICTOR OF LINEAR
FUNCTIONS

The linear function 8 = #Y to be predicted may be written as
=LY =L1Y + (- L)Y,

where 1, = diag (i1, 12,. . .,in) is a diagonal matrix with its kth diagonal element 1,
wherei, =lifk € sandi, =0ifker,s={1,2,...,n},r = {n+1,n+2,...,N}.
We note that with this notation, #I,Y corresponds to the linear combination
of the components of Y in the sample and £(I - )Y is the combination of the
unobserved elements.
Before stating the predicting results, it is necessary to introduce some definitions

and preliminary results.



Let

Q,
Q,

{/‘lll“l =L 4 € Q} and
{melpte = (I - L)p,p € Q).

Since after the sample is observed, I,Y will be known, we restrict our attention
to linear predictors of #Y in the form

§=tLY +¥LY,

where b is a N-dimensional vector.

Definition. A linear predictor 8 of 8 is unbiased if and only if
E,(6-6)=0,

for every u € 0.

The class of all linear unbiased predictors of £Y will be denoted by U,.
Finally, next definition states the concept of optimality of the linear predictor of

Definition. The linear predictor 8 is the best linear unbiased predictor of @ or the
optimal linear predictor of  if §, € U, and

Eu(éo r 8)2 < E,,(é - 0)2’
for every s € 1 and every 6 € U,

The value of E,.(éo — 6)? corresponds to the mean-squared error of the predictor

~

8.



The optimal linear predictor of # under the model
EY)=pe
Var (Y) = oD,
where D is a known diagonal matrix and o2 is unknown was obtained by Rodrigues
(1989). It was shown that if dim () = dim (12,), where dim (Q) is the dimension of
the linear space €2, then the best linear unbiased predictor of § = £'Y is given by

b, =LLY + ¥,
where 4, = { f?f }, 0 is a null vector of dimension n, ji, is such that
oo = (I = LYPa(Y, + i)

and Py is the orthogonal projector onto {2.

Returning to the model (1.1), with a non diagonal covariance matrix V, let us
consider the decomposition V = P- P, with P a lower triangular matrix. As shown
by Graybill (1976, Theorem 7.2.1) there is a unique lower triangular matrix P such
that V = PP’. In addition, P is nonsingular. Then, we define the random vector

Z = P7Y and, as a consequence,
Var(Z)= PP Yo? = P'PPP Vo’ = PP ¢’ = °I
Next theorem presents the best linear unbiased predictor of £Y under model
(1.1).

Theorem 1. In the model (1.1)
E(Y) =pE 2
Var (Y) = o2V,
V a known positive definite matrix, the optimal linear predictor of any linear func-

tion of Y, A'Y | is



hII.Y + h’i‘]’ (2.1)

where jiy = [ }2 ], 0 is the null vector of dimension n, ¥, is the solution in Y, of

the system of linear equations
(I-L)PY =(I- L)YP Ry,
and P, is the orthogonal projection matrix onto .

Proof. Let Z = Py = [ g’ } with P the lower triangular matrix such that
V=pPpP,

o = {”.ll“ = P—lﬂ')” € ﬂ},

T' = WPLZ+WPpg,

where jiz = [ g ], 0 is the null vector of dimension n and Z, the solution in Z, of

the system of linear equations
(I-1)Z=(I- L)Pa.(2).

We note that ' does not depend on unknown quantities because, as it will be
shown in the appendix, WPI,Z and K Pji; do not depend on unknown quantities.

Since
B(Z)=P'EY)=Ppu=p" cq
and
Var (Z) = o1,
by Rodrigues’s result, the optimal linear predictor of #Z ig

!I,Z-I-lﬁz



with iz = [ 3 } , where 0 is the null vector of dimension n and Z, is the solution

of the system of linear equations
(I-1)Z=(I-1)Py.2.

Taking £ = h'P, this predictor reduces to I and #Z = k'PP~'Y = h'Y. So, we
have just proved that I" is the optimal linear predictor of A'Y.
To finish the proof, it is enough to show that I' = h'L,Y + &'fiy. For this purpose

we write some of matrices already defined in the partitioned form as

_[m o 2 _[c o
po[Rr) mela )

_ | H | L0 _[o o
Poo =] 4 AJ’I‘_{O 0]’1‘1’“[0 1,,_,,]'

where the submatrix are of dimension n x n, n X (N —n), (N —n) x n and (N —
n) x (N — n) and 0 denotes the null matrix.

Since Z = [ g: ],

(I-1)Z=(1-1,)Pa.2
implies that
Z, = MAZ,+ ApZ, and Z, = (I - A;))"'A\Z,.
Further, P = PPo-P~' (Rao, 1973), then Pg- = P~ 1P, P and after some

calculations we have

L 0
(I-1)F Y‘{Bmwﬂc]

and

(I-L)P'PY (I = LYP1PaPP7Y

0
— - -y —
(= L)PaeP7Y = | (4 o4 AB)Y, + AsBoY, ] :



Thus, if f’, is the solution in ¥, of
(I-L)PYY =(I- L)P 'Ry,
it follows that
Y. = (B~ A:B,) " {(4,C + 4,B, - B,
Now, with this notation,
#5

- p-ly __ f]
= Y*[BIY.+B,Y,

which implies that
Z,=CY,.
So,

BiY.+ByY, = B\Y,+ By(B; — A;B;) " (A,C + 4,8, — By,
{Bl + BzB;I(I - A,)"I(Alc + A3B; — B1)}Y,

{By+ (I - A2) 7 AsC + (1 - A3)"Y(Aq — B}y,

(I - Ag) A 07, = Z,.

Hence,
[} ! A 2 Zl ! O
I' = WPLZ 4+ WPiz=HKP 0 +A'P 7
= hl Pl 0 C}’I .
Py Py || BY, + ByY,
= hl PICY.
N BCY, + PBY, + P,B,Y,
and because
1_ AC 0 |_[L o
= [P,G+P431 P.B, J b [ Q Uy, ] :
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then

F:h’[

o

- [4]

It is important to observe that, since Py is a projection matrix,

] =NLY + }jiy.

Mo

(Y - PaY)YV Y ~ PY) < (Y —v) V™YY =),

for every vector v € Q.

Furthermore, P, has ﬂ%ﬂ) unknown elements and it may be difficult to calcu-
late by the above definition. But it can be obtained as Py = A(A'V~1A4)~1AV-1,
when A is a basis matrix for .

Some applications of the result in Theorem 1 will be presented in the examples.

3. BEST LINEAR UNBIASED PREDICTOR IN THE
COORDINATIZED MODEL

We now consider a coordinatized version of the model (1.1), given by

E(Y)=XB, BER?
(3.1)
Var (Y) = oV,

o? > 0, with V a known positive definite matrix and X a basis matrix of 2.

Under this formulation, X is a N x p matrix of full rank p and there exists a
unique 8 € IR” such that ¢ = X 8. Regression models are included in the class of
models defined in (3.1).

Royall (1976) derived the best linear unbiased predictor of the population total
T= fsly,-. This predictor, adapted to the notation introduced here and to predict

any linear combination of ¥ is given by



T:h’y'. +h’(I—I,) [ X,ﬁ+V.-.V,9l(Y. —X,‘B) ] ’ (3.2)

where f = (XV X)) X!'V-lY, and X = [ ))(E' ]

14

Next theorem shows that in the coordinatized model (3.1), the optimal linear

predictor obtained in Theorem 1 reduces to the Royall’s predictor defined in (3.2).
Theorem 2. Under model (3.1), the optimal linear predictor ALY + k' iy given in
(2.1) is equal to T
Proof. We must show that ¥, in (2.1) is equal to X, 8 + Vi.VU(Y, - X,B).
As proved in Theorem 1

Y. = (Bs — 4:B)"Y(A,C + 4,B, — B)Y,
which is equivalent to

Y. = B7Y[(I - 4:)~'A,C - BY)Y,
Applying (A.3), (A.1) and (A.2) of the appendix, it follows that

Y, = ByY(I- A4)(B,X, + BX )N X'VIX)y'X.CC - ByY,

I

[l

By - A2)7M(BiX, + B X )(X'V-IX) XV - By,

= VoV, + BfY(I - A4)V(B.X, + B X )XV X)x1v Y,

Now, it is enough showing that
By' (I~ A) {(BiX, + BoX J(X'V-1X) = [X, — VaVIIX XV X)L

By (A.6), :

BiY(I - A4) 7 (BuX, + By X, )(X'V -1 X)L

= By'lI +(BiX, + B,X,)(X\V, ' X,) (X! B, + X'BY)]

X(BiX, + By X,)(X'V-1X)™
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and employing (A.2), last expression reduces to

(B! ~ V..V, X, (XV, P X,) " XLB, + X! B)) + X (X,V, X)X, B,
+X,B)l(B1X, + Bo X, )(X'V1X)™!

={-V.V'X, + X, +[X, - VoV X (XUV,IX,) T (XL B, + X! BY)
X(le, + BzX,-)}(X'V_IX)—l.

Finally, using (A.5), we get

B;I(I - Az)-l(BIX, + B X ) (X'V1x)™?
= (Xe = VLV X + (VX XVTX - XXXV LX)
= (X, - Vv'sVn_lxc)(X:Va_lXa)—l' a

4. EXAMPLES

In this section we present two examples to illustrate the optimal predictors that
were obtained in the theorems.

In the first one, we consider a coordinate free model and the predictor is derived
applying Theorem 1. Second example shows an application of Theorem 2 in a

particular coordinatized model.

N
Example 1. Our objective is to predict the population total T = 21 ¥; in the model
E(Y) = p and

. p“’:z

1 P pz s pN"'l
1 p -
N A

o
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with p a known parameter and o* > 0.
Because of the great quantity of calculations, without loss of generality, we re-

strict the attention to the situation where N =4, n = 3, such that

n
" N
Y=l Yo=|w|, Yo=1[y] and
Ya s
! 1 p ¢ ;;:
__ 1 el »p
F el
In this case,
-1 —ppz 0 0 JVi=pZg 0 0 0
v-l=| P 1+ -p 0 1_ —p 1 0 0
0 -p 14 —-p ol 0 -p 1 0
0 0 —-p 1 0 0 —p 1

Since
Q={veR'|v=_(punnpp), p€R}

abase for Qis given by A=[1111].

Then, it is easy to see that

Pa = AAVIA)TAV?
1—p L4+p2=2p 1+p=2p 1=p
1 11-p 14220 1404 ~2p 1—p
4—6p+2p | 1—p 1+ =20 14+p =2 1—p
1—p 14+p2~20 14p2-2p 1—-p
Also
0
. 0
(I-L)PY = 0
—pys + Vs
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and

(I~ L)P'RY =

0
1 0
4—-6p+2p% 0

(1=20+ ) +34) + (1 - 3p+ 302 — P*) (32 + 3s)

. 3
By Theorem 1, the optimal linear predictor of T is T = Y ¥+ Y4, where §; is
=1

the solution in y4 of the equation
(I-L)YPYY = (I - L)P'PyY.

After calculations, we get

ds = A=2p+)p+(1-3p+ 30"~ PYya+ (1 + p— 30> + s

3—dp+p?
and
T = aiys + 6293 + 2333,
— _ _ 3 _ _
wherea1=w-j'2_pz,az=é_ Tp+45° £—a.nda;=4 3p-272+p
3—4p+p? 3—4p+p? 3—4p+p?

It is interesting to note that, if p = 0, such that V = I and y; and y; are
uncorrelated, i # j, then T = 4y,, where 7, is the sample mean. In this case, 7'
is the expansion predictor which was found by Rodrigues (1989) under the model
E(Y) = p and Var(Y) = o?I.

Example 2. Let us consider the superpopulation model
vi=Pz;+e, i= 1,2,...,N,

with E(e;) = 0, Var(e;) = 1, Cov (e;,¢;) = pfor i # 7, 4,5 = 1,2,...,N,and pa

known parameter, |p| # 1.
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Our objective is to calculate the best linear unbiased predictor of the population
N
total T’ = E Yi-
=1
In this situation, the model is coordinatized, and by Theorem 2, it is enough to

obtain the value
Y, = X8+ V.,V \(Y, - X.B).
Let V, and V;, be written as

Vi = (1-p)latpl

Vo = pJN—-n,n »

where J, and Jy_, . are respectively the n x n and (N - n) X n matrix of ones.

Thus, it is easy to see that
k3 k] n
Lgl Y — 1+("“1SP sé:l T i£:1 Yi

B= —=1
E?—_-lz?“m,h;(glzi)
and
an-l-lé'*‘b
V= an+2‘-6+b ’
ﬂnﬁ."‘b
where
an+j=($n+j——p— “z.-)ﬁ j=12,...,N —n,
1+(n-1)p % 2 ’
and

n

PLY
b= —‘=1____
1+(n-1)p

14



APPENDIX

First, we show that I = h'PI,Z + k' Pji; defined in the proof of Theorem 1 does
not depend on unknown quantities.

Since P is a lower triangular matrix, P~ is lower triangular also, then

[ S
ba1y1 + 6.
Sy 0 - 0 21Y1 . 222
Sy Byp - O :
Py = :1 Y= 51;1!/1 + anyz 4ot ‘Snnyn
: Snt1191 + Gnprate + - - - + g1 nt1Unat
Sn1 SNz -+ Onn .
vt + naya + - - + Snnyn
and
S
Yoy + Oaaye
I, 0] ., :
LZ = 0 olf Y =|8my+buy+ - +nmyn
0
0 J

So, it is shown that h'P1,Z does not depend on unknown quantities. By the
proof of Theorem 1, we can see that Z, = (I ~ A;)"'A,CY, and thus, k' Pjiz also
does not depend on unknown quantities. Then I is a predictor of A'Y.

Now we derive the results (A.1) through (A.6) which are necessary to prove

Theorem 2.
Let P! partitioned as in the proof of Theorem 1, P! = [ gl 592 ] which
implies that
P=[ ¢ Ll
-By'B,C-! B;?

15



Then using the equality V = PP’ and after some algebraic manipulations, it

follows that
clct =V,
and so,
cCc=vL (A1)
Furthermore,
-C7'C"VB{B;' = -V,BB;" =V,
and hence
-B;'B, =V, VL (A-2)

In the coordinatized model with 4 = X8 and covariance matrix V, it is well

known (Rao, 1973), that
Po=X(X'VIX) X'V
and thus
Poo = P'PaP = PIX(X'VIX) iX'PY,

In the partitioned form, this matrix can be written as

1 a]-[5 a][x oo [ 2]

FPoe

CX,(X'V-1X)!

= (Fall s 1
B [ (BiX, + B, X, )(X'V-1X)1 ] [X.C' X.Bi +X,B))
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CX,(X'vix)ixic CX,(X'V-1X)"Y(X.B| + X' B})
(BiX, + B X, )(X'V-IX)"1X!C'  (ByX, + By X, )(X'V-1X)"\(X]B,| + X.B}) ’
then

A1 = (BiX, + B X, )(X'V-1X) X0, (A.3)
and

Ay = (BiX, + By X, )(X'V1X)"}(X1B, + X! B}). (A.4)

Using the fact that V-1 = P~V P! it follows that

v-i-]¢ Bl[c o] _[cc+BB BB,
“lo BB B|T| BB BB,

and
X'V7IX = XIC'CX, + XIBiB:X. + X' ByB, X, + X' B\ B, X, + X!ByB, X,.

Applying (A.1),
X'V"lX=X;V,"IX,+X;BiBIX,+X:B;BlX,+X;B{BzX,+X;B§BzX,.(A.5)

Application of a result of inverse matrix in conjunction with (A.4) and (A.5)
yields

(I - 4,)7! [ - (BiX, + B X, )(X'V~'X)"Y( X! B} + X.Bj)]™*

I - (B\X, + B X,)[(X'B, + X,B})(B. X, (456)
+B,X,) - X'V-X]"Y(X B, + XB}) :
I+ (BiX, + BaX,)(X.V.1X,) (X! B, + X'B}).

I
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