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Abstract: The mechanical degradation of concrete structures is a phenomenon dependent on the material 
heterogeneity observed at mesoscale. As the mechanical degradation is a localized phenomenon, structural 
members and structures may be simulated using the concurrent multiscale analysis technique. Thus, only the most 
critical regions are modeled in mesoscale, reducing the computational cost compared to the simulation of the 
entire structure at this scale. This work presents two contributions in concurrent multiscale analysis. The first 
contribution introduces an alternative representation of the mesoscale interfacial transition zone (ITZ) of the 
concrete together with a strategy that allows modeling particles (coarse aggregates) without degrees of freedom. 
The resulting ITZ representation allows the simulation of more realistic discrete cracks in concrete modeling. The 
second contribution uses particle-like elements without degrees of freedom as coupling elements to model non-
matching meshes between different media. The proposed coupling technique does not add degrees of freedom 
and does not use penalty or Lagrange Multipliers methods. Experimental and numerical results are used in order 
to validate the proposed multiscale formulation regarding concrete specimen simulations. 

Keywords: mesoscale concrete, interfacial transition zone, coupling element, multiscale, non-matching 
meshes. 

Resumo: A degradação mecânica de estruturas de concreto é um fenômeno dependente da heterogeneidade do material 
observada em mesoescala. Como a degradação mecânica é um fenômeno localizado, elementos estruturais e estruturas 
podem ser simulados usando a técnica de análise multiescala concorrente. Assim, apenas as regiões mais críticas são 
modeladas em mesoescala, reduzindo o custo computacional em comparação com a simulação de toda a estrutura nessa 
escala. Este trabalho apresenta duas contribuições para a estratégia de análise multiescala concorrente. A primeira 
contribuição apresenta uma representação alternativa da zona de transição interfacial da mesoescala (ITZ) do concreto 
juntamente com uma estratégia que permite modelar partículas (agregados graúdos) sem graus de liberdade. A 
representação da ITZ resultante permite a modelagem de fissuras discretas mais realistas na simulação de concreto. A 
segunda contribuição usa elementos semelhantes a agregados sem graus de liberdade como elementos de acoplamento 
para modelar malhas não conformes entre diferentes meios. A técnica de acoplamento proposta não adiciona graus de 
liberdade e não utiliza métodos de penalização ou multiplicadores de Lagrange. Resultados experimentais e numéricos 
são usados para validar a formulação multiescala proposta aplicada em simulações de amostras de concreto. 

Palavras-chave: concreto em mesoescala, zona de transição interfacial, elemento de acoplamento, 
multiescala, malhas não conformes. 
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1 INTRODUCTION 
It is well known the fact that composites mix two or more materials in order to obtain a new material with physical and 

economic properties better than those presented separately by each constituent material. Particle composites are characterized 
by the random presence of particles with different sizes and shapes immersed inside a continuous matrix. Some particle 
composites are glass reinforced with mica flakes, brittle polymers reinforced with rubberlike particles, and concrete [1]. 

Concrete is a particulate composite widely used around the world and improving knowledge of its mechanical 
behavior is very important. In the analysis of structures, it is common to admit that concrete is a homogeneous material, 
but this hypothesis may be not sufficient when considering its nonlinear mechanical behavior. This happens because 
the nonlinear behavior is strongly influenced by the heterogeneity of the concrete. When the objective is to perform an 
accurate analysis of the mechanical behavior of structures at the macroscale, the representation of concrete at the 
mesoscale proves to be quite adequate [2], [3]. 

At the mesoscale, concrete is analyzed as a composite of particles (called coarse aggregates), mortar and the ITZ 
between these phases. The consideration of ITZ is important because it plays an important role in the degradation 
process due to its lower strength than the other components [4], [5]. The representation of concrete heterogeneity makes 
the mechanical model gain physical meaning [6] improving the mechanical behavior understanding and reducing the 
dependence of macroscale phenomenological constitutive models’ calibration. 

Numerical mesoscale modeling uses simple constitutive models for each phase of the composite, allowing the 
representation of its complex responses [2]. Among the behaviors that can be captured are the location of cracks in the 
least resistant paths (ITZ) [7], [8], the size effects on structural strength [9], [10], and the random nature of the structural 
response [11], [12]. 

Mesoscale concrete simulation techniques are classified according to the domain representation. Some modeling 
strategies represent the phases of the concrete in a discrete way, mainly using the Lattice Model, [13]–[15] and the particle 
model [16]–[18]. Other models represent the phases of concrete using continuous strategies and the finite element method 
(FEM) predominates. In the present study, we are interested in the FEM strategies that use interface elements. The interface 
elements represent the possible paths for cracks within the matrix and also the ITZ. Strategies that use zero thickness 
interface elements combined with cohesive models [2], [6], [19] and high aspect ratio interface elements combined with a 
damage model [7], [20]–[22] are commonly adopted. The interface elements are advantageous as they do not require the 
tracking step of the crack path, which is necessary in enrichment techniques [23], [24] or the XFEM approach [25]. 

In order to consider the heterogeneity in mesoscale models, aggregates can be numerically generated [2], [11], [13] 
or placed through imaging techniques that collect information on real structures [26]–[28]. When a statistical analysis 
of heterogeneity is desired (e.g., Monte Carlo simulations [9], [11], [29], [30]) numerous samples must be provided by 
changing the position or shape of the coarse aggregates. A limitation of the above-mentioned mesoscale concrete FE-
based simulation techniques is that matrix and particles are simultaneously created in a unique mesh. Thus, for each 
new numerical case (to analyze the same specimen) a completely new mesh must be created with new boundary 
conditions numbering. 

Paccola and Coda [31] developed the direct FEM approach for particulate reinforced solids that allows representing 
matrix and particles by different meshes and with non-coincident nodes. In this strategy, particles are embedded inside 
the continuous mesh of the matrix material and do not add degrees of freedom to the problem. The strategy allows the 
matrix mesh and boundary conditions to remain unchanged, regardless of the position and shape of particles. Thus, it 
is possible to reuse the matrix mesh and the boundary conditions when changing the particles mesh for new particulate 
specimen analyses. Paccola and Coda [31] showed the efficiency of the direct FEM approach for elastic problems and 
Ramos et al. [32] extended this representation to model reinforced concrete structures using a distributed damage 
model, however without representing the ITZ. The formulation presented by Paccola and Coda [31] is developed in the 
context of the FEM positional approach [33], [34]. Thus, the formulation is geometrically exact and allows more precise 
analyzes than the models formulated with the hypothesis of small displacements. It is worth mentioning that this 
particulate embedding strategy [31] has been extensively tested for fiber reinforcements in references [35]–[38]. 

The computational and memory costs in mesoscale numerical simulations are high, limiting analyses to small 
samples when simple workstations are employed. In this sense, the use of concurrent multiscale techniques [2], [39] - 
that divide the structure into subdomains employing different discretization scales - is justified. In concurrent multiscale 
techniques, only subdomains in the most critical regions are modeled with an explicit representation of material’s 
heterogeneity. The other subdomains are modeled considering equivalent homogeneous material. The representation 
of concrete through concurrent multiscale analysis is successfully used by [2], [21], [39], [40], and hierarchical 
modeling is adopted by [41], for example. The two major challenges of concurrent multiscale technique are coupling 
the scales correctly and determining the domain location that must be discretized on the mesoscale [2]. 
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In concurrent multiscale analysis, the connection between the meshes of different scales can be made through transition 
elements. In this case, the dimension of the finite elements near the interface between scales decreases in size until they 
reach the dimension of the elements of the smallest scale with coincident nodes. However, the quality of the problem 
response in this region can be impacted by the presence of distorted elements [42]. Coupling techniques that allow direct 
connection between non-matching meshes avoid the presence of distortions and reduce the number of elements, since this 
transition region no longer exists. Some strategies use penalty methods [43], [44] to couple the subdomains. The use of 
penalty does not add degrees of freedom but may result in ill-conditioned systems. Other strategies use Lagrange 
multipliers to enforce continuity as, for example, methods of Mortar [45]–[47] and of Arlequin [48], [49]. A disadvantage 
of Lagrange multipliers is the increase of degrees of freedom. A mixed approach (Nitsche’s method [50]), in which the 
Lagrange Multipliers are replaced by their physical representation and an extra penalty-like term, is applied to handle non-
matching meshes in isogeometric analysis [51], [52]. Another strategy adopts coupling non-conventional elements created 
from elements of each subdomain in the region to be coupled [53], [54]. In this case, the adjacent elements are modified 
in order to convert the non-matching interface into a matching one and, as mentioned by Bitencourt et al. [44], some 
additional computational cost to build these elements appears. 

In this work, the direct FEM embedding approach for particulate reinforced solids developed by Paccola and Coda [31] 
is extended to represent the coarse aggregate in a mesoscale model of concrete and to connect non-matching meshes in 
concurrent multiscale analysis. The developed mesoscale concrete model includes the mortar (matrix mesh), coarse aggregate 
and ITZ phase. The interesting property of the direct FEM embedding approach to be explored is its capacity of a selective 
switching among immersed meshes (coarse aggregate). The present work considers also the exact nonlinear geometric 
behavior in the formulation. Rabczuk and Belytschko [55] observed that it is important to consider the geometric nonlinearity 
in modeling the degradation of reinforced concrete frame corners. 

The main contributions of the present study can be summarized as: (i) development of a strategy for creating the 
ITZ around coarse aggregates without degrees of freedom embedded in the mortar matrix, (ii) non-matching meshes 
(macroscale and mesoscale meshes) are connected by the direct FEM embedding [31], (iii) the degrees of freedom of 
the fine mesh used to describe mortar condenses the coarse aggregate immersed discretization eliminating its degrees 
of freedom and (iv) the natural invariance of the mesh numbering that allows analyzing different random distributions 
of aggregates, with different volumetric fractions, without the need to change the matrix mesh. 

It is interesting to mention that a damage model [56] is applied here to all interface elements (including ITZ elements), 
so that they become responsible for the degradation of the material. The advantage of using high aspect ratio interface 
elements is that they are integrated as regular elements and allow representing discrete crack formation. Moreover, the 
couple of macroscale and mesoscale meshes in concurrent multiscale analysis by the direct FEM embedding does not add 
degrees of freedom and does not result in ill-conditioning, as the same mechanical properties of the material are used. 

The paper is organized as follows: Section 2 presents the positional geometric nonlinear approach, including the 
direct FEM embedding strategy. Section 3 shows the mesoscale modeling including the coarse aggregate definition, 
the interface finite elements (including ITZ elements), the employed damage model and the definition of matrix-
aggregate interface regions. In Section 4, some examples are presented in order to validate and show the range of 
applications of the proposed model. Finally, the main conclusions are drawn in Section 5. 

2 GEOMETRICALLY NONLINEAR FORMULATION OF COMPOSITE SOLIDS 
This section presents the formulation of the FEM approach used in this work and the particle inclusion strategy via 

kinematics compatibility (embedding strategy). This strategy is necessary to represent the coarse aggregates without 
adding degrees of freedom and to create the coupling elements for non-matching meshes. 

2.1 Geometric nonlinear equilibrium 
The implemented computational code uses the positional approach of FEM for which the unknowns are nodal 

coordinates instead of displacements. The positional FEM is a naturally non-linear geometric version of the FEM that 
firstly appear in Bonet et al. [33] and was generalized for various applications in [31], [34], [37], [38], for example. The 
elastic version of the positional FEM is based on the Variational Principle of Mechanics [57], using positions as the 
main variable. This work is restricted to static problems, thus the mechanical energy (𝛱𝛱), Equation 1, includes the 
potential energy of conservative external forces (𝑃𝑃) and the strain energy (𝑈𝑈): 

𝛱𝛱 = 𝑈𝑈 + 𝑃𝑃 (1) 
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A general mechanical energy variation using positions 𝑌𝑌�⃗  as variables is expressed in Equation 2. 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌�⃗
⋅ 𝛿𝛿𝑌𝑌�⃗ = 𝜕𝜕𝜕𝜕

𝜕𝜕𝑌𝑌�⃗
⋅ 𝛿𝛿𝑌𝑌�⃗ + 𝜕𝜕𝜕𝜕

𝜕𝜕𝑌𝑌�⃗
⋅ 𝛿𝛿𝑌𝑌�⃗ = 0 (2) 

Considering that 𝛿𝛿𝑌𝑌�⃗  is arbitrary and recalling the force/position energy conjugate, the nonlinear equilibrium 
equations, as described by [31], [37], [38], are written in Equation 3. 

𝑔𝑔𝑖𝑖 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌𝑖𝑖

+ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌𝑖𝑖

= 𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖�𝑌𝑌�⃗ � − 𝐹𝐹𝑖𝑖𝑒𝑒𝑒𝑒𝑒𝑒 = 0𝑖𝑖 (3) 

in which 𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is the internal force (a function of the nodal position vector 𝑌𝑌�⃗ ) and 𝐹𝐹𝑖𝑖𝑒𝑒𝑒𝑒𝑒𝑒 is the external force. Vector 𝑔𝑔𝑖𝑖 
is understood as an unbalanced mechanical residuum that is not null if, for an iterative solver, the assumed position 𝑌𝑌�⃗  
is a trial position 𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. The adopted iterative solver is the Newton-Raphson method that is written from a truncated 
Taylor expansion of 𝑔𝑔𝑖𝑖, i.e.: 

𝑔𝑔𝑖𝑖(𝑌𝑌�⃗ ) = 𝑔𝑔𝑖𝑖(𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) + 𝜕𝜕𝑔𝑔𝑖𝑖
𝜕𝜕𝑌𝑌𝑗𝑗
�
𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝛥𝛥𝑌𝑌𝑗𝑗 = 0𝑖𝑖 (4) 

From which one finds the position correction 

𝛥𝛥𝑌𝑌𝑗𝑗 = −�𝜕𝜕𝑔𝑔𝑖𝑖
𝜕𝜕𝑌𝑌𝑗𝑗
�
𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

�
−1

𝑔𝑔𝑖𝑖(𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) (5) 

in which 𝜕𝜕𝑔𝑔𝑖𝑖/𝜕𝜕𝑌𝑌𝑗𝑗 is called Hessian matrix. The position is updated as 𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑌𝑌�⃗ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 𝛥𝛥𝑌𝑌�⃗  until �𝛥𝛥𝑌𝑌�⃗ �/�𝑋⃗𝑋� becomes 
smaller than a tolerance, in which 𝑋⃗𝑋 is the initial position vector. 

To solve Equation 5 it is necessary to calculate the internal force and the Hessian matrix for a given specific strain 
energy potential. As this study is worried with concrete, only small strains take place, thus the Saint-Venant-Kirchhoff 
potential is adopted to represent the elastic behavior and its potential is given in Equation 6. 

𝑢𝑢(𝐸𝐸) = 1
2
𝐸𝐸𝑖𝑖𝑖𝑖ℭ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝑘𝑘𝑘𝑘 (6) 

In which ℭ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is the elastic constitutive tensor (similar to the generalized Hooke’s law) and 𝐸𝐸𝑖𝑖𝑖𝑖 is the Green-Lagrange 
strain. The energy conjugate stress of the Green-Lagrange strain is the second Piola-Kirchhoff stress, given by: 

𝑆𝑆𝑖𝑖𝑖𝑖 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝐸𝐸𝑖𝑖𝑖𝑖

= ℭ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝑘𝑘𝑘𝑘 (7) 

The constitutive tensor is also related with the strain energy in Equation 8. 

ℭ𝑖𝑖𝑗𝑗𝑗𝑗𝑗𝑗 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝐸𝐸𝑖𝑖𝑖𝑖𝜕𝜕𝐸𝐸𝑘𝑘𝑘𝑘

 (8) 

For plane stress, the object of this study, the specific strain energy is written as: 

𝑢𝑢(𝐸𝐸) = 𝐺𝐺
1−𝜈𝜈

{𝐸𝐸112 + 𝐸𝐸222 + 2𝜈𝜈𝐸𝐸11𝐸𝐸22 + (1 − 𝜈𝜈)(𝐸𝐸122 + 𝐸𝐸212 )} (9) 
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in which 𝐺𝐺 is the shear elastic modulus and 𝜈𝜈 is the Poisson ratio. 
From the specific strain energy in Equation 9, one writes the internal force and Hessian matrix as follows: 

𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌𝑖𝑖

= ∫ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌𝑖𝑖𝑉𝑉0

𝑑𝑑𝑉𝑉0 = ∫ 𝑆𝑆𝑘𝑘𝑘𝑘
𝜕𝜕𝐸𝐸𝑘𝑘𝑘𝑘
𝜕𝜕𝑌𝑌𝑖𝑖

𝑑𝑑𝑉𝑉0𝑉𝑉0
 (10) 

𝐻𝐻𝑖𝑖𝑖𝑖 = 𝜕𝜕2𝑈𝑈
𝜕𝜕𝑌𝑌𝑖𝑖𝜕𝜕𝑌𝑌𝑗𝑗

= ∫ 𝜕𝜕𝐸𝐸𝑜𝑜𝑜𝑜
𝜕𝜕𝑌𝑌𝑖𝑖

ℭ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
𝜕𝜕𝐸𝐸𝑘𝑘𝑘𝑘
𝜕𝜕𝑌𝑌𝑗𝑗

+ 𝑆𝑆𝑚𝑚𝑚𝑚
𝜕𝜕2𝐸𝐸𝑚𝑚𝑚𝑚
𝜕𝜕𝑌𝑌𝑖𝑖𝜕𝜕𝑌𝑌𝑗𝑗

𝑑𝑑𝑉𝑉0𝑉𝑉0
 (11) 

More details regarding the positional FEM basic equations can be seen in references [31], [58]. 

2.2 Aggregates embedding via kinematic compatibility 
In this subsection, based on studies dedicated to linear elasticity [31], we present the necessary equations and the 

adopted strategy to immerse aggregates meshes inside the matrix meshes and to couple non-matching meshes. To 
simplify the description of the kinematics compatibility steps, the finite elements of the coarse aggregates or coupling 
elements (non-matching meshes) are simply called reinforcement finite elements. The mesh that represents the matrix 
in the case of mesoscale analysis and the meshes that represent the two scales in the case of coupling non-matching 
meshes are simply called the matrix. 

The approach consists of writing the nodal positions of the reinforcement elements using the shape functions of the 
matrix elements in which they are immersed. To do this, it is necessary to determine the dimensionless coordinates 
(𝜉𝜉1𝑃𝑃 , 𝜉𝜉2𝑃𝑃) of the reinforcement’s nodes 𝑃𝑃 inside the matrix elements at the initial configuration using the initial position 
mapping, as: 

𝑋𝑋𝑃𝑃𝑃𝑃 = 𝜙𝜙ℓ(𝜉𝜉1𝑃𝑃, 𝜉𝜉2𝑃𝑃)𝑋𝑋ℓ𝑖𝑖 (12) 

where 𝜙𝜙ℓ are shape functions associated with node ℓ, 𝑋𝑋ℓ𝑖𝑖 are the initial coordinates (𝑖𝑖 direction) of the matrix finite 
element for which a reinforcement node 𝑃𝑃 belongs and 𝑋𝑋𝑃𝑃𝑃𝑃 is the coordinates of the reinforcement node. 

Equation 12 is solved for (𝜉𝜉1𝑃𝑃 , 𝜉𝜉2𝑃𝑃) iteratively using the Newton-Raphson method. The reinforcement node belongs 
to the matrix element if results are in the intervals 0 ≤ 𝜉𝜉1𝑃𝑃 ≤ 1, 0 ≤ 𝜉𝜉2𝑃𝑃 ≤ 1 and 0 ≤ 1 − 𝜉𝜉1𝑃𝑃 − 𝜉𝜉2𝑃𝑃 ≤ 1. It is noteworthy 
that the method produces accurate responses and presents fast convergence. More details can be found in [31], [32]. 
Once the dimensionless coordinate (𝜉𝜉1𝑃𝑃, 𝜉𝜉2𝑃𝑃) is achieved the current position of reinforcement nodes 𝑌𝑌𝑃𝑃𝑃𝑃 are written as 
a function of the current position of matrix nodes, Equation 13. 

𝑌𝑌𝑃𝑃𝑃𝑃 = 𝜙𝜙ℓ(𝜉𝜉1𝑃𝑃 , 𝜉𝜉2𝑃𝑃)𝑌𝑌ℓ𝑖𝑖 (13) 

In order to find the reinforcement’s internal force and the Hessian matrix contributions regarding the matrix mesh 
one applies the chain rule. Thus, it is necessary to write the derivative of the current positions of the reinforcement 
nodes regarding the current position of matrix nodes as: 

𝜕𝜕𝑌𝑌𝑃𝑃𝑃𝑃
𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽

= 𝜕𝜕𝑌𝑌ℓ𝑖𝑖
𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽

𝜙𝜙ℓ(𝜉𝜉1𝑃𝑃 , 𝜉𝜉2𝑃𝑃) = 𝛿𝛿𝛽𝛽ℓ𝛿𝛿𝛼𝛼𝛼𝛼𝜙𝜙ℓ(𝜉𝜉1𝑃𝑃, 𝜉𝜉2𝑃𝑃) = 𝛿𝛿𝛼𝛼𝛼𝛼𝜙𝜙𝛽𝛽(𝜉𝜉1𝑃𝑃 , 𝜉𝜉2𝑃𝑃) (14) 

in which 𝛿𝛿𝛼𝛼𝛼𝛼 is the Kronecker delta. 
The total strain energy 𝑈𝑈 of the problem is the sum of the energies of the reinforcement 𝑈𝑈𝑅𝑅 and the matrix 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚, that is: 

𝑈𝑈 = 𝑈𝑈𝑅𝑅 + 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚 (15) 

Using Equation 14, the internal force 𝐹𝐹𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑖𝑖 at node 𝛽𝛽 in direction 𝛼𝛼 of the matrix mesh is given by: 
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𝐹𝐹𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜕𝜕(𝑈𝑈𝑚𝑚𝑎𝑎𝑡𝑡+𝑈𝑈𝑅𝑅)
𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽

= 𝜕𝜕𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚
𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽

+ 𝜕𝜕𝑈𝑈𝑅𝑅
𝜕𝜕𝑌𝑌(𝑃𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌(𝑃𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽
= 𝐹𝐹𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 + 𝜙𝜙𝛽𝛽(𝜉𝜉1𝑃𝑃 , 𝜉𝜉2𝑃𝑃)𝐹𝐹(𝑃𝑃)𝛼𝛼

𝑅𝑅  (16) 

where the parenthesis in index (𝑃𝑃) denotes that there is no sum regarding it. Thus, the total internal force is the sum of 
two parts, the natural internal force of the matrix elements (𝐹𝐹𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚) and the transferred (to matrix nodes) reinforcement’s 
internal force 𝐹𝐹𝑃𝑃𝑃𝑃𝑅𝑅 . 

From Equation 15 the Hessian matrix is achieved, Equation 17, by the second derivative of the total strain energy 
regarding the matrix’s nodes, i.e.: 

𝐻𝐻 = 𝜕𝜕2(𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚+𝑈𝑈𝑅𝑅)
𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽𝜕𝜕𝑌𝑌𝜉𝜉𝜉𝜉

= 𝐻𝐻𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚𝑚𝑚 + 𝐻𝐻𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝑅𝑅  (17) 

for which, using twice the chain rule, results: 

𝐻𝐻𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝑅𝑅 = 𝜕𝜕2𝑈𝑈𝑅𝑅
𝜕𝜕𝑌𝑌(𝑃𝑃)𝑗𝑗𝜕𝜕𝑌𝑌(𝑃𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌(𝑃𝑃)𝑗𝑗

𝜕𝜕𝑌𝑌𝜉𝜉𝜉𝜉

𝜕𝜕𝑌𝑌(𝑃𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽
+ 𝜕𝜕2𝑈𝑈𝑅𝑅

𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑗𝑗𝜕𝜕𝑌𝑌(𝑃𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑗𝑗

𝜕𝜕𝑌𝑌𝜉𝜉𝜉𝜉

𝜕𝜕𝑌𝑌(𝑃𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽
+ 𝜕𝜕2𝑈𝑈𝑅𝑅

𝜕𝜕𝑌𝑌(𝑃𝑃)𝑗𝑗𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌(𝑃𝑃)𝑗𝑗

𝜕𝜕𝑌𝑌𝜉𝜉𝜉𝜉

𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽
+ 𝜕𝜕2𝑈𝑈𝑅𝑅

𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑗𝑗𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑗𝑗

𝜕𝜕𝑌𝑌𝜉𝜉𝜉𝜉

𝜕𝜕𝑌𝑌(𝑃̄𝑃)𝑖𝑖

𝜕𝜕𝑌𝑌𝛽𝛽𝛽𝛽
(18) 

where 𝑃𝑃 and 𝑃̄𝑃 are reinforcement’s nodes (no summation), 𝛽𝛽 and 𝜉𝜉 are matrix’s nodes of one or two different elements 
and 𝛼𝛼 and 𝛾𝛾 represent directions. 

It is important to mention that for overlapping aggregates, as in [31], the modulus of elasticity of the aggregates is 
taken as the difference between the real modulus of elasticity and the modulus of elasticity of the matrix. When using 
the formulation for non-matching meshes, the coupling elements have the real elastic modulus. 

2.3 Coupling non-matching meshes 
In this subsection, the proposed non-matching meshes coupling strategy is described. 
Consider the uncoupled non-matching meshes of subdomains 𝛺𝛺1 (coarse mesh) and 𝛺𝛺2 (refined mesh) that share 

the boundary interface 𝛤𝛤12, see Figure 1. Elements 𝑒𝑒1 and 𝑒𝑒2 and nodes 1, 2, 3 and 4 of Figure 1 are part of the subdomain 
𝛺𝛺1 while all other nodes and elements belongs to subdomain𝛺𝛺2. The nodes that have the same coordinates, but belongs 
to different subdomains are independent, i.e., uncoupled when originally generated. 

The strategy consists in writing the positions of element nodes of 𝛺𝛺2 that are on 𝛤𝛤12 as a function of positions and 
shape functions of element nodes of 𝛺𝛺1 where the referred nodes are immersed. In this way, the scales become strongly 
coupled. Considering the subdomains of Figure 1, the elements 𝑒𝑒3 through 𝑒𝑒6 (finer mesh) that have nodes belonging 
to the interface 𝛤𝛤12, i.e., nodes 5 through 7, are converted into coupling elements. The idea of creating coupling elements 
starting from the elements of one of the subdomains has been proposed by [44] in a different way of the one presented 
here, because we choose the smaller scale as reference and does not use penalty techniques [44], [59]. 

Figure 1. Subdomains of non-matching meshes. 
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In Figure 2 the coupling elements are detached in order to promote a direct relation of the non-matching mesh coupling 
and the aggregate embedding technique [31] described in section 2.2. The coupling elements are now identified by 𝑙𝑙1, 𝑙𝑙2, 
𝑙𝑙3 and 𝑙𝑙4 and can be understood as an aggregate whose nodes are written in terms of the nodes of the subdomains 𝛺𝛺1 and 
𝛺𝛺2. However, in the subdomain 𝛺𝛺2 there are nodes that coincide, that is, the nodes 𝑏𝑏, 𝑑𝑑 and 𝑓𝑓 are simple nodes 8, 9 and 
10 of the finer mesh. So, unlike the embedded aggregates presented in Paccola and Coda [31], here only part of the nodes 
of the coupling element has its degree of freedom written as a function of the degrees of freedom of other elements. In the 
case considered in Figure 2, only the nodes 𝑎𝑎, 𝑐𝑐 and 𝑒𝑒 fall inside elements 𝑒𝑒1 and 𝑒𝑒2, thus their internal force and Hessian 
matrix are written as a function of the coarse mesh nodes positions by Equations 16 and 18, respectively, i.e., there is no 
penalty constants. Furthermore, it is important to highlight that the coupling elements are identical to elements 𝑒𝑒3 through 
𝑒𝑒6 of Figure 1, which are eliminated. In addition to the strong coupling between subdomains, the coupling elements fulfill 
the structural function of the original elements. 

Figure 2. Creating non-matching mesh coupling elements. 

When meshes with very different scales are coupled some spurious stress concentrations appear [2], but in the 
proposed strategy this effect is less important as the coupling elements have the same elastic properties of the 
homogeneous macro scale and are not allowed to degenerate, as they are far from the damaged region. As a final remark, 
it is interesting to note that the generation of coupling elements takes place entirely in the pre-processing stage. 

It is important to mention that the same strategy used for overlapping aggregates, is applied to the case of 
overlapping meshes [31]. 

3 MESOSCALE MODELING 
In this section, the main points necessary to carry out the mesoscale modeling are presented. They are: (i) the strategy 

of creation and positioning the coarse aggregates (particles); (ii) the geometric generation and adopted constitutive 
model of the interface elements; and (iii) the proposed strategy for the identification and setting of physical parameters 
for ITZ representation. In order to simplify the modeling description, three different nomenclatures will be defined to 
label mesh combinations: 
• Overlapped mesh (OM): In this model, the aggregate’s mesh is immersed in the matrix mesh, without adding

degrees of freedom, there are both interface elements (mortar) and ITZ. This model is the complete mesoscale
strategy proposed here.

• Overlapped mesh without ITZ (OM - no ITZ): In this model, the aggregate’s mesh is immersed in the mesh of the
matrix, without adding degrees of freedom. The interface elements are generated allowing cracking propagation,
but there are no ITZ properties.

• Single mesh (SM): In this model, the aggregate’s mesh is represented in the same mesh generation as the matrix,
i.e., it uses a conforming mesh generator before creating the interface elements that allows crack propagation. This
model is equivalent to the mesoscale concrete model presented by [7]. The only difference is that the model also
considers the geometric nonlinearity of the problem.
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3.1 Modeling of coarse aggregate 
The coarse aggregates are artificially generated with random positions, dimensions and shapes. A specific 

computational code was developed for the generation and positioning of aggregates using the take-and-place 
method [7], [21], [22], [60]–[63] allowing generating aggregates in the form of regular polygons with different 
numbers of sides. It is possible to use any granulometric distribution, whether experimental or theoretical, to 
define the amount of coarse aggregates in each size range of the studied cases. For complex packing strategies 
readers are invited to consult references [26], [27], [64], [65], for instance. 

After generating all the geometries of the coarse aggregates, the finite element mesh of each aggregate is created 
and the mechanical properties are assigned. For the above defined OM and OM - no ITZ models it is noteworthy that, 
as aggregates overlap the mortar matrix, the value to be assigned to their Young modulus must be the difference between 
their real value and the mortar’s one, as done in [31]. 

3.2 Modeling of interface solid finite element 
The interface elements are represented by finite elements of high aspect ratio and small thickness. Manzoli et al. [66] 

showed that when the smallest height of these elements approaches zero, at the limit, their mechanical behavior is 
equivalent to that observed in the Continuous Strong Discontinuity Approach [67], [68], allowing the crack propagation 
modeling by using an isotropic damage model. 

The interface elements are generated using an adapted version of the mesh fragmentation technique [56]. This 
fragmentation technique has 3 steps depicted in Figure 3. Step 1 generates a regular mesh for the entire sample, Step 2 
reduces the dimensions of all elements leaving a gap between them, which in Step 3 are filled by inserting pairs of 
interface elements. In reference [56] triangular elements sizes are reduced keeping the element centroid fixed for all 
elements, thus all sides of elements are reduced even for boundary edges and corners. This imposes a small reduction 
in size of the analyzed solid. Here, for edges we adopt the segment center and for corners the element sides intersection 
as fixed references, respectively, eliminating the sizing reduction, see Figure 3. 

Figure 3. Steps for creating high aspect ratio interface elements. 

It is opportune to mention that some interface elements are transformed in ITZ elements by changing their physical 
properties, but the appropriate localization of ITZ inside the domain is necessary and described in item 3.4. 

3.3 Damage model 
The degradation occurs only in the interface elements (including ITZ elements) and considers a tensile damage 

model (orthogonal direction of the interface) [7], [56]. Thus, other elements inside the mesoscale (usually called bulk 
elements) are elastic with mechanical properties of mortar or aggregates. In order to write the adopted damage model, 
it is necessary to calculate the Cauchy stress from the second Piola-Kirchhoff stress, see Equation 7, by the well-known 
formulae: 

𝜎𝜎 = 1
𝐽𝐽
𝑨𝑨 ⋅ 𝑺𝑺 ⋅ 𝑨𝑨𝑡𝑡 (19)
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where 𝐽𝐽 is the determinant of the gradient of the change of configuration function. 
The criteria for the existence of damage 𝜙𝜙 is given by: 

𝜙𝜙 = 𝜎𝜎𝑛𝑛𝑛𝑛 − 𝑞𝑞(𝑟𝑟) ≤ 0 (20) 

where 𝜎𝜎𝑛𝑛𝑛𝑛 is the Cauchy stress normal to the base of the interface element, 𝑟𝑟 is a stress-like internal variable and the 
function 𝑞𝑞(𝑟𝑟) defines the softening law. Dividing all terms of 𝜙𝜙 by (1 − 𝑑𝑑), in which 𝑑𝑑 is called damage variable, the 
damage criterion for the effective stress is given by: 

𝜙̄𝜙 = 𝜎̄𝜎𝑛𝑛𝑛𝑛 − 𝑟𝑟 ≤ 0 (21) 

in which 𝑟𝑟 is defined by 𝑟𝑟 = 𝑞𝑞(𝑟𝑟)/(1 − 𝑑𝑑) and controls the size of the elastic domain in the space of the effective 
stress. Isolating 𝑑𝑑, the damage variable is given by: 

𝑑𝑑 = 1 − 𝑞𝑞(𝑟𝑟)
𝑟𝑟

 (22) 

In the damage evolution, for the loading-unloading conditions, one must respect the relations given by: 

𝜙̄𝜙 ≤ 0, 𝑟̇𝑟 ≥ 0 and 𝑟̇𝑟𝜙̄𝜙 = 0 (23) 

To ensure the well-known consistency condition one writes: 

𝑟̇𝑟𝜙̇̄𝜙 = 0 if 𝜙𝜙 = 0 (24) 

Under these conditions, for a pseudo-time 𝑡𝑡 associated with the loading process, the variable 𝑟𝑟 is always given by 
the highest value between the current and its initial value 𝑟𝑟0 given by the tensile strength 𝑓𝑓𝑡𝑡 of the material. So, it can 
be written as: 

𝑟𝑟 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝜎̄𝜎𝑛𝑛𝑛𝑛(𝑠𝑠), 𝑟𝑟0) |𝑠𝑠 ∈ [0, 𝑡𝑡] (25) 

To represent the softening, the same exponential law already used successfully by Rodrigues et al. [7] for mesoscale 
concrete is chosen and given by: 

𝑞𝑞(𝑟𝑟) = 𝑓𝑓𝑡𝑡 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑓𝑓𝑡𝑡
2

𝐺𝐺𝑓𝑓𝐸𝐸
ℎ(1 − 𝑟𝑟/𝑓𝑓𝑡𝑡)� (26) 

where ℎ is the smallest height of the interface element and 𝐺𝐺𝑓𝑓 is the fracture energy for mode I. 
The damage implementation uses the implicit-explicit integration scheme (IMPL-EX) developed by Oliver et al. [69]. 

In this strategy the value of the damage variable used in each step depends on the linear extrapolation of the variable 𝑟𝑟 
obtained in the previous step. Table 1 presents the algorithm implemented in this study. 

Once the damage variable has been determined, the solution of the linear system of equations that allows finding 
the equilibrium of the structure is started. The values of the second Piola-Kirchhoff stress tensor and the elastic 
constitutive tensor penalized by the damage variable are applied in Equations 10 and 11. Once this is done, the linear 
system of equations in Equation 4 can be solved. 
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Table 1. IMPL-EX scheme for the tension damage model at step n + 1. 
INPUT: 𝑬𝑬(𝒏𝒏+𝟏𝟏),  𝝈𝝈𝒏𝒏𝒏𝒏(𝒏𝒏) ,  𝒓𝒓(𝒏𝒏),  𝜟𝜟𝒓𝒓(𝒏𝒏) 

(i) Compute the effective second Piola-Kirchhoff stress tensor 
𝑆𝑆(𝑛𝑛+1) = ℭ:𝐸𝐸(𝑛𝑛+1) 
(ii) Compute the Cauchy effective stress tensor 

𝜎𝜎(𝑛𝑛+1) =
1
𝐽𝐽 𝐴𝐴 ⋅ 𝑆𝑆(𝑛𝑛+1) ⋅ 𝐴𝐴𝑡𝑡 

(iii) Compute the effective stress normal to the base of the element 
𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛+1) = 𝑛𝑛𝑡𝑡����⃗ ⋅ 𝜎𝜎(𝑛𝑛+1) ⋅ 𝑛𝑛�⃗  
(iv) Compute loading-unloading conditions 
If 𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛+1) ≤ 𝑟𝑟(𝑛𝑛)   ⟶   𝑟𝑟(𝑛𝑛+1) = 𝑟𝑟(𝑛𝑛) 
If 𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛+1) > 𝑟𝑟(𝑛𝑛)   ⟶   𝑟𝑟(𝑛𝑛+1) = 𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛+1)

(v) Compute the strain-like internal variable increment 
𝛥𝛥𝑟𝑟(𝑛𝑛+1) = 𝑟𝑟(𝑛𝑛+1) − 𝑟𝑟(𝑛𝑛) 
(vi) Compute the explicit linear extrapolation of the strain-like internal variable 
𝑟̃𝑟(𝑛𝑛+1) = 𝑟𝑟(𝑛𝑛) + Δ𝑟𝑟(𝑛𝑛)

Δ𝑡𝑡(𝑛𝑛)
Δ𝑡𝑡(𝑛𝑛+1), 

where Δ 𝑡𝑡(𝑛𝑛+1) = 𝑡𝑡(𝑛𝑛+1) − 𝑡𝑡(𝑛𝑛)     and      Δ𝑡𝑡(𝑛𝑛) = 𝑡𝑡(𝑛𝑛) − 𝑡𝑡(𝑛𝑛−1) 
(vii) Update the damage variable 

𝑑̃𝑑(𝑛𝑛+1) = 1 −
𝑞𝑞�𝑟̃𝑟(𝑛𝑛+1)�
𝑟̃𝑟(𝑛𝑛+1)

(viii) Compute the approximate nominal Cauchy effective stress tensor 

𝑆̃𝑆(𝑛𝑛+1) = �
�1 − 𝑑̃𝑑(𝑛𝑛+1)�𝑆𝑆(𝑛𝑛+1)     𝑖𝑖𝑖𝑖     𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛)

> 0

𝑆𝑆(𝑛𝑛+1)              𝑖𝑖𝑖𝑖     𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛) ≤ 0
(ix) Compute the approximate constitutive tensor 

ℭ�(𝑛𝑛+1) = �
�1 − 𝑑̃𝑑(𝑛𝑛+1)�ℭ    𝑖𝑖𝑖𝑖     𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛) > 0

ℭ            𝑖𝑖𝑖𝑖     𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛) ≤ 0
OUTPUT: ℭ�(𝑛𝑛+1),  𝜎𝜎�(𝑛𝑛+1),  𝜎𝜎𝑛𝑛𝑛𝑛(𝑛𝑛+1),  𝑟𝑟(𝑛𝑛+1),𝛥𝛥𝑟𝑟(𝑛𝑛+1) 

3.4 Determination of matrix-aggregate interfaces (ITZ) 
This subsection presents the proposed strategy to represent the ITZ around the coarse aggregates in the mesoscale 

modeling of concrete. The strategy is applied in cases where the above defined overlapping mesh (OM) is adopted. The 
proposed strategy transforms interface elements near the edges of aggregates into ITZ elements by changing their 
mechanical properties [13]. 

To describe the proposed strategy, we consider Figure 4. Let 𝛺𝛺1 be the matrix geometry and 𝛺𝛺2 be the aggregate 
geometry (immersed in 𝛺𝛺1). Around 𝛺𝛺2, pseudo finite element pairs are created as shown (in green) in Figure 4a. The 
fragmented mesh generated for 𝛺𝛺1 is illustrated in Figure 4b. The matrix interface elements that have the centroid inside 
those pseudo finite elements receive ITZ mechanical properties turning into ITZ elements, highlighted in Figure 4c. To 
identify if the centroid belongs to a pseudo element the same algorithm used in section 2.2 (Equation 12) is employed. 

The pseudo finite elements are created from the aggregate faces using its normal vector and the adopted ITZ region 
thickness (H). This height is an important variable for the accuracy of the proposed strategy. A study regarding this 
thickness dimension is carried out in the next section. 

Figure 4. Scheme for defining the interface elements that form the ITZ: (a) Matrix, aggregate and pseudo finite element 
geometries. (b) Subdomains mesh. (c) Interface elements with ITZ property. 
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4 NUMERICAL EXAMPLES 
In this section, 4 examples of numerical modeling are presented. The first example studies the influence of matrix’s 

mesh refinement, ITZ presence and its thickness. In the second example, using the results obtained in the previous one, 
different samples are studied to identify the effect of aggregates’ volume fractions. The third example validates the 
proposed non-matching meshes coupling strategy to link different scales. The last example studies a concrete beam 
modeled by the proposed concurrent multiscale and compares results with experimental data. 

4.1 Mesoscale uniaxial tension tests – sensitivity analysis 
This example tests the geometries and boundary conditions shown in Figure 5. Displacement control 𝛿𝛿 is adopted 

as depicted in the Figure 5 and the sample thickness is 50 mm. Regular pentagon-shaped aggregates are immersed in 
the central region of samples. The size of the aggregates is defined as a function of the diameter (d) of the circle that 
inscribes the pentagons. We adopted 𝑑𝑑 = 60𝑚𝑚𝑚𝑚 and 𝑑𝑑 = 24𝑚𝑚𝑚𝑚 for cases with 1 and 5 aggregates, respectively. The 
regions for which displacements are prescribed have the same elastic properties of the central region, but only the last 
one presents interface elements, i.e., allows degradation. 

Figure 5. Geometry and boundary conditions: sample with 1 and with 5 aggregates. 

The same set of analyzes is repeated for samples with 1 and 5 aggregates. This is done using the models described 
in section 3, i.e., Overlapped mesh (OM), Overlapped mesh without ITZ (OM - no ITZ) and Single mesh (SM). All 
simulations of this example were performed by dividing the prescribed displacement into 400 steps. For larger amount 
of steps, solutions are stable. 

For the SM model, the matrix elements have Young modulus and Poisson ratio of 20𝐺𝐺𝐺𝐺𝐺𝐺 and 0.2, respectively. 
The interface elements have the same Young modulus but null Poisson ratio. The aggregates have a Young 
modulus of 40𝐺𝐺𝐺𝐺𝐺𝐺 and a Poisson ratio of 0.2. The damage properties of interface elements are 𝑓𝑓𝑡𝑡 = 2𝑀𝑀𝑀𝑀𝑀𝑀 and 
𝐺𝐺𝑓𝑓 = 0.04𝑁𝑁/𝑚𝑚𝑚𝑚. ITZ elements have the same elastic properties of interface elements, but damage properties of 
𝑓𝑓𝑡𝑡 = 1.0𝑀𝑀𝑀𝑀𝑀𝑀 and 𝐺𝐺𝑓𝑓 = 0.02𝑁𝑁/𝑚𝑚𝑚𝑚. 

For the OM and OM - no ITZ models the adopted aggregates’ Young modulus is 20𝐺𝐺𝐺𝐺𝐺𝐺 as, due to material’s 
superposition, it is necessary to discount the matrix’s Young modulus. Finally, for the OM - no ITZ model, the adopted 
interface elements’ damage properties are 𝑓𝑓𝑡𝑡 = 1.5𝑀𝑀𝑀𝑀𝑀𝑀 and 𝐺𝐺𝑓𝑓 = 0.03𝑁𝑁/𝑚𝑚𝑚𝑚. 

All meshes are defined as a function of the aggregate diameter (𝑑𝑑), thus the side of a finite element 𝑙𝑙𝐹𝐹𝐹𝐹 (matrix or 
aggregate) has an approximate dimension of a fraction of 𝑑𝑑. A mesh with 𝑙𝑙𝐹𝐹𝐹𝐹 ≅ 𝑑𝑑/20 for the SM strategy is used as 
reference for all analyzed cases. 

In Figure 6 we use the model OM – no ITZ to verify the influence of the mesh density on the global behavior of the 
analyzed problem. We keep a 𝑑𝑑/20 mesh to represent the aggregate and meshes 𝑑𝑑/12 and 𝑑𝑑/20 to model the matrix. 
As expected, we conclude that the OM – no ITZ model does not have good accuracy along the post peak branch, but it 
indicates that a 𝑑𝑑/20 mesh for the matrix captures well the peak value. This mesh is used to verify the behavior of the 
OM model when varying the height (H) of the pseudo-elements used to define the ITZ region. 
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Figure 6. Force-Displacement curves: Comparison of SM model and OM - no ITZ model responses 
for sample with (a) 1 and (b) 5 aggregates. 

The achieved results for the OM model using different H values are shown in Figure 7. We remember that, for the 
adopted matrix mesh 𝑙𝑙𝐹𝐹𝐹𝐹 ≅ 𝑑𝑑/20. As one may observe, only the value 𝐻𝐻 = 0.5𝑙𝑙𝐹𝐹𝐹𝐹 does not accurately represent the 
force peak value and for values larger then 𝑙𝑙𝐹𝐹𝐹𝐹 results do not present significant variation. As expected, the post-peak 
behavior (softening) shows less agreement with the reference value. This is because the ITZ in the SM model is a 
straight line, while in the OM model it has a zig-zag geometry. It should be noted that both results are numerical and 
that the real representation of the ITZ geometry depends on experimental observations that are beyond the scope of this 
study. This comment becomes evident when comparing the last two cases in Figure 7. 

Figure 7. Force-Displacement curves: Study of the height of pseudo finite elements for samples with (a) 1 and (b) 5 aggregates. 

Figure 8. Sample with 1 aggregate: cracks for different used models. 

As in the OM – no ITZ model there is no reduction in fracture energy or tension strength, the nucleation of fractures 
occurs in regions different from those expected experimentally [13], [70] see Figures 8 and 9. Despite the similar aspects 
of fracture paths (Figure 8) for the OM model with 𝐻𝐻 = 0.5𝑙𝑙𝐹𝐹𝐹𝐹 and 𝐻𝐻 = 1.0𝑙𝑙𝐹𝐹𝐹𝐹, the number of fracture paths allowed by 
the first case is smaller, justifying the stiff behavior of the model with 𝐻𝐻 = 0.5𝑙𝑙𝐹𝐹𝐹𝐹 (Figure 7) and also the difference 
between the fracture paths of Figure 8. As the identification of the ITZ elements is done by their centroid position in 
relation to the pseudo-element, the value 𝐻𝐻 = 0.5𝑙𝑙𝐹𝐹𝐹𝐹 is under the lower limit that guarantees a good representation of the 
continuity of the fracture paths, see the big difference of behaviors in Figure 9. Due to the small difference between 
behaviors of the OM formulation (Figure 7) for H values above 1.0𝑙𝑙𝐹𝐹𝐹𝐹, it is understood that when 𝐻𝐻 ≥ 1.0𝑙𝑙𝐹𝐹𝐹𝐹 the ITZ 
provides a complete crack path. Results also confirm that nucleation occurs in regions very close to the aggregate interface 
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Figure 9. Sample with 5 aggregates: cracks for different used models. 

Keeping 𝐻𝐻 = 1.0𝑙𝑙𝐹𝐹𝐹𝐹, in Figure 10 we show the influence of the matrix mesh on the behavior of the OM formulation 
response. The following values are adopted for the 𝑙𝑙𝐹𝐹𝐹𝐹 in the matrix mesh: 𝑑𝑑/30, 𝑑𝑑/20; 𝑑𝑑/12 and 𝑑𝑑/6. A constant 
mesh with 𝑑𝑑/12 is adopted to model aggregates. For the coarsest mesh (𝑑𝑑/6) we observed that the ITZ elements are 
very large and the start of nucleation is anticipated when the number of aggregates is 5. In the case that has only 1 
aggregate, this behavior is masked because of the simple stress distribution. When finer discretizations are considered, 
the peak load and the post-peak behavior are a little more rigid than the response of the SM model, confirming the 
results and discussions regarding Figure 7. There is also a tendency of smaller sensitivity of results between 𝑑𝑑/20 and 
𝑑𝑑/30 meshes, since convergence is not expected in a nonlinear problem with softening. 

Figure 10. Force-Displacement curves: Study of matrix mesh refinement for sample with (a) 1 and (b) 5 aggregates. 

The aggregate immersion strategy in the OM model does not significantly influence the nonlinear behavior of the 
analyzed problems, as the aggregate discretization is not used to determine the size of the interface elements or the ITZ 
region. This can be verified by the small variability of the results presented in Figure 11, in which we keep the matrix 
mesh in 𝑑𝑑/20 and vary the aggregate’s mesh using 𝑑𝑑/20, 𝑑𝑑/12, 𝑑𝑑/6 and 𝑑𝑑/3. 

Figure 11.  Force-Displacement curves: Study of aggregate mesh refinement for sample with (a) 1 and (b) 5 aggregates. 
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4.2 Mesoscale uniaxial tension tests for different volumes of aggregates 
In this example, for OM and SM models, using the same specimens of the previous example (same boundary 

conditions), we analyze the effect of the aggregates’ volume fractions. Three cases are studied with the following aggregate 
volume fractions: 30%, 35% and 40%. These volume fractions are chosen because according to Ma et al. [64] the volume 
of coarse aggregates in conventional concrete is in the range between 30% and 40% of the total volume. 

The shapes (polygons with 5, 6, 7 and 8 sides) and positions of the aggregates are chosen randomly, while their 
sizes are determined using the Fuller's theoretical granulometric curve [61] with diameters between 5 mm and 10 mm. 

Meshes with approximate 𝑙𝑙𝐹𝐹𝐹𝐹 dimension 𝑑𝑑/12 are used for the matrix elements of the OM model and for all 
elements of the SM model, for which 𝑑𝑑 = 7.5𝑚𝑚𝑚𝑚 (average aggregates’ dimension). Based on the previous example 
results, achieved for the OM model, a discretization corresponding to 𝑑𝑑/3 is adopted for the aggregates and the height 
of the pseudo finite element to define the ITZ is adopted as 𝐻𝐻 = 1.0𝑙𝑙𝐹𝐹𝐹𝐹. All simulations of this example were performed 
by dividing the prescribed displacement into 800 steps. For larger amount of steps, solutions are stable. 

Observing the force - displacement results of Figure 12, we conclude that the alternative formulation proposed here 
(OM) has similar results to the SM formulation for both peak values and post-peak behavior. The stiffness differences 
are very small, leading to the conclusion that the models are mechanically equivalent in situations closer to real 
composites. In addition, as the matrix’s node numbering does not change for different volume fractions, the OM 
formulation has a simpler mesh generation strategy and boundary conditions application. 

Figure 12. Force-Displacement curves: samples analyzed using SM model and OM model with different aggregate volumes. 

As can be seen in Figure 13, the fracture paths have many similarities, that is, the concentration of stresses in the 
SM and OM models (that lead to the nucleation and propagation of fractures) are very close, revealing the equivalence 
in quality of the formulations. 

Figure 13. Cracks in samples analyzed using SM model and OM model with different aggregate volumes. 
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In what follows, a study is carried out to identify the influence of random aggregate distribution on response curves 
and crack pattern. Three different distributions of aggregates were generated for the volume fraction of 35% and 
analyzed by the OM and SM models. The mesh refinements were the same described previously and in the case of the 
OM model the matrix mesh does not change. The results presented in Figures 12 and 13 with volume fraction of 35% 
are also included in this new set of analyses and called SM1 and OM1. The new samples were named SM2, SM3 SM4, 
OM2, OM3 and OM4. 

As expected, Figure 14 confirms that the position of the aggregates influences the response curves for both models. 
Figure 15 shows, as expected, that the aggregates position influences the starting point and paths of cracks. Furthermore, 
it was evident that the cracks obtained for the same distribution of aggregates in the OM model and in the SM model 
were close in the four studied cases. 

Figure 14. Force-Displacement curves: samples analyzed using OM (a) and SM (b) models with 35% of aggregate volume 
fraction and different distributions. 

Figure 15. Samples with different aggregate distributions for OM and SM models: Cracks patterns with volume fraction of 35%. 

It is important to mention that in this example the processing time was measured. The OM model takes 39% more 
time than the SM model. However, the intention of the developing the OM model is the possibility to analyze multiple 
random aggregate distributions, with different volume fractions, which is very difficult using the SM model, doing to 
the pre-processing step. 
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4.3 Coupling non-matching meshes for different boundary conditions 

The third example validates the proposed non-matching meshes coupling strategy to link different scales. It is 
considered an elastic specimen (no degradation) subjected to traction, compression, and shear stresses. The problem is 
modeled using the SM formulation (unique mesh) and the OM formulation adapted to consider different meshes’ scales 
in adjacent regions. 

Figure 16 shows the geometry and boundary conditions of the problem, whose thickness is 50 mm. The prescribed 
displacements are 𝛿𝛿 = 0.20𝑚𝑚𝑚𝑚 and 𝛿𝛿 = −0.20𝑚𝑚𝑚𝑚 vertically and 𝛿𝛿 = 0.20𝑚𝑚𝑚𝑚 horizontally for tension, compression 
and shear-like cases, respectively. 

The SM discretization has 2500 elements and 1326 nodes, the non-matching (OM) discretization has two regions, 
one with the same mesh density as the SM case and the other with a coarser mesh. The coupling strategy, see section 2, 
results in 1298 elements and 714 nodes. In all cases, the Young modulus is 20000 MPa and the Poisson ratio is 0.20. 

Figure 16. Geometry and boundary conditions: (a) tension, (b) compression and (c) shear tests. 

In Figure 17, the normal stress and vertical displacement fields of the tensioned case are shown. As one can see, 
vertical displacements are in very good agreement and the relative difference in stress field has a maximum of 1.5%. 

Figure 17. Tension test. 

In Figure 18, the vertical displacement and normal stress fields for the compressed case are presented. As expected, 
the relative difference between the SM and OM representations are the same as the tension case, i.e., 1.5%. 
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Figure 18. Compression test. 

In Figure 19, the horizontal displacement and normal stress fields in the vertical direction for the sample subjected 
to shear-like displacements are shown. It is important to note that in the contact region between non-conforming meshes, 
nodal results are not averaged, considering that the nodes are not coincident. In this sense, the stresses in the well-
discretized region of the OM model (mesoscale) do not present significant differences in relation to the stresses of the 
SM model, resulting in the possibility of performing very precise nonlinear analyses. In the region of coarse mesh (OM) 
it is not expected an accurate stress distribution since physical non-linear analyses are not to be performed there. Finally, 
the displacement distribution is practically coincident for the two models. 

Figure 19. Shear test. 

From the previous discussion, using the proposed non-matching approach is a good alternative to differentiate 
mesoscale and macro scale representations, reducing the computational cost and keeping the accuracy at the region in 
which degradation may occur. 

4.4 Multiscale three-point bending test 
The last example studies a concrete beam modeled by the proposed concurrent multiscale model and compares 

results with experimental data. From the above results and the existence of experimental data, the SM strategy is not 
used to describe aggregates. 

A concrete beam subjected to a three-point bending test is simulated using the proposed OM model to represent 
mesoscale and results are compared with experimental data given by Grégoire et al. [71]. The coupling between 
macroscale and mesoscale is performed using (i) a mesh refinement in transitions’ region, resulting in a conforming mesh 
and (ii) the proposed non-matching meshes coupling strategy of section 2. In both analyses, the mesoscale is modeled 
using aggregates that do not add degrees of freedom and with ITZ generated using the OM strategy proposed here. 

The beam geometry and boundary conditions are shown in Figure 20. The beam has a notch on the lower edge in 
the central region with a length equal to one fifth of the beam height and a width of 2 mm. The notch induces stress 
concentration and the crack propagation, thus only this region needs to be represented in mesoscale. The thickness of 
the beam is 50 mm and displacement control is applied at the midpoint of the upper edge, where the reaction force F is 
numerically measured. 

For both analyzed cases, the coarse aggregates are generated in the form of regular polygons with 5, 6, 7 and 8 sides 
and 40% of volume fraction. They are represented in the size range limited by a minimum diameter of 5 mm and a 
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maximum diameter of 10 mm. The size of the coarse aggregates follows the granulometric distribution given by the 
average experimental curve of [71]. 

The concrete’s Young modulus (macro scale) is the same presented by [71]. The properties of mortar, coarse 
aggregates and interfaces were adopted with the same values estimated by [7], [21]. The values adopted for the 
mechanical properties are presented in Table 2. We recall that the numerical value of the aggregate Young modulus is 
19.8 GPa, due to the superposition of mortar and aggregate meshes. 

The mean aggregate diameter (𝑑𝑑 = 7.5𝑚𝑚𝑚𝑚) is used to define the mesoscale mesh refinement. The mortar mesh is 
formed by elements with sides of the order of 𝑑𝑑/20. The height of the pseudo-elements used to define the ITZ is 𝐻𝐻 =
1.25𝑙𝑙𝐹𝐹𝐹𝐹. The aggregate mesh is formed by elements with sides of the order of 𝑑𝑑/3. The macroscale mesh is formed by 
elements with sides of the order of 4 mm. All simulations of this example were performed by dividing the prescribed 
displacement into 800 steps. For larger amount of steps, solutions are stable. 

The curves shown in Figure 21 relate the reaction force F with the crack mouth opening displacement (CMOD). 
The achieved numerical responses are very close to the average experimental curve of [70]. The main difference 
between results (peak) is due to the fact that we adopted the properties chosen by [7] and [21] which do not take into 
account the randomness of the positioning and orientation of the aggregates, whose detailed assessment is beyond the 
objective of the present study. 

Comparing the results of cases (i) and (ii), in Figure 21, one observes that they are practically identical, confirming 
that the meshing coupling strategy works properly for concurrent multiscale analysis. One can also observe in Figure 22 
that the crack patterns of both cases are very similar, thus the stress field provided by the non-matching strategy is 
considered accurate. 

From the previous observations, we conclude that the use of the OM strategy (ITZ and interface elements) in conjunction 
with the strategy of coupling non-matching meshes can be used in general problems of multiscale concrete modeling. 

Figure 20. Geometry and boundary conditions. 

Table 2. Mechanical properties of each material. 

Material Young modulus (GPa) 𝝂𝝂 𝑮𝑮𝒇𝒇 (N/mm) 𝑭𝑭𝒕𝒕 (MPa) 
Concrete 37 0.2 - - 

Coarse aggregate 50 0.2 - - 
Mortar 30.2 0.2 - - 

Coupling element 30.2 0.2 - - 
ITZ 30.2 0 0.05 2.6 

Int. matrix-matrix 30.2 0 0.1 5.2 

Figure 21. Comparison of the numerical results with those obtained experimentally by [71]: reaction force-CMOD curves. 
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Figure 22. Numerical crack patterns obtained: (a) beam without and (b) beam with use of coupling element. 

5 CONCLUSIONS 
In this work, a computational framework to numerically model concurrent multiscale analysis of particulate 

composite is implemented. Two main contributions are detached: The first introduces an alternative representation of 
the mesoscale interfacial transition zone (ITZ) of the concrete, improving a previously developed strategy that allows 
modeling aggregates without degrees of freedom. The main advantage of the proposed ITZ representation, together 
with the model of representation of aggregates embedded in the matrix, is the possibility of representing discrete cracks 
that pass on the face of the aggregates, a characteristic observed experimentally in conventional concrete. Another 
advantage of mesoscale modeling that comes with this improvement is the possibility of performing parametric studies 
of coarse aggregates while preserving the matrix mesh and boundary conditions, which simplifies the preprocessing 
stage. The second contribution consists in using immersed particle-like elements without degrees of freedom as 
coupling elements of non-matching meshes. The proposed coupling elements do not add degrees of freedom to the 
problem and does not use penalization technics. 

From the performed analyzes, including comparisons with other numerical techniques and with experimental 
results, we conclude that the proposed computational framework can be used in general multiscale analyzes of concrete 
structures. Future developments should consider reliability analysis involving the randomness of parameters: geometry, 
relative quantity, and physical properties of the constituent media. 

From the good results using the proposed two-dimensional simulations (plane stress state) it is also proposed as 
future developments its extension to the three-dimensional case. 
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