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1. Introduction

Let O = O' x @ be a bounded smooth open subset of R%, with O’ ¢ RY, 0" € R?”,
d = d' + d”. We consider the following mixed-type initial-boundary value problem for a
quasilinear degenerate parabolic-hyperbolic stochastic partial differential equation

du + div (A(u)) dt = D?,, : B(u) dt + ®(u) dW, zeO,te(0,7), (1.1)
u(0,2) = uo(z), forzeO, (1.2)
u(t,z) = wup(t), for (t,z) € O x 00", (1.3)
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A(u)-v=0, for (t,z) € dO xO", (1.4)

where, A : R — R% and B : R — M?" are smooth maps, M¢" denote the space of d”’ x d"’
matrices, B = (Bj;){_y .1, and D2, = (92, )” —qi1- For R = (Ri;), S = (Sy5) € M’
we denote R : S = 3, . R;;S;; and, by extrapolatlon D?,:B = Z?,j:d/ﬂ aiiszij.
The matrix B(u) is symmetrlc and its derivative b(u) = %B(u) is a symmetric non-
negative d” x d” matrix. W is a cylindrical Wiener process.

1.1. Hypotheses

The flux function A = (Aj,---,Ay) : R — R? is assumed to be of class C? and
we denote its derivative by a = (ay,- -+ ,aq). The diffusion matrix b = (bij)g,j:dfﬂ :
R — M? is symmetric and positive semidefinite. Its square-root matrix, also symmetric
and positive semidefinite, is denoted by o, which is assumed to be bounded and locally
~v-Holder continuous for some v > 1/2, that is,

lo(§) —o(QI < C(R)IE—¢|"  forall §,C€R, [§—¢| <1 (1.5)
Moreover, we assume that, for some b € C*(R), with (") > 0, for a.e. u € R, for some
constant A > 1 and for all £ = (£g41,- -+ ,&q) € RY we have
d
< Y bolweg <2 P g (16)

i,j=d'+1

As it was observed in [15], (1.6) implies that the B;;’s are locally Lipschitz functions of
b( ), that is, there exists a locally Lipschitz continuous functions B;; such that B;;(u) =
B” (b(u)), for all 4,5 =d +1,---,d. Relation (1.6) immediately implies

db(u) d db( )
oSS > nwgg < A=l (1.7)
i,j=d'+1
and similarly to b, we deduce that X(u) := fo ¢)d( is a locally Lipschitz d” x d"-

matrix function of b(u), that is, there is a locally Llpschitz d’ x d"-matrix function ¥
such that X (u) = 2(b(u)).
The symbol £ associated to the kinetic form of (1.1) is defined by

L(ir,in,€) = i(r +a(€) -n) + 0" b(E)n”,

where n € Z¢ and we write n = (n/,n"), for n € Z¢, where n’ € 2% and n” € Z%". The
reduced symbol is defined by

Lo(it,in, &) = i(r +a'(&) -n') +n”" 'b(&)n”
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where a’(¢) = (a1(£),- -+ ,aa (€)), n € Z9.

We recall here the conditions by Gess and Hofmanové in [18] under which they prove
a fractional Sobolev space regularity, in the space variables, for the periodic kinetic
solutions of (1.1). For J,d > 0 and n € C°(R) nonnegative, let

Q}(1,n;0) = {€ € suppn : |L(iT,in,§)| < d},
wp(J;0) == sup  |Q}(7,n;0)|

Let L¢ := 0 L. We suppose that there exist a € (0,1), 8 > 0 and a measurable function
¥ € L2 (R; [1,00)) such that

loc

5 (o9
0 S (73)

\Le(ir,in; )| (1.8)

sup sup <n Jb, vo>0,J 21,
T EIR‘,n ?]Zd £Esuppn 19(5)

where we employ the usual notation z < y, if x < C'y, for some absolute constant C' > 0,
and z ~y, if x Syand y < z.

We recall that in [27] the following non-degeneracy condition, seemingly weaker than
(1.8), at least for the latter’s non-discrete version as in [33], was proposed: For (1,x) €
R+ with 72 + |k|? = 1, for all n € CX°(R),

2
Hf csuppn : |7 +a(é)-k|*+ (K’lTb(f)HH) = O}’ =0, (1.9)
and, due to (1.6) and the fact that dl:i(j) > 0, for a.e. u € R, (1.9) implies, for all

n e Cx(R),
T 2
Hg €suppn : |t +a'(&) w|* + (/1" b(f)m") = OH =0, (1.10)

where a/(€) i= (a1 (€), -+ , aur(€).

For the proof of the existence of a kinetic solution to (1.1)—(1.4) we will assume that
b(¢) = b is a constant, positive definite, d” x d” matrix, and that the following non-
degeneracy condition holds: there exists some constant 0 < « < 1 such that, for all
neCx(R),

sup {§ € supp ;|7 +a'(§) - K| < 0} Sy 0% VO > 0. (1.11)
(1,6")ERY ;724 |k"|2=1

The following proposition shows that, in the case where b(£) = b is a constant, positive
definite, d” x d” matrix, the condition (1.11) implies conditions (1.8), with § =1, ¢ = 1.
See also the observation just after the proof of Proposition 1.1 below.
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Proposition 1.1. Assume (1.11). For 8 =1,

S a/2
IS (35)

(1.12)

sup sup |Le(iT,in; €)| <, JP, Vo >0, J 2 1.

T€R,n € Z*{ESUPP N
Inf ~ J
Proof. We first consider the case where a”’(¢) = 0 and prove that, for 8 =1,
n 7.8 < J\"
wﬁo(‘]ﬂ 5) ~n ﬁ )

(1.13)

sup sup |9 Lo(iT,in; &) <y TP, Vo >0,J 2 1.
TeER,n § 7 £€suppn

Inf ~

Let u > 0 be the smallest eigenvalue of b. Notice that, because supp 7 is compact, it
suffices to verify (1.13) for 0 < § < u/100.
Fix JZ1,|n|~J,7€R, and 0 < § < 1/100. The key observation here is that

[Co(im,in,&)| 2 |7 +a/(§) - /| +n” T - bn”
> e+ a/(€) - n| + . (1.14)

In particular, we see that
Q% (r,m;0) = 0if [n”| Z (5/p) /2. (1.15)
On the other hand, if |n| < (6/p)'/?, then |n/| ~ J, and (1.14) implies that
Q}, (1,m;0) < |{¢€ € suppn; |7 +a'(¢) - n'| < 5}

Consequently, (1.11) yields that

A
O, (r.0) Sy () 1S (0102

This, in combination with (1.15), establishes the bound on wg,(J;¢) in (1.13). Fur-
thermore, since

d !
DeLo(ir,in; &) = d%(ﬁ) -,

which is a first-order symbol, it is obvious that
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da’
|0 Lolir,in;§)| < sup | ——
£€suppn §

<s>\|n’| <, U

as we wanted to prove.

Let us now consider a general a(§), with a’(§) possibly # 0. The only significant
difference would be that here one has to handle the “a’(£) - n””-part of L(it,in,§),
which may be seen as a perturbation on L(iT,in,§).

Once again, denote by p > 0 the smallest eigenvalue of b, and let J 2 1, |n| ~ J,
T € R, and 0 < § < /100 be given. Since the counterpart to (1.14) is

|L(ir,in; )] 2 |7 +a(€) - n| + pln"|?,
we again see that
O (7,m;8) = 0 if "] 2 (/). (1.16)
On the other hand, if [n”| < (6/u)'/?, we have that |n’| ~ J, and

[T +a'(§) | < |m+a(f) n|+a"(§) n”
<|r+a(§) - n| +supla”(§)[n"|
§en

Spn |7 +a(€) 0| + 872,
provided that & € suppn. Therefore, from (1.16),
QO (7, m;8) < [{€ € supp; |7 + a(€) - n| < 6}

T +a’(§) - n/| 5+ 61/2
< Hf € supp1); =+ w22 St 7

5+51/2 [
<
~H,M ( J )

5 a/2
Son (5) w15 Gl

This proves the assertion on wg(J;0) in (1.12). The estimate on L¢(iT,in;§) may be
verified as before. O

Conversely, due to the form of the second order term V,»b(u)V»u, it can be shown

that conditions (1.8) imply db(g) = 0, that is, b(§) = b is a constant matriz, and
condition (1.11) holds.°

6 We thank the anonymous referee for this observation.
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We are going to seek solutions of the initial-boundary value problem (1.1)-(1.4) which
assume values in an interval, say [Umin, Umax], Such that ug(z), up(2) € [Umin, Umax], and

Al(umin) = AI(Umax) =0, (1.17)

where A’(u) := (A1(u), -+, Az (u)).

As to the stochastic term, we adopt the framework of [17], similar to that in [8,9,18].
Let (Q, F, (Fi)i>0, P) be a stochastic basis with a complete, right-continuous filtration.
Let P denote the predictable o-algebra on Q x [0, 7] associated to (F;)i>0. The initial
datum may be random, Fy-measurable, and we assume ug € L (2 x O). The process
W is a cylindrical Wiener process,

t) = Br(t)er,

k>1

with (8x)x>1 being mutually independent real-valued standard Wiener processes relative
to (Fi)i>0 and (ex)r>1 a complete orthonormal system in a separable Hilbert space 4l
For each u € L?(0), ®(u) : 44 — L?(0) is defined by ®(u)er = gi(u(-)), where gx(-) is a
regular function on R satisfying the bounds

|95(0)] + 1091 (€)] + 1029 ()] < aw,  VEER, (1.18)

where (a)g>1 is a sequence of positive numbers satisfying D := 4>, ., af < co. Ob-
serve that (1.18) implies

Z|gk )2 < D1+ |ul?), (1.19)
k>1

> lgw(u ()] < D(Ju —v|?), (1.20)

k>1

for all x,y € O, u,v € R.

The conditions on ® imply that ® : L?(O) — La(4; L?(0)), where the latter denotes
the space of Hilbert-Schmidt operators from i to L?(©). In particular, given a predictable
process u € L%(Q x [0, T]; L?(0)), the stochastic integral is a well defined process taking
values in L?(0O). Indeed, for each u € L?(0), it follows from (1.18) that

Z gk (W)|72(0y < D1+ [[ullF2(0))-
k>1

In this setting, we can assume without loss of generality that the o-algebra F is
countably generated and (F;);>¢ is the completion of the filtration generated by the
Wiener process and the initial o-algebra, F(, which is assumed to be independent of the
Wiener process W.
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As aforementioned, we will look for bounded solutions of the initial-boundary value
problem (1.1)-(1.4) which assume values in the interval [tmin, Umax], Where Umin, Umax
are as in (1.17). Moreover, we assume that

Ik (Umin) = gk (Umax) =0, forall k=1,2,---. (1.21)

For simplicity we assume that uy € L°(0) is deterministic and satisfies upmin < ug <
Umax- Let us point out that ug may be random, in which case it should be assumed that
it is Fp-measurable. The extension to this more general setting is straightforward and
follows the arguments below line by line just by adding an expectation where integration
in the random parameter takes place. The conditions on u; are given below (see (1.26)).

1.2. Definitions and main result

Definition 1.1 (Kinetic measure). A mapping m from Q to M ([0,7] x O x R), the set
of nonnegative bounded measures over [0,7] x O x R, is said to be a kinetic measure if
the following holds:

(i) m is measurable, in the sense that for each ¥ € Cy([0,7] x O x R) the mapping
m(¢) : @ — R is measurable, where by Cy we denote the space of continuous
functions vanishing at the boundary or when the norm of the argument goes to
infinity.

(ii) m vanishes for large §: if B = {€ € R : || < R}, then

lim Em([0,T] x O x BS) =0,

R—o0
(iii) for any ¥ € Cp(O x R)
[ veodmisag e @ x .7)
[0,t]x OxR
admits a predictable representative.

Concerning the Dirichlet condition in the next definition we make the following com-
ments and further assumptions. First, we assume the following:

B(u) is diagonal, that is, B;;(u) = 0 for i # j. (1.22)
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Second, we introduce the functions

F(u,v) := sgn(u — v)(A(u) — A(v)),

B(u,v) := (sgn(u — v)(B;j(u) — Bjj (v)))‘ij:l,

)= Vg - B(u,v) — F(u,v), (1.23)
Ko (u,v) + Kpn (u,w) — Ky (w,v),

3
0
<

&
=
=
&
i

where Vg - B(u,v) is the d-vector with components

0, if j<d,
(Var - B(u,v)); = d . .
> 0y, (sgn(u — v)(Byj(u) — Bij(v))), ifd+1<j<d,
i=d/ 1

and G : L?(0)? — La(84; L?(0?)) is given by G(u,v)ex = sgn(u—v)(gr(z,u) — gx(z,v)),
k> 1.

Similarly, we define F, B, and G4 as their counterparts in (1.23) with sgn(-)4
instead of sgn(-).

We also define

A(u,v,w) = |lu—v| + |lu— w| — |Jw —v|. (1.24)

Third, in order to take advantage of the fact that 90" is locally the graph of a
C? function, we introduce a system of balls B”, with the following property. For each

B" = B"(z{,r) € B”, a ball with center at an arbitrary z{, € 00" we have that for some
v e C*RYY),

B"nO" ={(y",ya) € B : ya <~v@"),¥" = War41,"+ Ya-1) € Rd”ﬁl}v (1.25)

where the coordinate system (yg/ 41, ,%q4) is obtained from the original (xgry1,- -, 24)
by relabeling, reorienting and translating. By relabeling we mean a permutation of the
coordinates and by reorienting we mean changing the orientation of one of the coordinate
axes.

Fourth, we assume that wuy is predictable, satisfies umin < up(t, ) < Umax, (¢, ) €
(0,T) x OO and that

up € L*(Q x [0,T); X) N LA(Q; H((0,T); L*(0))) N LY x [0, T];Y), (1.26)

where, X = L*(O'; H*(00"))NL*(00"; HY(O')NH?(O')) and Y = L*(O'; WH4(00")).
Condition (1.26) is intended to ensure that, given B € B” satisfying (1.25), there is an
extension ugr € L2(Q x [0,T); L2(O'; HX(O))) N L?(Q x [0, T]; L?>(O"; H*(O"))) of uy to
O satisfying (strongly) the following
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dugr = Aupgndt — Aiu’U,B//dt + q’(’U,BH)dW(t), reO, te (O,T)7 (127)

up(0) = upro, (1.28)

upr ()| o o = wb(t), (1.29)

auB//

axd (t)|o/><(ao//nB//) = 07 (1~30)
where, AZ, = Z?:d'-s-l o2 .. Zj’—&-l 93,5, denotes the bi-Laplacian operator in the
parabolic variables and upgro is a smooth extension of u(0,-) to O’ x B” such that
0 _
b2y |0 x (0B = O-

Remark 1.1. Actually, we only need to assume that, for each B” € B”, uy|or x(90np7) is
the restriction to O’ x (00" NB") of a strong solution of a stochastic equation whose noise
term is given by ®(up)dW, also satisfying (1.30). It is possible to show that under the
hypothesis (1.18) and assuming (1.26), then there are strong solutions to (1.27)-(1.30),
in particular. The proof of this statement goes by the same lines as in Appendix A in
[17], but using the operator A = A — A2, with domain

D(A) = {u € L*(0' x O"); L*(0"; H*(0")) N € L*(O'; (HE N H*)(0O"))

and, in the sense of traces, 9,u =0 on dO" x 0"},

instead of the bi-Laplacian, and using the results from Appendix A.4 and Appendix B
below. The fact that there is such a function up~ that is a mild solution of (1.27)-(1.30)
can be shown by standard methods via a fixed point argument by assuming only that
up € L*(Qx[0,T]); X)NL2(; H((0,T); L2(0))). The extra regularity assumed in (1.26)
guarantees that the solution is in fact strong. In particular, the assumption that u, €
LA x [0,T);Y) in connexion with (1.18) is used to improve the regularity of the mild
solution by adapting some ideas from [21]. We refer to Appendix A in [17] for the details.

Remark 1.2. In the deterministic setting, that is, when ® = 0, up» may simply be
obtained using (1.25) by setting up (7, zq4) = up(), for x = (,24) € B" N O (cf. [15)).
Asin [17] (cf. [15,28]), the extension of the values of the parabolic boundary to the interior
of the domain will be used below to give meaning to the boundary condition (1.3). We
will comment further on the extension of the boundary data satisfying (1.27)-(1.30) in
Subsection 1.3 below.

Definition 1.2 (Kinetic solution). A predictable function u € L*(Q x [0,T] x O) is a
kinetic solution of (1.1)—(1.4) if for all p > 1,

we LP(Q x [0,T],P,dP ® dt; LP(O)) N LP(Q; L=(0, T; LP(O))),

and it satisfies the following:
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(i) Regularity:
Varb(u) € L2(Q x [0,T] x O), (1.31)
where Vi = (0, ,, " ,0z,). In particular, denoting div,» = Zj:d/-i-l Oy, We
have that div, fou o(&)de € L2 x [0,T] x O).

(ii) Kinetic equation: There exists a kinetic measure m > nq, P-a.s. such that the pair
(f = 1us¢, m) satisfies, for all p € C°([0,T) x O x R), P-a.s.,

T T
/ ), Opp(t)) dt + (fo, ¢ —|—/ ,a-Vp(t))dt
0 0

T

+ ), b1 DZup(t)) dt
i

T
O/O'/gk u(t, z))p(t, x, ult, x)) dz Br(t)

?r.
,_.

T
%//G2 (t,2))0ep(t, z,u(t,x)) de dt + m(Oep), (1.32)
0

where, n1 : @ — M ([0,T] x O x R) is defined as follows: for any ¢ € Co([0, T] x
O xR)

_ [ o(t, 2, &) |div 4 ua(g) dc 2 8,12 (€) da dt.
0 O R 0

(iii) Neumann condition on I := 90’ x O": For all ¢ € C°((0,T) x RY x Q),

T

/ /{uatq*s +A(W) - Vé = Vo - Blu) - Vord} da dt

0 o

T
+0// D (u) dzdW (t) =0, (1.33)

where V- B(u) is the d’-vector whose j-th component is Z?:d,_H 0y, Bij(u), for

d' +1 < j < d. Observe that the test function ¢ does not necessarily vanish over
I, :=(0,T) x I'.
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Additionally, among all possible functions that satisfy (i), (ii) and (iii), item (iv) below
will characterize uniquely the one that satisfies the boundary condition (1.3).

(iv) Dirichlet condition on I' := O’ x 00": We say that u satisfies (1.3) if the following
conditions hold. For each B” € B”, and some random constant C, > 0 with finite
expectation, depending only on A, B and wup, we have a.s. and for all 0 < ¢ €
C>((0,T) x O x B") that

T
//{|utx —up(t, 2)|00p — Ko (ult, 2), up(t, 7)) - V) do dt
0 O

T
+ // u(t,x), up(t, =)@ dr dBi(t) > —Ci||@l L2(0x0,1)-  (1.34)
0 0

k>1

Also, if v is any other kinetic solution of equation (1.1) (possibly with different initial
data vg) and ¢§ is any O”-boundary layer sequence (for whose precise definition we
refer to Section 3), then for all 0 < ¢ € C°(O' x B” x O) and 0 < ¢ < T, we have
that

hmmfIE//H o (u(s, x),v(s,y),up(s,x)) - Vuolf (2)p(x,y) dzdyds > 0. (1.35)
0 02

Moreover, for all B” € B” and 3 € C°(0'), a.s., we have

/w u(t, x)) dm—/w Vo(up(t, x)) dx’
n (0,7) x (00" N B") in the sense of traces in L*(0,T; H*(B" n©0")). (1.36)

Remark 1.3. Note that in the deterministic setting, that is, when g = 0 for all £ > 1,
the constants are solutions of equation (1.1) and the condition (1.35) is only necessary
to hold for constant solutions v(t,y) = k (cf. [28,15]). In the present setting, like in [17],
this is no longer the case.

Remark 1.4 (Chain rule). Since, according to (1.7), 2(u) = [;' 0(¢) d( is a locally Lips-
chitz function of b(u), condition (1.31) implies that V,»¥(u) € L?(Q2x [0,7]x O). Conse-
quently, for any 0 < 9 € C,(R) the following chain rule formula holds in L?(2x [0, T]x O)
(see the appendix in [7])

u

div / 9o (€)dE = O(u)diva / c(E)de, i D(O), ae. (w,f).  (137)
0

0
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It is important to have also at hand the notion of entropy solution.

Definition 1.3. A bounded measurable function u € L (2 x [0, 7] x O) is a weak entropy
solution of (1.1)—(1.4) if for all p > 1,

ue LP(Q x [0,T],P,dP ® dt; LP(0O))
and it satisfies conditions (i), (iii) and (iv) of Definition 1.2 and

(ii’) There exists a kinetic measure m : @ — M; ([0, T] x O x R) satisfying

2
d

m > §(§ — u(t,x)) Z Z axq/o'zk ¢ |

k=d'+1 \i=d'+1

a.s., where 0(¢) denotes the Dirac measure concentrated at 0, such that, for all
n € C?(R), with A,,B,, such that LA, (u) = Ln(u)LA(u) and LB, (u) =
L y(u)-LB(u), and for all p € C=([0,T) x O),

T T
0 0

St~

+ [ v @) Vo st = [ G Epdn(ta)
[0,T]xOxR
’ d 1 ’ d?
=5 [lo®) T 0 am®) - 5 [ (G ) TR, di, - (135)
k=179 0

a.s. where (-, -) represents the inner product of L2(O) or L?(O;R%).

The following proposition establishes the equivalence between the notions of kinetic
and weak entropy solutions, in the context of L> solutions.

Proposition 1.2. For a bounded measurable function u : Qx[0,T]x O — R it is equivalent
to be a kinetic solution of (1.1)—(1.4) and a weak entropy solution of (1.1)—(1.4).

Since u is bounded, the proof follows from the same arguments in the proof of the
corresponding result in [7].

The first main result of this paper is as follows.
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Theorem 1.1. Let u € L (Q2 x (0,T) x O) and for allp > 1,
ue LP(Q x (0,7T),P,dP ® dt; LP(0O)).

Assume that u satisfies Vgnb(u) € L2(Qx (0,T) x O) and (ii’) of Definition 1.5. Assume
also that the weaker non-degeneracy condition (1.10) is satisfied. Then, there exists u™ €
L>®(Q x TY) such that, for any deformation of 0O, W' : [0,1] x 00" — O', strongly
regular over 00", if ¥ : [0,1] x Ty — Op, is defined by ¥ (s, t,z’,2") = (t,¥'(s,2'),2"),

we have

T
ebshm]E//|u 5, 6,8)) — 7 (4,3)| dH V(@) dt = 0. (1.39)
01
Moreover, we also have
esshm//|u (5,t,2)) — u" (t,Z)| dHY(Z) dt = 0, (1.40)

almost surely.

The above theorem is a key tool for the proof of the uniqueness of the kinetic solution
of (1.1)—(1.4), which is the second main result of this paper. We denote by u* the left-
and right-continuous representatives of u, respectively (see Section 2).

Theorem 1.2 (Uniqueness). Assume the weaker non-degeneracy condition (1.10) holds.
If uy, ug are kinetic solutions to (1.1)—(1.4) with initial data u1,0 and ug g, respectively,
then for allt € [0,T] we have

E / |t (t, ) — vE(t,z)| de < E / |uo(x) — vo(x)| dz, (1.41)
o

o

for some C > 0 depending only on the data of the problem.

Finally, under the assumption that b(§) = b is a constant, positive definite, d” x d”
matrix and the non-degeneracy condition (1.11) we establish the third main result of
this paper.

Theorem 1.3. Let ug € L>®(Q x O) with ug,up € [a,b] C (=M, M) and assume that
(1.18) holds. Then, there is a unique kinetic solution of (1.1)=(1.4), and it has almost
surely continuous trajectories in LP(O), for all p € [1,00). Moreover, if u and v are two
kinetic solutions with initial data ug, vy and Dirichlet data uy, vy, we have
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E/m(m) oty 2| dx < IE/|u0(m) — vo()| da, (1.42)
@] o

for some C' > 0 depending only on the data of the problem.
1.8. Outline of the content

This paper extends to stochastic equations the results in [15]. This extension is far
from trivial since the study of degenerate parabolic-hyperbolic stochastic equations in
bounded domains requires the combined use of many deep results in the frontier of
the research in mathematical analysis and probability theory as indicated by the recent
articles [9] and [18]. In particular, since we do not impose restrictions on the spatial
support of the noise, we are forced to extend the strong trace theorem in [15] to the
present stochastic context, establishing then a new strong trace property for degenerate
parabolic-hyperbolic stochastic equations. Moreover, a new averaging lemma is stated
and proved (see Lemma 4.9 below), which was a missing point in [15], as a decisive step
in the proof of the new strong trace theorem in Section 4.

The Dirichlet boundary condition on the parabolic boundary also poses a challenging
problem, specially in the proof of uniqueness of solutions, due to the presence of the noise.
However, in [17] the authors developed several techniques that enable the usage of the
existence of normal weak traces for divergence measure fields in the present stochastic
setting allowing for a delicate analysis of the solutions near the boundary, which can
be reproduced in our present context with slight adaptations. Said analysis uses the
extension up~ of the prescribed values on the parabolic boundary to the interior of
the domain in order to control the values of the solution near the boundary. On the
other hand, in order to deduce the consistency of the definition of kinetic solutions to
(1.1)—(1.4) with limits obtained from the vanishing viscosity method, it is necessary to
impose that up be a strong solution to a stochastic equation whose noise term is given
by ®(up)dW, in order to avoid infinite quadratic variation in the limit when comparing
a solution with the boundary data near the boundary. This imposition precludes us from
using the trivial extension given by up(Z,z4) = up(Z) considered in the deterministic
case treated in [28,15].

The theory for degenerate parabolic-hyperbolic stochastic equations is an extension
of the theory for stochastic conservation laws, which in turn have a recent yet intense
history. For the sake of examples, we mention Kim [23] for the first result of existence and
uniqueness of entropy solutions of the Cauchy problem for a one-dimensional stochastic
conservation law, in the additive case, that is, ® does not depend on u. Feng and Nualart
[13], where a notion of strong entropy solution is introduced, which is more restrictive
than that of entropy solution, and for which the uniqueness is established in the class of
entropy solutions in any space dimension, in the multiplicative case, i.e., ® depending on
u; existence of such strong entropy solutions is proven only in the one-dimensional case.
Chen, Ding and Karlsen [4], where the result in [13] was improved and existence in any
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dimension was proven in the context of the functions of bounded variation. Debussche
and Vovelle in [8], where a major step in the development of this theory was made with the
extension of the concept of kinetic solution, originally introduced by Lions, Perthame
and Tadmor in [27], for deterministic conservation laws, to the context of stochastic
conservation laws, for which the well-posedness of the Cauchy problem was established
in the periodic setting in any space dimension. Bauzet, Vallet and Wittbold [1], where
the existence and uniqueness of entropy solutions for the general Cauchy problem was
proved in any space dimension (see also, [22]). Concerning boundary value problems,
Vallet and Wittbold [35], in the additive case, and Bauzet, Vallet and Wittbold [2],
in the multiplicative case, obtain existence and uniqueness of entropy solutions to the
homogeneous Dirichlet problem, i.e., null boundary condition. The methods and results
introduced in [8] were later extended to degenerated parabolic problems by Debussche,
Hofmanova and Vovelle [9] and Gess and Hofmanovd [18], and we refer to these papers
for other relevant references on this subject.

2. Doubling of variables and Kruzhkov inequality

We start recalling the result establishing the existence of left- and right-continuous
representatives of a kinetic solution proved in [8,9]. The same property holds here also
and the proof is exactly the same as in [8,9] to which we refer.

Proposition 2.1 (Left- and right-continuous representatives). Let u be a kinetic solution
to (1.1)=(1.4). Then f = l,>¢ admits representatives f~ and f which are almost surely
left- and right-continuous, respectively, at all points t* € [0,T] in the sense of distribu-
tions over O x R. More precisely, for all t* € [0,T] there exist kinetic functions f*% on
Q x O x R such that setting f*(t*) = f** yields f* = f almost everywhere and

(2 £e),0) = (F5(1),0),  el0, Ve CHOxXR), P-us.
Moreover, ft = f~ for all t* € [0,T] except for some at most countable set.

The following result is a key step in the proof of uniqueness. The proof is similar to
that of the corresponding result in [17] with slight adaptations and so we omit it here.

Theorem 2.1 (Doubling of variables). Let u and v be kinetic solutions of (1.1)—(1.4) with
initial data up and v, respectively. Denote Vyiy =V 4+ Vy. Then, for 0 <t < T and
nonnegative test functions 8 € C=°([0,T)) and ¢ € C=(0?), we have a.s. that

T
B [ [ (o) 0¥ (510),, 0(5)6 0. y) do dyde

0 02

<E / (un(x) — v0(v)), H(0)B(z, ) dx dy
02
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T
4B [ [ Feluls.2),005,0) - 006) Vo8, 9) do dy ds
00O

2
T
- E//Vz//+y// By (u(s,z),v(s,y))0(s)Varpyr d(x,y) dedyds.  (2.1)
0 02
As a consequence of Theorem 2.1 we have the following Kruzhkov inequality.
Theorem 2.2. Let u and v be kinetic solutions of (1.1)—(1.4) with initial data uy and vy,

respectively. Then, for any nonnegative test functions § € C°((0,T)) and ¢ € C (O’ x
R4, we have a.s. that

T
—E//|ui(s,x)—vi(s,x)|9’(s)1/1(x) dx dy
0o
T
§E//Kx~(u(s,x),v(s,x))-Vi/}l(x) dx dyds. (2.2)
0o

The proof of this result can be carried out line by line as the proof of Theorem 3.3
in [17], where the authors prove a comparison inequality for solutions of the Dirichlet
problem for quasilinear degenerate parabolic stochastic partial differential equations on
a bounded domain. Note that in the parabolic case, that is, when d’ = 0, this result
automatically yields uniqueness as we are allowed to take ¢ = 1 as a test function in
(2.2), which is the case considered in [17]. In our present case, we need the strong trace
property from Section 4 below in order to obtain the uniqueness of solutions.

Proof. We only give a sketch of the proof. First, we fix some ball B € B centered at some
point of the boundary 90O satisfying (1.25) and take smooth functions i1, ¢e € C°(B)
with 0 < ¢; < 1, 4 = 1,2, such that ¢¥9(x) = 1 for z € suppt;. Then, we define
Y(x,y) = i (x)b2(y).

Next, as in [17] (cf. [15,28]), we consider our coordinates x = (Z,zq+) € R¥! x R
already relabeled so that 00 N B = {xq4» = A(Z)} and we take, by approximation, the
following test function in (2.2)

oz, y) = ¢§ (")) (") p(x — y)ib(a,y),

where (5 and ¢, are O”-canonical boundary layer sequences (see Section 3 below), p =
Pm.n 18 given by pmn = pm(T — §)pn(xar — yar) and p,, and p, are sequences of
symmetric mollifiers in R?~! and in R, respectively.
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Let us point out that, as in [17], assumption (1.34) yields the existence of normal weak
traces for the fields K, (u,up~) and K,(v,up~), which is key to deal with the terms
that involve derivatives of the boundary layer sequences.

Then, after adding and subtracting a few terms and performing a delicate analysis of
the resulting inequality, where we use the normal weak traces for the fields K, (u, up)
and K, (v,up~) to control the values of the solutions near the boundary, we are able to
take the limit as d,7 — 0 first and then as m,n — co to obtain the following

T

—E/Z|ui(s,x)—Ui(s,x)|9’(s)1/11(x) dx dy

0

T
<EO/(ZF(u(s,x),v(s,x))~V1/11(x) dx dyds

T
_EO/ZVM ‘B(u(s,z),v(s, z))Vyrtpr(x) dedyds. (2.3)

We omit the details as they follow line by line the proof of Theorem 3.3 in [17] with
slight adaptations.

To conclude, we see that we may take a covering {B}}}L; of O”, where B} € B”
for 1 < j < N and By cC O” and a partition of unity {ﬁj}j.vzo subordinated, so that
we have the inequality (2.3) with ¢; = 1);, for each j = 1,..., N. Regarding o, we see
that (2.3) may also be deduced to hold with ¢, = 1o much more easily as there is no
boundary analysis in this case. Thus, adding the inequalities (2.3) corresponding to each
1; we obtain (2.2). O

3. Divergence-measure fields and normal traces for kinetic solutions

As a preparation for our subsequent discussion about the strong trace property, in
this section we recall some facts in the theory of divergence-measure fields that will be
used in this paper. We also comment on how these results can also be used to deduce
the existence of normal weak traces for certain fields in this stochastic context.

Definition 3.1. Let U C RY be open. For F € LP(U;RY),1 < p < co,or F € M(U;RY),
set

|div F|(U) := sup{/Vgp-F L peCHU), |p(z)| <1, €U} (3.1)
U

For 1 < p < oo, we say that F is an LP-divergence-measure field over U, ie., F €
DMP(U), if F € LP(U;RY) and
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[Ellpmew) = [FllLeirey + |div F|(U) < oo. (3:2)

We say that F is an extended divergence-measure field over U, i.e., I € DM (U), if
F e M(U;RY) and

If F € DM*(U) for any open set U € RY, then we say F € DM;, _(RY).

loc

Here, we will be concerned only with bounded domains U ¢ R, and fields that are L?
vector functions, so it will suffice to consider divergence-measure fields in DM (U). We
recall the Gauss-Green formula for general DM!-fields, first proved in [5,6] and extended
by Silhavy in [32].

Theorem 3.1 (Chen & Frid [5,6], Silhavyj [52]). If F € DM (U) then there exists a linear
functional F - v : Lip(OU) — R such that

F'V(g|8U):/Vg-F+/gdivF, (3.4)

U U

for every g € Lip(RY) N L>®(RY). Moreover,

|F-v(h)| < |Flpamw) |l Lip ov)s (3.5)
for all h € Lip (OU), where we use the notation
19| Lip (0) := sup |g(x)| + Lipc(g)-
zeC
Furthermore, let m : RN — R be a nonnegative Lipschitz function with suppm C U
which is strictly positive on U, and for each e > 0 let L. = {x € U : 0 < m(x) < &}.

Then:

(i) (¢f. [5,6] and [32]) If g € Lip (RN) N L*°(RY), we have

F-v(g|oU) = — 11_1}(1) et /ng - Fdx; (3.6)
Le
(i) (cf- [32]) If
limi(r)lfs_l/\Vm~F|dx < 00, (3.7)
e—
Le

then F - v is a measure over OU.
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A typical example of such m is provided by m(z) = dist (z,0U), for z € U, and
m(z) = 0, for z € RN \ U. Another example of a function m for which (3.6) holds is
given by a level set boundary layer sequence, provided that the domain has a Lipschitz
deformable boundary; concepts whose definitions we recall subsequently.

Definition 3.2. Let U € RV*! be an open set. We say that OU is a Lipschitz deformable
boundary if the following hold:

(i) For each x € 9U, there exist 7 > 0 and a Lipschitz mapping 7 : RY — R such that,
upon relabeling, reorienting and translation,

UQQ('T7T) :{yERN+1 : 7(y17 7yN) <yo}ﬂQ(x,r),

where Q(z,7) = {y e RN "L ¢ |y, —2;| <7, i=1,--- N +1}. We denote by 4 the
map g — (7(@)7@)3 9= (yl; to 7yN)'7

(ii) There exists a map ¥ : [0,1] x OU — U such that ¥ is a bi-Lipschitz homeomorphism
over its image and ¥(0,z) = z, for all z € 9U. For s € [0, 1], we denote by ¥y the
mapping from OU to U given by W,(z) = ¥(s, ), and set U, := ¥, (oU). We call
such map a Lipschitz deformation for U.

The level set function associated with the deformation W is the function h : U — [0, 1],
defined by h(x) =s,if x € OUs, 0 < s <1, and h(z) =1,if z € U\ ¥((0,1) x 9V).

Definition 3.3. Let U € RV*! be an open set with a Lipschitz deformable boundary oU,
and ¥ : [0,1] x U — Q a Lipschitz deformation.

(1) The Lipschitz deformation is said to be regular over T' C U, if D¥, — 1d, as s — 0,
in LY(D, HN);

(2) The Lipschitz deformation is said to be strongly regular over T' C 9U if it is regular
over I' and J[¥s] — 1 in Lip(T"), as s — 0, that is, given any Lipschitz diffeo-
morphism 4 : © € RY — T, we have DV, 04 — D4 in L'(Q), as s — 0, and
J[Ws04]/J[A] — 1in Lip (), as s — 0. Here, for a Lipschitz function o : RF — R™
we denote by J[a] the Jacobian of the map « (see, e.g., [11]). Observe that we do
not need to require more regularity on T', it suffices that J[¥,] € Lip (T').

The following two results have been proved in [14]; we refer to the latter or [15] for
the proofs.

Theorem 3.2 (cf. [1/]). Let U C RN+ be a bounded open set with a deformable Lipschitz
boundary and F € DMY(U). Let ¥ : U x [0,1] — U be a Lipschitz deformation of OU.
Then, for almost all s € [0,1], and all ¢ € C§°(RNFL),
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/ pdivF = / H(W)F(w) - vs(w) dHN (w / F(z) - Vé(z (3.8)
oUg

Us

where v, is the unit outward normal field defined H™N -almost everywhere in OU,, and U,
is the open subset of U bounded by OUs.

Theorem 3.3 (cf. [1/]). Let F € DM (U), where U C RNT! is a bounded open set with a
Lipschitz deformable boundary and Lipschitz deformation U : [0,1] x OU — U. Denoting
by F - v|pyu the continuous linear functional Lip (OU) — R given by the normal trace of
F at OU, we have the formula

F-vlgy = essli_r%F oWy() - vs(Us(+)J[Ts], (3.9)

with equality in the sense of (Lip (OU))*, where on the right-hand side the functionals
are given by ordinary functions in L*(OU). In particular, if ¥ is strongly reqular over
T C QU then, for all v € Lip (OU) with supp ¢ C T, we have

(F - Vlou. ¢) = esslim / FloWy(w) - vs(Ws (w)p(w) dHN (). (3.10)

We also recall the following definition of boundary layer sequence (cf. [28,15]).

Definition 3.4. Let &/ C R¢ be a smooth open set. We say that (5 is a boundary layer
sequence if for each 6 > 0, {5 € Lip (), 0 < (s < 1, {s(x) — 1 for every x € U, as 6 — 0
and (5 = 0 on JU.

Let us also recall that if O has a Lipschitz deformable boundary and given a Lipschitz
deformation for 0O, ¥ : [0, 1] x 00 — O, the associated level set function b : O — [0, 1]
is given by h(z) = s for x € ¥(s,00) and h(z) =1 for z € O\ ¥([0,1] x OO). Then we
can also define an associated boundary layer sequence by

1
Cs(x) = 5 min{d, h(x)}, 0<éd<1,
which we call the level set boundary layer sequence associated with the deformation W.
In this case, as in [15], we note that if ¥ is of class C1'!, we have that

1
VCJ(I') = *EX{0<45(90)<1} (l’)N(ﬂ:),

N(z)®@v(x)
)

1
- 5X0<<5(x)<1VN($)7

D?(s(x) = — dH Y (2)] W (8,00) (3.11)
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where N(z) = A(z)v(z), v is the outward unit normal vector to ¥(d,90), A(x) is a posi-
tive Lipschitz function and H9~*(x)|¥(5,00) denotes the (d — 1)-dimensional Hausdorff
measure restricted to the hyper-surface ¥ (4, 00).

Remark 3.1. Let U be endowed with a Lipschitz boundary and I' C OU be an open
piece of OU. Let w € T and Ry, : R¥*! — RN be a rigid motion in RN*! such that,
for some Lipschitz function v : RY — R, denoting y = Roz, § = (y1,--- ,yn), and
defining 4(9) := (7(9), ), we have that 4(Q) = T, for some open set Q C R¥. Let also
U={yeRN*' : 4(4) < yo } and suppose UNT # . If F € DM (U)N DM (U), it is
immediate to check, using the Gauss-Green formula, that F' - v|sy and F'- v|yp coincide
over I', that is,

<F'V|3U7§0>: <F'V|8[~]790>7

for all ¢ € Lip.(T'), where Lip.(T') denotes the subspace of functions in Lip (I') with
compact support in I'. Also recall that, to define F' - v|sy, it is not necessary that OU be
Lipschitz deformable. In such cases, restricted to functions ¢ € Lip .(T") we will always
view (F' - v|su, ) as obtained, after translation, relabeling and reorienting coordinates,
through (3.10) by using the canonical deformation of AU, defined as (s, (v(9),9)) —
(v(9) + s,9), evidently strongly regular over T', which is legitimate for U; we call that a
local canonical deformation of OU.

Remark 3.2. Since the normal trace F - v|gy, of a divergence measure field over an open
set U, restricted to some open piece I' C U, does not depend on U, but just on I, for
the purpose of defining F' - v over I', we may refer to a deformation ¥ : [0,1] x T" — U,
defined just on [0,1] x I', which may be the restriction over [0,1] x I" of a deformation

W2 [0,1] x U — U such that T c 0U, UNU # § and F may be extended somehow
from U N T to U so as to be viewed as a divergence-measure field over U.

Coming back to the main subject of the paper, we note that Theorem 3.1 can be used
to deal with the boundary values of kinetic solutions of equations (1.1)-(1.4), which is
essential to guarantee their uniqueness. Indeed, this has been successfully done in [17]
where the authors deal with the Dirichlet problem for a quasilinear degenerate parabolic
stochastic partial differential equation on a bounded domain with multiplicative noise.
The idea is to combine Theorem 3.1 with (1.34) in order to guarantee the existence of
the normal traces on O x 90" for the field K, (u(t,x),up~(t,z)), where u is a kinetic
solution of equations (1.1)-(1.4). We refer to [17] for the details.

4. Strong trace property
In this section we establish the strong trace property for stochastic parabolic-

hyperbolic equations, corresponding to Theorem 1.1, which is a decisive point in the
proof of the uniqueness of kinetic solutions to the problem (1.1)-(1.4).



H. Frid et al. / Journal of Functional Analysis 285 (2023) 110101 23

Let us recall the statement of the result. Recall that IV := 00" x O” and I, :=
I x (0,7).

Theorem 4.1. Let u € L® (2 x (0,T) x O) and for allp > 1,

ue LP(Q x (0,7),P,dP ® dt; LP(O)).
Assume that u satisfies Vnb(u) € L?(Q x (0,T) x O) and (i) of Definition 1.5. Then,
there exists u™ € L (Q2 x T'}.) such that, for any deformation of 00’, ¥’ :[0,1] x 00" —

O', strongly regular over 0O', if ¥ : [0,1] x T — Or, is defined by V(s,t,z’,2") =
(t,¥'(s,2"),2"), we have

esshm]E//|u 5,t,%)) — u” (t,2)| dH1(Z) dt = 0. (4.1)

Moreover, we also have

)—u" (6, T -1 = .
esshm//|u (s,t, 7)) —u" (¢, Z)| dH*(T) dt = 0, (4.2)

almost surely.

Proof. By (1.38), given n € C?(R), we have, in the sense of distributions on (0,7) x O,

/ng z,u)—(u) dBi(s) | +div A, (u) — D2, : B, (u)

k>1

2
- [ St + 36 (05t (43
R

Defining

_1a u < 6 < Oa
f(t,z,6) = x(&u(z,t)), where x(&u):=41, 0<€<u,
0, [&§]> ul,

assuming that 7(0) = 0, A, (0) =0, B,(0) = 0, using

n(w) = / TN . Ayfu) = / (&) ds.
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B, (1) = / Z—z(f)b(f)x(f;w d,

> ot / S 0k (€050 (1) 6(6),

k>1 k>1

I dn - 2 dn
L Pw) —/G (OO 0.(6)
R

where §,(§) is the Dirac measure concentrated at u, from (4.3) we get the following
kinetic equation, valid for a.e. w € Q, in the sense of the distributions on (0,7) x O x R,

Oif+a(€) - Vof +b(&) : DI
(W;Gz(ﬂﬁvf) (t,a) ( ) +ng t) Ou(t,z)(€)

=qc— ng(% (Oeh) B (t) +Z5o )9 (z, ) B(t), (4.4)
k=1

k=1

where ¢ = m — %G2(x,§) Ou(t,z)(€). In particular, |g| < m + %G2(x,§) Ou(t,z) (), where
lg| denotes the total variation measure associated with the measure q. Integrating (4.4)
with respect to & we may obtain an explicit formula for m which show that, if L >
llull Lo (2x (0,7)x ©), then m is a.s. supported on (0,T) x O x (L, L). Besides, by using
the explicit formula for m obtained from (4.4) and applying it to suitable test functions
we get, in a standard way, the following fact, whose detailed proof we omit.

Lemma 4.1. For any V" such that V'c 0" and 1 <p < o0, it holds
E[m|%, = Em((0,T) x O' x V" x [-L, L])" < C(p). (4.5)

We observe that if we can obtain a strong trace ul,, on (0,7) x 00’ x V", satisfying
(4.1) and (4.2) with 00" x V" instead of I/, for any V" with V" C ©”, then they must be
consistent in the sense that, if V{' C VY, then Uy = Uy, A.€. 0N (0,T) x 00" x V{, for

a.e. w € Q. Therefore, it suffices to prove the result for an arbitrary V', with V'co
Hence, for simplicity, we may assume that (4.5) holds with O instead of V", which we
will do henceforth.

#1. The existence of weak traces.

Since the boundary A0’ is locally the graph of a Lipschitz function, we may fix an
open subset of 0’, &, which is the graph of a Lipschitz function. More specifically,
we fix a neighborhood O, of a point in d0’, so that, after translating, relabeling and
possibly changing orientation (i.e., x; — —z;), O}, may be expressed by
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O i={z' = (@, xq) € (—r,r) U x (=r,7) : zar > (7))}, (4.6)

where r > 0 and g : (—r, r)dlfl — R is a Lipschitz function satisfying —r < vo(Z') < r,

everywhere. Hence, the part of the boundary of O that we are interested in is
S)={a' =@, za) € (—r,r)" "V x (=r,r) : 2 =70 (@)}. (4.7)
So, let us define
Oy = 0O x 0",
and
Io=38;x 0"
For any S)-strongly regular Lipschitz deformation 1 : [0,1] x S) — O’, we may write
fu(t, @, s,2") = §(t, (s, 7'),2"), for every ' € (—r,r)? 1. (4.8)
Let us set

Q:=(0,7) x (=r,r)* x O,
Y= (0,T) x (—=r,7)¥ 1 x O".

Though in order to have Of written in the form (4.6) we had to perform affine trans-
formations such as translating, relabeling, and possibly a change of orientation, the
function f in the new coordinates will satisfy an equation similar to (4.4), only with a’(&)
replaced with Ra’(&), where, with some abuse of notation, we write a(¢) = (a’(§),a”(¢)),

a = Tqgra = (a1,~ B ,ad/), a”

= Tgra = (ad/+1, ce ,ad), and gy Tqrr are the pI‘OjeCtiOIlS
of R? on R? and R?", respectively, when viewing R? as R? x R%". Also, we represent
as R the linear part of the affine transformation necessary to write O in the form (4.6).
For simplicity, we assume that f in the new coordinates still satisfies (4.4).

The following result is the first step in the scheme of the proof of the strong trace
property in [36] and it is also the first step in this proof concerning the same property
for the stochastic parabolic-hyperbolic equation (1.1). The proof is similar to the one for

stochastic conservation laws given in [16].
Lemma 4.2 (Ezistence of the weak traces). There exists a unique function f7 € L (€ x

Y x (=L, L)) such that, for any T'g-strongly reqular Lipschitz deformation, for a.e. w € 2,
we have

esslir% fo(w, - s,-) =f (w,-,-) in the weak-x topology in L=°(X x (=L, L)). (4.9)
S—
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Moreover,
essliom fo (-, 8,-) =§7(-,-) in the weak-* topology of L°°(2 x ¥ x (=L, L)). (4.10)
s—

Proof. Step 1:Let (hp)nen C CH((—L, L)) be dense in L*((—L, L)). We consider repre-
sentatives in L= (2 x (0,T) x O) for all functions of the forms

L L
/hn(f)f(tyx,ﬁ)df, /hn(f)f(m,&)a(f) de,  hy,(ult, ©))G*(w, u(t, z)),
—L —L

and in L?(Q x (0,T) x O) for functions of the form

L
Vo - / ha(§)§(t, 2, £)b() dE, Z / )gk(, u(s, x)) dBx(s).
—L

k=1

Observe that the z''-divergence of the matrix function in the first of the two expressions
above actually belongs to L2(2 x (0,T) x O) because of the hypothesis that V,b(u) €
L2(Qx(0,T)x O), (1.6), and the fact that the function resulting from the corresponding
integral is by, (u(t,z)) = fou(t’x) hn(€)b(€) dE, and by, (u) is a Lipschitz function of
b(u) due to (1.6). Let 0y C Q be a subset of total measure such that for all w € Qy,
the corresponding paths of these functions, viewed as Banach space-valued stochastic
processes, are well defined functions in L>((0,T) x Og) and L?((0,T) x Op), respectively.
We also assume that for all w € Qg there exists C'(w) > 0 such that

m((0,T) x O x [-L,L]) < C(w),

which is possible by (4.5). So, let us fix for the moment w € Q.
Let us consider the vector fields F,, given by

L o t
F.(t,z) = (/ hn (&)f(t, x, &) dE — Z/h” Ngk(x,u(s, x)) dBk(s),
0

ey k=1

/ ha(€)f(t, 2, €)' (€) dE
L

L L
[ hal©)itn 0" © e = Vo [ ha(©)ite b ). (201
—L —L

We see that F,, € L2((0,T) x Og) x L=((0,T) x Op; R* ) x L2((0,T') x Og; R?"). Moreover,
from (4.4), it is not hard to check that
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L
divey Fp = — / K. (€)q(t, 2, €) d€ € M((0,T) x Op).
-L

Now, I'y = &) x O” and S is a strongly regular deformable Lipschitz boundary. For any
strongly regular deformation % : [0, 1] x 00" — @/, let ¥ :[0,1]x(0,T)xTy — O be given
by (s, t, 2, 2") = (t,9(s,z"),2"). We have that, for almost all s € [0, 1], F,,0¥(s,-)-vs =
FY oW(s,.) vy € L®((0,T) x I'y), where v, is the outward unit normal to (s, 80’) and
Fﬁ' is the component of F), corresponding to the space of the x’-coordinates. Therefore,
using the parametrization of S| given by (4.8), Theorem 3.3 implies that there exists a
set S, C [0,1] of total measure and some F1'?.v € L®((0,T) x (—r, )% 1), which does
not depend on 1, such that

’

FY (- (s,),2") - vg(-) 2 YY1 seweakly in L=(X)
as s — 0 along s € S,,. (4.12)

Write S = N2, S, so that S also has total measure in [0, 1]. From this point the proof
follows the lines of the proof of the corresponding result in [16] and we include these
lines for the sake of convenience of the reader.

Let us now check that F,{"b - v depends linearly on h,. For any integer M > 1 and
op € LY(X), 1 < p < M, the relations (4.11) and (4.12), the latter taking s € S, say that

‘/ Z )(t,2)ep(t, T) dtdx’

n,p=1
Ly
< Ha/”Lw(fL,L)// Z hn(§)pp(t, x)| dédzdt
y p Inp=1

Const

n,p=1 LY(Sx(~L,L))

Thus, as (L')* = L*°, there exists some H - v € L>(X x (=L, L)) such that, for all
h € LY(—L,L) and all p € C>*(%),

L

//h f(t,z, (T, s))a(l) - vs(T) dédz dt

—L

L
—>//Lh o(t,z)(H -v)(t,T) ddT dt (4.13)

as s — 0 along s € S. Notice that H - v does not depend on .
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Step 2: To conclude, let us observe that, since ||fy(-,s,-)|[z= < 1, the Banach-
Alaoglu theorem asserts that, for every strongly regular Lipschitz deformation ¢ and
every sequence s, in S converging to 0, there exists a subsequence s,, and some
fi, € L>°(X x (=L, L)) such that

fis (s Snps ) = Fi, x-weakly in L>(X x (=L, L)) as k — oc.

Thus, by (4.13), we deduce from the fact that vy — v in L1((—r,7)?"1;R?) that

L

//h o(t, 2)fy(t, 2)a(§) - v(Z) d§ dr dt
L
2/
for every h € L'(—L, L) and ¢ € C°(X). Since the right-hand term is independent of 1

and s, so is a(§)-v(2)f7, (¢, 7, €). On the other hand, remembering that a(¢)-v = a’({) v/,
if v is the outward normal to IV, because the non-degeneracy condition implies that

h(&)p(t,z)(H - v)(t,T) d§ dZ dt,

lh\h

L£H¢e(—L,L) - a() v(@) =0} =0,

we conclude that f;, also does not depend on ¢ and s, hence we may denote it by §7.
Step 3: Arguing as before, but considering now the vector fields

k=1

L 0 t
Fpn(t, ) :E[Xm</hn(£ (t, 2, €) dé — Z/hn )i (@, u(s, ) dBi(s),
—L ) 0
[ stz a' (€ de.
L

[ mn(©ftt..6(€) ds Vo [ (©F(e. . bl )],

where (X,,)men is a sequence in L>°(Q) that is dense in L'(Q) (notice that we can
always suppose that € is countably generated), we can deduce the existence of some
2 € L®(Q x ¥ x (=L, L)) such that

ess liom f(- 5,-) = f* in the %-weak topology of L®°(Q x ¥ x (—L, L)).
S—

Step 4: It remains to show that f*(w,-,-) = {"(w,-,,-) for almost all w € § in the
L'-sense. This, however, can be seen from the fact that both are the weak-x limit of
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L[5 Fu (0, ) doin L®(Q x ¥ x (=L, L)) as s — 0. Observe that this also shows that §”
is measurable and §7 € L*®(Q2 x ¥ x (=L, L)). O

Next, we need to convert the weak-x convergence in L>° (X x (—L, L)) in the statement
of the previous lemma to a strong convergence in L'(3 x (=L, L)). For that we recall
the following criterion from [36], to which we refer for the proof. We first recall that, for
a measure space S, a function z € L*®(S x R) is a y-function if for almost all z € S,
there exists a(z) € R such that

2(2,€) = L(—o0,a(a)) (§) = L(=00,0)(£)-

Note that, in this case, a(z) = [ z(z,€)d¢. Furthermore, ||al|p~(sy < L if and only
if the corresponding y-function satisfies z(z,&) = 0, for a.e. € S and || > L. In this
case, we may simply consider z as an element of L>°(S x (—L, L)).

Lemma 4.3. Let S be a finite measure space and let g, € L>(S x (=L, L)) be a sequence

of x-functions converging weakly to g € L>(S x (=L, L)). Define v,(-) = ffL gn (-, &)dE

and v(-) = f_LL g(+,&)dE. Then, the three following propositions are equivalent:

(i) gn converges strongly to g in L*(S x R),
(ii) v, converges strongly to v in L1(S),
(iii) ¢ is a x-function.

As a direct consequence of Lemma 4.3 we have the following.
Lemma 4.4. For every regqular Lipschitz deformation 1,
essgig%)wa, 5,) =1(-,--) strongly in L*(Q x ¥ x (=L, L)),
if, and only if, § (-, -,-) is a x-function a.e. in Q x ¥ x (=L, L).
We now pass to the verification that {7 is indeed a y-function.

# 2. The blow-up procedure.

Let us keep Oy fixed. Since §7 is independent on the S)-strongly regular Lipschitz
deformation, we may choose the special deformation ¥ (s,z’) = (z/,v(z’) + s), which is
trivially strongly regular. Identifying yy = s and ¢/ = 2/, y" = 2", define

Ffv(ta Y, 5) = fdl(tv &\/a Yd', yllv 5) = f(ta 'l;b(yd’v ?;\/)7 y/lv f)

For simplicity, let us write ¥(y') = ¥(ya, gj’) Notice that there exists an 79 > 0 such
that 1(y') € Op provided that (v/,ya) € (—r,7)% 1 x (0,70). As a result, we see from
(4.4) that f is a solution to
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i +al(€) Vaof + Ed/(?j’,ﬁ) oF

w2 T
o - Sy HPE) Vi =

=-a"({)- V“f‘i'%—zgkxﬁ (OcF) Br (t +Z50 )9k (2, €)Br(t)

k=1 k=1

a.s. in the sense of the distributions in (0,77) x (-, r)dl_l x (0,79) X (—=r,7)
(4.14)

11

In the equation above, we have denoted a(§) = (a’(£),aq (£),a”(£)) and

dar (', €) = aar(§) = Vo(y') - a'(§) = Ay)a'(€) -V (¢), (4.15)

for some A(y') < 0, and v/ is the outward unit normal to d0’, due to (4.6).
Moreover, we have also written q = m — §G d¢—i(t,y)» Where

L
Wt y) = ult, b)), y") = / Tty €) de.
L

m(t,y,&) =m(t, ('), y", ),
ey, 2) = gr(@(y'),y", 2) for all k > 1, and

= Z'gvk(?% Z)
k=1

Before we rescale ?, let us recall some lemmas in [36] slightly adapted to our setting,
to which we refer for the proofs. Let 2y be as in the proof of Lemma 4.2 and

S(e) : R x R x (0,00) x RY - R x RY x (0,00) x RY
be defined by

S(@(LQIW” 7gd/agd/+17"' agd) = (gtvggla"' aggdm\/ggd/+1a"' 7\/Egd)7
and let us denote S, ,,.\(€)(t,y) := (tx, ys) + S(e)(t, ).

Lemma 4.5. There exists a sequence 0 < €, — 0 and a set of total measure &€ C % such
that, for every (t.«,Ux) := (tw, ¥ ., yy) € €, and every R > 0, denoting y. := (¥.,0,y.),

1 , Z
nll_{[;OIE +d” (S(t*,y*)(an) |:(_R’ R)d X (O7R) X (_R’ R)d :| x [_L7L]> - 0,

(4.16)

1 1~
i 22(0. T —
lim E T // 2G (y,u(t,y))dydt =0. (4.17)

T Sy En) [(RR)Y X(0,R) % (— R, R)?"]
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Consequently, for every (t.«,7«) € € and every R > 0,

Jim o 7S 60) (R R % 0.8) x (R B x [-L,L]) =0,
where, as usual, |§|(A) denotes the total variation of § on the set A.
Therefore, given (t.,yx) € &, there exists a subsequence of e, still denoted e, =

enlts,Ys), and a subset of total measure Q1 = Qq(t«,Yx) C Qo, such that, for all w € Q,

n—oo
n

. ]- ~ 4 1
lim i (S(e. . (E0) [(FRB) % (0.R) x (~R.R)"] x [~L.L]) =0,

(4.18)

lim // %éi(y, A(Ly)) dydt =0, (419

n—o0 d’+d”
Sty ,ye) (En) [(—R,R)4x (0,R) X (—R,R)"’]

lim ﬁa( (1o () [(ZRR)T (0, R) x (=R, R)""| x [-L, 1]) = 0.

n—o0

(4.20)

Lemma 4.6. There exists a subsequence of €,,, still denoted by €,,, and a subset of £ C X3,
also of total measure and still denoted by &, such that, for every (t.,y.) € &, every
R >0, and every 1 < p < oo,

L
/ G (s &) — G (7 + eng P dEdg — 0, (4.21)
(-=R,R)4-1 —L
R L
E / / / 7 oy )t 74", 6) — T (ter e | dE A dt — 0, (4.22)

~R(~R,R)4-1 —L

as m — oo, where §(t*7§*)(5n)(§,g’,y") = (b, ) + (ent, end s vEny")-

Again, it follows that, given (t.,y) € E there exists a subsequence of ey (t«,Yx) also
denoted €, = €y, (ts, Ux ), and a subset of Q1 (t«, Ys ), also of total measure, and also denoted
Q1 = Q1 (ts, Ys), such that, for allw € Qq,

R L
/ / / F Bt )6 7" €) — F (1§, ) dE dif dy"dt —5 0. (4.23)
—R —L

(_R,R)d 1

Let (ts«,y«) € €, which will be kept fixed until the end of the proof. Our goal now is
to show that §7(t.,yx, &) is a x-function.

Let R = R(t.«,y.) be the least number between r, ro, T — t. and t.. As before we
denote y, = (gj’*, 0,y)), Us = (yA’*,y;’) For any € > 0, consider
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ety ) =T (St ) ()L, ), €) (4.24)

forweQ, —L <&< L, and

(ty) =ty y, v
€ (=R/e, R/e) x (~R/e, R/e)" ™' x (0.R/e) x (~R/VE, R/VE)" < Q
Clearly, ?E depends on (t«, Jx), but, since this point will be fixed henceforth, we will omit

this dependence.
Each §. is still a x-function, and, in the sense of weak traces,

£o(6.3,0.8) = 7 (Se. gy ()£, D). ), (4.25)
for —L < ¢ < L and
(Lg) S (-R/&‘,R/&) X (—R/57R/g)d' ( R/\/_ R/\/_)d” def

where g = (le e 7gd/717gd/+17 T 7Qd)-

If X (t) is a predictable stochastic process, we denote fb X (t) dBx(t) fo t) dBy(t)—
[ X (1) dBi(t), for all k € N. Observe that [ X (t)dBi(t) = — [ X dﬁk

From (4.14) we get that f. satisfies the equation

%_ff () Ve + @ (@, + < ’f)% ~b(€) : Vyrfe = —VEa"(€) - Vyrfe + aaqg
c- 9 t*JrEia’fv titet
7;372 < / ?(t,sg}*( 1Y), §) ke (y,§) dBr(2) ) +Z5§ 05t ( / gk@dﬂk(t)) ,
| (4.26)

where S} ()(y) = (4. + ey, ¥/ + Vey"), and we use the notations

gk,&(g7 f) gk (Sl (Q)af) )
as =M. — G?(y g)(sug(t,g)a

Ue(ty) = / Tty ) de =1 (S, ) () (E1))
.y

G2y, €)=Y G-y G*(S,.(2)(9), €)-

k=1
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Regarding m,., it is, almost surely, the measure such that, for every ag < by, ..., aq < bqg
and Ly < Lo,

e ﬁo[aj,bj] X L1, La]) = 7 (S(t..0) (0)[ [0, 0] -+ x [aa, bal]| X [Ln, La] ).

T
J= gd/+dT

Therefore, also, almost surely, for every ag < by, ..., ag < bg and Ly < Lo, we have

(Lo ] * [1a 12]) = ﬁﬁ(sa*,y*we) [la0,b0] -+  [aa, ba]| x [La, L2]).

Equation (4.26) can also be written in the following sometimes more convenient form

8~£ ~/ ~ - iy aNE _ , _
8_2 +a'(§) - Vyfe + ad'(wa)@l —b(¢): Vz,,fg =—vea"(£) Vyf.
9 5 (7 ~ 1~ ~/ >
T @((ad(y*,f) — aq(¥. + <7, 9))f )
8~ oo 62 titet ~
=S o | [ el g8 ©w. 0 o)
k=1 /
0o P t*+6ta~
Jk,e 1
i ,; ot / oe W OISy (€)(y), &) dB(?)
) P titet
+ Z‘Sf:oa / Grke dBi(t) | . (4.27)
k=1 “\/

In what follows, motivated by [36], we are going to prove that f7 is a y-function by
(R x (0,00) x R),
for all w in a subset of total measure of €). Here the subsequence and the subset of )

proving that, along a suitable subsequence, f. — §7(t.,7s, ") in Li .
will depend, in general, on (t.,¥.), as opposed to the deterministic case in [36], where
the subsequence does not depend on (t.,%.). Nevertheless, this dependence does not
have any effect in the conclusion. More specifically, keeping the notation in Lemma 4.5
and Lemma 4.6, we will first obtain a set of total measure Qo (ts,¥x) C Q1 (ts,¥x) and
a subsequence of e, (t.,¥x), also denoted e, (t.,¥Yx), so that for each w € Qo, ?871 —
7 (t«, Yx, ) in the sense of the distributions on RY x (0, 00) x R4” x R. Then, second,
we will obtain another subset of total measure Q3(t., 7.) C Qa(t«, ¥:) and a subsequence
Eny, (b, Us) Of €5 (ts,Ys) so that, for any w € Q3(ts, Yu), ﬂnk — 7 (te, Te, -) in L (RY x
(0,00) x RY" x R). For simplicity, henceforth we will denote R? x (0, 00) or R¢ instead
of R x (0,00) x R,
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Lemma 4.7. There exists a subset of total measure Qa(t ) Us) C Q4 (ts, Us) and a sequence
en = en(te,Tu) — 0, such that for all w € Qa(t,7), o, — F (ts, T, ) in the sense of
the distributions on R? x (0,00) x (=L, L).

Proof. Let ® C C®(R? x (0,00) x (—L, L)) be countable and dense in C2(R< x (0, 00) x
(=L,L)). Let ¢ € D, and let A. denote the distribution corresponding to the stochastic
Wiener processes in (4.26), that is,

ty -‘rEt ~
A= / 5 (51 (V). e (0.©) i)
oo 8 tetet
+ ) bemg— Gre dBi(t)
; 13 082 g*/ k k

It is not hard to verify that, for ¢ sufficiently small,

tytet

Z// [ el 0,53 € W))r(t . T S ) ) (e) dy

h=1R R¢ i

where we denote R? = R4~! x (0,00). We have

E‘<At0,?70,8’ S0>|

to+et

<ef | > [ et 0,8 ©@)oult T S (N ))u(e) | dy

RRd klto

totet 1/2
<E / / / |Ghe (5, Tt S1 () W))er(t,y a(t, SL () ()| dt dy dt
R]Rd - Ty
oo | tetet 1/2
~ ~ 1 2
<E / / suplon(t €)1 4 S / Gre (0,34 5. )Pt b dyat
R R1 € k=1| ;
tytet 1/2
<E [ [swiatpoD| [+ s, @@ o dyd
]R]Ri ¢ ty

< DY2diam {supp goz}d*'l”goﬁ”oo(l + ||u||§o)1/251/2 —0 ase—0,

where we have used Burkholder inequality (see, e.g., [30]) in the second inequality above,
and (1.4) in the fourth inequality above. Therefore, using a diagonal process, we can
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obtain a subsequence of &, (t., ¥ ), obtained from Lemma 4.5 and Lemma 4.6, which we
still denote e, (¢«, Jx) and a set of total measure Qa(ts, Ts) C Q1 (¢4, Yx) such that, for all
w € QQ,

(A, @) =0 forall p € C?(Rd x (0,00) x (=L, L)).

Now, let us fix w € Qa(t, Tu). Let p € C2(R? x (0,00) x (— )) be of the form
¢ = pnly, )P, with ¢ € C(R? x [0,00) x (—L, L)) and py, yd, fo s)ds, where
Cn(s) = h=1¢(h™1ts) and ¢ € C2°((0,1)), with ¢ > 0 and fo s)ds = 1. Applymg (4.26)
to ¢ of this form, we get, after letting h — 0, using Lemma 4. 2

////f RO VPR a0y

0 Rd-1 R

~1.b(€) : Vy 5} dtdydy,, d

+/ / /dvd@ + e OF (§<t*,@*)(€)@,§) &(t,7,0,€) dt dy de
R Ri-1 R

oo

=i [ [ [ [a"e-vppaagay, i+ @50 - . @

R 0 Re-1 R

Taking € = &, (t«, yx). Passing to a subsequence of &, (., ¥x) if necessary so that ?En 4?
in the weak-x topology of L>=(R? x (0,00) x (—L, L))), for some § € L>(R¢ x (0, 00) x
(=L, L)), and making &, (t.,yx) — 0 we get for f,

o~ 0o

[ ] [{i% +ac ) Vap + (75

(-L,L)R% R =d'
~b(e) ; vw} dt dy d

///ad' Jus O (1, U, )P(t, 7, 0, €) dt dy d€ = 0. (4.29)

R Rd-1 R

Now, since § and f* vanish for £ ¢ (=L, L) and ag (7.,€) # 0, for a.e. £ € (=L, L), by
choosing (t,,€) = p(€)(t, ), with p € CZ(R), & € C2(R x R x [0, 00)), we get
that for almost every &, ?(, -, &) satisfies

| [i%+Ta© vyp + i@ o5

dy ,
RY R =d
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—b(&) : Vy@dtdy

+ / / (T, €) 7 (4,52, ©)3(4,3,0,€) dEdg = 0. (4.30)
Ri-1 R

Now, we make the change of coordinates
Y, =aw(¥8zs t=1+y,, y=2+zpa€), y'=2"

We assume for the moment that ag (7.,£) > 0. We get that, in this new system of
coordinates, f satisfies

// o) Vaddrdzdzy + [ [F(t.5.00t 20 daz =0 (43)

Rd-1 R

for all be C"X’( x [0, 0)), and we denote Z = (2/, 2”"). Using a test function of the form
qb(T % y2gy2") = ¢1(1, 2" )d(24, 2”), we then see that, for a.e. (1,2') € RY, f satisfies

[ 7.9 7 - A
/ / f@zi, - fb(f) : Vg"¢d§” dgd, + / fT(t*,y*,é)(;S(O,g )dgl/ =0. (432)

17 - 1
0 Ri Rd

Let us fix (7, 2') for which (4.32) holds and let us see f as a function of (z,,z") only, for
simplicity. Since f € L>®((0,00) x R?"), for a.e. zy € (0,00), f(zy, -) is a tempered distri-
bution and so we may use as test function a ¢ of the form ¢(z4,2") = ((z4)[F0](2"),
where ¢ € C°°([0,00)) and 6 € S(R?"), where the latter is the Schwarz space of fast
smooth decaying functions. Therefore we conclude that §,~ [ﬂ(, 2, ) satisfies the follow-
ing ODE with prescribed initial value

%:,m = 1" ()" Fr [1],
3’5”(0) = fT (t*a g*a 5)50 (K//)a

where o (+") is the Dirac measure concentrated at 0 in the space of frequencies £ € R,
Hence, we conclude that

F(zg,2") = F (te, s ), for ace. (z4,2") € (0,00) x R

The case where ag (7o, &) < 0 is treated exactly in the same way. Hence, bringing back
the variables (£, y, &), we finally arrive at the desired conclusion. O

Lemma 4.8. There exists a subset of total measure Q3(t., ) C Qa2(ts,Yu) and a subse-
quence of e, (tx, Yx ), still denoted by e, — 0, such that for allw € Qa(t., Ys), fe, converges
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strongly to § in L (R? x (0,00) x (—L, L)) which satisfies (4.29). Consequently, {™ is a
X-function. Here we keep denoting R% x (0,00) = R x (0,00) x R,

Proof. First, we localize the equation (4.27) by multiplying it by a bump function
By, &) = @1(y)P2(¢), with & € C®(R? x (0,00)), 2 € CX((—L, L)), with ®&; = 1,
for (t,7.,y,.y") € (~R.R)* x (1/R,R) x (-R,R)*', &, = 0, for (t.7.y,.y") ¢
(=2R,2R)* x (1/(2R),2R) x (~2R,2R)"", ®3 = 1, for £ € (~Lo, Lo). Let us denote
fE ®f.. We then get the following equatlon for fE ,

02 +a' () - Vi + (9,0, fE = (&) : Virf? =

- o - - ~ ~ -
—e'2@a"(€)  Vyrfe + 5 — ((ad/ (2, €) — aar (Y + €7 7£>)ff) + O (Prne)
Zd’

et (9,€)0,, ® +1.4'(€) - Vy® — ob(¢) : V2, ®
+0(E)V @ @ o (6) Vi
— ((@ar(9%,€) — @ar (Y. + 7', €))fe) Oy, ® — 110 ® + DA, (4.33)

where we denote again by A, the distribution composed with the three stochastic inte-
grals in (4.27). Concerning equation (4.33) we observe first observe that

) Ve + 5 (@@ @+ T OF) @
dq

clearly converges to zero in W~12(R%x (0, 00) x (—L, L)), for all w € Qa(t., 7). Moreover,
except for (4.34), which comprises the first two terms on the second line in (4.33), and
the stochastic integrals, ®A., all other terms on the right-hand side of this equation
may be rendered as O¢p. for some measure p. € M(R? x (0,00) x (=L, L))) for all
w € Qa(ty, Ys). Indeed, this is obviously the case for the last term in the second line of
(4.33). Also, the terms in the third line of (4.33) altogether can clearly be put in the
form ¢y for p. € M(RY x (0,00) x (—L, L)) weakly-+ converging to

3
/ s Tes O (7,60, @+ (e, 7, )8 (€) - Vi@ — (1, T OB(E) : V3D } dE,
0

as e — 0, along a suitable subsequence &, (¢, Jx), for allw € Qa(t«, Yi), due to Lemma 4.7.
As for the term in the fourth line of (4.33), we first observe that, formally, we have

e (ﬂ//)

0(6)Vyfe = 0(6)Vyriieda, () = Ty / o(C) dC By ()

0
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us(ﬂ”)
_ ey, / F(C)dC Dl 0.5 4 (€)
0

e (g//)

=0 |0 [ o0 d Loy ©
0

Now the primitive X(u fo dC is a Lipschitz function of the function b(u), that is,

¥ (u) = X(b(u)) for some L1psch1tz % as follows from (1.7). The formal calculation may

be easily made rigorous. Using these facts and other trivial rearrangements we may at

last also render the term in the fourth line of (4.33) in the form Ogp. for some measure

1e converging to zero as € — 0. Further, it is immediate that the first two terms in the

last line of (4.33) can also be put in the form Oy, for some measure . — 0 as € — 0.
Concerning the term ®A, in (4.33), let us denote

0 totet
D39=> [ GOt SLEW.Odao),
k=1 to
00 t0+€£a~
O =Y [ e Of 5L W, dal),
k=1
o totet
Oy =Y [ G0 dsi.
k=1 to

Clearly, A, = —0c0L™") + 0,62 + 60,6 Let Qa(t.,7.) and &, (L., 7.) be the set of
total measure and the subsequence obtained in Lemma 4.7.

We claim that, for any bounded open set V CcC R? x (0, 00), there is a set of total
measure Q3(t., Ju) C Qa(ts, s ) and a subsequence of &, ((t., ¥x), also denoted &, (t, Ys),
such that, for all w € Qg, e,ﬁ}),e@) € L*(V x (—L, L)), ¥ ¢ L*(V), and féi % 5 0in
L?(V x (=L, L)) and éan — 01in L%(V) as n — oo. Moreover, by a standard diagonal
argument, we can find a set of total measure Q3(t, ¥x) C Qa(t4, ¥x) and a subsequence of
£n(te,7s), also denoted &, (L., 7. ) such that the assertion is true for any V- cC R?x (0, c0).

Indeed, it suffices to prove the assertion for Kél) since the proof for the others is similar.
By It6 isometry, we have

L
E / / 102 dt dy de

—-LV
ti+tet

L oo
_E/L/Z / |G (g, ©)12[f(t, S3 () (), €)[* dt| dtdy de

k=1| 7
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tytet

L
g]E/LV/ /D(1+|§|2)dt dt dy d¢

ta

<C(V,L,D)e -0, ase—0.

Therefore, making ¢ = €, (t«, Jx ), we deduce that we can obtain a set of total measure
Q3(ts, Ju) C Qa(ts, Yx), and a subsequence of e, (¢4, ¥x) also denoted &, (t«, Jx) such that
the claim for ﬁgl) holds. The proof for Z§2), Eé‘g) follows the same lines and that the claim
holds for all V CC ]Ri follows trivially by a standard diagonal argument.

As a consequence of the claim just proven, for all w € Q3(t.,¥s), we may write
the term ®A. in (4.33) in the form (1 — 97)(1 — At’g)l/ng, for some k. compact in
L?(R% x (0,00) x R). Also observe that, if the reduced symbol Lo(7, &, &) satisfies (1.10),
then the reduced symbol

Lo(r,k,€) =7 +8&(€) - & —b(£) : (K" ®K"),

where we set g (£) = ag (7., &) satisfies: for all (1, &, k") € R¥T! with 724 |x/|2+|x"|? =

1, we have
meas {& € [~ Lo, Lo] < [ +&(€) #'P + (b(€) : (" @ ") =0} =0, (4.39)

as it is easy to verify. We also observe that, in view of the compactness of the embedding
of the space of signed measures Mioo(R? x (0,00) x R) in W, 2 P(R? x (0,00) x R), for
some 1 < p < 2, the terms that can be written in the form O¢u. can be cast in the
form (1 —92)(1 - Ai,g)l/%e, with k. in a compact in L?(R% x (0,00) x R). Therefore,
the lemma will follow from the following new averaging lemma, that we state and prove
subsequently. This result can also be obtained as a consequence of a more general result

recently established by the fourth author in [29]. O

Lemma 4.9. Let N,N’,N" be positive integers with N = 1+ N' + N", f.(y,&) be a
bounded sequence in L=(RY x R), such that f,(y,&) = 0, if (y,&) ¢ K x [-L, L],
where K C RN is compact. Let h, be compact in LP(RY xR), 1 < p < 2. Fory €
RN we write y = (0,4, y"), yo € R, ¢/ € RN, ¢ € RN". Let SN"*N" denote the
space of the N x N symmetric matrices, and let (g, ') € C’Q([—LO,LO];RHM),
RS C’z([—LO,LO];SN”XN“), for some Lo > L. Assume

a0(§)Byo fn + 0/ () - Vyr fr = BE) : Vi fr = (1 = Z)(1 = Ay)* Dy, (4.36)
where ag(&) # 0 and B(&) > 0, for a.e. & € [—L, L], and the symbol L(1,x',",§) :=
i(ag(E)T + /(&) - k') + B(E) (K", k") satisfies: for all k := (1,x',k") € RN, with 7% +

|&'|? + "> = 1, we have

meas{¢ € [-L, L] : |ao(é)T + /(&) - &> + (k"B(6)K")?* = 0} = 0. (4.37)
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Then, the average un(y) = [g fu(y, &) d€ is relatively compact in LI (RN).

Proof. Since f, is uniformly bounded with compact support, we may, with no loss of
generality, assume that f, — 0, weakly-star in L>®(R¥ x R). Similarly, since h,, is
compact in LP(RY x R), 1 < p < 2, we may assume that h,, — 0 in L?(RY x R). Let
¢ € C°(C) be radially symmetric and such that ((z) =1 for |z| < 1 and ((z) = 0, for
|zl > 2, and ¥(z) =1 —((2), z € C. Let k € RN, k = (1,x, k"), 7 € R, ¥’ € RV,
k" € RN Let us denote & (&) = (ap(€),/(€)) and &' = (7,#"). For § > 0 and v > 0,

let us denote
W () (M)
(k) =¢ S

Let § denote the Fourier transform in RY. We have

§fn = CYF 0 + 0V
= (W f, + VD5, +pWyp@5f,

= OFf, +pWc@DFf 4 pDyp@e@zr 4 pWyp@ @z, (4.38)
= S LD SLY + 5.
Observe that §f,(k,&) =0, is € ¢ [~L, L], for all K € RY. Let us also denote
L
[ 5=,
-
L
[ 52 g =,
-L
B (4.39)

(3

—
=
A

|
<

/ O de = oW,
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Thus,

/ fodé =00 4 0@ 4@ 4 @), (4.40)

—L

Concerning v"), we first observe that, since supeer [|fn (5 E)|lLr@wyy < O, for some
constant C' > 0 independent of n. Therefore, it follows that supecg [|$fn (- &)L @®my) <
C. Thus, by Cauchy-Schwarz inequality, we have

/lv(” |2dx<2L//|C1) )18 (5, )? drs dg

—LRN
§4L20/|§(1)(n)|2dn
<CyN

for some constant C' > 0 independent of n and 7.
Concerning v(?), we have

502 (s / 31D (k,6)d

_ / DD (k) (k, ) (i, €) dE.

R

By Plancherel identity and Cauchy-Schwarz inequality, we have

||U ||L2(RN) HSU ||L2(]RN)

L
< / / L{jar (v)-wr1<26]7)3 (§) d€
RN L

2
10006 0058, 6)] de | an
R

= b, {e e [-L,L] : [a'(€) - &'| < 20} | full72mn xr):

where we denote by |{---}| the Lebesgue measure of {---}. Now, define the functions
hs : ST :={|F'| =1} > R by

hs(R') = {€ € [=L, L] : |6/ (&) - '] < 25}].
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It is easy to check that hs is continuous on S% and that hs, (7') < hes, (&), if 81 < s, for
all # € S?. Therefore, because of the non- -degeneracy condition (4.37) we deduce that
sup|z/|=1 ha(F') — 0, as § — 0. Therefore, we may write

[0 72y < O(5), (4.41)

where O(0) — 0 as 6 — 0, uniformly with respect to n.
Similarly, for v, we have

o172 @y = 13052172 @®x)

/1{ﬁ<v><n~,n~>sz<w\2}(5) dg
L

/W” 102 (5, €GO (s, 03 a0, €) | e | s

< sup [{€€[~L,L] : BE) (K", ") < 20} 6]l 7 m) I fnll7 2 <)

|k"]|=1

where we have used again Plancherel identity and Cauchy-Schwarz inequality, and again

by a reasoning similar to that used for vr(?) we arrive at

o172 @~y < O(6), (4.42)

where O(§) — 0 as § — 0, uniformly with respect to n.
Let us now consider ’UT(L) Let ¢ € C°(R) be such that ¢(§) =1, for £ € [-L, L], and
¢(&) =0 for & > Ly, for some Ly > L. We then have

/k (0 (52 5, 0 5, 5 ) (0, €) . (1.3

Since ¥(?)1)®3) vanishes on the null set of the symbol

L(k,§) =& (§) - & + BE) (K", k"),

we may use the equation (4.36) to write

PO (R)Y® (k, P (,€) (1 + |K[*)"/?

¢(1)(H)w(2)(ﬁ’ f)'(/)(g)(;‘i,g)gfn = ﬁ(/ﬁ f)

(4)

We now prove that vy, ’ is relatively compact in Llloc‘ We have

Q—/c ww>wmmawwm@u+wwm

L(x,€) (1= 852)%”) (y,€) d€. (4.44)
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Performing an integration by parts in (4.44) we obtain

o) =
iienaet (P (R) PP (5, )93 (k, €) (1 + |5[*)1/2
R/ (¢(&) - ¢"€ns ™ e §h,) de
et (o [P0 (5, 6 (1, ) (1 + [2)/2 (4.45)
¥ R/ o5 (0| e [ 5n) de
B 12 [P (R)YP (5, 9P (5, ) (1 + [8]*)1/2
B{ (5 (2| ox EDLS
So, let us define
) o PRV (U €)1+ [wf2) 2
R L(r,¢) ’
[ 9@ (s, 0 (5, (1 + )2
)= 2| £, |
o TR )6 (5, 0 (,€) (1 + [[)1/2
sl £) 1= O [ L0 6) ] |

We are going to show that my (k, &), ma(k, &) and ms(k, &) are LP multipliers in RY, uni-
formly in & € [—Lg, Lo]. For that, we are going to apply the multidimensional extension
of Marcinkiewicz multiplier theorem as stated in [10], chapter 8: Let m be differentiable
in all quadrants of R™ and satisfy

/ ‘ oFm ()
sup — (K
i1, ik 6‘/<;i1 8/111@

dki, -+ - dkg,, < 00,

Iil XX Iik
where the I;’s are dyadic intervals in R and the set {i1,--- , i} runs over all the subsets
{1, ,n} containing k elements, 1 < k < n. Clearly, it suffices to show that
oFm

Sup K, + - Ki, )| < o0,

rER™

8/%1'1 cee 8/€ik (H

for all such {iy, - ,ix}.
First, we observe that

|m1(’€a§)| <C,

with C' > 0 independent of (k,&). This follows from the fact that in the region where
|| > 7, |&(€) - &'| > §|F'| and B(E)(k", k") > §|k"|?, it is not difficult to check that
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|L(k,&)| > C|k]|, for some constant C' > 0. So the boundedness for m; follows from the
boundedness of 1M p(3) | Similarly, using the same reasoning, and the fact that the
¢-derivatives of ¢ (k, €) and ¥ (k, £) are uniformly bounded in (, €), we also deduce
that

Ima(k, &) < €, [ma(k, §)| < C,

with C' > 0 independent of (k,&).

Now, let us analyze k;0,,mq, for i € {0,1,--- ,N" + N”}. We claim that these ex-
pressions are bounded. First, if the derivative hits (!} then the boundedness is clear
since 0,1 has support in |k| < 26. On the other hand, if x; € {0,---, N’} and the
derivative hits 1)), then it is easy to see also that the expression is bounded since the
derivation of the argument of 1(?) multiplied by #; is bounded. Also, if the derivative 0y,
hits 1/L£(k, &) then it is clear that the derivative of 1/L£(k, &) multiplied by ; is bounded,
where we use that the support of m; is in a region where |k| > v, |&/(§) - &'| > §|F’| and
B(&) (K", k") > 6|x"|?. Analogously, we see that if i € {N' +1,--- , N’ + N"}, k;Ox,m1
is bounded uniformly in (x,¢) € RY x R. Similarly, we prove ;0,,my, i =0,--- , N, is
bounded uniformly in (k,¢) € RY x R. In this way, we may check the hypotheses of the
extended Marcinkiewicz multiplier theorem for m;, i = 1,2,3, and conclude that they
are satisfied uniformly for £ € [— Lo, Lo]. Hence, we deduce that

[0 o &~y < ClCllc2 (= Lo,z 1Bl Lo (RN xR)- (4.46)

Therefore, we conclude the proof of the lemma as follows. Given € > 0 we may choose
~v > 0and d > 0such that ||U'SLZ)||L2(RN) < ¢e,i=1,2,3, uniformly in n € N. Then, making
n — oo we get that v,(f) converges to 0 in LP (RN ). Then, since € > 0 is arbitrary, we see

that v — 0, in L. _(RYN), for i = 1,2, 3, which concludes the proof. O

loc

Conclusion of the Proof of Theorem 4.1. By Lemma 4.8, it follows that for all (t.,7s) €
E, §(t«, s, &) is a x-function a.e. in Q x (=L, L), and £ C ¥ has total measure, by
Lemma 4.5 and Lemma 4.6. Thus, f7(-,-,-) is a x-function a.e. in Q x ¥ x (=L, L).
Hence, from Lemma 4.4 we conclude that 7 is a strong trace and integrating in & we
arrive at the desired conclusion for u on Oy and T'y. Covering OO’ with a finite set
{8/, }acr,, each S!, being the graph of a Lipschitz function, we then finally deduce (4.1).

It remains to prove (4.2). From the essential strong convergence of fy (-, -, s, ) in L' (Q2x
Y x (=L, L)), it follows that, given any sequence s, — 0 in (0,1) \ A/, with A/ of null
measure, we can obtain a subsequence still denoted s,, such that fy (w, -, sp,-) = " (w, -, *)
in L' (Y x (=L, L)) for w in a subset of total measure of . Thus, by Lemma 4.3, we deduce
that §7(w, -, ) is a y-function for w in a subset of total measure of 2. By Lemma 4.2 we
conclude, using again Lemma 4.3, that esslim f, (w, -, s, ) = " (w, -, -) in L}(¥ x (—L, L))
for w in a subset of total measure of . Again integrating in £, we arrive at the desired
conclusion for u on Oy and Ty, and so by covering dO0’ with a finite set {S., }acr, as
above, we then finally deduce (4.2). O
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5. Uniqueness

We now establish the uniqueness of kinetic solutions to (1.1)—(1.4), i.e., prove Theo-
rem 1.2, whose statement we recall below, for the convenience of the reader.

Theorem 5.1 (Uniqueness). If uy, us are kinetic solutions to (1.1)—(1.4) with initial data
u1,0 and ug,o, respectively, then for all t € [0,T] we have

E/mi(t,x) vt (b 7)) do < E/|u0(:c) — vo()| da, (5.1)
O O

for some C > 0 depending only on the data of the problem.

Proof. The proof combines Theorem 2.2 and Theorem 1.1. Indeed, by Theorem 2.2 for
any nonnegative test functions § € C2°((0,7)) and ¢ € C°(O’' x R4"), we have a.s. that

T
— ut(s,z) —vE(s,z)|0'(s)Y(x) dz
B [ [ Ju*(s.) = v*(s,0)| 0 (5) (o) s dy
0 O
T
SE//Km/r(u(s,x),v(s,x))~Vw1(x)dxdyds. (5.2)
0O

Then, it suffices to take a suitable sequence of test functions 6, (s) and 15(z) = (5(z') in
inequality (5.2), where (§(z’) is a O’-boundary layer sequence and 6,, converges to the in-
dicator function of (0,t), so that, by virtue of (1.4), we may use the strong trace property
established in Section 4 in order to send § — 0 first and then, recalling Proposition 2.1,
also take n — oo to obtain (1.41). O

As in [8,9] we have the following corollary whose proof follows by the same lines as in
the mentioned references.

Corollary 5.1 (Continuity in time). Let u be a kinetic solution to (1.1)=(1.4). Then there
exists a representative of u which has almost surely continuous trajectories in LP(QY), for
allp € [1,00).

6. Existence, part one: the first approximate problem

The goal of this and the next sections is to establish the existence of a kinetic solution
to (1.1)—(1.4). As mentioned in the Introduction, before the statement of Theorem 1.3,
for the application of the regularity result in [18], which requires condition (1.8), we need
to impose the restriction that b(¢) = b is a constant, positive definite, d” x d” matrix.
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In this case we just require the (much simpler) non-degeneracy condition (1.11), which
then implies (1.8) according to Proposition 1.1.

In order to tackle the question of existence of solutions to (1.1)—(1.4), we first solve
the following approximation of problem (1.1)—(1.4),

du® +V - A*(uf) dt — D2, : B*(uf) dt — eAu® dt = ®°(u®) dW (1), (6.1)

w(0,2) = ui(z), w €O, 6.2)
u® = ug(t, ), t>0, x €0 xd0", (6.3)
edu® = A% (u°) - v, t>0,2 €00 x0O", (6.4)

where u§ is a smooth approximation of ug, u§ € L*(Q, C°(0)), tmin < 4§ < Umax,
a.s., up is a smooth approximation of uy, ®° is a suitable Lipschitz approximation of @
satisfying (1.18) uniformly, with g7 and G° as in the case ¢ = 0, gf smooth satisfying
(1.21). Moreover, g¢ = 0 for k > 1/e. Finally, A° € C*(R;R%), B® € C*(R;M%"),
Af(u) = A(u), B¢(u) = B(u) for « € [Umin, Umax|, and, setting a® = (A¢)’, b¢ = (B¢)’
we assume that a® € L®(R;R%), b® € L®(R;M%"). The latter assumption will be
justified later on when we will prove that the solution of (6.1)—(6.4), u®(t, z), satisfies
Umin < U (t,2) < Umax, (£, 2) € (0,T) x O.

Nevertheless, the establishment of existence of solutions to (6.1)—(6.4) presents also
its problems due to its quasilinear character. Thus, we approximate again (6.1)—(6.4) by
the following fourth order nonlinear SPDE problem

du™t +V - A*(uSH) dt — D2, - BE(uSF) dt — eDpru™* + pAZ,ut (6.5)
= @ (u**) dW (1),

u®H(0,z) = ug(x), z €0, (6.6)
uH =g (t, ), t>0, z €0 x o0, (6.7)
edut = A(u™H), t>0, x €00 x0O", (6.8)
d,ust =0, t>0, x €O x00", (6.9)

where p > 0 is an artificial viscosity. Notice that we needed to introduce a new boundary
condition (6.9) due to the fourth order of the biharmonic operator uA2,,.
For the sake of clarity, we will call the problem (6.5)—(6.9) the first approximate
problem, whereas (6.1)—(6.4) the second approzimate problem.
We are going to establish the existence and uniqueness of solutions (6.5)—(6.9) by
means of a fixed-point argument involving the Duhamel formula. More precisely, let
A:D(A) C L3O x O") — L*(0" x O") be the operator given by

D(A) {ue L3O x O") : uwe L*(O"; H*(O") N L*(0'; (HZ N HY)(0O"))
and, in the sense of traces, d,u = 0 on 90’ x 0"},

A = —eAxl_l'_x// + /J:Ai//,
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and S(t) = exp{—tA}.
Let P be the predictable o-algebra in €2 x [0, T]. Let

47

E=L*Q;C([0,T]; L*(0)) N L*(Q x [0, T], P; L*(O'; H*(0")) N L*(O"; H(O'))).

For v € £, we define

K[v](t) = K&*[v](t) = w”(t)+ub /S (t—s)V-A%(v(s))ds
0

+/s (t— $)D2, : B (u(s ))dt—l—/S(t—s)@e(v(s))dW(s). (6.10)

Here w”(t, x) is the solution to

ag)t (t,2) = A prw® (t,z) — pA2,w"(t,z) I {0<t<T}xO,
ow" ,
5 (t,z) = A®(v(t,x)) - v on {0 <t<T}x 00" x
v
awv /! /1
w(t,x) = V(t,:r):O on {0<t<T}xO xd0",
w’(0,2) =0 on {0 =t} x O,

and E“g(t, a’,x) is the solution to

8(;; (t,x) = €A$/7£//a§(t, :L') - ,LLA%HZLE(t,x) in {0 <t < T} x O x ON,
6/\5

auyb(t,x):O on {0 <t<T}xd0 x O,

ut (t,x) = u(t, x) on {0 <t<T}xO xdO",
(?,;Z’(t,x)zo on {0<t<T}x0O xd0O",

ut(0,2) =0 on {0 =1t} x O.

The sense in which the solutions of the problems (6.11)-(6.14) and (6.

be understood is explained subsequently.

(6.11)
(6.12)

(6.13)

(6.14)

(6.15)
(6.16)
(6.17)

(6.18)

(6.19)

15)-(6.19) should

First of all, as we have shown in Theorem A.4, A is indeed a nonnegative self-adjoint
operator, and consequently S(t) is well-defined and possesses several good smoothing

properties.
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6.1. On w"(t)

Henceforth Hi‘p will denote the space L2(O'; H3(O")) N L*(O"; HY(0'))) (see Ap-
pendix A).

Definition 6.1. Let v € L?(2 x (0,7); HXQ) be predictable. We say that w" is a pathwise
weak solution of (6.11)—(6.14), if

w? € L3(Q x (0,7); H®) 0 L*(Q: C((0, T); L*(0)) N LA (@ H ((0,7): H, %)),

is predictable and, for every v € Hix/ % and almost every 0 <t < T, as.

ow" . .
<W(t)790>H;1/2’H114/2 + €/Vw (t,z) - Vo(z)dz + M/Az”w (t, 2)Agrip(z)da
(@ @]
= / / AE(’U(t,x’,x”)) . V(m’,x")np(a:',x”) de’—l(x/)dx//.

O o0’

We are going to use the following result by J.-L. Lions, whose proof may be found in
[26] and statement we take from [3].

Theorem 6.1. Let H be Hilbert space with scalar product ( , ) and norm || ||m, and
identify H* with H. Let also V be another Hilbert space with norm || ||v, for which
V C H with dense and continuous injection, so that we have the triplet

VcHCV™

Let T > 0 be fized; and suppose that for a.e. 0 <t < T we are given a bilinear form
a(t;u,z) : V. xV = R satisfying the following properties:

(1) For every u,z € V, the function t — a(t;u, z) is measurable;
(2) la(t;u, z)| < M|ullv||z|lv for a.e. 0 <t <T,Vu,z €V, and where M is a constant;
(3) a(t;u,u) > allull}y — Cllull3; for a.e. 0 <t <T,Vu €V, and where o and C are
positive constants.
Then for every F € L?(0,T;V*) and ug € H, there exists a unique function

ue L*(0,T;V)nC([0,T); H)n H*0,T;V*),

such that w(0) = ug and

<Ccll_1;(t)’z>v* . +a(t;u(t),z) = (F(t), z2)v+yv for a.e. 0 <t <T andVz € V. (6.20)
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We apply this theorem as follows. Let H = L?*(0) and V = Hl/z, so that V* =
1/2 A
H, /2 = L*(O'; H2(0")) + L*(0"; HY(O)*). Our bilinear form a(t, u, z) will be

a(t;u,z) =€ / Vu-Vzdr+p / Agprulgnzde,
o o

which is actually time-independent. Finally, let F(t) € L?(0,T; H;l/ %) be

<F(t)7<P>H21/2 Yz = / / Af(u(t, o', ")) - v(@ 2"l 2") dHE () dz", (6.21)
O// ao/

which makes sense because of the trace properties of Sobolev functions.

For each fixed w € €2, the conditions in Theorem 6.1 are immediately verified, so exis-
tence and uniqueness of w? for each fixed w € Q follows. Now the proof of Theorem 6.1
can be made by the Galerkin method. So, since v € L?(Q x [O,T],P;Hi‘/z) is pre-
dictable, f given by (6.21) is also predictable and so are its finite dimensional projections.
Therefore, the Galerkin approximations, which are solutions of finite dimensional ODEs
obtained as projections of (6.20), are also predictable. The convergence of the Galerkin
approximations is obtained alongside a uniform estimate in L2(2 x (0,7), P; Hi/ 2) )
that in the limit we obtain a pathwise weak solution in the sense of Definition 6.1.

Moreover, if v; and vy € L2(Q x [0,T], P; Hi/Q) are predictable, then, a.s. and for a.e.

0<t<T,

Ow?t Ow?2 o s
(S50 = o= w (1) —w (1))

H;l/Q,HLﬂ
+ 5/ |V (t, ) — Vw2 (t, z)|* dz + ,u/ |Agrw® (t,2) — Agnw2(t, x)|? dz
o o
- / /<A6(v1(t7$)) — A% (va(t,2))) - wl@)(w™ (1 2) — w* () dH T (@) da”.

O o0’

Thus, a.s.,

T

1 v v v v

5 Sup [w" (t) — w*?(8)]|72(0) +€/||Vw H(t) = V' (8)]|72(0) dt
0<t<T /

T
b [ 180 0) = A ()]0 e
0
T

< Lip (A®) / / W (¢, 2) — w*? (¢, z)| vy (¢, ) — va(t, @) | dHT ~(2")da" dt.
0 890" 0"
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As || fllz2007) < C|lfll a1 (o) for some C' > 0, Young and Gronwall inequalities yield

v v (|2 2
Ellw® — w2, | < CE[loy — v

[0,T);L2(0))NL2(0,T;H > L2(0,T;HY)

In conclusion, we summarize the results above as follows.
Lemma 6.1. For any predictable v € L?(Qx[0,T], P; Hi‘/z), there exists a unique pathwise

weak solution w¥ € L2(€;C([0,T); L*(0))) N L*(Q x [O,T},P;Hi‘/g) of (6.11)—(6.14).
Moreover, the mapping v — w" is continuous.

6.2. On 172/

Let us now analyze Ez/. At this stage of approximation, we may and will assume
that uf € L2(Q;C°((0,T) x O" x 80")) is predictable. Thus, straightening out the
boundary, using partition of unity, etc., one can extend wu; to some predictable f¢ €
L2(0;C4((0,T) x @ x R?")), in a way that a.s.

0y fe=0o0n (0,T) x 00" x 0" and on (0,T) x O" x O".

Hence, z = E“g — f¢ should satisfy

0z 9 0 9\ e
E—5A2+MA$,,2——(a—sAﬁ—quu)f in (0,7) x O,

92 (1 2) = 0 on (0,T) x 9O’ x O

o’ ’ ’ (6.22)

z(t,x) = %(t,x) =0on (0,T) x O' x 90",
z2(0,z) =0on {t =0} x O.

Existence and uniqueness of a solution to problem (6.22) is obtained from Theorem 6.1
with H = L2(0), V = HY/?,

a(t;u,z) =¢ / Vu-Vzdr + u/Azuquuz dzx,
o o

as before, and

8 €
(), @) gzsve e 1= (5 — A+ uAL ) 7, 0)1(0)-

Therefore, we have proved the following result, where, the assertion about the predictabil-
ity, as before, is a consequence of the proof of Theorem 6.1 through Galerkin method.
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Lemma 6.2. Assume that ui € L?($;C((0,T) x O’ x 80")) is predictable. Then there
is a unique solution of problem (6.15)—(6.19), ui € L*(2 x [0,T],P; L*(O'; H*(O")) N
LQ(O”;Hl(O/)).

6.3. On the mapping K|[v)

In order to avoid cumbersome notation, in this subsection we drop the superscripts
and p.

Lemma 6.3. K : £ — £ is well-defined and continuous.

Proof. For v € &, let us decompose Kwv, defined in (6.10), into six parts:
(Kv)(t) = (Kov)(t) + (K1v)(t) + (K2v)(t) + (K3v)(t) — (Kqv)(t) 4+ (Ksv)(1),

where

(Ksv)(t) =

0
(Kqv)(t) = /S(t —$)V - A(v(s))ds, and
0
/S(t — $)B(w, v(s)) AW (s).
0

Observe that Ky and K7 were already addressed in Lemmas 6.1 and 6.2. Furthermore,
Ksv is independent of v and, from the basic theory of semigroups of linear operators,
Kyv is clearly seen to be an element of £. The other terms will now be investigated
individually.
The analysis of K3. Let us verify that K3 : &€ — & is continuous. Note that, if
h e L?(Q; L?(0,T; L?(0)), and if d’ + 1 < j, k < d, then, as distributions,
oh 2 2 2 / —1 1
Do, erL (Q;L (0, T; L*(O'; H (O )))),
J
0%h

2 . T2 .72 /.o r—2 "
Fram, € L (BLO.T L0 HH0"),
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with

T
//Haﬂ?j //)deml S]E/”h(s)H%?((’)) dSa
0
T
/ 2
//Hax]@xk ((f)//)dex S]E/||h(s)||L2((’)) ds
0

In particular, D2, : B(v(s)) € H;l/z = L2(O'; H2(0")) + L*(O"; [HY(O")]*), so we
have that a.s.

H/S“‘ﬂD%:B@@»@]
0

L2(0)

/WH;t—s<DW,: B(u(s)) |20 ds (6.23)

<o / (14 = g7 1B () 220, s

0
< C sup [ B(v(s)) ll2(0),
0<t<T

where we have used Proposition B.1 in the second inequality above. Taking the supg<,<r,
squaring and taking expectation in (6.23), we conclude that v € £ — K3zv € & := L?(Q;
C([0,T); L?(0))) is well-defined and

[K3v]le, < C[B(v)lle,- (6.24)
Similarly,
[ K3v1 — K3vallg, < C|B(v1) — B(v2)]le,- (6.25)

Likewise, by Proposition B.2, we see that almost surely

T t

/H/S@—ﬁDsz@@»@mﬂﬂﬁ

0 0
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~

S /” Dm” : B(’U(S)) ||%2(O’;H*2(O”)) ds

0
T
<C [ IBE) ) ds (6:20
0
Thus we see that Ksv € & = L2(Q;L*0,T; H114/2)), recalling that Hl/2 =
L*(O'; HE(O") N L*(0"; HL ('), with
[Ksvlle, < CB(v)]le,- (6.27)
Similarly,
[ K301 — Kzvslle, < CB(v1) — B(v2)lle,- (6.28)
Therefore, we conclude that K3 : £ — £ with
[Ksvlle < C|[B(v)lle, (6.29)
and
[ Ksv1 — Ksvalle < C[[B(v1) — B(va)|e,- (6.30)

The analysis of K4. Given v € £, the contractivity of S(t) gives

sup [[Kyv(t)]|72(0) < CT/I\V~A(U(S))||2L2<O) ds,
0<t<T

whereas Proposition B.2 gives

/||K4U HH1 ds < C/HV A HLZ(O) ds.

From this, one can easily show that Ksv € £. Moreover, if w is another element of £, we
see that

|l K0 — Kqw|e < CE / lla(v(s)) - Vo(s) — a(w(s)) - Vw(s)||%2(o) ds. (6.31)

We claim that the inequality above implies that Ky is continuous. Indeed, assume, by
contradiction, that K3 is not continuous. In this case, there would exist a sequence (v,)
in € such that v, — v in L*(Q x [0,T]; H*(0)), but
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[ K4(vn) — Ka(v)le =6, (6.32)

for some § > 0. On the other hand, passing to a subsequence if necessary (see, e.g.,
theorem 4.9 in [3]), we could assume that

Up — U for almost every x € 0,0 <t < T and w € (),

Vv, = Vo for almost every z € 0,0 <t < T and w € €2, and

2
t,rx,w*

[vn| + |Vzvn| < g for some g € L

Consequently, since a is bounded by assumption, applying the dominated convergence
to (6.31), we would see that

[ Ka(vn) — Ka(v)lle =0,

contradicting (6.32).

Analysis of Ks. Finally, let us study the stochastic term Kj. Fix v € £. That
(K5v)(t) € L*(Q; C([0,T); L?(0))) is a consequence of the contractivity of the semigroup
S(t) and the well known maximal inequality for stochastic convolutions (see [34,24,25]),
from which we obtain

0<t<T L2(O0

t T
ESM)H/S@*ﬁﬂdﬁﬂwﬁ) )SCE/MMMDW@wmw»ﬁ
0 0

so, using (1.18), we have

K501z, < COL+ [vlZ2 (@xjo.11:22(0))- (6.33)

Similarly, using (1.20),

[ K501 — Ksval2, < C(llvr = v2ll720xj0,77:22(0)))- (6.34)

Moreover, by Theorem B.3 (with o = 0), and Theorem A .4,
T ot ,
E / H /S(t — $)®(u(s)) dW(s)HHl/2 ds
A
0 0

T
scp/ww@miwwmwa
0

so, using again (1.18), we get

K502, < C(1+[vll720x (07722 (0))) (6.35)



H. Frid et al. / Journal of Functional Analysis 285 (2023) 110101 55

and, similarly, using (1.20)

K501 — Ksva| 2, < Cllor = v2ll72(ax0,77:02(0)))- (6.36)

Hence, (6.33)—(6.36) imply that K5 : £ — £ is continuous.
Conclusion. Since Ky, K1, ..., K5 are all continuous mappings £ — &, the lemma is
proven. 0O

Lemma 6.4. For v € £, Kv satisfies Kv — @, € L*(Q x [0,T], P; Hl/Q(O)), and
¢
Kv:u0+/G ds—i—/@( (s))dW (s), (6.37)
0

where G € L?(Q x [0,T), P; H;l/z) is almost surely given by

(Gls) 0y = = ¢ [ VEv(s,2) - V(o) do
(@]

- / A Kuv(s, 2) Ayprip(z) da
+/B(v(s,a¢)) : D2 p(x) da
o
+/A(v(s,x))'V90(x) dx
o

Proof. The fact that Kv — @, € L?(2 x [O,T],P;H;/Q(O)) follows from the proof of
Lemma 6.3. Clearly, K, ,v := Kov + Kjv + Kyv satisfies

/Ko,l,zv‘pdx:_/UOQOd-r_E//VKcuzv V@dxdt
O

0
t

,u//A n K, 00z dzds,
0

for all p € Hl/z(O), a.s. and for all t € [0,T]. As for K3v, K4v, they are convolutions of
the semigroup, having the form

t
/St—s ds, j=3,4,
0
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with 1 = D?B(v) and ¢ = V - A(v), respectively. Therefore, proceeding similarly to
the proof of Proposition B.2, through the use of the spectral theorem, we deduce that
K, ,v = K3v + Kyv satisfies, for all p € Hl/z((’)), a.s. and for all ¢ € [0, 7],

t

/Kmvgodx— 5//VK v(s,z) - Vo(z)dzds
o

0

¢
fu//AI//KsAv(s,:z:)Am//go(x) dx ds
00

t

_|_//B(v(s,x)) : D2, 0(z) dx ds
o
+/!A V(z) dx ds.

Similarly, K5v is a stochastic convolution of the semigroup and proceeding as in the proof
of Proposition B.3, again using the spectral theorem, we deduce that, for all ¢ € Hi‘/2((’))7
a.s. and for all ¢ € [0, 7],

(=)

[}

/Kgucpdxf - //VK5U s,x) - V(r)deds

t

—u//Aquw(s,x)Awmp(x) dx ds

0 O

+O//<I> ) dz dW (s).

Adding up the equations obtained for K, , ,v, K, ,v and Ksv we get (6.37), as desired. O
Lemma 6.5 (Relative energy identity). If vi,ve € €, then, a.s., and for all0 <t <T,
1 2
3 | Kvy(t,x) — Kva(t, z)|* de
¢

+8//|VKU1(s,x)—VKUl(s,m)|2dxds
0o
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+u A Kvi(s,x) — Apn Kvug(s )) dx ds
[
= // (B(vi(s,z)) — B(va(s,2))) : (D2, Kvi(s, ) — D2, Kvs(s, z)) dx ds
00
+// (A(vi(s,2)) — A(va(s,2))) - (VKvi(s,z) — VKuvs(s, x)) dx ds
00
+ // (@(v1(s)) — @(v2(s))) (Kvi(s,z) — Kva(s,x)) dw dW (s)
00

+%//Z|gk(’l]1(8,$))7gk(U2($,$))‘2dIEdS. (6.38)
0O

Proof. By Lemma 6.4, we deduce that Kv;, j = 1,2, can be written as

t

Kwv; :u0+/Gj(s) d5+/<I>(vj(s))dW(s),
0

0

where G; € L*(Q x (0,77, P; HZl/Q) is almost surely given by

<G]’(S)7§0>H;1/2,H}4/2 = - s/Vva(s,x) -Vo(r)dz

0
—M/Amquj(sm)Azu(p(ac) dx
0
—l—/B(vj(s,x)) : D2, p(x) dx
O

+ /A(vj(s,x)) -Vo(z)de
o
Let us introduce the approximations of the identity map Iy = (I+AA)~!. We observe

that I has the following properties:

(1) I € L(HS; HS') with norm < 1/); and
(2) forany f € HY, L\f — fin H§ as A — 0.
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Consequently, if w; = Kv;, and wj)‘ = Ihwj, then
t
w(E) — w(t) = / (ING1(s) — I\Ga(s)) ds
0

+ / (In@(v1(s)) — [x®(v2(s))) AW (s) in L*(O).
0

Thus the It&’s formula applied to the function f — 1| f[|%. (0) 8ives, after some manip-
ulation,

1
St () — w2 ()720) (6.39)

+ 6/ (Vwi(s, ) — Vwa(s,z)) - VI (wy (s, 7) — w3 (s, x)) dv ds

t
+/¢/
0

/ (v1(s,z)) — B(va(s,2))) : D2, 1y (wi‘(s,x) - wg‘(s,x)) dx ds
O

/ Ayrwi (8,2) — Agrwa(s, @) - Agn Iy (wi (s, 2) — wy(s, x)) dxds
o

_|_

o\“ o\
O\

(A(vi(s,z)) — A(va(s, 2))) - VI, (wi\(s, ) — wj (s, z)) dz ds

M

E

=1

// (I)‘gk(ac,vl(s,x)) — I gr(va(s, z))) (wf‘(s,x) - wg‘(s,x)) dx dpi(s)
0 O

+
N =
(]2

>
Il

1

¢

// (I)‘gk(x,vl(s,x)) - I’\gk(vg(s,x)))2 dz ds.

00

At last, we notice that wy — wy € L%*(Q; C([0,T]; L?*(0)) N L2(; L2(0,T; Hil/Q)),
implying that we can pass A — 0 in (6.39) to deduce (6.38). O

Lemma 6.6 (A second relative energy estimate). There exists a constant Cy > 0, such
that for any two elements vy and vo of £, and for any 0 <t < T,

E sup </|K01(T,J;)—KU2(T,x)\2d:E

0<7<¢t
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T

—l—e//|VK1)1(5,90)—VKvl(s,x)|2dxds
00
+,U//(AzuK’Ul(S,IE)*Ax//K’Ul(S,I))2dIL'dS>
00

t
<C.E / / lv1 (s, 2) — va(s, x)|? da ds. (6.40)
00
Proof. Let us take the expectation of the supremum of (6.38) between 0 < 7 < ¢, so that

1
E sup (/§\K01(T,x)—Kv2(T,x)|2dm

0<r<t

—|—6//|VKU1(8,J:)—VKUl(s,x)|2dxds
00
+,u//(Azqul(s,x)—AI,,Kvl(sm))deds)
00

<E sup //(B(vl(s,x))—B(W(Sam)))
00

ores
: (D2, Kvi(s,x) — D3, Kvy(s,x)) da ds
+E sup / / (A(vi(s,2)) — A(va(s,2)))
e (VK (s,2) — VEKuy(s, 7)) da ds
+E sup / / (@(v1(5)) — B(vs(5)))
2 &

(Kvi(s,x) — Kvg(s,x)) do dW (s)

=L +...+ 14 (6.41)

Let us look at each term separately. Using the well-known fact that

||f||i2(OI,H02(O”) S C /(Az”f(x>)2 dm
(@
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for some constant C' > 0 independent of f, we, therefore, have, after an integration by
parts and routine estimates

L gCE/t/(Ul(s,x)—vg(s,x))gdxds
0 O

1 1
+ —E sup (/—\Kvl(ﬂm)—KUQ(T,w)|2d:U
6 o<r<t 2

+€//|VKU1(S,;U)—VKvl(s,x)|2dxds

+ // (AprKvi(s,z) — Agn Kvy (s, z))2 dx ds). (6.42)
00
Likewise, one has that
t
I, < C’E// (vi(s, @) — ’UQ(S,J?))QCZJJCZS
00

1 1
+ -E sup (/—\Kvl(T,x) — Kuvy(7,2)|* dz
6 o<r<t 2

+E//|VKU1(S,J:)—VKvl(s,m)|2dxds

+p // (Apr Kvi(s,z) — Mg Kuy (s, x))2 dx ds). (6.43)
00
To estimate I3, we apply the Burkholder inequality (see, e.g., [30]), to get

=E sup
0<7<t

Z//(gk(vl(svw))—gk(va(s,w))) (6.44)
k=19 o

((Kvl)(s, x) — (Kvg)(s,az)) dx df(s)

< C]E(/ti /gk vi(s,x)) — gr(va(s, x)))

k=1

(Kv)(s,2) — (Kv2)(s,z)) dx}2 ds)1/2
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1 1
<ZE —[(Kvy)(t) — (Kvg) (1))
< GE s, (2H( v1)(t) — (Kv2) () 72(0)

bt [ 180 (01)(5) = Ay (Ka) 5) 2o dnds
0

b [ 19K - T(E)(5) 20 dods)
0

4+ CE / l01(5) — va(8) |20 ds.
0

Finally, it is clear that

t

I, < DE//|U1(S,1‘) — va(s, x)|? dx ds. (6.45)
0 O

Combining (6.42)—(6.45) and (6.41) we arrive at (6.40), as desired. O

Theorem 6.2. K : £ — &£ has a unique fized point u*. Moreover, u* ¢ is a weak solution
of (6.5)~(6.9) in the sense that u* — @, € L*(Q x [O,T],P;Hilm((’))), and

t t

ut® =wup + /G(s) ds—l—/(I>(u“"€(s))dVV(s)7 (6.46)
0 0

where G(s) is as in Lemma 6.4 with u** instead of v.
Proof. Let us introduce the equivalent norm in £

—Ct/a 1
oK sup (FIu(n)lE o)

lullZe = sup e
0<t<T 0<r<t

b [ 180ru(s) oy ds = [ IVu(s) 20 ds).
0 0

where 0 < a < 1 may be arbitrarily chosen. From (6.40), it follows that

t
| Koy — Kua|2%s < C.E / lo1(5) — va(5) |20 ds.
0

Now, we have
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t

t
aE/WM@—w@ﬁﬂwwécmjnwpmua—va§st
0

0<7<s

t
C /eC*S/ae_C*s/a]E sup o1 (1) = va(7)[|72(0) dt
) 0<s<t

sa/£WWm—m@w

< ae? vy — v 2.

Hence, we get
1K1 — Kva||Ze < alor — a2

This proves that K is a contraction and so the first part of the theorem follows from
Banach’s fixed point theorem. The second part of the statement follows immediately
from Lemma 6.4. O

Lemma 6.7 (An uniform energy estimate). Let u** be a weak solution of (6.5)—(6.9).
Then, there exists a constant C > 0 such that for 0 < p <1,

E sup /\U“E (t,x) — ap(t )|2dﬂC—i-8//|Vu“E (s,2)|* dx ds

0<t<T

t
+p // 2 (s w))Qda: ds) <C. (6.47)
0

Proof. First, consider the function (¢, ) solution of (6.15)—(6.19). Applying It6 formula
to glust — ﬂb||2L2(O), we see that a.s.

1 ~ 1
5”““’5@) — @ (8)[|72(0) = 5““8”%2(0)

(At — Apitiy) (Agrut® — Apniiy) da ds

G\

e(Vut® = Vi) - (Vu® — Vi) de ds

(b(u* )V yrnut®) - (Vyrut® — Vi) dz ds

|
S O~ °Y—
G\ G\
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¢
+//A (ut®) - (Vur® — Vi) de ds

O/O/ (uf® — ap) P (u®) dz dW (s)

¢
//Z|gk (u®)|? da ds,
9 -

+

N | =

and so

]E(f sup /|u" (1, x) — @y (7, x)|? da:+€//|Vu”E s,) — Vii(s, z)|* dr ds

2 0<r<t
0
¢
+u // (Agrut=(s,z) — Azuab(&x))Q dx ds
00

+

o—_

/b(u"’e)(vxuu”’s — Vz//ﬁb) . (quu“’s — VI//ﬁb) dx dS)
]

1 2 e NS ~
EHuOH +E |(b(ut*)Vyriiy) - (Vgrut® — Vynily)| dz ds

+E / [ 1A - A (vure - )| de ds

+E sup //(u‘“e Up) P (ur®) doe dW (s)
0<r<t
00
L[S
2
+E§//Z|gk(u“€)| dx ds
0 o k=1
=hL+-+1I

Here, I; is trivial, I is estimated using Young’s inequality with € to get a term that
can be absorbed in the left-hand side and another term which is bounded by a multiple
of the squared LZ ; ,-norm of Vi, using the boundedness of B'. I3, I; are similarly
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estimated using Young’s inequality with € and the boundedness of A’. I5 is estimated
using Burkholder inequality as in the proof of Lemma 6.6. As for Is, we use (1.18). We
then use Gronwall’s inequality to see that

O<t<T

T
IE sup /|u“5tar)—ubta:| dx+£//| Vule(t, x) — Vi (t, z)|* dz dt
0 O

T
—1—/_// // //uiu‘ t x) — AI//ﬂb(t,i'))?d.r dt) S C,
0

uniformly for 0 < p < 1, from which (6.47) immediately follows. O
7. Existence, part two: the second approximate problem
7.1. Some a priori properties of weak solutions

Since our limiting argument when y — 0 involves the Yamada-Watanabe method [37],
with application of Gyongy-Krylov criterion [19], it is necessary that we first establish
the uniqueness of weak solutions to (6.1)—(6.3). This subsection will be concerned with
this and other important facts about weak solutions.

First, let us state the concept of solution that we will be employing throughout this

section.
Definition 7.1. A process u is said to be a weak solution to (6.1)—(6.4) provided that
(1) we L2 C(0,T); L(0))) N IA(Q x [0,T], P; H'(0)):

(2) u = u® almost surely in the sense of traces on (0,7) x O’ x dO";
(3) Almost surely, and for any 0 < ¢t < T and any 6 € L*(O’, H} (0")) N L*(O"; HY(0")),

t
(u(t),@)L2(o) :(UO,Q)LQ(O) 75//Vm/u~vx/0da:ds
0 O

t t
7//divmu BE(u)-VIqu:cder//A(u)'Vﬁdzds
(VN 0 O
+//9 w) dz dW (s). (7.1)
0

We will now deduce some estimates based on Itd’s formula for weak solutions of
(6.1)—(6.4). Our arguments are similar to those we have already applied in the proof of
Lemma 6.5.
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Let us introduce the operator T : D(T) C L*(O) — L?(O) by

D(T) = {f € H*(0); 8,f=00nd0" x 0"
and f =0on O x 00"},
Tf=-Af.

According to Theorem A.5, T is also a nonnegative self-adjoint operator. Again, if we
introduce its “approximation of the identity” Jy = (I + AT)~! for A > 0, we have that

(1) If H$ denotes the intermediate spaces of T, Jy € L(H$; H3') with norm < 1/,
and
(2) forany f € HE, Jxf — fin H¥ as A — 0.

The key element for the proof of our It6’s formula is the nearly obvious constatation
that, for H;/Q = L*(O'; H}(0)) N L?(0"; H1(0)), a weak solution u of (7.1) satisfies

t t

u(t) :UO+/B(S)d8+/(b(5,u<s))dw(8) in Hy 1/2 _ —(H %/2)*’

0 0

where B € L*(Q x [0,T],P; Hy, ) is almost surely the functional

(B(s), 9>H;1/2’H;/2 = - / (eVau -V + divy B (u) - Vynb) da

+!A(u) -V dz.

Hence, u* = Jyu satisfies

¢ t
urt) = J,\u0+/JAB(s) ds+/JA<I>(s) dW(s) in L*(0). (7.2)

0 0
Consequently, given any 1 € C?(—oc0, 00) Wlth € L>*(—00,00), and any 6 € C'(O)

which vanishes near @’ x 90" (i.e., 9 € C! (Rd (9”))7 the classic Itd’s formula asserts

that
/977 dx—/@n Jaug) da:—l—//en )IAB(s)dxds

t

+//en )IAD (w) dz dW (s)

0
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t
1
+§// Z|J>\gk |2dxds (7.3)
0 O

a.s. for any 0 < ¢ < T. Here and henceforth, for simplicity, we denote 7’ d—Z and
"= ;li Next we observe that
(IAB(s), 01 () 220y = (B(s), IO 1 (u™)) /2 e,
so that (7.3) means that
t
/Hn(u)‘)dac: /9 (Jauo) dx—5//V$ru-VIrJ>\(9n’(u)‘)) dx ds
o o 00
t
- / / divyr B (u) - Vo Iy (00 (u?)) dz ds
¢
+//A(u) VI (07 (w)) dxds
0 O
t
+//977’(u/\)J)\<I>(u) dx dW (s)
00
1 -
+2//917"(u)‘);|<],\gk(u)|2 dz ds. (7.4)
00 =

Passing the limit A — 0, we obtain the following theorem.

Theorem 7.1. If u is a weak solution of (6.1)-(6.4), the following chain rule is valid: For
every 0 <t < T, every n € C?(—o0,00) with n”" € L™=, and every 0 € H%/z ncLo),

/H u(t, x)) dx—/@

- 6//Vx/u(s,9:) Vo (0(x) 1 (u(s, x))) dx ds
0 O

— //diku B*(u(s,z)) - Vo (0(z) 0 (u(s,x))) de ds
00
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+

o—_ .

/A(u(s, z)) - V(0(z) n'(u(s,z))) da ds
o

+

/0(3:) n' (u(s,x))®(u(s, z)) de dW (s)
o

(e}

_|_

1] -
= 0(x)n" (u(s,x)) Y |gr(u(s,z))|*drds, a.s. (7.5)
20/(! 77 ’; 9

Proof. Evidently, it suffices to prove the theorem for the simpler case we were dealing
before, which was with 6 vanishing near O’ x 90”. The passage to the limit A — 0 in
(7.4) has simple terms, not so complicated terms, and others that really require some
attention. The simple terms are all that do not involve any derivatives on u*; these ones
clearly converge to the corresponding limit.

On the other hand, by means of the Spectral Theorems A.3 and A.5, one can easily
see that u* — w in L2(Q x [0,T],P; L*>(O"; H(0'))). Hence the term with derivatives
with respect to 2’ also converge nicely.

However, for the terms involving the derivatives of u* with respect to 2", which require
more attention, we have the following. First, let us show that u* — u in L2(Q2 x [0, T, P;
L*(O'; HE (0))). Fixing w € Q and 0 < ¢ < T, u* is characterized by

)\/Vu)‘-Vgpdaj—l—/uAgpda::/u(pdx (7.6)
o o o

for any ¢ € C*°(Q) vanishing near @’ x 90”. Thus, if d,» denotes any partial derivative
with respect to one of the z”/—variables, we have

)\/VUA ~V8zuapdm—|—/u)‘8mngpdx = /Uaz“@d%
(@] (@] (@]

which implies (as u* € H?),

/\/V&EuuA-V@dx—l—/@xf/uA(pda::/&Cuugpdx.
o o o

By means of smooth approximations, the identity above remains true for ¢ = ¢?0,nu’,
where ¢ is also in C1(0) and vanishes near O’ x 90”. Therefore,

A / |VOpnut2¢? da 4 2X / 0 u NV Oynu® - Vpda
O O
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+ /(8mf/u>‘)2¢2 dx = /3wuu8$uu)‘¢2 dx. (7.7)
o o
Consequently, as A [ o |Vu?|? dz is bounded by i J. o u?dz, which follows easily from (7.6),
we get
[ @ < 0) [+ [TuP) ds
(@] o

It is established thus that u — wu weakly in L2(Q x [0,T],P; L2(O'; HL .(O"))), once
that we already knew that u* — wu strongly in L?(Q x [0,7] x O). On the other hand,
returning to (7.7), we see that

A—0

limsup/¢2(8zuu/\)2 dx < /(Z)z(é)xuu)Q dx
o o

implying, as asserted, that u* — u strongly in L(Q x [0,T], P; L*(O'; HE, (O"))).
Consequently, it is not hard to see that there exists a sequence A, — 04 such that
a.s.

//dlku B (u(s,z)) - Vorda, (0(x) 0 (u" (s, z))) dx ds
0

—

o\

/dlvx// B (u(s,z)) - Vo (6(z) ' (u(s, 2))) dzds, and
//A(u(s, z)) - Vi, (0(2) 7' (w (s, 2))) dx ds
0 0

— O/O/A(u(s,x)) -V (0(x) ' (u(s, x))) dz ds.

This concludes the proof. O

Regarding now an It6’s formula for the difference of two solutions v and v, let us just
mention the reprisal of the previous arguments yields the following theorem.

Theorem 7.2. Let u and v be two weak solutions of (6.1)—(6.4) with possibly different
initial and boundary datum. Then, almost surely, for any n € C?(—oo, 00) with n"" € L*°,
any 0 <t<T, and any 0 € H:lp/2 nCcL0),



H. Frid et al. / Journal of Functional Analysis 285 (2023) 110101 69

/ 0(2) n(u(t, ) — v(t, 2)) dz = / 0(2) n(uo(z) — vo()) dx

o o

// Vau(s,z) — Vau(s,z)) - Vo (0(x) ' (u(s, x) — v(s,x))) de ds

o
/ lex// BE )) - divx” BE(U(Sa :L')))
o

o\N o

Vo (0(x) 1 (u(s, x) — v(s,x))) de ds

+

(A(u(s,z)) — A(v(s,2)) - V(0(z) ' (u(s, z) — v(s,z))) deds

G\

+

o | O —__

/9(1‘) ' (u(s, z) = v(s, ))(2(u(s, x)) — 2(v(s, x))) dz AW (s)

O
/ [ 66" (uts, ) = ol 2)
0o 0

oo

> lgr(u(s,2)) = gu(v(s,x) P deds.  (7.8)

k=1

+

N~

The previous formula has an important extension which follows from the elementary
theory on Sobolev spaces (see, e.g., [12]). We state it as a corollary for future reference.

Corollary 7.1. If n/(u —v) € L*(Q x [0,T],P; L*(O'; H}(0"))), then 6(z) can be chosen
to be only in C1(O) in the equation (7.2).

We now establish our comparison principle for weak solutions to (6.1)—(6.4).
Lemma 7.1. Assume that u and v are weak solutions to (6.1)—(6.4), and assume that
u® <o’ a.s. on (0,T) x O x 00", (7.9)

where u® and v, denote, respectively, the boundary data of w and v. Then, for any 0 <
t<T,

E /(u(t, x) —v(t,z))yde <E /(uo(x) —vo(z))+ dz, (7.10)

(@} o

with likewise ug and vy standing for the initial data of, respectively, v and v.



70 H. Frid et al. / Journal of Functional Analysis 285 (2023) 110101

Proof. Let ¢ € C°(—00,00) be such that ¢ > 0, supp.+¥ C (—1,1) and ffooo Y(t)dt = 1.
If 15(t) = $9(67't) (6 > 0), then put

t

sign (t /% (k — 8) dk = /¢(kT_5)dé—k

—0o0

Define also ns(t) = fioo signy (k) dk. Notice that 75 is a smooth convex approximation

of the “positive part” function ¢ — ¢,.
Because of (7.9), nf(u—v) € L*(Qx[0,T],P; L*(O'; H}(0"))), hence, by Corollary 7.1
and (7.2),

/ ns (u(t, z) — vt z)) dz = / 0(2) 15 (o () — vo () da
(@)

(@]

¢
6//7]” u(s,z) — v(s,2))|Varu(s,z) — Vyu(s,x)|* deds
00

o\ﬁ

/77 —v(s,z))(b*(u(s,z))Varu(s, x) — bv(s,x))Varu(s, z))
o
(Varu(s,z) — Varo(s,z))) de ds

15 (u(s, z) — v(s, z))(Au(s, z)) — A(v(s, z))

+
o\ﬁ
G\

(V(u(s, ) — Vu(s,z))) dz ds

+ /77 (s,2))(@(u(s,x)) — P(v(s,x))) de dW (s)

1)
t
0
We now pass § — 0 in the identity above. First, we observe that, taking the ex-
pected value of the expressions, the term involving the stochastic integral will vanish;

o

+ /7)’ u(s,x) — v(s, x) Z|gk gr(v(s,z)) > dz ds, a.s.

N =

additionally, we also observe that the third term is < 0.
On the other hand, the fourth term can be written as

/ / — 0(5,0)) (Vart(s,) — Varo(s, 2))

b (u(s, ) (Varu(s,z) — Varu(s, x))) dds
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0/(9/77// s,2) —v(s,2))(Veru(s,z) — Varo(s, z))

- (b%(u(s, z)) — b°(v(s, 2))) Varv(s, ) dx ds
= —(1) + (ii).
Of course (i) > 0, whereas

t

(i) < HbE”oo//w<u(s,x)—g(s,x)—é)‘u(s,x)gv(s,x)
1G]

0
|Varu(s,x) — Vru(s,x)| |Verv(s, z)| dz ds.

The integrand above is uniformly bounded by an L'-function and converges pointwisely
to 0. Hence,

E(ii) = o(1).

Likewise the hyperbolic term is o(1). Finally, for the last term, we notice that

// (s,2) — v(s, ) Z|gk ge(v(s,2))|? da ds

_Déo/(zw(u(s,x)—g(s,x)—é)‘u(s,x)gv(s,m) Qd:cds
)

-0

For

E/ng(u(t,m) —v(t,z))dx - E /(u(t, x) — v(t,x))+ dx and

o o
]E/n(;(uo(x) —vo(z))dx — E /(uo(x) — ()4 dz,
o o

the proof of the theorem is thus complete. O

The following theorem then follows immediately from the result just proven. Note,
in particular, that by virtue of (1.17) and (1.21), the functions u = umin and © = Umax
solve equations (6.1) and (6.4).

Theorem 7.3. Let u and v be weak solutions to (6.1)—(6.4) with initial and boundary
datum being, respectively, uy and u®, and vy and v®. The following assertions hold true.
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(1) The comparison principle: If ug < vy and u® < v almost surely, then u < v almost
surely.

(2) Uniqueness: If ug = vy and u® = v® almost surely, then u = v almost surely.

(3) The mazimum principle: If Umin < g < Umaz AN Upin < u? < maz almost surely,
then Umin < U < Upqae almost surely.

Let us close this section with an energy estimate which will be required later on. Its
proof follows rather easily from the ideas in the proof of Lemma 6.7 and so we omit it
here for the sake of brevity.

Lemma 7.2 (An uniform energy estimate). Let u® be a weak solution of (6.1)—(6.4). There
exists a constant C > 0 such that for 0 <e <1

T
E sup ||u5(t)||2Lz(o) —l—E// (|V$~b(us)|2 +€|V$1u5(s,m)|2) deds < C. (7.11)
0<t<T -

7.2. Existence of solutions to (6.1)—(6.4)

The proof of the existence of weak solutions to (6.1)—(6.4) now follows through the
same arguments employed in section 4 of [9], step by step, with minor adaptations.
First, Lemma 6.7 assures the uniform boundedness of the solutions of (6.5)—-(6.9) in
L2(Q; L*([0,T); H'(0))). Using Kolmogorov’s continuity theorem as in proposition 4.4
of [9] we get that

Ellu®*|exo,1);0-3(0)) < C, (7.12)

for any A € (0,1/2) for some C > 0, independent of y. Using Lemma 6.7 and (7.12)
we prove the tightness of the laws of u#€ in X = L?([0,T]; L*(0)) N C([0,T]; H=3(0)),
and so its relative compactness by Prokhorov’s theorem. Then we apply Skorokhod
representation theorem to infer the convergence a.e. of a subsequence u#"¢ in a new
probability space (Q,F,P). Then, as in section 4 of [9], we prove that the limit is a
weak martingale solution of (6.1)—(6.4). Finally we use the uniqueness of the solutions
of (6.1)—(6.4), Theorem 7.3, and apply Gyongy-Krylov’s criterion to conclude that the
whole sequence u*® converges to the unique solution u® of (6.1)—(6.4), which concludes
the proof of the existence of solutions to (6.1)—(6.4).

8. Existence, part three: degenerate case

We finally discuss the existence of a kinetic solution to problem (1.1)—(1.4). Here,
we follow the compactness argument in [20], with the decisive help of the space reg-
ularity result established in [18]. Again we use the Yamada-Watanabe method [37],
with application of Gyongy-Krylov’s criterion [19]. Concerning the latter, we recall
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that the uniqueness of the kinetic solution to problem (1.1)—(1.4) has been estab-
lished in Theorem 1.2. Now, let u® be the solution to the problem (6.1)—(6.4) and let

fg(ta‘r7£) = Xe(t7$7£) = 1(—oo,u5(t,;v))(€) - 1(—00,0)(5) We can prove, by an argument
similar to the one in [9], that §° satisfies

0" +a(€) - Vaf* +b°(§) : DIf°

:<ms_%cz(§)5 (t.2) >+ng )Bi () Ous 1,2 (€)

:—a"(g)-vx//qug—ng( (DeF°) B (t +Zéo )9k (§)Br(t),  (8.1)
k=1

k=1
where b*(&) := b(&) + elgnwar and ¢° = m® — 3G2(€) Sue (1.0 (€),
dm® (t,z,€) = |0° (u®) Vu|? doye—¢ da dE,

and ¢°(u) € M?" is such that 0°(u)? = b(u) 4+ eIz xar, and because of Lemma 7.2 the
right-hand side of the above equation is of the form J¢n®(t,z,§) where n® is a measure

n (0,7) x O x (—Lg, Ly) with total variation |n°| satisfying E|n®| < C, for some C' > 0
independent of €. Reasoning as in [18], we see that the symbol

//T

LE(iTyik, &) = i(t+a() - k) + b®(&)K",

(r,5) = (1,6/,K") € R x R x R satisfies condition (1.8), uniformly in . Moreover,

given any V € O and ¢ € C°(0), with ¢(x) = 1, for z € V, we see that {*° := ¢f°
satisfies

0fF +a(§) - Vo +b(€) : DI/

= 4f* + 0% (E)Vard 0% () Varf* + Z 0(2)gi(6) (9F°) 5 (¢)

+ Zéo (©)Bk(t), (8:2)
where
47 = 6(m* — SCE) e (€)) — FaE) - Vit
Now, we also have that n®¢ := 0(£)V,n¢ - 0°(£)Vrf is a.s. a finite total variation

measure on (0,7) x O x (—Lg, Lg) such that E[n®¢| < C, because of (1.7), (1.8) and
Lemma 7.2. After extending {#° periodically in the space variable x with a period II D
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supp ¢, we can apply the averaging lemma by Gess and Hofmanové in [18] to deduce
that

1w - (x (=10, T0);wer (v)) < Cvy (8.3)

for some Cy independent of ¢ and some 1 <1 < 2,0 < s < 1, for any V € O. Again,
using Kolmogorov’s continuity theorem as in proposition 4.4 of [9] we get that

E|luflloxo,1:5-2(0)) < C, (8.4)

for any A € (0,1/2) for some C > 0, independent of e. Define, X,, = L?([0,T]; L*(0)) N
C([0,T); H3(0)), Xw = C([0,T);thy) and X = X, x Xy . Let i, be the law of u® in
Xy, pw be the law of W in Xy, and p. be the joint law of (pye, pw) in X. From (8.3)
and (8.4), as in [16], we conclude the tightness of the . in X, and so the pre-compactness
of these laws in X. Then one applies Skorokhod’s representation theorem to obtain a
new probability space (Q;P) and a subsequence of random variables (" W):Q— X,
whose laws fic, are equivalent to p, such that ., converges a.s. to some @ : QO — X.
In particular, 4., converges a.s. to @ in L*((0,T) x O x (—Lo, Lo)). Then, one can
reason as in [20,16], to prove that @ is a martingale solution to (1.1)—(1.4), that is,
@ is a kinetic solution of (1.1)~(1.4), with © and W instead of Q and W. Observe
that the verification of the Neumann condition follows directly form the convergence in
L2((0,T) x O x (=L, L)). On the other hand, the verification of the Dirichlet conditions
may be performed using the arguments of Section 4 in [17] with slight adaptations, to
which we refer for the details. Hence, because of the uniqueness of the kinetic solution
of (1.1)—(1.4) established by Theorem 1.2, we may apply Gyonly-Krylov’s criterion to
conclude that the whole sequence u® converges to a kinetic solution of (1.1)—(1.4), which
concludes the proof of the existence of a kinetic solution to (1.1)—(1.4).

Data availability
No data was used for the research described in the article.
Appendix A. Spectral analysis of an elliptic operator

On this additional section, we will provide a detailed spectral analysis of the operator
A:D(A) C L*(O' x O") — L*(O" x O") given by

D(A) {ue L3O x O"); L2(O"; H*(O')) Nnwu € L*(O'; (HZ N HY)(0"))
and, in the sense of traces, d,u = 0 on 90’ x 0"},

A = —eQy o + pAZ,.
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Our investigation of this operator is motivated by the approximate problem (6.5)—(6.9),
in which A arises naturally. To better understand A we next recall the theory of the
tensorial product of Hilbert spaces.

A.1. Definition of the tensor product of two Hilbert spaces

Let H; and Hs be two (complex) Hilbert spaces, whose scalar products are, re-
spectively, ( , )m, and ( , )m,. The rigorous construction of tensor product space
H;®H> can be performed as follows (see, e.g., [38]).

Let us first define the so-called algebraic tensor product between two (complex) linear
spaces 7 and Fs, not necessarily endowed with any kind of topology. Consider the set

F(Ey, Es) = {Zaj[xj,yj];J is finite,a; € C,x; € Ey,
jeJ

and y; € B for all j € J},

i.e., the set of all formal linear combinations of elements [z,y] € E; x Es. Notice that
F(FE4, Ey) is again another linear space. Thus, we can also consider the subspace of
N C F(E1, E») consisting of sums of elements of the form

Z Z a;biz;, ye] + (—1) [Zajl’ja Z bkyk},

jeJkeK jeJ keK

where J and K are finite index sets, and a;,b, € C, x; € Eq, and y, € E, for every
j€Jand k € K.

Definition A.1. With the notations of the preceding paragraph, the quotient space
E1® Ey = F(E1,Ey)/N
is the so-called algebraic tensor product of E1 and Es.
Observe that for every [z,y] € Hy x Hy we may define the simple tensor
x®y=[r,yl+ N € H ® H.

As a result, we may understand the algebraic tensor product E; ® Fs as the space of the
linear combination of simple tensors.

Let us now assume that E; and E5 are pre-Hilbert spaces, possessing, respectively,
the scalar products ( , )g, and ( , )g,. It is easy to verify that the formula

! / _ A / /
(E :“j“j ® vy, E ak“k®“k> = E § :a’jak(uj?uk)E1(vjavk)E2
E1®FE;

jeJ keK je€J kEK
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gives rise to a well-defined scalar product in Fy ® Es. However, even if £; = H; and
Ey = Hs (i.e., Eq are E Hilbert spaces), in general (H; ® Ha,( , )m,eH,) fails to be
complete; indeed, this would be true if, and only if, H; or Hy were of finite dimension.
Nevertheless, we may always complete such space, thus obtaining a Hilbert space.

Definition A.2. With the same hypothesis and notations of the previous paragraph, the
completion of H; ® Hy under ( , )g,em,, denoted by Hy & Ho, is the so-called (com-
plete) tensor product of Hy and Hs.

Henceforth, we will identify the algebraic tensor product H; ® Hy as being a subset
of the complete tensor product H; ® H,. From H, ® Hy being dense in H; @Hg, the
following simple yet useful fact can be easily deduced (see [38], theorem 3.12).

Proposition A.1. Let Hy and Hy be two Hilbert spaces.

(1) If My and My are total subsets of, respectively, Hy and Hs, then the set {u ®
V}ue My weM, 1S total in Hy ® H,.

(2) If {eataca and {fs}pep are Hilbert bases of, respectively, H1 and Ha, then {eq ®
f8tacapen is a Hilbert basis of Hy ® Hy.

A.2. Operators in tensor product spaces

Let Hy, Ho, V1 and V5 be Hilbert spaces.

Definition A.3. Given two possibly unbounded linear operators Ty : D(Ty) C H; — V4
and Ty : D(Ty) C Ho — Va, we will define its tensor product T3 @ 1o : D(Th ® Ta) C
H,®H, — V1®V, as the linear operator by the formulae

{D(Tl ® Ty) = D(T1) @ D(T3), and
(Th ® TQ)(Z]EJ bju; @ v;) = > jes by Tiuy @ Tovy,

where J is a finite index set, and b; € C, u; € Hy and v; € H; for every j € J.

Concerning the above definition, it can be shown that the value of (771 ®T5)(>_ bju; ®
v;) independs of the representation of »_ bju; ® v;; this can be easily proven from the
linearity of Ty ® T, (see [38], section 8.5).

Next we recall an important theorem in the theory of tensor product of operators in
tensor product of Hilbert spaces (see [38], theorem 8.33).

Theorem A.1. Let Ty : D(Ty) C Hy — Hy and Ty : D(T3) C Hy — Ha be two linear
operators, and define A : D(A) C Hi®H, — Hi®H, by



H. Frid et al. / Journal of Functional Analysis 285 (2023) 110101 7

D(A) = D(Ty) @ D(T5),  and
A:T1®IH2 +IH1 ®T2,

with I, stands for the identical operator in Hy, etc. If Ty and Ty are essentially self-
adjoint operators on Hy and Hy respectively, then Ty ® Ty and A are essentially self-
adjoint on H, ® H,.

Let us explore this result in light of the Spectral Theorem. For this purpose, let us
recall this well known result in its multiplicative operator form, whose statement we
reproduce from [31]:

Theorem A.2. Let T be a self-adjoint operator on a separable Hilbert space H with domain
D(T). Then there is a measure space (M, ) with a finite measure p, a unitary operator
U:H— L*(M,du), and a real-valued function f on M which is finite a.e. such that

(1) w e D(T) if, and only if, f(-)(Uu)(-) € L*(M,dpu);
(2) If v € U(D(T)), then (UTU')(m) = f(m)y(m).

Combining these two theorems, we can deduce the following tensorial Spectral The-
orem, which follows in a standard way from the classical spectral Theorem A.2, and so
we omit its proof here.

Theorem A.3. Let Hy and Hs be two separable Hilbert spaces, and consider two self-
adjoint operators Ty : D(Th) C Hy — Hy and Ty : D(To) C Hy — Hs. Let also
Uy : H — L?>(My,p1) and Uy : Hy — L?(Ma, p2) be two unitary maps, with (M, p1)
and (Ma, u9) being finite measure spaces, such that for j = 1,2:

o w € D(Ty) if, and only if, f;(-)(Uju)(-) € L*(M;,du;), for some measurable func-
tion fj : Mj - R;
o If Y € Uj(D(Ty)), then (U; Ty Uy ) (m) = fi(m)w(m).

If A=T @Iy, + Iy, @ Ty, A is essentially self-adjoint. Writing A = A and U =
U, @Us: Hi ® Hy — L?(M;y x Ma, i1 x pg), U defines an unitary map such that

(1) w € D(A) if, and only if, (f1(m1)+ f2(m2))(Uw)(mi, ma) € L*(My x My, dpy x dpso);
(2) If¢ S U(D(A)), then (UAU_lw)(ml,mg) = (fl (ml) + fg(mg))w(ml,mg).

Remark A.l. Under the same conditions, an analogous theorem can be deduced for
Ty, ® T5: it is an essentially self-adjoint operator, and its closure is equivalent to the
multiplication operator ¥ (my,mz2) — f1(mq)fa(ma)p(my, ms).
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A.3. The nonnegative case

Preserving the notations and hypotheses of Theorem A.3, let us briefly investigate the
situation in which both operators 77 and T are nonnegative.

Let H be a separable Hilbert space and T : D(T) C H — H is a self-adjoint operator,
and consider the unitary operator U, the measure space (M, p) and the measurable
function f : M — R given by Theorem A.2. If T' is nonnegative, then the function given
f: M — R is nonnegative as well (and conversely). Thence,

o if S(t) = exp{—tT} is the semigroup associated with —7', then (US(t)y)(m) =
exp{—tf(m)}(U)(m) for any ¢ € H, t > 0 and m € M, and
e for o > 0, we may characterize the intermediate spaces D(T%) as

D(T*) =: H} = U~ (L*(M, (1 + f(m))**dp)) =: U~ (X§).

When 0 < o < 1, these are precisely the interpolation spaces [H, D(T)], studied in
[26], vol. 1. We can also extend this definition for ac < 0, by setting H} = (H;“)*,
for these spaces can still be naturally identified with X¢ = L*(M, (1 + f(m))**du).
Except when mentioned, the spaces H$ are equipped with the induced norms of X 7
(which are equivalent to the graph norms when « > 0), and thus are also Hilbert.
Notice then that

H7 D wa with dense and continuous injection (A1)

provided that o < 3.

With this in mind, it is not hard to verify the following consequence of Theorem A.3.
We omit its proof for the sake of brevity.

Corollary A.1. Under the same hypotheses and notations of Theorem A.3, assume that
Ty and Ty are positive, and denote by Hf and Hf, the intermediate spaces of T1 and

Ty respectively. Then A = Ty ® Iy, + Iy, ® To is a nonnegative self-adjoint operator.
Regarding its intermediate spaces HY, if a > 0,

HY = D(A*) = Hi ® H}, N H$, ® Hy with equivalent norms, (A.2)
and, if a <0,

Hy = H, ® HY, + HY ® Hy with equivalent norms. (A.3)
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A.4. An application to a differential operator

At last, we will analyze the operator stated on the very first paragraph of this ap-
pendix. The proof of the following result follows from the theory developed so far in this
section and we omit it here for the sake of brevity.

Theorem A.4. Let O’ C R? and ©” c R be smooth nonempty bounded open sets, and
let A: D(A) C L2(O' x 0") — L*(O' x O0") be the unbounded operator

D(A) ={ue L*(O0 x 0"); L*(O"; H*(O"))Nu € L*>(O'; (HZ N H*)(0"))
and, in the sense of traces, d,u =0 on 00" x 0"},
A = 7€Am/+q;// + ,LLAE//

Then A defines a monnegative self-adjoint operator, which can be understood as A =
I, Ty + Ty & Iy, where T; : D(Tj) C H; — H; (j = 1,2) are given by

Hy = LX(0').  D(T) = {f € H*(0'):0,f =0 on 90"}, Ty = —eAy,
Hy=L%(0"),  D(Ty) = HXO") N HYO"), and Ty = pelgn — eAgn.

Moreover, denoting by HY its intermediate spaces (see the previous subsection), we have
that with equivalent norms

HY* = I2(0" HY(0") N (0" 1Y(0),
HY" = 10" Hy(0") n L2 (0" HV*(0)),
HV =120 (o”))+L2(0";H1/2((9')*), and
H,'? = 120 H2(0") + L2(0" HY(O')),

Remark A.2. For j = 1,2, the spectrum of 7} is a sequence 0 < /\(j) < /\(j < A3 ) <...
with A} — oo as n — oo. In addition, there exists a Hilbert basis {e1 ,eéj),...}
of H; composed eigenfunctions of T} such that T} esf ) = )\(J ) (J ) By Proposition A.1,
{em) ®e(2)}m€N meN defines a Hllbert basis of H; ® Ha. Since ey, )®e(2) € D(Th)®D(T?)
and A( ) ® el )) = (AWP + A2 )em '@ e, we arrive at the following conclusion: A is
also diagonalizable and its eigenvalues are {)\%) + A%Q)}WENWEN. Of course, the same
finding could have been reached through Theorem A.3.

Let us also state the following theorem which also follows from the theory developed
in this appendix and will be needed in the study of the second approximate problem.

Theorem A.5. Let O’ C R? and ©” c RY" be smooth nonempty bounded open sets, and
let T: D(T) C L*(0' x O") — L2*(0' x O") be the unbounded operator
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D(T) = {u € H*(O); in the sense of traces, u=0 on O’ x 0", and
dyu =0 on 00" x 0"},
T =—cA.

Then T defines a nonnegative self-adjoint operator, which can be understood as T =
Iy, Ty + T, ®1H2 where T; : D(T;) C H; — H; (j =1,2) are given by

Hy =1L*0), D) ={fe€H*O);d,f=0o0n00}, T, = —eAy,
Hy =L*0"), D(Ty)={g€ H?>(O");g=0 0n 00"}, andTy= —eA,.

Consequently, with regard to its intermediate spaces Hf, we have that with equivalent
norms

H;/Q _ L2(O/,H5(OH)) ﬂL2((’)";H1((’)”),
Hy'/? = (0 HH(O") + 120" HY(O)).

Remark A.3. The fact that D(T3)'/? = H}(O") can be proven just as we had shown
that D(Ty) € H*(O') in [16]; actually the computations are simpler in this case.

Appendix B. Some convolution estimates on Hilbert spaces

For future reference, we will state here some convolution estimates on Hilbert spaces.
Let H be a separable Hilbert space and A : D(A) C H — H be a nonnegative self-adjoint
operator; let us also denote by H§ its intermediate spaces (see Subsection A.3).

We state the following three propositions that are used in the text, for whose proof
we refer to [16] and [17].

Proposition B.1. For any real number s > 0 and t > 0, the expression A*S(t) defines a
bounded linear operator in H. Moreover,

[ A*S (@) [| ooy < s/t (B.1)

Consequently, for a < 8 and t > 0, S(t) is a bounded linear operator from HS into Hg
whose norm may be majorized by

1
1S lLe g < cas(1+ 7575 ):

Proposition B.2. For any —oco < a < 00, define the Duhamel convolution operator

(Th)() = / S(t — s)h(s)ds
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for h € L?(0,T; HY).
Then T maps L*(0,T; HS) into L*(0,T; H3™) and

T T
[ 1n6) s < € [ 1), (B2)
0 0

for some absolute constant C' depending only on T'.

Proposition B.3. Let (,F,(F)i>0,P) be stochastic basis with a complete and right-
continuous filtration, and let W be a cylindrical Wiener process; i.e.,

where the By ’s are mutually independent real-valued standard Wiener processes relative
to (F)i>0, and (ex) is an orthonormal basis of another separable Hilbert space il.

For some —o0 < a < o0, assume that ¥ € L2((0,T) x Q; Lo(84; HY)) is predictable.
Then, if (Zw¥)(t) is the stochastic convolution

@ww)(0) = [ St 5 u(s) W)
0

then Ty ¥ € L*(Q x [0, T]; HS™/?) and

1Zw ¥l Lo (0,2 00,7505+ 72)) < OV L2 @iz20.75L0 0 15)), (B.3)

for some C > 0 depending only on T.
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