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ABSTRACT

We present the global modification of the Ladyzhenskaya equations, for incompressible non-Newtonian fluids. This modification is through
a cut-off function that multiplies the convective term of the equation and an additional artificial smoothing dissipation term as part of the
viscous term of the equation. The goal of this work is the comparative analysis between the modified system and the non-modified system.
Therefore, we show the existence and regularity of weak solutions, the existence of global attractors, the estimation of the fractal dimension
of the global attractors, and finally, the relationship of the autonomous dynamics between the modified system and the non-modified system.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0150897

I. INTRODUCTION

An autonomous dynamical system is a pair [ X, T(-)] formed by a metric space ( X, d x), also known as the phase space, and a family of
operators parameterized in time {T(t) : X — X : ¢ € R, }, called a semigroup, which satisfies:

e T(0) =1d v, where Id v is the identity on X;
o T(t+s)=T(t)oT(s)forallt,s eRy.

In addition, we can include the condition of continuity on the semigroup, which is
o T(t): X —» X iscontinuous for all t € R,.

This last condition can be replaced by a weaker one, in the sense that we guarantee the uniqueness of convergence with respect to the
semigroup, i.e., if {x,}.v is a sequence that converges to x, in X, and if given t € R we have that T(f)x, — y,, in X, when n — oo, then
¥, = T(t)x. If the semigroup satisfies this last condition, we say that {T(t): X > X :t e R} is a closed semigroup. For a more general
theory of semigroups, such as global attractors associated with multi-valued semigroups, cf. Ref. 1, and for the non-autonomous case, cf.
Refs. 2 and 3.

One of the objectives of studying the asymptotic behavior of the solutions of dynamical systems, over long periods of time, is to concen-
trate all the dynamics of the solutions in some bounded sets of the phase space. In the context of fluid mechanics, to contain the velocity field
in a bounded set, over long periods of time, allows us to understand the turbulence of the fluid, rather than on the transient behavior of the
fluid flow cf. Ref. 4, Chap. 10. Besides, mathematically it allows us to study the regularity of the solutions and the dissipative properties of the
system, thus we can even understand the finite-dimensional structure of the set that attracts the solutions, e.g., Ref. 5, Sec. 7, or Refs. 6-11
among many others. Therefore, the theory of dynamical systems is focused on finding a compact subset .A from the phase space X, with good
properties of attraction and invariance in time with respect to the semigroup, that is,
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(i) .Aisinvariant,ie., T(t) A=A, forallt e Ry,
(ii) A attracts each bounded subset D ¢ X, that is
tliin distx(T(¢)D, A) =0,

where dist x is the Hausdorff semidistance on X, e.g., Refs. 2, 4, 5, 12, and 13.

The determination of this compact set A, which we will call global attractor, is theoretically related to the dissipativity and asymptotic
compactness of the dynamical system, that is

e a dynamical system is dissipative if there exists a bounded subset By c X' (B is also called an absorbing set) such that, for any
bounded subset D c X there exists to(D) > 0 such that

T(t)D c By, forallt > ty(D);

e a dynamical system is asymptotically compact if given any bounded sequence {x,}»en in X and any sequence {t, }nen in R with
ty — o0 as n — oo, then the sequence { T(¢,)xn }nen has a convergent subsequence in X.

Before characterizing the global attractor, associated with a dissipative and asymptotically compact dynamical system, we introduce the
so-called w-limits sets. Given a bounded subset D c X, the w-limit set of D is defined as

w(D) = UT(s)D ™.

20 =

Observe that the w-limit of a bounded set D, w(D), concentrates whole the dynamic of each point of D, in the sense that it consists of all
the limit points of the orbits of D, cf. Ref. 4, Chap. 10 i.e.,

w(D) ={ye X:3 t, > 00,{x,} c D with T(t,)x, - y}.

The w-limit sets have good properties of compactness and invariance, cf. Ref. 4, Proposition 10.3, so they are potential candidates for
global attractors. On the other hand, we know that given a bounded subset D c X it is attracted by its own w-limit set whenever the semigroup
be asymptotically compact, i.e., lim;— ;oo dist x (T(¢) D, w(D)) = 0, cf. Ref. 2, Corollary 2.11, in general, it does not attract all the bounded sets
of X in the sense of (ii), given above. Therefore, the set indicated to be the global attractor of the dynamical system [ X, T(+)] is the w-limit
set of the absorbing set By, i.e., A = w(By). This one is summarized in the following theorem.

Theorem 1.1 (cf. Ref. 2, Corollary 2.21, Ref. 5, Theorem 2.5 or Ref. 4, Theorem 10.5). Let [ X, T(-)] be a dynamical system that is
dissipative and asymptotically compact, and let us denote by By the absorbing set associated to the dissipativity of the dynamical system. Then,
there exists a global attractor A = w(Bo).

In this paper we study the autonomous dynamics of solutions of a perturbed parabolic system with nonlinear differential operator,
which is physically associated with the flow of incompressible non-Newtonian fluids, e.g., Refs. 3, 5, and 10. This system can also be found
in the literature as Ladyzhenskaya models cf. Refs. 14-16. This type of study was carried out for the 3D-Navier-Stokes equations, cf. Refs. 17
and 18, which mathematically represent a nonlinear parabolic system whose differential operator is linear, and physically it is related to the
flow of incompressible Newtonian fluids, that is, the associated shear tensor, indicated by S, is linear with respect to the symmetric gradient
of the velocity field (Newton’s law, e.g., Ref. 19, Chap.I) i.e.,

S(Du) = 2voDu,

where Du = 1 (Vu + Vu') and the constant vy > 0 is called the viscosity of the fluid. When a fluid does not satisfy Newton’s law, we say that

2 2
the fluid is a non-Newtonian fluid. In this case, we can think on the shear tensor, S : Rg,,, - Ry, as a non-linear function with respect to the
symmetric gradient of the velocity field of the fluid, for example, for some p > 1 we have the following shear tensors

(a) S'(D)=2w|DFD, (b) S*(D) =2v (1 +|DI")D,
(c) S*(D)=2w(1+|DPYD,  (d) S**(D)=2veD+S(D), i=123,

forall D € Rf;m Note that, fixed p > 1, these tensors satisfy

S(0) = 0,
(S(D1) =S(D2)) : (D1 = D) > wi[1 +p(|Dy| + |Da]) P ~*|Dy - Dy
S(D1) - S(D2)| < crva[1 + u(|Dy| + [D2]) ) 7*|Dy - Do,

2 (1.1)
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where the positive constants v; and v, are the so-called generalized viscosities, and y = (v2/v1)"*™2) (with the convention that y = 0 for
p =2). Then, from (1.1) follows the p-coercivity and the (p — 1)-growth condition for the shear tensor S, i.e.,

IS(D)| < c3(1 + p|D|)?™" forp>1

1.2
IS(D)| < c3(n1|D| + v2|DF ") forp > 2. (12

S(D) : D > c;(i|D|* + v2|DI) and {

The pioneer regarding mathematical models for incompressible non-Newtonian fluids was Olga Ladyzhenskaya, who between 1969 and
1970 proposed three models cf. Refs. 14-16 or Ref. 20, Sec. 5, Chap. 2, also called variants of the Navier-Stokes equations, in general, these
models are written as

Ou
ot
divu=0 in Qx (0,00),

—divS(Du) +div(u®u) + VP= f in Qx (0,00), (13)

where Q ¢ R" (1 = 2 or n = 3) is a bounded domain with smooth boundary, f is the external force, u ® u = (u;u;)} ;—; is the convective term,
and P is the pressure. One of the models proposed by Ladyzhenskaya is for the shear tensor given by S* in (d) cf. Refs. 16, 19, and 20. Another
proposed model is when divS(Du) is replaced by (v + v HVuHiz)Au, which was treated by Yang et al. in Ref. 21, proving the existence of
attractors, in the pullback sense, with finite fractal dimension.

Consider the following Cauchy-Dirichlet conditions

{u(x,t)=0 on 9Q x (0, 00), (1.4)

u(x,0) = up(x) in Q.

The system (1.3) together with the conditions given in (1.4), will be indicated by (LM) Ladyzhenskaya model for incompressible non-
Newtonian fluids. Regarding the existence of solutions of (LM), in Ref. 19 is shown the existence of measure-valued solutions for p > 2n/
(n +2), weak solutions for p > 1 + 2n/(n + 2), and strong solutions for p > (2 + n)/2. In Ref. 22 is explored the time regularity of the weak
solutions of (LM), when the external force is in some Nikolskii space, showing the uniqueness of weak solution for p > 11/5 and dimension
n =3. In Ref. 6 is shown that the global attractors associated to (LM) have finite fractal dimension, in the space of the square-integrable
functions with divergence-free, for p > 12/5 with n = 3, and for p > 2 with n = 2, also see Refs. 5 and 9. On the other hand, the study of the
asymptotic behavior for the non-autonomous case is carried out in Ref. 3, where is proved the existence and regularity of families of pullback
attractors associated with the weak solutions of (LM) for p > 12/5 in dimension # = 3 and for p > 2 in dimension n = 2. More information on
these types of results can be seen in Refs. 11 and 23.

Now, by modifying the convective term, div(u ® u), of the system (1.3), we should expect that the solutions of this new system have
higher regularity, both in time and space. This modification cannot be arbitrary, since the objective is the comparative analysis between the
original system and the modified system. This idea is based on Ref. 17, where the convective term, div(# ® u), of the Navier—Stokes system, is
modified by multiplying a cut-off function, and in this way controlling the polynomial growth of the solutions in spaces with higher regularity.
This cut-off function, denoted by Fx(+), is defined as: given N > 0, Fy : Ry — (0,1] is such that

FN(s):min{l,N} forall seRR,.
s

Another term that will be modified in the system (1.3) is the term related to the viscosity. This modification will be made from a small
artificial viscosity that is associated with a sixth-order linear differential operator (cubic-Laplacian, A, cf. Ref. 11). This will allow us to have
information about the solutions when the power p, which accompanies the shear tensor S, is varying in the semi-open interval [2,12/5) when
the dimension is n = 3. Then, we call the modified Ladyzhenskaya model, indicated by (MLM), to the system given by

% -~ N"'A’u—div S(Du) + Ex(|ul12)div(u ® u) + VP = f in Q x (0,00),
divu=0 in Qx (0,00),
u=%=Au=0 on 9Q x (0, 00),

u(x,0) = up(x) in Q,

where ||u]1, = |Vulz is the norm of u in the space Wy?(Q2)", and the shear tensor S satisfies (1.1) and (1.2).

As we have mentioned previously, for the case of the modified three-dimensional Navier-Stokes equations, we have the results given in
Ref. 17, where the existence and uniqueness of a strong solution and the existence of global attractors are proved. In this case, the modification
allows the use of the Stokes operator, applied in the solution, as a test function in the weak formulation and, in this way, higher regularity of
the solutions is obtained in time and space. Regarding the uniqueness of the solutions, it can also be consulted.'*
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The goal of this paper is to investigate the existence and regularity of the global attractors with finite fractal dimension, associated with
the solutions of the modified system (MLM), and show that, for sufficiently large powers p, associated with shear tensor S, it is possible to
obtain information of the global attractor associated with the non-modified system (LM). The structure of the paper is as follows. Section II
is devoted to briefly recalling the abstract functional setting of the problem (LM), focusing on the existence, regularity, and uniqueness of the
weak and strong solutions. In Sec. III we show the existence, and uniqueness of weak solutions of the problem (MLM). For this purpose, we
use some techniques established in Refs. 11, 17, and 22. Regarding uniqueness, this is a consequence of the continuous dependence on initial
data and the parameter N > 0, that accompanies the cut-off function and the artificial smoothing dissipation. In Sec. I'V, we show the regularity
of the weak solutions of the problem (MLM), by assuming the shear tensor has a potential. In Sec. V, we explore the convergence of the weak
solution of the problem (MLM), as a sequence of the parameter N > 0. Moreover, the Galerkin sequence associated to the system (MLM),
converges to the Galerkin sequence of the system (LM), when N — +oo, for p > 11/5 in dimension #n = 3, and for p > 2 in dimension n = 2.
Furthermore, we build a weak solution of problem (LM), from the weak solutions of problem (MLM). Section V1 is devoted to discussing the
asymptotic behavior of weak solutions of (MLM) in L*-norm, W**-norm and W**-norm, with p > 2. We treat the autonomous case, showing
the existence and regularity of the global attractors. Finally, in Sec. VII we investigate the fractal dimension of the global attractors, given in
the previous section.

Il. IMPORTANT RESULTS
In this section, we recall some results on the existence, uniqueness, and regularity of weak solutions of (LM). We will also state some
properties of the cut-off function Fy(+).
Definition 2.1. Throughout the manuscript we consider Q ¢ R”, n = 2 or n = 3, an open bounded domain with regular boundary 9Q. Let
p € [1,+00). Thus, let us denote by
Vi={peCZ(Q)":divp=0};
H = theclosureof V inthe L*(Q)" — norm;
V, = theclosureof V inthe W™ (Q)" - norm;
V? = the closure of V inthe W>*(Q)" — norm.

The spaces H, Vy, and V* are considered with topology of their corresponding closure.

It follows from Definition 2.1 and the Sobolev immersions that:
Vo V,ooH=H >V, > (V)"

For each space, their corresponding norm notations are the following: in H we will denote by (-, ) the usual scalar product in L*(Q)" and
its norm by | - |. Thanks to the boundary conditions, the norm on V2, denoted by || - |32, will be the L*-norm of the gradient of the Laplacian
of an element, i.e., |[u]32 = [VAu|, for all u € V*, which comes from the scalar product [o(~A’u) - ¢dx = ((4,¢)). The norm on V,, denoted
by || - |[1,p» will be the L”-norm of the gradient of an element (Poincaré inequality), i.e., [u]|1, = | Vu|, for all u € V. Finally, V,; denotes the
topological dual of V, (-,-) the action among these spaces, and || - |+ the norm in V.

Theorem 2.2 (Existence; cf. Ref. 20, Theorem 5.1, Ref. 10, Theorem 2.14, or Refs. 5, 14-16, and 19). (i) Suppose p > 1 +2n/(n +2),

f e L‘;{:C(]R; V,') and u € H. Then, there exists at least one weak solution to problem (LM). (ii) If p > (n + 2)/2, then the weak solution to (LM)
is unique.

Proposition 2.3 (cf. Ref. 5, Theorem 7.32). Consider T >0, up € H and f € L, (R;L*(Q)"). Assume that p > 2 if n=2 and p > 12/5 if
n = 3. Then, any weak solution to problem (LM) associated to the initial condition uy satisfies

du

el* (e T;H
5 (e )

uel”(e,T;V,) and

forall e > 0 such that e < T. If uy € V), then we can take e = 0.

Recall the Korn inequality (cf. Ref. 19, Theorem 1.10, p. 196), which relates the norms of the gradient and of the symmetrized gradient.
Namely, for any u € Wy" (Q)", 1 < r < oo, there exists a constant c(r) > 0 such that

[ Vulr < e(r)|Dul.
For short we denote ¢y = ¢(2) and & = ¢(p). We also recall the Poincaré inequality

Mv)3 < |Voy Voe Vs,
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where A; is the first eigenvalue of the Stokes operator with homogeneous Dirichlet boundary conditions.

Lemma 2.4 (cf. Ref. 18, Lemma 2.1 or Ref. 17, Lemma 4). Let N, M > 0. Then, the cut-off functions associated to N, M, respectively, satisfy
that
(a) Fx(x)x<N; (b) [Fn(x)-En(y)| < N%; (© [Fx(x) - Ex(y)] < 222,
1 M-N| |x-
(@ 1) - PO £ SRRl (@) ) - ()] < P4 B,

(&) 1Fu(x) - Fx(y) < M= +FM(x)FN(y)LA‘4y|;

forallx,y € Ry.

Ill. EXISTENCE OF WEAK SOLUTIONS FOR THE MODIFIED LADYZHENSKAYA MODEL (MLM)

In this section, we study the existence, uniqueness, and regularity of weak solutions of the modified Ladyzhenskaya model (MLM).
Regarding the existence of a weak solution, the Galerkin method is used. Moreover, we take the ideas of Ref. 11, Theorem 10, to estimate the
derivative with respect to the time in the norm L?(Q)", and the ideas of Ref. 17 to estimate the convective term Fy(||u]12)div(u ® u).

We know that the convective term of (1.3) is associated with the trilinear function b(u, v, w) defined as

h(uvw)—Z/

ij=1

For simplicity, we will omit the summation and indicate b(u, v,w) = [, u; ax Yiwidx. Thus, cf. Ref. 17, the following inequalities and

properties on b(-,,-) hold:

(1) b(u,v,w) = fQ(w@u):Vvdx; (2) b(u,v,w) =-b(u,w,v); (3) blu,v,v) =0;

b 1/2 1/2, b . G.1)
(&) [b(w v, w)l < Colulle| Vool [wls™  (5) [b(uv,u)] < Collu] 2 [v]1p3

forall u,v,w € Vand p > 1. Emphasize that, the letter g will be used to denote the conjugate of p, i.e., . » % = 1. Then, the inequality (5), given

in (3.1), is written as [b(u, v, u)| < |ul|2q[v] 1p-
Now, let us consider the following tri-parametric function

by (w, v, w) == Fy([[o]12)b(u, v, w) = FN(IIUIIlz)f Ui wldx»

for any u,v,w € V. Thus, let us define (By(u,v),w) = by(u,v,w) for all u,v,w € V,. Observe that by (3.1) the operator By(-,-) is well
defined, cf. Ref. 17. In particular, for u = v we write By (u) := By (4, u), i.e.,

(Bx(w,) = FuClulia) f G2
In the same way, we define the operator T : V,, — V; , associated with the shear tensor, by
(Tu, w / S(Du(x)) : Dw(x)dx,

for all w € V;,. Observe that by (1.2) for p > 1, we have that (Tu,w) < ¢3|1 + ‘u\Du\”g*l |Dw|, for any p > 1. Then, the operator T is well
defined.

Theorem 3.1. Let us consider N,M > 0 and u,v € V. Then, putting w = v — u, the following inequality holds
3/2 2 2 2
[(Bur(v) = By (), w)| < (1 + d)M[w] 5wl + [M = Nl[o|2 w5 ]y,
In particular, for M = N, we get |(By(v) — By (u),w)| < (1 + d)NHwH3/2|w|l/2 Moreover, for the special case M = N, we also get

[N +2]uli2][lv - uli2]@]12
vlhz +2[uli2]]v - uli2]el2,

(Bn(v) = Bn(u), 9) < {
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forall g € V.

Proof. Adding +(By(u,v), w) and £+Fn (] u[1,2)(B(u,v), w), and taking into account that b(u, w,w) = 0, we deduce that

(Bum(v) = Bn(u), w) = (Bu(v), w) = (Bu(u,v),w) + (Bu(u,v), w) = (By (), w)
+ En([lul12)(B(u, v), w) = En([uf1.2)(B(w, v), w)
= Fu([v]12)(B(w,v), w) + Fn([[ul12) (B, w), w)
+ [Fu([vf12) = En(fluf12) {B(w, v), w)
= Fu([v]12)(B(w,v), w) + [Fu([[v]12) = Fn([ull12) J(B(w, v), w)
=: ]11 + ]Iz.
For II;: by the interpolation inequality for n = 3 (for n = 2 we use the Ladyzhenskaya inequality), we have ||w]4 < d|w|;/ * Hw”i/z4 and applying
the Young inequality, we have

(91),‘
I < FM(”””LZ)[Q'LU,- 8x{w,-alx < dMHw||i/22 w ;/2.
j

For II: it follows from (3.1) and Lemma 2.4 that

1 1
L < [Fu([v]12) = En(luli2)luliz]vlizlw]; [w]},
< Pullvlh2)Fn(lul2)

- N

3/2 1/2 1/2 1/2
< Mllw |2l + M = Nl[o|12w] 7 Jw]3.

1/2

: H 1/2
lulialvlaalwl; [w];, + 1M = Nl vlaalwly w])’

1,2

On the other hand, for M = N, let ¢ € V, then

(By(v) = By (), 9) = En([[v]12)(B(v = u,0), 9) + Fn([[v]12)(B(u, v - u), 9)
+ [En([[vlh2) = En([uf12))(B(w u), 9)

< {Nv —ullallola + [ulalv - ulizlgls + v = ulrzlulalols

[v = ulalvlzlels + [ulsv - uhalels + o= ulizlulslols

< { [N +2[ul2]llv - uli2]@]12

Uvliz +2[ufi2]]v - ul2]e]e

Therefore, we get
[N +2[ul2][lv - ulr2]¢]12

vl +2[uli2]llv - uliz2leliz2

(Bn(v) - Bn(u), ) < {

forallp € V. o
Definition 3.2. Let p >2, T € (0,+00), f € L1(0,T;V} ), and uo € H. A weak solution to (MLM) is a function u such that
ue L™ (0, T;H) nL*(0, T; V) n (0, T; V,) and % c[P(0.TV)n (0T V)],
and also satisfies the following weak formulation
({S2]) + N7 (e ) + (S0u(0).D0) + (B(u().0) = (000 (2)

forallve V3, ae te(0,T), and u(0) = uy, where the first term ({-,-))« expresses duality between (V°)* and V.

Remark 3.3. If u is a weak solution of (MLM), then u has a continuous representative, i.e., u € C([0,T]; H). Therefore u evaluated at
initial time t = 0 makes sense in the definition of weak solution. Furthermore, the following energy equality holds

() + %f’ Hu(r)Hg,zdr+2fsthS(Du) : Dudxdr = |u(s)[2 +z[’<f(r),u(r))dr,
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forall0<s<t.

On the other hand, the weak formulation given in (3.2), is for elements v € V° (test functions) and not for v € V> n V,, since we are working

in dimension n € {2,3}, and therefore V> — V,, forall p > 1.

Now, we are going to prove the continuous dependence with respect to the initial data and to the parameter N > 0, associated with the
artificial smoothing dissipation and the cut-off function, of the problem (MLM). As a consequence, we obtain the uniqueness of the weak

solutions.

Theorem 3.4 (Continuous dependence). Let us consider p > 2, f € L1(0,T;V, ), N,M >0, and uo,vo € H. Let us denote by ul(t)

= uN(t; uo) and v™(t) = v™(t; vo) the weak solutions of (MLM) corresponding to the parameter N and the initial value uo and to the para-
meter M and the initial condition v, respectively. Then, there exists a positive constant Cy such that for all t > 0, the following inequality holds

t 1
00 = (O oo -+ NP [ (19" O+ 10 )12 s 63
0 NM
Proof. For simplicity we denote u = u™ and v = v™ and w(t) := v(t) - u(t). Then, w satisfies
1 d 2 -1 -1
Ea|w|2 + (M v=-N "uw)) +(T(v) - T(u), w) + (Bu(v) — Bn(u), w) = 0. (3.4)
Then, it follows from Theorem 3.1, that
3/2, /2 172 1/2
(Bar(v) = By (u),w) < (1 + d)M[w 5wl + M = Nl o ]a2few] 5 ool
<I+1I,
For I,: Applying the Young inequality
_ d 3/2) 41/2 V1 2 3368 DMl
L= L+ DMw]Fwl,™ < Flwliz + -5 (1+d) Mwls.
Tt 4vy
For I,: Applying the Young inequality
12, /2 1 20 12 1
L = |M = N|[o|aa|wl 5wl < 1M = NPJolz + 3 Jwlzhls
1 20 2 Vi 2 G2
< ~|M~-N,| +— + —|wl|3.
2| [“lvllz 4c§ lwliz " lwla
On the other hand, observe that
-1 -1 -1 N-M
(M v-Nuw))=M ((w,w)) + NM ((u,w)).
Estimating the term %= ((u,w)), we have
N-M N - MJ? _
N ()|« BME s - 0 fwl 63
Therefore, from I;, Ib, the Korn inequality, (3.4) and (3.5), we deduce
d, 20 12 IN - M|2 2 2
E|w|2 <M= N["[vi, + WH”Hm + Culwlz,
2 3¢S 44 4
where Cy = max 7‘1,?;’(1 +d)*M* ;.
1
Then, by the Gronwall inequality,
t 1
0(0) = (O < e oo - ol + M- NP [ (106 s+l (9132 ) s},
0 NM
forall ¢ > 0. O
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Remark 3.5. It should be noted that, if we do not use the artificial smoothing dissipation, N™'A*u, in (MLM), the continuous dependence
on the initial data and the parameter N > 0, is maintained, obtaining the following inequality

t
[0%(6) = (0 < € {Jen il + - NP [0 (9) s,

forallt>0.

Corollary 3.6. Under the conditions of the previous theorem, if (N,uo) = (M,vo) in Ry x H, then u® (-, uo) = v™ (-, v0) in C([0, T]; H),
forall T > 0.
Proof. This follows directly from (3.3). o

Theorem 3.7 (Existence). Let us consider p >2, T >0, ug € H and f € L1(0,T; V). Then, there exists at least one weak solution of the
problem (MLM).

Proof. Let us consider the set {w,};2; ¢ V> formed by the eigenfunctions to problem
((wr,v)) = Ar(wr,v)  forallv e Ve,

which are orthonormal in H and orthogonal in V°. If v € W**(Q)" then Vv ¢ WZ‘Z(Q)”Z and therefore W**(Q)" = L=(Q)" since 1 - 2
<0, with n € {2,3}. Consequently, for all p > 1 we have Vv « LP(Q)"2 and V> = V,,.

Let us define the Galerkin approximation u,,(t) = anj ¥ (#)wy, where the coefficients ;" (¢) solve the following system
r=1

@ () 05) + % (Cn(0)) + (T (0),5) + (B (1)), 05) = (£ (0 ),
um(0) = P"ug,

(3.6)

where 1 < j < m, and P" is the orthogonal projector of H onto the linear hull of the first m eigenvectors {w;}'/-; with
P"ug > uo in L*(Q)". (3.7)
It follows from Ref. 19, Theorem 3.4, p. 287 that the system (3.6) has one solution y" () = (3{'(¢),...,¥n(t)) defined on the interval

[0, tm) with 0 < t,, < T. From a priori estimates we will deduce that t,, = T. In fact, we multiply the j-th equation of the Galerkin system (3.6)
by y7(¢) and add the equations. Thus, the result can be written in the form

3 OB+ ln (R [ S(Din) s Dt = (7)), G8)

since by (u, u,u) = 0.
By (1.2) and applying Korn inequality and Young inequality, we can find a positive constant k; > 0, such that

d 2 2 2 2cv1 2 V2
gl + i lum ()52 + 7|Wmlz + 7||WmH§ <k f(0)%
0 0

where 1—1, + é = 1. Thus, integrating from 0 to t, we deduce
2 2 2 2em 2 (%47 P 2 ! q
(B + [ |1 (&2 + =5 ()2 + S () |ds < ol + ko [ 1 ()]s (39)
o [N fors cg 0

Then, we conclude that t,, = T, for all m € N, and the sequence {u } i is bounded in L*°(0, T; H),LF(0, T; V,) and LZ(O, T; V3).
Let us denote by Y = L?(0,T; V,) n L? (0, T; V3). Thus, by definition, we know that

ou

H% :sup{(i,q’) : ¢ € Y with H(p”y=1}
v ot Yy

ot

GG:Z0:L L €202 18qWaAON 60
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Thus, it follows from the equation that
(-]
ar? Yoy

Estimating each term, we have that

fOT(_%((”m"”)) ~ (S(Dum), Dp) ~ (Bx(u), ) +<f></>))dt

:]I1+H2+]I3+H4.

(3.10)

-1
I <N H“mHLZ(o,T;VJ)H‘P||L2(0,T;v3)>

T
L< Csfo |1+ ulDu()|[5™ | Dp(8) [ pdt < C5(1 + ||”||‘[L7P(10,T;VP))H‘P||LP(0,T;VP)>

T T
Lo [ Pv(lulia) [ un|Vunloldsde <N [ funlalplade < Nlanl 2oy 19010
Iy < ”fHL‘i(O,T;V;) H(P”L”(O,T;Vp)'

Therefore, the sequence {% }:: . is bounded in Y*. Then, by the compactness theorems, the Aubin-Lions Theorem and the
monotonicity of the operator T, it follows that there exists a subsequence of {u } -, (not relabelled) such that

Umu in L= (0, T; H),
Um — U in L'(0, T;H) forallr e (1,00)
Um > u  in L*(0,T; V?) (3.11)
Oupm Ou
ot ot
T(um)~T(u) in L0, T; V,).

*
>

in [LP(0,T; V) n L*(0, T; V°) ]

To be able to introduce the limit in Eq. (3.6), it is necessary to have the following convergence
um(t) > u(t)ae.te(0,T) inVy,

which is true for the convergences given in (3.11). Then, with this last convergence, by linearity, density, and following the same reasoning as
Ref. 17, Theorem 7 we can prove that

‘[OT (Bn (tm(s)),v)ds" =~ A ! (Bn(u(s)),v)ds  forallve V. (3.12)

Then, u is a weak solution of (MLM). m|

IV. REGULARITY OF WEAK SOLUTION
This section is devoted to study the regularity of the weak solutions of (MLM). For this, we will assume that the shear tensor S : Rs";m
- R?;m has a potential, e.g., Ref. 5, i.e., there exists @ € C*(R™"; R, ) with

oD (B) = S(B),
OpD(B) : (C® C) = vi (1 +p|B|)"*|C, (4.1)
|8§CD(B)| < (1 +‘u\B|)p_2.

Observe that this means control from above and below for ®(B) for any B € R™", namely
csvi(1+ ulB)" B < O(B) < con (1 + ulBl)* /B (42)

It should be noted that if the tensor S satisfies (4.1), then it also satisfies (1.1) and (1.2), cf. Ref. 19, Lemma 1.19.

Theorem 4.1 (Regularity). Let us consider p > 2, T > 0, ug € H and f € L*(0, T; L*(Q)"), and also suppose that the shear tensor S has a
potential. Then, the weak solutions of the problem (MLM) have the following regularity

0o oo 0
uel™(eT;Vy)nL™ (6 T; V3) and 871: ELZ(S,T;H),

forany 8 > 0. If ug € V°, then e = 0.
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Proof. The demonstration will be carried out for n=3 and the calculations presented can be justified by using the Galerkin
approximation of the weak solution. Thus, usmg “ as a test function in the weak formulation, we have

oul? ou; 8u, ou
S o e (T(u) G ) (a5 Fae= (1,50 @3)
Since the shear tensor, S, has a potential, we deduce that
Ou oD ou
<S(Du) D( )) QaT%j(Du)D,,(a )dx— (Du) (D,J(u))dx
d
Efﬂcp(z)u)dx_ lou)].
Now, from (4.3) and the Holder inequality, it follows that
110ul> 1 d
|G|+ g iltie + G 10@ <17 + FaClulia) [ o vuas (40

! |u||§2 + |®(Du)|:. By the inequality (4.2), there exist positive constants ks and ko such that

Now, let us denote by © := 5|

ksllull, < |o(Du) s < ko (1 + [ulf,), (4.5)
which implies that there exist positive constants cs and co, that are independent of N > 0, such that
eo( g I3 + [l ) < © < o1+ Sl + i ) (46)
2N » 2N P
In what follows, we are going to identify three cases: p > 3,12/5<p <3,and 2 < p < 12/5.

e p > 3: It follows from the embedding W"*(Q)* — = (Q)?, that

1|0ul?

2G|+ G =B [ uPvulde £+ el ulf

Denoting by U(¢) := 1 + ©(t), we observe that %‘ = ?T(?' Then, it follows from (4.6), that

1|0ul?
210t |,

d” <IfE + Gl (4.7)

Now, if 4 < p, then ur < U, since U > 1. Thus

dZ/l
_— <|f|2+C2U

Integrating from s to t, we obtain that
T , T
Ut) < u(s)+[ |f(6)|2d6+C2f U(6)d.
0 0
Again integrating in s € [0, t], we get
17T T ) -~ [T
U(t)s?f u(e)de+f |f(9)|2d9+C2f 1(6)do,
0 0 0
Thus, for 0 < & < ¢, we have that . .
1 . T
H(t)s;[ U)o+ [ 17(0)3d0+C: [ ueyde,
0 0 0

for all e < t < T. Note that everything on the right-hand is bounded.
Now, if 3 < p < 4, let us consider y = (2p — 4)/p, then y € [%,1). Multiplying (4.7) by "', we obtain that

d 0o~ _
,ua(uﬂ) <|fRU* "+ Coud < |f]3 + Cold,

GG:Z0:L L €202 18qWaAON 60
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since U*™! < 1. Now, by integration, we get

WU (1) < uld™(s) + /t|f(9)|§d6+52ftL{(Q)desyu(s) . ft|f(e)|§de+62f’u(a)de,

since i > 1 and p < 1. Again by integration into s on [0, t] and considering 0 < ¢ < ¢, we have

WU (1) < (?32+%)/0Tu(9)d6+/Ot|f(9)|§d9.

Thus, we conclude the boundedness of U/ (t), as before. Then, putting all the inequalities together, we arrive at that u € L (¢, T; V*) n
L= (&, T; V) and % € Lz(s, T;H), foralle > 0and p > 3.
e 12/5 < p < 3: By the interpolation inequality, we have

5p—12
13;7_6 |’*‘|25p_6 >

letllap(p-2) < dllu
where d is the constant of interpolation that depends on Q and p. Then, the right-hand side of (4.4) can be estimated as
p(16-5p)/(5p=6) |u‘2(5p—12)/(5p—6)
1Lp 2

2 2 2
Ll plulldps o2y < A [ullf, ulf,

d* 16-5p)/(5p—6) . 12(5p—12)/(5p—6
Sg®H””€,§: p)/(5p )|u‘2(1> )/ (5p ).

Thus, we have that
de C7d2 16-5p)/(5p—6) . 12(5p—12)/(5p—6
dt : |f|% " ?G)”u”ﬁ) i )|”|z< PR/ )-

Integrating, we get

t t
o(t) <0(s)+ [ If(O)Bdo+cn [ (O)]u(@) /P u(o) (7 de.

57;12 . Applying the Gronwall inequality

for all s € [0, ¢], where 19 = z

p(16=5p) 2(5p-12) )
>

o(t) < (@(S) + /Ot |f(0)|§d6) X exp (clo—/()t lu(6) ”1;,7(, lu(8)[, "™ 4o

forall s € [0, T]. Now, given & > 0 such that ¢ < T and integrating in s, from 0 to ¢,

p(16-5p) 2(5p-12) )
>

(1) < (%/Ot®(s)ds+ f0t|f(9)|§d9) < exp (clofotHu(Q)”l;"’“ PO

for all ¢ > &. Observe that all terms of the right-hand side of the above inequality are bounded. In fact: we know that u belong to
p(16=5p)

L*(0,T; V’)nIP(0,T; V,) nL™(0,T; H), and to conclude, only remains to prove that fot [[u(r) ||L;Tdr < oo and (5p —12)/
(5p —6) >0, what is true since p > 12/5. It should be noted that, from (3.9), the right-hand side of this last inequality does not
depend on N, only depends on uy € H and f.

e 2<p <12/5:In this case we can use the embedding V* - L¥/?~2(Q)". o

Remark 4.2. It is easier to have an estimate for case p > 3 using the properties of the cut-off function. Indeed, by the Sobolev embedding
V) > LG(Q)3, we have that

2 2o 2 2 2012 2012 2012
FN(H”HLZ)/QM [Vul"dx < Fx([lul12) [ulsulis < N7[ulis < N7[u],.

Thus, it follows from (4.6), that

odu

1 ~ ~
s FB+ G < |fl3 + T,

2

ou

ot

2

Since p > 3, everything continues analogously.
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Theorem 4.3 (Extra regularity). Let us consider p > 2, T > 0, ug € H, f € W"(0, T; L*(Q)"), and also suppose that the shear tensor S has

a potential. Then, the derivative in time of the weak solutions, of the problem (MLM), have the following regularity

% e L®(e, T;H)nL (& T; V)  foralle > 0.

Proof. By differentiating the first equation in (MLM), with respect to time, we get

2
8? A(au
ot N

1) - aiv( (Do 2" ))+i<FN(||unl,z>>B<u>

ap)_af
T

+FN(||u||lz> L (B(w)) + V(at

where, by (3.1), we know that
B(u) = div[u ® u],
and therefore B4 B4
—(B(u)) le[ 5 Qu+tu® 5]
Multiplying the above equality by %, we obtain

Oul?

ol sl
otl, NI ot

S R aD‘D(D“)D( ;) (g'f)d

() [ o w: v

—FN<Hu||12)f(@®f) Vuds

(550)

ou ou
ou ou ou Ou
JACES ] V(a)dx“fo(a@at) vk

On the other hand, using the properties of ® given in (4.1), we obtain

( ) dx < [8D<D(D )D( ) D(?;:)dx

since, thanks to (3.1), we know that

v1/(1+y|Du|)P 2

With this and (4.8), we have

d|Oul? Ou
sl w5l (Gl s ””>)f(“®”) Vo
1 au
F Py |1 ==
<En(luha) [ S0 ol "2l
1|0ul?
F,
: N(””H”)/‘at 2|l 8t
Oull* 1|0ul?
< En(luli2)luliz| = 5 arl, T2l ar ),
2
SNH@ LWou®  110f
19} 8t 210t |,
On the other hand, it is simple to show that |Fy (s)| < ﬁz Thus, we deduce that
N Ou
i*(FN(Hulllz))—iFN(Hulllz) (||MH12)<|FN(HMH12)| at TVl
12

(4.8)
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With this last inequality, we obtain that

(FN(”u||12))f(u®u) Vi d"<‘dt(FN(Hqu,z))|fn|uHVu\ %dx
N

ou u
Ez lul12 ot .
ou| || Ou
ot |, ot

uliz

< &NV

where ¢, is the constant of the immersion W"*(Q)" < L*(Q)". Then, putting all these estimates together we arrive at

R e e TR L
2dtlotl,” Nl ot or)l, ™" 2l ot
By the interpolation inequality for n = 3 (for n = 2 we use the Ladyzhenskaya inequality), we know that H ||
applying the Korn and the Young inequalities, there exist positive constants ¢, and Cn, such that
o 2o |2 ]
dt oty " Nlar ot |,
Integrating from s to t, with 0 < s <t < T, we have
¢ 2 9 2 2
de+zz d0 < —”(s) +En 0
s 1,2 0 2
‘ d@
Integrating this last inequality in s, between 0 and ¢, we obtain
2 1 ¢ 2
( ), *ey 94 o[ as+ dG
0 t 2
forall 0 < t < T. In particular, for any ¢ > 0, we have that
2 1 T 2 T 2
() ey ”(s) ds+/ |ﬂ d6,
0 ot 2 0 8 2
foralle <t < T. Thus, % € L™ (¢, T; H) for any ¢ > 0 small enough.
In the same way, it follows from (4.9), for any ¢ > 0,
d@ +b2e d9 <o des
N e
2
<(1+CNT)f d6 T/ | )
2
Then, we have that
ou 2 1+enT of
ou do < / de f ‘ 0 ‘ do,
(H H ot 12 ) Ca,NE CoNE ot ©)

for any € > 0, where &,y = min {2/N, & }. Then, we have that 2% 5; belong to L*(&,T; V) and L*(e, T; V) forany e > 0.

Remark 4.4. With this last estimate, observe that, using % as a test function in the weak formulation, we have

ou; 8u,

ou
FN(HUle)f uj o < En(flulli2) laelall] 2 <N| SNIIulll,z 5

ot H

1,2

%), 151} Then,

(4.9)

(4.10)

J. Math. Phys. 64, 112701 (2023); doi: 10.1063/5.0150897
Published under an exclusive license by AIP Publishing

64, 112701-13

GG:Z0:L L €202 18qWaAON 60


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Now, from (4.4) and the previous inequalities, it follows that

18u2+
210t 1,

1 d

1 , N? ) 1H8u 2
+ —|o(D <ZIF(Oh+ —ul®)|3, + = || =
Zth”“”sz tH ( u)Hl_z\f( )2 5 [u()i2 21 2z

From this last inequality we obtain, in particular, that
1 1
o O 52+ 10Du(®) 1 < S u(s) 52+ [@(Du(s)) 1

L (@R Ko

Ou 2
éﬂ”h)w

foralls € [0,t]. Thus, for € > 0, integrating in s, from € to t,

O Ba  10ue) ] < s [ (G 1) e + 19(Du(E) | Jas + M), (@.11)

forallt € (¢, T], where

Mo =3 [ (@ = N0 [ %o ao

Observe that all terms on the right-hand side of the above inequality are bounded.

V. CONVERGENCE TO WEAK SOLUTIONS OF LADYZHENSKAYA MODEL

In this section, we explore the convergence of the weak solutions of problem (MLM), as a sequence of the parameter N, of the cut-off
function that accompanies the convective term and the artificial smoothing dissipation of the modified equation. This convergence will lead
to a weak solution for system (LM) when p > 1 +2n/(n + 2). Also, we will analyze the convergence of the Galerkin sequence given in (3.6),
when the parameter N grows to infinity.

Theorem 5.1. Letp>2,N>0,T>0,up€ H,and f ¢ L?DC(]R; V;). Consider {ttom } ey © H such that ugm — uo in H as m — oo. Thus,
let {tim}me1 be the sequence of weak solutions on [0, T such that u,(0) = uom for each m € N. Then, there exists a subsequence of {um}mey
that converge to a certain function u, in the sense specified in (3.11), such that u is again a solution to (MLM) on [0, T].

Proof. We know that, for each m € N, u = (5 uom) satisfies

1d _
EE|um(t)|§+N luum||§,z+fQS(Dum):Dumdx:g(t),um),

since by (u, u, u) = 0. Thus, by (1.2) and applying Korn inequality and Young inequality, we can find a positive constant k; > 0, such that

d 2 2¢,v Qv
alum|§+ﬁ\\um\|§,z S T2+ ZCpZHumH <k fI%

where 1% + é = 1. Thus, integrating from 0 to ¢, we deduce

t t
(B + oy [ [an () + an() + um()I, Jds < o+ ks [ 1912

where C,y = min {2N‘1 ZT 7}

0

We obtain that {u,}r, is bounded in L™ (0, T; H), I(0,T; V,), and L*(0,T; V?), and the sequence {‘9”’" .., is bounded in

[LP (0, T; VP) nL? (0, T V3)] . Then, by the compactness theorems, the Aubin-Lions Theorem and the monotonicity of the operator T, it
follows that there exists a subsequence of {u, }; that converges to a certain function u, in the sense specified in (3.11). Thus, in the same
way, as in the Theorem 3.7, we conclude the proof. O

Theorem 5.2. Given f € L1(0,T;V, ) and uy € H. We know that the Galerkin approximation of (MLM) depends on m € Nand N € R,.
Then fixed m €N, if p>1+2n/(n+2), there exists a subsequence that converges to the Galerkin approximation of (LM) on [0, T], when
N — oo.
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Proof. Let us consider the Galerkin approximation of the system (3.6), that is denoted by um(t) N (Hw, e H™
:= Span{wy, ..., wm}. On the other hand, it is simple to identify H™ by R™ and to identify ul) () = (y\ (t),...,yN(t)) € R™ with t € [z, T].
Then, observe that
o 2
um (D2 = 2 [r (O]
r=1
since (wi, wj) = &;j for any i, j € N. Therefore, we can identify the norm in H™ with the norm of R™. Thus, our goal is to fix the index m €N,

and to study {u) } as a sequence of N.
It follows from (3.6) that Y satisfies

1d -
Sl (OB + N B2+ [ S(Dul) < Dudx = (£ () i) (51)
since b(u,u,u) = 0. Thus, applying the Korn and Young inequalities, we can find a positive constant k; > 0, such that

2621/1 (A7)

d N2
lu 2+ 2N |32 + =z luml, < kil £12,

H iz +

where L + 1 = 1. Then
»Tq

T T
v (OB + Cov [ (L () + i (13 + [ (9)1F, ) < ol + ko [ 1£(5) L

where Cy,y = min {2 N7 2, CZT} Then, we get
0 0

T
(O < B+ ki [ ()]s (52)

It follows that the sequence {u} }y is uniformly bounded with respect to N, also with respect to m, in C([7, T];R™). In the same way as (3.10),

is possible to show that the sequence { Ou }, is uniformly bounded, respect to N > 0, in L*(0, T; (V*)*), for p > 1 + 2n/(n + 2). Then, observe

ot
that
oul) oul)
W - @i = [({Geen)) aos [|%m@)| v
vH*
for all v € V°>. Thus, we derive
Aul) Aul) ? 2
lum(£) = ()| vy < f 5O o<~ sl“z( [ H TG de) : (5.3)
vH* vH*

Therefore, {1} }  is an equicontinuous sequence in C([0, T];R™). It follows from Ascoli-Arzela theorem that there exists a subsequence
with respect to the super index N, again denoted by {u)) }, which converges uniformly in C([0, T]; R™) to a function u;; that belongs to
C([0, T];R™).

Continuing, by definition of the eigenfunctions {w,} c V>, we have that

O =3 DY OT (wnwn)) = z [ () A )

r=1
N[Ny NT2 N
<hny [7 (O] (wrwy) = Al ()5
r=1
Thus, we deduce that
[ () |32 < A2l ()], forall N > 0.
Due to the immersion V> « Vp < V3, we obtain the following relationship

1 1 1
> > ,
lum(D) 2~ s llum (D32~ A x|l ()2

GG:Z0:L L €202 18qWaAON 60

J. Math. Phys. 64, 112701 (2023); doi: 10.1063/5.0150897 64, 112701-15
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of ARTICLE . —
Mathematical Physics pubs.aip.org/aip/jmp

where «; is a constant of the immersion V* «< V5. On the other hand, observe that

N N
12> En(|up () h2) = min{l, } > min{l, }
(1) 12 il (1) 32

> min{l, } > lifand only if N 2/\%2K3|uﬁ(t)|2.

Al ()2
Thus, by (5.2), if we choose Ny > Ay [|uo\§ + klfOT [ f(s) ||st]l/2, we ensure that
Ex(|ub(£)]12) =1, forallN > No.
Note that the term N~ 4} — 0 as N — oo. Therefore, we conclude that {u{y } o, is the Galerkin approximation for (LM). ]

Theorem 5.3. Given T >0, up € H, and f ¢ Lq(O, T; V;). Let {ué\]}N c H be a sequence such that ug’ — ug in H. Let uN(t) be the weak
solution to (MLM) associated to the initial data uy € H. Then, if p > 1+ 2n/(n+2), there exists u € L (0, T; H) nLP(0,T; V,) with %
e L1(0, T; V;), such that (up to a subsequence)

N Xy in L=(0,T;H),

uN in I/(0,T; V),

N s in L*(0,T;H),a.e.in Hand Q x (0,T), 5.4)
oY Ou

, P X 2 13\
oo [LP(0,T; V,) nL*(0, T; V)] .
Also, u is a weak solution to (LM).

Proof. Let us identify by u™ (t) = u" (t;u)) the weak solution to (MLM) associated the initial data u) € H. Therefore, our goal is to
prove that {u"} converges to a weak solution of (LM) as a sequence of N. Thus, it follows from (3.6) that u" satisfies

1d -
Sl OB+ N B+ [ SOy s Dudx = (fu),
2dt Q
since b(u, u,u) = 0.
Applying the Korn and Young inequalities, we can find a positive constant k; > 0, such that

d
a|uN|§ + Con ([ 32+ [ 3 + [u™15,) <Kl £(£)]1,
where L + 1 = 1. Then
» T q
N2 TN\ p2 N, N2 N, \qp N2 T 4
O+ G [ (@ + 1 @+ @I s < Bk [ 1)1 69

where Cpn = min {2N71, 2?—2"‘, C% } Thus, we have
0 0

T
W OF < Bk [ 1F()1ds.

Then, it follows from the uniform boundedness principle that the sequence {u" } v is uniformly bounded, with respect to N, in L (0, T; H)
and I7(0, T; V) and {N~"*4"} is uniformly bounded in L*(0, T; V*). Therefore, there exists a subsequence of {#" } 5 and u € L= (0, T; H)
N LP(0,T; V,) such that

WNAu o in L7(0,TsH),

W _u in I7(0, T; Vp) (5.6)

NN 0 in L*(0,T; V).
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Now, in the same way that (3.10), the sequence {8—””} is uniformly bounded in [LP(O, T;Vp) N L*(0, T; V3)] 5 withp > 1+2n/(n+2). Then,

ot
we obtain
u’ > u  in L*(0,T;H),a.e.in Hand Q x (0,T),
ou  Ou 2 3 7% (5.7)
. — in [I?(0,T;V,) nL°(0, T; V") ] .
ot ot in [L°( p) L )]

Now, from (5.5) we have that fOT [N (8)]3 ,d8 is uniformly bounded. Then, from Ref. 17, Lemma 12 it follows that

Ex([u (s)]12) 22200 in L'(0,T;R), foranyr > 1. (5.8)

Continuing with the proof, reasoning as in the theorem of the existence of weak solutions to (LM), we have
t N N t
f b (0), u" (6), w)d6 - f b(u(8), u(8), w)db, (5.9)
0 0
forall t € [0, T] and for all w € V. Thus, our purpose is to prove that
t N N N t
f Ex ([ (8) )b (6), 4 (6), w)d6 — f b(u(8), u(8), w)do, (5.10)
0 0
forall t € [0, T] and for all w € V. Therefore, observe that
T
fo [En (6" (8)1)b(u" (8), 4™ (6), w) — b(u(8), u(8),w)]d6

=fOT[FN(HuN(G)II)—l]b(uN(G),u”(e),w)dm fOT[b(uN(e),uN(e),w)—b(u(e),u(e),w)]de
= Hl + ]Iz.

Note that, by (5.9), we have that I, — 0 as N — oo. Now, for I;
L= fOT [En([u™ (0)]) - 1]b(u™ (8),u™ (), w)d6
< {f0T|FN(|IuN(6)H) - 1]"d9}w{foT|b(u”(9),uN(e),w)Wg}l/q
sE(uN)IIwHLp{fOT\FN(||uN(9)|\)—1|"d9}1/P{fOT[1+ HuNH’i,;l]"da}l/q,

By the boundedness of the sequence {#" } in L (7, T; H) and L? (7, T; V,), it follows that C(u") < co and fOT [1 + | Hf; ]qde < oo, where

q= 1%. By (5.8), fOT |En([uN(0)]) - 1|pd0 — 0as N — oo. Then, we have that I; — 0 forallw € V. Therefore, we conclude that (5.10) holds.
Then, it follows from (5.6), (5.7), and (5.10) that

t t t
(u(t),w) + f (T(u(8)),w)d6 + f b((8), u(8), w)d6 = (10, w) + f (f(6), w)de, (5.11)
0 0 0
forall t € [0, T] and for all w € V. Then, by density argument, we conclude that u is a weak solution to (LM). Furthermore, it follows from
the variational formulation (5.11) that % e L1(0, T; V; ). O

Lemma 5.4. GivenT >0, up € H,and f € Lq(O, T; V;). Let {u} } ¢ H be a strongly convergent sequence to uo in H. Let u™ (t) be the weak
solution to (MLM) associated to the initial data uy € H. Then, if p > 1+ 2n/(n+2), there exist a subsequence of {u"} (relabeled the same)
and u weak solution to (LM), such that

uN(s) » u(s) stronglyinH foranys > 0. (5.12)

Proof. It follows from the Theorem 5.3 that there exists u solution of (LM), with u € L>*(0, T; H) n L (0, T; V) and % e L1(0, T; Vp* ),

such that the sequence of weak solutions {1 } of (MLM) (up to a subsequence) converges to u in the sense specified in (5.4). Now, observe
that {uV} is equicontinuous in (V*)* on [0, T] [in the same way that (5.3)] and that {#"} is bounded in C([0, T]; H). Therefore, by the
Arzela-Ascoli Theorem (up to a subsequence) we have that

uN > u  stronglyin C([0, T]; (V*)*).
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Since {#"} is uniformly bounded in C([z, T]; H) we get
uN(s)—~u(s) weaklyinH forany0<s<T. (5.13)
Now, since the estimate

2(r)f < \z(s)\i+z['<f(e),z(e)>de, 0<s<r<T

holds for z = u and z = 4. Thus, the functions Jy, J : [0, T] - R defined by

In(r) = (B =2 [ (£(8).u" (8))do,
1) = (B -2 [ (£(8).u(0))de,
are non-increasing and continuous functions, and by (5.4), we have that
In(r) > J(r) aere(0,T).
We affirm that J(r) — J(r) for any r € [0, T]: Indeed, let us consider a fixed t* € (0, T] and an increasing sequence t,, — t* such that I}im

Jn(tm) =J(tm) for all m > 1. Thus, given € > 0 there exist M, K > 0 such that

() = J(£*)] < g for m > K, and [Jv (tx ) - J ()| < forN > M.

€
2
Since J is a non-increasing function, we have that

IN(E) =J(£7) < v () =T ()| + [T(tx) =T (£7)] < e

for all N > M. Then, we get lim sup Jy(#*) < J(t*). Taking into account that
N—oo

[ @ @nan~ [ ir@.uo)as

we deduce that lim sup |1V (£*)] < |u(¢*)|. Thus, it follows from (5.13), that

— 00

lim sup 1" (£°) = u(t*)[3 = lim sup|u™ (£*)[3 - 2 liminf(" (£*), u(¢*)) + lim sup|u(t*)|3
< |u(t) = 2Ju(t*)]5 + [u(t*) = 0.

Then, we conclude that (5.12) holds for all s € [0, T']. m]

VI. EXISTENCE OF GLOBAL ATTRACTORS

In this section, we study the dynamics of the solutions of the modified system (MLM), showing the existence and regularity of global
attractors. For this, let us consider p > 2 and the external force f € L*(Q)". Then, given N > 0, fixed, the existence of weak solutions is
guaranteed thanks to Theorem 3.7. Thus, let us define the following single-valued map on H by

SN(-) : R, x H—> H with SN(t)uo :uN(t;uo), (6.1)

where u™ () = u™ (£ o) is the unique weak solution to (MLM) associated to the initial condition 1y € H. Thus, it follows from Theorems 3.4
and 3.7 that the map S™(-) is well defined and is a continuous semigroup on H, i.e.,

(1) SN(0) = 1dy,

2) SN(t+s)=8SY(t)o SN(s) forallt>s>0,
(3) Forallt € Ry, the mapping S™(t) : H — H is continuous.

Theorem 6.1. Letp > 2, f € L*(Q)" and uo € H. Let u" be the unique weak solution of (MLM) associated to the initial condition uo. Then
u" satisfies
W™ () < R(t) Vt>0,
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and

t+ t+
2 O s [N Rads ey [ 191 ds < R 1)+ 63

forallt > 1, wherec), = % Ko = ch—g‘ Kp = ZCCZ,,% and R*(t) = e~ |uol3 + ¢ *|f 5.

Proof. Tt follows from (3.6) that u" satisfies

d N2 2, N2 vk N 2, 2621/2
— += +
dt‘u 2 NH” I3.2 C(z) ™[z + H ||

|f[2» (6.2)

on /1
where A, is the first eigenvalue of —A. Denote by ¢, = CZZ—%’\‘ Then (6.2) reduces to
0

d, np 2> 2, N2 20V »
—fut oy ful+ w52+ |8, <& fI5
dt 1 N & ’

Multiplying by e
2cv2 ont

&

0

Cll ‘ N2)

-1 2
Hu 52+ YR, < ale™ £

G

Therefore, we deduce that
™ ()5 < e uols + i, 13-

Corollary 6.2. The semigroup S™(-) : Ry x H — H is dissipative.

Proof. Let us consider By = {v e H:|v, <1+¢] | f15}. Let D be a bounded subset of H. It follows from Theorem 6.1 that there exists
to(D) > 0 such that

e M fuol3 < 1,
for all t > ty(D) and uniformly for any ug € D. Thus, we obtain the following inequality
|SN(t)uo\2 <9, forallt>ty(D)andu €D,

where 5 = 1 + ¢} \ f13- Then we conclude that
SY()Dc By forallt > ty(D).

Remark 6.3. It follows from Theorem 6.1 and Corollary 6.2 that, given any bounded subset D c H, there exists to = to(D) > 1 such that

t+1 2 t+1 2 t+1
fH lu(s)|3ads + fH lu(s)|2ads + fH lu(s)I%,ds < 0, forallt > to(D),

0+ey, 113

where 01 = min {2N"" ko, }

Theorem 6.4. Consider p>2, N >0 and f € L*(Q)". Then, given a bounded subset D c H, there exist to = to(D) > 0 and positive
constants 0,, 03, 0, and s, which depend on p, N and the norm |fs, such that any weak solution u™ (t) = S™ (t)u € SN (t)D, satisfies

t+1 3 N 2
f (s) ds < 0,3
-1 5
@ t) < 0 .
ot ¥ (6.3)
t+1
f dG <0y
t
Ju® (t)llsz +[u (t)lllp <05
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forallt > to(D) + 1.

Proof. It follows from Theorem 4.1 and Remark 6.3, that there exist 9, > 0 and t = to(D) > 1 such that

t+1
[ aL(s) sz, Wiz (D)
On the other hand, by (4.9), we obtain that
du Qum I
‘ ()‘ ‘7(5) L &N f ‘ (9)‘ d6.
ot 2
Therefore, integrating in s, from ¢ — 1 to ¢, we get
8MN g 2 t 8UN g
— ()| <[1+&N ——(0)]| db.
t()2<[ veN f 1 )2

Thus, it follows from (6.4), that

<0, Vt>ty(D),
2

‘(t)

where 03 = [1 + &N ]02 Again, by (4.9) we obtain that

t+1
2/
s

Now, integrating in s, from t — 1 to t + 1, we have

t+1 t+1 t+1
f d6 < / f
t

Thus, it follows from (6.4) that
t+1
J

. On the other hand, in the same way that (4.11), we obtain that

d@d <= (s)

+(,'2N f

(e)’ 0.

8u

= A2
d6ds < ﬂ f dg
C2 t—1

o ?
o @

1,2

d0<o, Vitxty(D),

1426,N
where g, = 7( aNe,

I @+ o @) < [ (516 Ba + [0 )l )as

1 rt 2 N 2 ou :
+2f¢1(|f|2+”u (9)1,2+‘at(9) . ao.

Thus it follows from (4.5), Theorem 6.1, Remark 6.3, and (6.6) that
[ ()32 + [« (DIF, <05 VExto(D)+1,

max { 3}

where 05 = m(l + |f|2 +0; +Q4)

(6.4)

(6.5)

(6.6)

(6.7)

Remark 6.5. If we denote by By, = {v € V, : |v|1p < ¢/05}. Then, it follows from Theorem 6.4 that given a bonded subset D c H, there

exists to = to(D) > 2, such that
SY(t)Dc By, ¥V t>t(D).

Corollary 6.6. The semigroup S™(-) : Ry x H — H is asymptotically compact.
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Proof. Let us consider the bounded sequence {x,,} in H and t,, - co. We will prove that the sequence S(¢» )X has a limit point in H.
In fact, by Remark 6.5 there exists 79 € N such that the sequence { SN (£ )xm} is contained in By, for all m > my. Since By, is a compact
subset of H. Therefore the sequence { SN (£s)x } has a convergent subsequence at H. ]

Theorem 6.7. Let p >2, f € L*(Q)" and N > 0. Then, the dynamical system [SN(-),H] has a global attractor AY. Moreover the set-
valued mapping N — AY is upper semi-continuous, i.e.,

distu (A}, AY) -0 as M —N, (6.8)
where disty is the Hausdorff semidistance on H.

Proof. The asymptotic compactness of semigroup S" (-) is given by Collorary 6.6 and the existence of an absorbent set follows from
Collorary 6.2. Therefore, the existence of a global attractor for the semigroup S™(-) follows from Theorem 1.1. Finally, (6.8) follows
from (3.3). m]

A. Regularity of the global attractor

Now we study the dynamical behavior of the solutions of system (MLM) in the Hilbert space V?, in the same way, it can be studied for
the spaces V3, V).

Proposition 6.8 (cf. Ref. 12, Theorem 1.6, p. 21). Let X and Y be Banach spaces, with X reflexive and X - Y. If ue L= (7, T; X)
NCw([7,T],Y), thenu € Cy([1, T],X) and u(t) belongs to X forall t € [7,T].

For this purpose, we are going to restrict the semigroup S" (-), defined by (6.1), to the Hilbert space V°. Namely, by Theorem 5.2, all
solutions to problem (MLM), u™ (t) = u™ (£; uy), belong to the space L (&, £; V) n C([0,t], H), for any & > 0 and for all ¢ > &. Then, it follows
from Proposition 6.8 that the single-valued map SN (.) is well defined on V°. Thus,

SN (Do = v (uo) with S¥() : Ry x V2 V7, (6.9)

where u () = uN (£ uo) is the unique solution to (3.6) associated to the initial condition uo € V°. Moreover, S" () is a semigroup on V?,
ie.,

(1) SN(0) =1dys,
(2) SN(t+s)=8N(t)o SN(s)forallt>s>0.

Theorem 6.9. The semigroup S™(-) : Ry x V° — V7 is a closed semigroup on V°.

Proof. Let us consider the sequence {u } that converges to u in V>, and suppose that S~ (¢)u,, - v in V°. Then, by Theorem 3.4 we
know that SY (¢)um — SY(t)u in H. Therefore, from the uniqueness of the limit it follows that v = SV (t)u. ]

Corollary 6.10. The semigroup SN (-) : Ry x V° — V? is dissipative.

Proof. Let us consider Bys = {u € V> : |us, < /05 }. Let D be a bounded subset of V°. It follows from Theorem 6.4 that there exists
to = to(D) > 0 such that S (t)D c By forall t > to(D). o

Lemma 6.11. The semigroup S~ (-) : Ry x V> = V? is asymptotically compact.
Proof. Given a bounded sequence {uy} in V> and t,, — +0co as m — co. We will prove that the sequence {S™ (t)um} is relatively

compact in V. Abusing the notation, denote by t = S™ (£ ) tm. Observe that, by inequality (6.5) the sequence { agt"’ (tm)} is bounded in H,
ie.,

Oum
ot

(tm)

<o, (6.10)
2

Besides this, by (6.7) the sequence {u } is bounded in V5, V, and V°.
Since the semigroup S™(+) is asymptotically compact in H, without loss of generality we can suppose that the sequence {u, } is a Cauchy
sequence in H. Thus, from the p-coercivity of S given in (1.1), the Korn inequality and the Theorem 3.1, we have that
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1 5 Vi 2 0Wn » 1 2
NH”m — )32+ Cng”m — 12+ ?H”m - “k”l,p < N””m ] EP

+ (S(Dum) - S(Duy.), Duyy — Duy,)

(T = S ) = (B o) ~ Bt )~ )
Oum Ou
< Tar = r |, e+ (U AN Lt = ) =

<205 um — ugr + 23/2(1 + d)NoZ/4|um - uk\;/z.

Therefore, the sequence {u,,} is also a Cauchy sequence in V>, so we conclude that the semigroup SV () : Ry x V> = V? is asymptotically
compact in V3 (itis also in V5 and Vp). |

Theorem 6.12. Let p>2, f € L*(Q)" and N > 0. Then the dynamical system [SN(-), V3] {[SN(-), Vp] and [SN(-), Vz]} has a global
attractor Al‘jg inv? (AI‘)]P in Vy and .,41‘52 in V). Moreover

Al = Ay = AV, = AR, (6.11)

Proof. The asymptotic compactness of semigroup S™(-) is given by Lemma 6.11 and the existence of an absorbing set follows from
Collorary 6.10. Therefore, the existence of a global attractor for semigroup SV(-) in V°, V,, and V;, follows from Theorem 1.1. The equality
given in (6.11) follows from the uniqueness of global attractors. 0O

VII. FINITE FRACTAL DIMENSION

Our aim in this last section is to prove that the global attractors, associated with the dynamical system [SN (-).H ], have finite fractal

dimension in the Hilbert spaces H, V> and the Banach space V}, for any N > 0 and p > 2, fixed. For this we will use the ¢-trajectories method,
cf. Ref. 24, Lemma 1.3 or Ref. 5.

Definition 7.1. Let X be a metric space and € a compact subset of X. The fractal dimension of € (also called the “upper box-counting
dimension,” e.g., Ref. 2, Chap. 4) is defined by

. log N'*[%;¢]
df (¢) =1 —_= =,
7 (€) lr?j(l)lp —log ¢

where N [€¢; ] is the minimum number of balls of radius ¢, centered at some point of €, that cover €.

Lemma 7.2 (cf. Ref. 24, Lemma 1.3). Let X, ) be two normed spaces such that ) >~ X and ¢ c X be bounded. Assume that there exists
amapping £ : X — Ysuch that € c % and

| 2(x) =2y <xlx=ylx Vxye?,
where k > 0. Then, the fractal dimension of ¢ is finite and

lOg N1/4K

dy (¢
7 (€)= log 2

>

where N4 := N*[By(0,1);1/4x], and By(0,1) is the unit ball in Y.

Proposition 7.3 (cf. Ref. 2, Lemma 4.2). Let X, Y be two normed spaces. Consider ¢ c X, and f :¢ — ) is Holder continuous with
exponent 0(0 < 0 < 1), i.e., there exists an L > 0 such that

0
1) =Dy < Llx =yl
forallx,y € €. Thend} (f(¢)) <dj (%)]6.
Theorem 7.4 (Mafé Theorem cf. Ref. 25, Lemma 1.1). If X is a Banach space on R, K = U2, K, with K, being a compact set for

all n €N, dy(K - K) < oo, where dy is the Hausdorff dimension, and Y is a subspace of X with dy(K —K) +1<d(Y) < oo, then the set
{P € P(X,Y): P|g isinjective } is residual in P(X,Y).
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Before showing the finitude of the fractal dimension of the attractors given in the Theorem 6.12, we will show the following lemma that
will allow us to estimate the fractal dimension via the ¢-trajectories method. Moreover, we will indicate by u the partial derivative of u with

ou

respect to t, i.e., u = T

since it is an easier notation to manipulate.

Lemma 7.5. Letp>2, N >0, and f € L*(Q)". Given T > 0 and two weak solutions u and v of (MLM). Then, for any t > 0 we have that

L 19 - o) B+ 1) = w9+ P (), 0(9) s

T
< Cg(t+ T,N)

= min {, T} Jo Ju(s) = v(s)[3ds

and
14 li 2 T+t 1 2
I (t4) =0 ey < [ | 186 - v©lBa

+ ki [u(s),0(s)] (u(s), 0(s)) + ka[u(s),v(s)]u(s) —v(s) Hiz]ds,

=2
where ki [u,v] = [ [, (vi + v2(|Du| + |Dv|))Pdx] * and ky[u,v] = (N + 2[v]12)>.
Proof. Denote by I (1,v) := [, (vi + v2(|Du| + |Dv|)?*)|Dw|*dx, where w := u — v. Thus, we know that w satisfies

1d, , 1 2
2 vl + ylwlse + {T(w) = T(v),w) + (By(u) - Bx(v), w) = 0.

It follows from (1.1), and the Korn inequality that, there is ¢; > 0 such that
1
o vwl; + Elz(u,v) <(T(u) - T(v), w).
Then, we deduce that

1d 1 1
ST wly + NHwH?,z + ¢ | Vw3 + Elz(u)v) < |(Bn(u) = By (v), w)|-
Now, it follows from Theorem 3.1 that there exists cs(N) > 0, such that

Cg(N)
2

c7
(B (1) = Bn(v), w)| < gl\wHiz + fwls-

Thus, substituting in (7.2), we obtain that

d

2
Sl + Sl + elwlis + o) < a(Nuf

Applying the Gronwall inequality, we get

lw(T)3 < e* M w(s))3, forallT>s.

On the one hand, for T > 0 and s € [0, T], integrating (7.3) from s to T + £, we have

[ B 1w @lBs + elw@lis + .o |dr < o +a®) [ lw(o)ldr

Thus using (7.4), we deduce that

min (6.7} [ [ + (@) s + P, em)]dr <+ TN) [ luw(o)hds

(7.1)

(7.2)

(7.3)

(7.4)

where co(t + T,N) = (1 + cg(N)e®* N T#9) ' min {2/N, 7, 1}. Now, let us consider ¢ € L2(0, T; (V*)*) with Il 2 (o,75¢v2y*y < 1. For simplic-

ity, in the following estimates, we will omit the time variable, which is ¢ + s with s € (0, T'). Then, by (1.1) it follows that
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fo ! fQ (S(Du) - S(Dv)) : Vodxds < fo ! fo IS(Du) - S(Dv) || Vgldxds
sfOTI(u,v)(fn(vl+Vz(\Du|+\Dvl))de)%\\VfP”pdS

-

< [foTIZ(”’U)(/(;(Vl +v2(|Du + Dv|))"dx)pzds];

_ ([;Tkl[u(s),v(s)]Iz(u(s),v(s))dS)%,

=2
P

where ki[1,v] = [ [ (v1 + v2(|Du| + |Dv|) )P dx]

T T S NI T 5\
[ @u-bvgrds< ([ N+ 2polP lollads) ([ oli)

([ a0 k)

. Thus, it follows from Theorem 3.1, that

where k>[4, v] = [N + 2| v[1.]*. And finally

[ oomass ([ wiRas) ([ o)

Putting all the inequalities together, we arrive at

1/2

112 Lt ld Tk r d Tk 2 d
[w HLZ(o,T;(W)*)Sﬁ | lw(s)|52ds + ; 1w, v]I°(w,v)ds + A 2[u,v]|w]i2ds.

O

Remark 7.6. Consider the set Boy = {uo € H : [uo|a < 1}, where nis any positive real number with i* > ¢;*| f|5. It is easy to prove that Bo
is an absorbing set for the dynamical system [SN(~),H], and also Boy is a positively invariant set, i.e., SN (t) Bo ¢ Bow for all t > 0. From

Theorem 6.4, there exists to( Bou) > 0 such that | SN (t)uo |12 < 05, for all t > to( Bow) + 1 and for any uo € Bon. Therefore, by Lemma 7.5 we
have, in particular, that

[ 1) = 2B + 1(5) = w5) i+ P (), () Js
Cg(T + t,N)

r 2
S i (To(Bo)] o 1) Ul

forallt > to(Bon) + 1. And, again by Lemma 7.5 we have
(£ +) =" (¢ + Igomvyy < co(T+EN)[uC) = vl 2oy (7.5)

for all t>t(Boy)+1, where cio(T+1tT)* = 0g(N)coy(N,t)/min{T,to(Bou)}, and o4(N) is such that max{1/N,k[u(t),
v(t) ], ka[u(t),v(t)]} < 0s(N) forall t > to( Boy) + 1.

As we mentioned at the beginning of this section, to estimate the fractal dimension of the attractors, given in Theorems 6.7 and 6.12, we
will use the ¢-trajectories method. Let us fix N > 0 and p > 2, thus given £ > 0, by ¢-trajectory we mean any solution on the interval [0, ¢], and
we will denote by Hy  the set of the ¢-trajectories, i.e.,

Hon:={y:[0,£] - H: yisasolutionto (MLM)}.
On the other hand, let us denote by Hy := L?(0,4; H) and Z; := {u € L*(0,4V,) : u' € L*(0,4;(V>)*)}. The set H,y is equipped with

the topology of H,. Note that Hyy c C([0,£]; H), then it makes sense to evaluate at each point. Thus, thanks to Theorem 3.4, we have that
fory € Hyn and T > £ there exists a unique solution u to (MLM) on [0, T] such that u|j¢ = y.
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Now, for any N > 0, we can define the map % : R x Hyny — Hgn by
[N (t)y](s) = u(t+s)s e [0, 4], (7.6)

where u is the solution on [0, £ + t] such that u|[o.¢ = .
On the other hand, let us define the set of ¢-trajectories starting at any point of Boy = {uo € H : |uo|2 < 1}, which will be denoted by
B, i€,

B,y = {y € Hen : 9(0) € Bog}.

Observe that the set By, is a closed set in H . Indeed, let us consider {y, } a sequence in By, . Then, {y,,(0)} is a bounded sequence
in By g. It follows from Theorem 5.1 that, there exist y : [0,£] — H and a subsequence of {y, } (relabeled the same) such thaty, — yin Hy .
Then y is again a solution on [0, £]. Observe that y(0) € Bou, because By is closed in H. Therefore y € By, .

Theorem 7.7. The map v : Ry x Hyny — Hyn defined in (7.6) is a semigroup. Besides, the following statements are fulfilled:

(1) Forallt € Ry, the mapping £y (t) : Hen — Hy is continuous;
(2) There exits T > 0 such that %n(7) B, ™ ¢ Bu, .

Proof. For (1), consider t € Ry and y,,y, € Hg. By (7.4)

£
12Oy = Al = [ (e9) + e+ )Bs

4
<O [ (9) - ua()Bds = Oy = pal

For (2), consider any t >0 and y € Zn(t) Bu,, . Then, there exists a sequence {ym} c Bp,, such that Z(t)ym — y in Hyy. From
Theorem 5.1, the function y is also solution on [0, ¢] of (MLM). Therefore, if for some ¢ > 0 the sequence .#y(t)ym belongs to By, for
all m, then y € Bpy,, because By, is a closed set. Thus, it follows from Corollary 6.2 and Theorem 6.4 that there exists to( Bo,r) > 0 such that
[,Z‘V(t)ym](s) € Bop for all t > to( Bou) + 1, for all m and for all s € [0, £], which is equivalent to Zx(t)ym € Bn,, forall t > to(Boy) + 1

and for all m. Therefore, as mentioned above, choosing 7 = to( Bo,#r) + 1 we have that v (7) By, He o B, - O

Let us denote by Bh@v i= (1) Bu,, ™ with 7 = to(Bo) + 1. Thus, let us restrict the map %y (-) to the set Bi, - Then, by previous
theorem, % : R, x B}im - B}im is well defined. Indeed, for ¢t € R, we deduce the positive invariance of By g, that is

A1) Bl = () (A (D) Brig ™) € (6 + 1) Brigy ™ € (1) Bripn ™ = Biy, .

Theorem 7.8. Let p >2 and N > 0. The pair [.£" (-), B}{M] is a dynamical system. In addition, it possesses a global attractor A} with
finite fractal dimension.

Proof. By the Aubin-Lions theorem we know that Z, <~ H;. Now, we are going to show that % (7) : Hy — Zy, with 7 = to(Bou) + 1.
Indeed, it follows from Lemma 7.5 and Remark 7.6 for T = £ and 7 = to( Bo,y) + 1, that

e (D) yr = (D)2l 2 0.6, SOUL+TN) 91 = y2 |y,

and

|20y = A (D2l ey S colC+ BNy =yl

for all y1,y, € B}“Iz,w' The first conclusion is that %y (1) B}qm C Zy. Then, the dynamical system [ZN(-), B}_,w] is asymptotically compact.

Thus, it follows from Theorem 1.1 that the dynamical system [XN(J, Bbm] has a global attractor, which we denote by A}. The second
conclusion is that there exists ¢11 (N) > 0 such that

[ ()y1 = A (D)y2llz, < cir(N) [y1 = y2ln,s

forall y1,y, « B}{w. It follows from Lemma 7.2 that
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log Nijae,, (w)

He, 4N
df (A7) < log 2

(7.7)
]

Theorem 7.9. Given p >2 and N >0, let us define the function e: Hyn — H by e(¢) = ¢(£). Then, the following statements hold:
(1) e:Hyn — H iscontinuous; (2) AN =e(AY); and (3) d?(A%) < d?‘(AIZ).

Proof. For (1): by the inequality given in (7.4) we have

le(g1) —e(92)f3 = 191 (0) = 92(0) 3 < e* Mgy (5) — 9a(5) 3.

for all s € [0, £]. Then, integrating in s we obtain

ECB(N)Z
g~ elgl < <51~ g2l 78

For (2): it is enough to show that e( A} ) is a global attractor in H. Indeed, by the continuity of e(-) and the compactness of global attractor
AY it follows that e( A} is a compact set in H. By the invariance of A}, we have that

SV (1) (e(AY)) = [2w (1) AT](€) = [Zn(€) AT](0) = e(AD).

Then, the set e(.A}') is invariant on S™(-). Finally, the property of attracting bounded sets is a consequence of the fact that A} is a global
attractor. Then, it follows from the uniqueness of the global attractor that AN = e(.A}'). The item (3) is an immediate consequence of the
estimate given in (7.7), inequality (7.8) and Proposition 7.3 for X = H,;, Y=Hand 0 = 1. m]

Corollary 7.10. Let p > 2 and N > 0. Then, given t > 0, there exist k(t,N) > 0 such that

Ju(t) = o(£) 35 + Ju(t) = o(2) 12 + |u(t) = (D[], < x(t, N)[uo = vola
for all up, vy € Ag. Moreover, it holds
dy (AN) <2-df (Al) andd) (AY) <p-df (A).
Proof. Let us denote by u(t) = S™ (£)ug, v(t) = SV (¢)wvo. Then, by (7.4) we have
|SN (£)vo — SY (£)uof3 < e* Mg — uol3, (7.9)

for all t > 0. Thus, it follows from p-coercivity of S, the Young inequality, and the Theorem 3.1, that

—~ 1
Cpos (I =01 + =012 + =01, ) < = vl + (S(Dw) ~S(Dv), Dt~ Dv)

Ou Ov
_—(E—E,u—v)—(BN(u)—BN(U),u_U)
Ou 0
: 37?_871;2‘“‘”‘2"‘%Hu—v”inrCNW_vB,

where C,x = min {i, an, %} Thus, by Theorem 6.4 and the invariance of the global attractor A}, we have that | SN (¢)uo|> < 0, and
0

C,

|%[SN(t)uo]|2 <o, forallug € AN. Then, by (7.9), we get
Ju(t) —o(6) |32+ () = v(B) |12 + [u(t) = v(£)[], < 1t N)|uo = volas

where x(t,N) = (205 + 20,Cn) exp{@t}/min{%, 1, %}, for any ug, vy € A} and for all £ > 0. ]
0 0

Remark 7.11. It is possible to uniformly bound, relative to N > 0, the fractal dimension of the attractors AY c By c H, when p > 12/5 if
n=3orp>2if n=2. For this purpose, using the estimates given in Theorem 4.1 and using the fact that |Fx(-)| < 1, we obtain that, there exists
to( Br) > 0 such that the weak solutions of system (MLM) satisfy

Ju ()2 + |6 (D)1p < 0, forallt > to( By), (7.10)
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where ty and 0, depends only on p,v1, vy, |f|2 and on the constants related to the tensor S.

Theorem 7.12. Under assumptions of the Remark 7.11, the fractal dimension of global attractors { AN }nso is uniformly bounded.

Proof. Let us denote by w := v — u. Thus, using the item (c) of the Lemma 2.4, and applying the Young inequality, we get
[(Bn(v) = By (u), w)| < [(B(w,v), w)| + (En([[v]12) = Fn([u]12))[(B(w, v), w)|
< Jolhplwly + o]} [w]?,

From interpolation inequality, for n = 3, yields

y 22 3 , o, 2
|wlyy < Cwl,” Jwli,  and (forn=2HwH2p'SC|wlzp leli’,z)-

Then (for n = 3), by (7.10) we have

-3 3 1 1
= 20 5 5 c7 2 €12, 2
(B (o) - B(a)wh] < 08Tl hwlf, + 203kl fulf, < & it + 2l
for all ¢ > to( By ), where c12, independent of N. Thus, it follows from (7.2) and (7.10), that
d, o, 2 2 2 2 2
a|w|2 + N”w”sz +or|w|iz + I (u,v) < crofwla. (7.11)

Applying the Gronwall lemma, we deduce
lw(T)|3 < e w(s))3, forallr>s.

Now, for s € [0, £], integrating (7.11) from s to £ + t, we have
2 t+4 2 L+t 2 L+t 2 2 L+t 2
[ @B [ jw@ e [P o()dr < )i v an [ ()i
Thus, we derive that
2 t+4 2 L+t 2 L+t By £ 2
th Hw(T)H3)2dT+[ Hw(r)uudﬂw[ I (u(r),u(r))drgm(t)fo hw(s)ds,
forall t > to( By ), where c13(t) = 1 + crpe (6

On the other hand, consider ¢ € L*(0,T; V) with ||, (0,15 < 1. For simplicity in the following estimates, we will omit the time
variable, which is t + s with s € (0, £). Then, by (1.1), the Young inequality and (7.10), it follows that

fo ‘ fn (S(Du) - S(Dv)) : Veduxds < [0 ‘ fﬂ S(Du) - S(Dv) | Vgldxds

S(/Oelz(u,v)ds)%/oefg(vl+vz(|Du|+|Dv|))deds

N 3
§c14(f I (u,v)ds) ,
0

where ¢4 independent of N. Next, it follows from Theorem 3.1, that

1

¢ ¢ 2 2 : Coe )\
[ B Bvvgdds < ([ Uiz + 2olhal lu=oltads) ([ 1oli)

Putting all the inequalities together, we obtain that
/ / 2 1 ¢ 2 ¢ 2
Ju' (¢ +2) = 0" (t+ ) 2 0.e0v7y < CIS[N_/O [u(u) —v(s)|52ds + fo I"(u(s),v(s))ds
¢ ¢
o [ Qa4 26 122 (s) ~ 0(6) ] < () [ ) - (o),
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for all t>ty(Bu), where ci6(t) = cisci3(t) max {1,902} /t. Therefore, applying Lemma 7.2 for t=t*=ty(By), X =L*(0,4H),
YV =1L%(0,4(V?)*), we obtain that
1
AN < de ANy < OB N s
I f log 2

Remark 7.13. It follows from Corollary 7.10 that
df (Al) <2-df (AY) and d} (A}) < p- df (AY).

Then, the fractal dimension of A} is uniformly bounded in V), and V*, with respect to N > 0, when p > 12/5if n=3, and p > 2 if n = 2.

Theorem 7.14. Let p > 12/5if n=3o0rp>2if n=2and f € L*(Q)". Then, the following statements hold:
(a) theset K= G A} is precompact in H;
N=1

(b) let {xn} beasequence such that xy € A} foreach N € N andlet Ay be the global attractor associated with the dynamical system [ S(-), H]
of (LM). Then, there exist a subsequence of {xn}, denoted by {xn,}, and xo € Ag such that xn, — xo in H, as k — oco. In particular, the
sequence of global attractors { A} }n e is upper semicontinuous, i.e., I}im disty (AN, An) = 0;

(c) there exists a finite dimensional subspace Y c H such that {P € P(H;Y) : P|¢ is1 — 1} is residual.

Proof.

(a) By (7.10) we know that | S~ (t*)xo|1, < 0, for all xo € A} and for all N > 0 and some t* > 0. Then, since V, <+« H, we obtain that
K= U AY isaprecompact set in H.
N=1
(b) Since {xn} c K and K is a compact set in H, there exist a subsequence {xx, } and xo € H such that xy, — xo in H as k — oco. It only
remains to show that xo € Ap. Indeed, let us denote by u(t) = S(t)xo, un, (t) = SN (t)xn,. Then, it follows from the Theorem 5.3 and

Lemma 5.4 that, except from a subsequence, un, (f) — u(t) in H forall ¢ > 0 as k — oo, and also u(t) = S(t)xp is solution of the problem
(LM).

Now, let us build a global solution that goes through xo. Let us consider a family {@n, } <y such that each function ¢, : R — H is a global
bounded solution of the dynamical system [ S™(-), H] with ¢n, (0) = x, for each k € N. Now, let us do Ny = N, with k € N, thus for j = 1,
let {N} } be a subsequence of {N}} such that there exists x_; € H with o (-1) - x—; as k — oo (this is possible since P! (~1) belongs to ).

In the same way, for each j € N*, there exist a subsequence {N,f} of {NZ_I} and x_; € H such that ¢ (=j) = x-jask — co.
k
With the same reasoning as above, for j — 1 < s < j, we deduce that

0y (1) = S (g (- =) = x5 = S

Let us define
S(t)xo fort > 0;
(/)O(t) = . . , . *
S(t+j)xo for —j<t<—j+1, jeN".

Thus, ¢o : R — H is a bounded global solution of [ S(-), H], then xo € Ap.
For (d), it follows from Ref. 26, Proposition 2.8, that

> i j i j log N4
du(K - K) = d| U (Al - AL | = supdn( Al - A)) <2281,
ij=1 ij log 2
Let Y c H a finite dimensional subspace, with d¢(Y) = M, where M is the smallest natural number such that M > 1 + 2%. Then,
by the Mafie Theorem 7.4 the set {P € P(H;Y) : P| is1 — 1} is residual. ]
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