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NONLINEAR DYNAMICAL ANALYSIS FOR GLOBALLY MODIFIED
INCOMPRESSIBLE NON-NEWTONIAN FLUIDS

TOMAS CARABALLO, ALEXANDRE N. CARVALHO, AND HERACLIO LOPEZ-LAZARO

ABsTRACT. We present the global modification of the Ladyzhenskaya equations, for incompres-
sible non-Newtonian fluids. This modification is through a cut-off function that multiplies the
convective term of the equation and an additional artificial smoothing dissipation term as part of
the viscous term of the equation. The goal of this work is the comparative analysis between the
modified system and the non-modified system. Therefore, we show the existence and regularity
of weak solutions, the existence of global attractors, the estimation of the fractal dimension
of the global attractors, and finally, the relationship of the autonomous dynamics between the
modified system and the non-modified system.

1. INTRODUCTION

An autonomous dynamical system is a pair (X,7(-)) formed by a metric space (X, dy), also
known as the phase space, and a family of operators parameterized in time {T'(t) : X — X : t €
R, }, called a semigroup, which satisfies:

e T(0) = Idy, where Idy is the identity on X’;
o T'(t+s)=T(t)oT(s) for all t,s € R,.

In addition, we can include the condition of continuity on the semigroup, which is
o T'(t) : X - X is continuous for all £ € R.

This last condition can be replaced by a weaker one, in the sense that we guarantee the
uniqueness of convergence with respect to the semigroup, i.e. if {x,},n is a sequence that
converges to x, in X, and if given ¢t € R we have that T'(¢t)x,, — y;, in X, when n — oo, then
yr = T(t)x. If the semigroup satisfies this last condition, we say that {T'(t) : X — X :t € Ry} is
a closed semigroup. For a more general theory of semigroups, such as global attractors associated
with multi-valued semigroups, cf. [2I], and for the non-autonomous case, cf. |4} [13].

One of the objectives of studying the asymptotic behavior of the solutions of dynamical sys-
tems, over long periods of time, is to concentrate all the dynamics of the solutions in some
bounded sets of the phase space. In the context of fluid mechanics, to contain the velocity field
in a bounded set, over long periods of time, allows us to understand the turbulence of the fluid,
rather than on the transient behavior of the fluid flow cf. [24] Ch. 10|. Besides, mathemati-
cally it allows us to study the regularity of the solutions and the dissipative properties of the
system, thus we can even understand the finite-dimensional structure of the set that attracts the
solutions, e.g. [0, Sec. 7|, or [2] [7, R 16, 17, 22] among many others. Therefore, the theory of
dynamical systems is focused on finding a compact subset A from the phase space X', with good
properties of attraction and invariance in time with respect to the semigroup, that is,

(i) A is invariant, i.e. T'(t)A = A, for all t € Ry,
(ii) A attracts each bounded subset D C X, that is

t_lgrnoo disty(T(t)D,A) =0,
where disty is the Hausdorff semidistance on X, e.g. [11 14l [6 24] 26].
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The determination of this compact set A, which we will call global attractor, is theoretically
related to the dissipativity and asymptotic compactness of the dynamical system, that is

e a dynamical system is dissipative if there exists a bounded subset By C X (B is also
called an absorbing set) such that, for any bounded subset D C X there exists to(D) > 0
such that

T(t)D C By, forall t > to(D);

e a dynamical system is asymptotically compact if given any bounded sequence {x,}nen
in X and any sequence {t,}neny in R with ¢, — oo as n — oo, then the sequence
{T(t;)Tn }nen has a convergent subsequence in X'.

Before characterizing the global attractor, associated with a dissipative and asymptotically
compact dynamical system, we introduce the so-called w-limits sets. Given a bounded subset
D C X, the w-limit set of D is defined as

wD) =MNU T(s)DX.

>0 s>t

Observe that the w-limit of a bounded set D, w(D), concentrates whole the dynamic of each
point of D, in the sense that it consists of all the limit points of the orbits of D, cf. [24, Ch. 10]
ie.

w(D)={ye X :3t, = oo, {xn} C D with T(t,)z, — y}.

The w-limit sets have good properties of compactness and invariance, cf. [24] Proposition
10.3], so they are potential candidates for global attractors. On the other hand, we know that
given a bounded subset D C X it is attracted by its own w-limit set whenever the semigroup
be asymptotically compact, i.e. limy 4o distx(T(¢)D,w(D)) = 0, cf. [4, Corollary 2.11], in
general, it does not attract all the bounded sets of X in the sense of (ii), given above. Therefore,
the set indicated to be the global attractor of the dynamical system (X, 7(-)) is the w-limit set
of the absorbing set By, i.e. A = w(Bp). This one is summarized in the following theorem:

Theorem 1.1. (¢f. |4, Corollary 2.21], [6, Theorem 2.5| or |24, Theorem 10.5]) Let (X, T(-)) be
a dynamical system that is dissipative and asymptotically compact, and let us denote by By the
absorbing set associated to the dissipativity of the dynamical system. Then, there exists a global
attractor A = w(By).

In this paper we study the autonomous dynamics of solutions of a perturbed parabolic system
with nonlinear differential operator, which is physically associated with the flow of incompressible
non-Newtonian fluids, e.g. [6] I3 [I7]. This system can also be found in the literature as
Ladyzhenskaya models cf. [9 10, IT]. This type of study was carried out for the 3D-Navier-
Stokes equations, cf. [5, 25], which mathematically represent a nonlinear parabolic system whose
differential operator is linear, and physically it is related to the flow of incompressible Newtonian
fluids, that is, the associated shear tensor, indicated by S, is linear with respect to the symmetric
gradient of the velocity field (Newton’s law, e.g. [19, Ch. I]) i.e.

S(Du) = 2vyDu,

where Du = 3(Vu + Vu') and the constant vy > 0 is called the viscosity of the fluid. When a
fluid does not satisfy Newton’s law, we say that the fluid is a non-Newtonian fluid. In this case,
we can think on the shear tensor, S : jom — RQQm, as a non-linear function with respect to the
symmetric gradient of the velocity field of the fluid, for example, for some p > 1 we have the

following shear tensors

(a) SY(D)=2w|DPD, (b) S*(D)=2u(1+ |DIP)D,
(¢) S*(D)=2wy(1 + |D]*)P/?D, (d) S**YD) = 2vsD +SYD), i=1,2,3,
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for all D ¢ R™

sym*
S(0) = 0,
(S(D1) = S(Dy)) : (D1 — D2) = 1 [L + u(|D1| + |Da])]”*| D1 — D22, (1.1)
IS(D1) — S(D2)| < ervi[1+ u(|Ds| + |D2))]P"*|Dy — Dy,

Note that, fixed p > 1, these tensors satisfy

where the positive constants v and v» are the so-called generalized viscosities, and p = (vo/ 1/1)1/ (r—2)

(with the convention that p = 0 for p = 2). Then, from (1)) follows the p-coercivity and the
(p — 1)-growth condition for the shear tensor S, i.e.

S(D)[ < e3(1 + p|D])P~ for p > 1
S(D) : D > cy(v1|D|? + 15| DIP) and (1.2)
IS(D)| < e3(v1|D| + vo|D|P~1) for p > 2.

The pioneer regarding mathematical models for incompressible non-Newtonian fluids was Olga
Ladyzhenskaya, who between 1969 and 1970 proposed three models cf. [9, 10 [11] or [12] sec. 5
Ch 2|, also called variants of the Navier-Stokes equations, in general, these models are written
as

ou . : i
{ i div S(Du) + diviu®@u) + VP = f in Q x (0,00), (1.3)

divu=0 1in Q x (0, 00),

where Q@ C R™ (n = 2 or n = 3) is a bounded domain with smooth boundary, f is the external
force, u @ u = (uiuj)zjzl is the convective term, and P is the pressure. One of the models
proposed by Ladyzhenskaya is for the shear tensor given by S* in (d) cf. [T} 12, 19]. Another
proposed model is when divS(Du) is replaced by (v + vo||[Vul|3,)Au, which was treated by
Yang et al. in [27], proving the existence of attractors, in the pullback sense, with finite fractal
dimension.

Consider the following Cauchy-Dirichlet conditions

{ u(x,t) =0 on 99 x (0,00),
u(x,0) = ug(z) in Q.

The system (3] together with the conditions given in (I4)), will be indicated by (LM) La-
dyzhenskaya model for incompressible non-Newtonian fluids. Regarding the existence of solutions
of (LM), in [19] is shown the existence of measure-valued solutions for p > 2n/(n + 2), weak
solutions for p > 1+ 2n/(n + 2), and strong solutions for p > (2 + n)/2. In [3] is explored
the time regularity of the weak solutions of (LM), when the external force is in some Nikolskii
space, showing the uniqueness of weak solution for p > 11/5 and dimension n = 3. In [2] is
shown that the global attractors associated to (LM) have finite fractal dimension, in the space
of the square-integrable functions with divergence-free, for p > 12/5 with n = 3, and for p > 2
with n = 2, also see [0, [16]. On the other hand, the study of the asymptotic behavior for the
non-autonomous case is carried out in [13], where is proved the existence and regularity of fami-
lies of pullback attractors associated with the weak solutions of (LM) for p > 12/5 in dimension
n = 3 and for p > 2 in dimension n = 2. More information on these types of results can be seen
in |18, 27.

Now, by modifying the convective term, div(u®u), of the system (L3)), we should expect that
the solutions of this new system have higher regularity, both in time and space. This modification
cannot be arbitrary, since the objective is the comparative analysis between the original system
and the modified system. This idea is based on [5], where the convective term, div(u ® u), of the
Navier-Stokes system, is modified by multiplying a cut-off function, and in this way controlling
the polynomial growth of the solutions in spaces with higher regularity. This cut-off function,
denoted by Fn (), is defined as: given N > 0, Fiy : R4 — (0, 1] is such that

(1.4)

N
Fyn(s) = min {1, —} for all s e Ry.
s
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Another term that will be modified in the system (L3)) is the term related to the viscosity.
This modification will be made from a small artificial viscosity that is associated with a sixth-
order linear differential operator (cubic-Laplacian, A3, cf. [22]). This will allow us to have
information about the solutions when the power p, which accompanies the shear tensor S, is
varying in the semi-open interval [2,12/5) when the dimension is m = 3. Then, we call the
modified Ladyzhenskaya model, indicated by (MLM), to the system given by

‘9—1‘ — NARu — div S(Du) + Fy (Jullio)div(u @ w) + VP = f in Q x (0, 00),
divu =0 in 2 x (0,00),
u:% =Au=0 on 9N x (0,00),
u(z,0) = up(z) in Q,

where [Ju||12 = |Vu|z is the norm of u in the space WOI’Q(Q)”, and the shear tensor S satisfies
(CT) and (L2).

As we have mentioned previously, for the case of the modified three-dimensional Navier-Stokes
equations, we have the results given in [5], where the existence and uniqueness of a strong solution
and the existence of global attractors are proved. In this case, the modification allows the use
of the Stokes operator, applied in the solution, as a test function in the weak formulation and,
in this way, higher regularity of the solutions is obtained in time and space. Regarding the
uniqueness of the solutions, it can also be consulted [25].

The goal of this paper is to investigate the existence and regularity of the global attractors
with finite fractal dimension, associated with the solutions of the modified system (MLM), and
show that, for sufficiently large powers p, associated with shear tensor S, it is possible to obtain
information of the global attractor associated with the non-modified system (LM). The structure
of the paper is as follows. Section 2lis devoted to briefly recalling the abstract functional setting
of the problem (LM), focusing on the existence, regularity, and uniqueness of the weak and
strong solutions. In Section Bl we show the existence, and uniqueness of weak solutions of the
problem (MLM). For this purpose, we use some techniques established in [3] B 22]. Regarding
uniqueness, this is a consequence of the continuous dependence on initial data and the parameter
N > 0, that accompanies the cut-off function and the artificial smoothing dissipation. In Section
M we show the regularity of the weak solutions of the problem (MLM), by assuming the shear
tensor has a potential. In Section B we explore the convergence of the weak solution of the
problem (MLM), as a sequence of the parameter N > 0. Moreover, the Galerkin sequence
associated to the system (MLM), converges to the Galerkin sequence of the system (LM), when
N — 400, for p > 11/5 in dimension n = 3, and for p > 2 in dimension n = 2. Furthermore, we
build a weak solution of problem (LM), from the weak solutions of problem (MLM). Section
is devoted to discussing the asymptotic behavior of weak solutions of (MLM) in L2-norm,
WhP-norm and W32-norm, with p > 2. We treat the autonomous case, showing the existence
and regularity of the global attractors. Finally, in Section [l we investigate the fractal dimension
of the global attractors, given in the previous section.

2. IMPORTANT RESULTS

In this section, we recall some results on the existence, uniqueness, and regularity of weak
solutions of (LM). We will also state some properties of the cut-off function Fy(-).

Definition 2.1. Throughout the manuscript we consider @ C R™, n = 2 or n = 3, an open
bounded domain with regular boundary 0. Let p € [1,4+00). Thus, let us denote by
Vi={peCX(Q)":divy =0};
H = the closure of V in the L*(Q)" — norm;
Vp, = the closure of V in the WHP(Q)" — norm;
V3 = the closure of V in the W32(Q)"™ — norm.

The spaces H,V,, and V3 are considered with topology of their corresponding closure.
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It follows from Definition 1] and the Sobolev immersions that:
VPV, s H=H" < V) — (V3"

For each space, their corresponding norm notations are the following: in H we will denote
by (-,-) the usual scalar product in L?(€2)" and its norm by |- |2. Thanks to the boundary
conditions, the norm on V3, denoted by || - [|32, will be the L?-norm of the gradient of the
Laplacian of an element, i.e. |julls2 = |[VAu|y for all w € V3, which comes from the scalar
product [o,(—A3u) - ¢dz = ((u,¢)). The norm on V,, denoted by || - [|1,,, will be the LP-norm
of the gradient of an element (Poincaré inequality), i.e. |lull1, = ||Vul, for all u € V},. Finally,

V' denotes the topological dual of V}, (-,-) the action among these spaces, and || - ||« the norm
in V5.

Theorem 2.2. (Ezistence; cf. [12, Théoréme 5.1|, [I7, Theorem 2.14], or [6l O] 10, 11, 19]). (3)
Suppose p > 1+2n/(n+2), f € LV (R; V) and ug € H. Then, there exists at least one weak

loc

solution to problem (LM). (i) If p > (n+ 2)/2, then the weak solution to (LM) is unique.
Proposition 2.3. ( ¢f. [6, Theorem 7.32|) Consider T > 0, ug € H and f € L? (R; L2(Q)").

Assume that p > 2 if n =2 and p > 12/5 if n = 3. Then, any weak solution to Zf’oblem (LM)
associated to the initial condition ug satisfies

ou
ot
for all e > 0 such that ¢ <T'. If ug €V}, then we can take € = 0.

ue L™, T;V,) and € L*(e,T; H)

Recall the Korn inequality (cf. [19, Theorem 1.10, p. 196]), which relates the norms of the

gradient and of the symmetrized gradient. Namely, for any u € VVO1 T(Q)", 1 < r < oo, there
exists a constant ¢(r) > 0 such that

IVull, < c(r)[[Dull,-
For short we denote ¢y = ¢(2) and &y = ¢(p). We also recall the Poincaré inequality
Ai|v]3 < |Vol3 Vo € Vs,

where A\; is the first eigenvalue of the Stokes operator with homogeneous Dirichlet boundary
conditions.

Lemma 2.4. (¢f. |25, Lemma 2.1| or |5, Lemma 4|) Let N, M > 0. Then, the cut-off functions
associated to N, M, respectively, satisfy that

(@) Fy@a <N () [Fy(@) - Ex () < N2 () |Fwle) - Fnly)l < 2=,

zy
(d) [Fn(x) — Fn(y)| < %FN(IL‘)FN(:’/)M —yl; (d) |Fu(z) — Fn(y)| < |M;N| n x;y|;
(6) |FM(1‘) — FN(y)| < M +FM(I‘)FN(y)|x]&y|7

for all z,y e R,.

3. EXISTENCE OF WEAK SOLUTIONS FOR THE MODIFIED LADYZHENSKAYA MODEL (MLM)

In this section, we study the existence, uniqueness, and regularity of weak solutions of the
modified Ladyzhenskaya model (MLM). Regarding the existence of a weak solution, the Galerkin
method is used. Moreover, we take the ideas of [22, Theorem 10|, to estimate the derivative with
respect to the time in the norm L?(2)", and the ideas of [5] to estimate the convective term
Fy(Jlully2)div(u @ w).

We know that the convective term of (I3]) is associated with the trilinear function b(u,v,w)
defined as

b(u,v,w) = Z /Qu](x)g;); (2)w;(x)dx.

ij=1
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ov;

uja “w;dz. Thus, cf.

For simplicity, we will omit the summation and indicate b(u,v,w) = /
[5], the following inequalities and properties on b(-, -, -) hold:

(1) b(u,v,w) = /Q(w ®u) : Vodz; (2) b(u,v,w) = =b(u,w,v); (3)b(u,v,v)=0;

1/2 1/2
Pllwls™: (5) 1b(s,v.w)] < Collul 2o o]l

(3.1)
(4) [b(u, v, w)| < Collulls||V[[2|wls

for all u,v,w € V and p > 1. Emphasize that, the letter ¢ will be used to denote the conjugate of
p, i.e. %D + %:1. Then, the inequality (5), given in B1)), is written as [b(u, v, u)| < [Jull2q]|v]1,p-
Now, let us consider the following tri-parametric function

ov;
b ,0) 1= P )b 0) = P(lol) | 5
for any u,v,w € V. Thus, let us define (By(u,v),w) = by (u, v, w) for all u,v,w € Vo. Observe
that by (BI) the operator By(-,-) is well defined, cf. [5]. In particular, for v = v we write
Bn(u) :== By(u,u), i.e.

wzdaj

(B () = P(lulsa) [ 5w

In the same way, we define the operator T : V), — Vi, assomated with the shear tensor, by

(Tu, w) = /QS(Du(m)) : Dw(z)dz,

for all w € V,,. Observe that by (I2) for p > 1, we have that (Tu,w) < es||1 + p|Dul|[5~" | Dwl|,
for any p > 1. Then, the operator T is well defined.

Theorem 3.1. Let us consider N, M > 0 and u,v € V. Then, putting w = v — u, the following
inequality holds

3/2 2 2 2
(Bar(v) — By (u),w)| < (1+d)M|wl{5 [wly? + |M — N|[lo]l1 2]lw]l /s [w]y>.

3/2),11/2.

In particular, for M = N, we get |(Bn(v) — By(u),w)| < (1+ d)N|lwll}’;
the special case M = N, we also get

|w|y'~. Moreover, for

N+ 2l o = ull 2l

(Bx(v) = By (u),¢) <
lollnz + 2lullie] o = wlh 2@l

forall p € V.

Proof. Adding (B (u,v),w) and £Fn(||ull12)(B(u,v), w), and taking into account that b(u, w, w) =

0, we deduce that
(Bun(v) — By (u),w) = (By(v), w) — (Bar(u, v), w) + (B (u, v), w) — (By(u), w)
+ Fn(llulli2)(B(u, v),w) — Fn(([ull1,2){B(u, v), w)
= Fu(([vll12)(B(w, v), w) + Fy ([|lull1,2) (B, w), w)
+ [Fu(vlhz) — Fn(lull2)] (B(u, v), w)
= Fu([[vlh2)(B(w, v),w) + [Fa(vll1,2) = Fn(llull1,2) (B (u, v), w)
=1 + 1.
For I;: by the interpolation inequality for n = 3 (for n = 2 we use the Ladyzhenskaya inequality),

we have |Jwl|4 < d|wl; ]w”i’/; and applying the Young inequality, we have

Av;
I, < FM(HUHLQ)/ Wi Lwgdr < dM [[wl¥3 ]y,
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For I: it follows from (B]) and Lemma 2] that

I < [Fa(olln2) — Fn(lull2)] lulln ool olwl3 wllZ,
< Eu(vll2) Fn((lull12)
- N
< Milw|[¥5 lwly + 1M — Nl[ollzllwlys wly.
On the other hand, for M = N, let ¢ € V, then
(By (v) — Bx(w),0) = F([o]12) (B(v — u,0),0) + Fx([vll1.2){B(u, v — u), )

+ [Fv(llelle) = Fx(lulh,2) | (Blu,w), o)

1 3 1/2 1/2
[ullv2llvlln2lwls Jwllf o + M — Nl[vl1,2lwly leh,/g

{ Nilo = ullallella + lullallv = ull2llella + [[o = ulf12]ullafl#]l4
=L v = wllallvllizliela + llullallo = wllizllells + llo = ullu2lfullalells

N+ 2lfulla] o = ull el
ollz +2lulls ] o = ulellellyz:

Therefore, we get

N+ 2lfuls | o = ulls el

(Bn(v) — By(u), ) <
[vll1,2 + 2||U||1,2} v —ull12llell1,2,

for all p € V. O

Definition 3.2. Let p > 2, T € (0,+00), f € LY(0,T;V,), and up € H. A weak solution to
(MLM) is a function u such that

0 *
w e L>(0,T; H) N L*0,T; V¥ N LP(0,T;V,) and a—;‘ € |L*0,T; V3 N LP(0,T; V)|

and also satisfies the following weak formulation

<<%(t),v>>* + N7 (u(t), v)) + (S(Du(t)), Dv) + (Bn(u(t)),v) = (f(t),v), (3.2)

for allv € V3, a.e. t € (0,T), and u(0) = ug, where the first term ((-,-))« expresses duality
between (V3)* and V3.

Remark 3.3. If u is a weak solution of (MLM), then u has a continuous representative, i.e.
u € C([0,T); H). Therefore u evaluated at initial time t = 0 makes sense in the definition of
weak solution. Furthermore, the following energy equality holds
9 [t t t
u®B+ 5 [ NulEadr+2 [ [ 8(Du)s Dudadr = fu(o)f +2 [ (7). ulr)ar,
s s JQ s
forall 0 < s < t.
On the other hand, the weak formulation given in [3.2), is for elements v € V3 (test functions)

and not forv € V3N Vp, since we are working in dimension n € {2,3}, and therefore V3 e Vp
for allp > 1.

Now, we are going to prove the continuous dependence with respect to the initial data and
to the parameter N > 0, associated with the artificial smoothing dissipation and the cut-off
function, of the problem (MLM). As a consequence, we obtain the uniqueness of the weak
solutions.

Theorem 3.4. (Continuous dependence) Let us consider p > 2, f € L%(0,T;V,), N,M > 0,
and ug,vg € H. Let us denote by u™ (t) = u™N (t;uo) and v™(t) = vM(t;vg) the weak solutions of
(MLM) corresponding to the parameter N and the initial value uy and to the parameter M and
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the initial condition vy, respectively. Then, there exists a positive constant Cyy such that for all
t > 0, the following inequality holds

! 1
(0) =¥ 0 < oo~ wlf+ 1M - N [ (IR + gzl G )ds - 33
Proof For simplicity we denote u = v and v = v™ and w(t) := v(t) — u(t). Then, w satisfies
5 dt|w|2 + (MY — N7y, w)) + (T(v) — T(uw), w) + (B (v) — By (u), w) = 0. (3.4)

Then, it follows from Theorem Bl that
3/2 1 2 1/2 1/2
(Bar(v) — By (u), w) < (1 + d)M][w]|¥5 Jwly + [M = N|[[v]l12lwlls lwly

<1 + 1.
For I: Applying the Young inequality
8/21,11/2 < 33§
L= (L Ml el < i+ 2 1+ d) A,
1

For Iy: Applying the Young inequality

172, 12 _ 1
I = |M — N||o||,2llwllys Jwly® < §|M NP ||v||12+—||w||12|w|2

1 2] 2
< —IM = NP||v|? 5 + —5 ||w||? 5 + 2|w)|?.
< G = NPl + el + J2 ol

On the other hand, observe that

(%0 = N7, w) = M () + S ().

Estimating the term %((u, w)), we have

IN — M|? _
| < Sl + 2wl (3:5)

Therefore, from I, Iy, the Korn inequality, ([84]), and (33]), we deduce
[N - MP

d
Sl < M = NPl + S

lull3 2 + Carlwl3,

where C)y = max {5 3308(1 + d)4M4}.

vy’ 41/:13

Then, by the Gronwall inequality,

t 1
(0~ w08 < oo = ol + 1M = N [ (M6 + gz 918 )ds .
for all t > 0. O

Remark 3.5. It should be moted that, if we do not use the artificial smoothing dissipation,
N=1A3u, in (MLM), the continuous dependence on the initial data and the parameter N > 0,
is maintained, obtaining the following inequality

¢
M (1) =N (1)} < eCMt{Ivo —ugl3 + M — NIQ/0 ||vM(s)||{2ds},
for allt > 0.

Corollary 3.6. Under the conditions of the previous theorem, if (N,ug) — (M,vo) in Ry x H,
then u™ (-, ug) — vM (-, v) in C([0,T); H), for all T > 0.

Proof. This follows directly from (3.3]). O

Theorem 3.7. (Eristence) Let us consider p > 2, T'> 0, ugp € H and f € LY(0,T;V,’). Then,
there exists at least one weak solution of the problem (MLM).
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Proof. Let us consider the set {w,}%; C V3 formed by the eigenfunctions to problem
((wy,v)) = A\p(wy,v)  forall v € V3,

which are orthonormal in H and orthogonal in V3. If v € W32(Q)" then Vo € W22(Q)"* and
therefore W2(Q)" — L*®(Q)" since & — 2 < 0, with n € {2,3}. Consequently, for all p > 1
we have Vv € L2(Q)" and V3 < V.

Let us define the Galerkin approximation u,,(t) = Zy}" (t)w,, where the coefficients y™(t)

solve the following system

{ & u1,10) + (8, 05)) + (T (), 05) + (B im0, ) = @ 03), 3
um(o) = Pmuo,

where 1 < j < m, and P™ is the orthogonal projector of H onto the linear hull of the first m
eigenvectors {w;}7"; with

P™ug — ug in L*(Q)". (3.7)

It follows from [19, Theorem 3.4, p. 287| that the system (B.6]) has one solution y™(t) =
(Y™ (t), ...,y (t)) defined on the interval [0,t,,) with 0 < ¢, < T. From a priori estimates we
will deduce that t,,, = T. In fact, we multiply the j—th equation of the Galerkin system (3.0])
by y;"(t) and add the equations. Thus, the result can be written in the form

1d

2dt|um( I — ||um( ||32—|—/S Duy,) : Dupdx = (f(t), um), (3.8)

since by (u, u,u) = 0.
By (L2) and applying Korn inequality and Young inequality, we can find a positive constant
k1 > 0, such that

d 2 2cov CoV
g7 3 5 e (12 + 5= Vel + 2 [Vl < k7O

where 117 + % = 1. Thus, integrating from 0 to ¢, we deduce

202 1 Colg

t
o9 + 2 (I d < a1 [ 1760z,
(3.9)

on @+ [ | Sl (61 +

0

Then, we conclude that ¢,, = T, for all m € N, and the sequence {u,,}5°_; is bounded in
L>=(0,T;H),LP(0,T;V,) and L?(0,T;V?3).
Let us denote by Y = LP(0,T;V,) N L*(0,T;V3). Thus, by definition, we know that

[P o ({22 v vt =)

Thus, it follows from the equation that

T
(G )y = [ (= 5l 0) = (6(Dw). Do) = (Brta)) + (F))de g )
=] + 1y + I3 + I .
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Estimating each term, we have that

-1
Iy < N7 lumllz20,mv3) @l L2 (0,75v3)

T
I < 03/0 11+ u DuIEH 1D () llpdt < C3(1+ Nl o guve ) el Lo 0,727

T T
I < /0 Fn(llull1.2) /Q tg| [Vt | et < N /0 lumllallelladt < Nlumllz202m el 2207302

Ly < [[fllzs v llellzeorv,)-

Therefore, the sequence {%L—;” ::1 is bounded in Y*. Then, by the compactness theorems,

the Aubin-Lions Theorem and the monotonicity of the operator T, it follows that there exists a
subsequence of {un,}5°_; (not relabelled) such that

U — U in L*>(0,T;H),

Up —> U in L"(0,T;H) forallre (1,00)

Uy, — U in L2(0,T;V?) (3.11)
an Q4 i [L(0,T3V,) N L2(0,T;V3)]

T(um) — T(u) in L(0,T;V,).

To be able to introduce the limit in equation (B.6]), it is necessary to have the following
convergence

U (t) = u(t) ae. t € (0,T) in Vs,

which is true for the convergences given in (BI1]). Then, with this last convergence, by linearity,
density, and following the same reasoning as [5, Theorem 7| we can prove that

T T
/ (BN (um(s)),v)ds "= / (Bn(u(s)),v)ds for all v e V3. (3.12)
0 0

Then, u is a weak solution of (MLM). O

4. REGULARITY OF WEAK SOLUTION

This section is devoted to study the regularity of the weak solutions of (MILM). For this, we
will assume that the shear tensor S : ]R?;m — ]R?;m has a potential, e.g. [6], i.e. there exists
® € CH(R™™; R, ) with

9p®(B) = S(B),
B(B) : (C©'C) > wi(1+ p|B)P2(CP2, (4.1)
030(B)| < cani (1 + | B2,

Observe that this means control from above and below for ®(B) for any B € R"*", namely

esvi(1+ | B))" 2| B2 < ®(B) < con (1 + ul B} *|BJ. (4.2)

It should be noted that if the tensor S satisfies ([4.1]), then it also satisfies (L)) and (L2), cf.
[19, Lemma 1.19].

Theorem 4.1. (Regularity) Let us consider p > 2, T > 0, ug € H and f € L*(0,T; L*(Q)"),
and also suppose that the shear tensor S has a potential. Then, the weak solutions of the problem
(MLM) have the following regularity

0
u€ L®(e,T;V,) N L®(e,T; V?)  and 8_:: € L*(e,T; H),

for any 6 > 0. Ifug € V3, then € = 0.
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Proof. The demonstration will be carried out for n = 3 and the calculations presented can be
justified by using the Galerkin approximation of the weak solution. Thus, using “ as a test
function in the weak formulation, we have

R e O B R ) e

Since the shear tensor, S, has a potential, we deduce that
ou 0P ou 0P 0
— = il — |dz = Du)—(D;; d
<S<Du)’D<8t>> QﬁDij(Du)DJ<8t> x QaDij( u)f)t( j(u))da

d d
=% /Q ®(Du)dx = aHQJ(Du)Hl

Now, from (IE{I) and the Holder inequality, it follows that

i 2N dt

Now, let us denote by © := 55 ||ull3 5+ [|®(Du)||1. By the inequality [@.Z), there exist positive
constants kg and kg such that

ksllullf,, < [|2(Du)lly < ko(L+ [[ullf,), (4.5)

which implies that there exist positive constants cg and cg, that are independent of N > 0, such
that

|| ||32+ ||<1>(Du)||1 < f3+ Fi(llull.2) / [ul?|Vul*dz. (4.4)

1 9 1 2
os (5 lullds + Il ) < © < eo(1+ g llullo + [l ). (4.6)
In what follows, we are going to identify three cases: p > 3, 12/5 < p < 3, and 2 < p < 12/5.
2
o p > 3: It follows from the embedding Wh2(Q)3 — LPTPQ(Q)g’ that

1|0u |2
35+ G < VB [P ITulds < 1+ cralul JulR
Denoting by U(t) := 1+ ©(t), we observe that % = 92 Then, it follows from (&), that
1)0u
= Coud*/?. 4.7
28ti+dt_|f|2+2 4.7
Now, if 4 < p, then U*? < U, since U > 1. Thus
|f|2 + C2u

dt =
Integrating from s to ¢, we obtain that

T T
Z/{(t)SU(s)—i-/O |f(9)|§d9+02/0 U()db

Again integrating in s € [0, ], we get

T T T
Uiy <+ /0 U(0)d0 + /0 1£(0)2d6 + s /O U(6)db,

Thus, for 0 < & < t, we have that
1 [T T T
Ut) < g/ Uo)do +/ |£(0)|3d6 + 02/ U()do
0 0 0

for all e <t <T. Note that everything on the right-hand is bounded.
Now, if 3 < p < 4, let us consider u = (2p — 4)/p, then p € [%, 1). Multiplying (&1) by U+~ 1,
we obtain that

d 3 ~ ~
poe ) <\ fBUM 4+ Gt < |3+ Cod,
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since U*~1 < 1. Now, by integration, we get

U () < " (s) /|f |2d0+02/ U(0)dO < ud(s) /|f |2d0+02/ U(6)db),

since Y > 1 and p < 1. Again by integration into s on [0,¢] and considering 0 < & < ¢, we have

UM (1) < (6*2+§) /OTL{(G)dGJr/OtIf(H)@dG.

Thus, we conclude the boundedness of U(t), as before. Then, putting all the inequalities together,
we arrive at that u € L>(g,T;V3) N L>(e, T; V,) and % € L*(e,T;H), for all ¢ > 0 and p > 3.
e 12/5 < p < 3: By the interpolation inequality, we have

_6 5p—12
5p—6 5p—6

[ull2p/(p—2) < dlfully, " uly™

where d is the constant of interpolation that depends on 2 and p. Then, the right-hand side of
(@4)) can be estimated as

16—-5 5p—6 2(5p—12)/(5p—6
el pllal3 -2y < @ ulllullf5° 5O fu 3O 12/ 5=

< d_@H HP(IG 5p) /(517—6)|u|§(5p—12)/(5p_6)'

Thus, we have that

do crd? (16— 6), 2(5p—12 —6
dt _|f|2+ 7 @H ”Pl 5p)/(5p— | ‘2(517 12)/(5p )'

Integrating, we get

0+ '2d9+cw/ O0) [u(B) [} O u(0) 571/ Oap,

for all s € [0, t], where ¢j9 = C7

p(16—5p) 2(5p—12)
00 < (06)+ [ 1(@)a0) x exp (e [ 1@l @), 7 o).

for all s € [0,T]. Now, given £ > 0 such that ¢ < T and integrating in s, from 0 to ¢,

p(16—5p) 2(5p—12)
( / O(s)ds + / (0 \2d9> X exp <010 / @)l 7= Ju(®)], d9>,

for all ¢ > . Observe that all terms of the right-hand side of the above inequality are bounded.
In fact: we know that u belong to L?(0,T;V3) N LP(0,T;V,) N L>(0,T; H), and to conclude,

t p(16—5p)

only remains to prove that w(r)|l; 7 dr < oo and (5p — 12)/(5p — 6) > 0, what is true
1,p

0
since p > 12/5. It should be noted that, from (39]), the right-hand side of this last inequality
does not depend on N, only depends on ug € H and f.
e 2 < p < 12/5: In this case we can use the embedding V3 — L2P/(P=2)(Q)". O

Remark 4.2. [t is easier to have an estimate for case p > 3 using the properties of the cut-off
function. Indeed, by the Sobolev embedding Vo < L%()3, we have that

2 21, |2 2 201,112 20,112 20,112
FN(HUH1,2)/Q ul*[Vul"de < Fy([ulli2)[ull§llullis < N7llulliz < N7[ulli -

Thus, it follows from (AH6l), that

10u |2
210t dt —
Since p > 3, everything continues analogously.

Y\ Ol < g+ G
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Theorem 4.3. (Extra regularity) Let us consider p > 2, T >0, ug € H, f € WH2(0,T; L>(Q)"),
and also suppose that the shear tensor S has a potential. Then, the derivative in time of the weak
solutions, of the problem (MLM), have the following reqularity

% e L®(e,T;H)NL*(e,T;V?) for alle > 0.

Proof. By differentiating the first equation in (MLM), with respect to time, we get
O*u ou 2 ou d
52 —A <8t> div <8D<I>(Du)D<E)> + E(FN(HUHM))B(UH‘
0 oP of
+ vl (B0) +9(5 ) = 5.

where, by ([B1]), we know that
B(u) = div[u ®u],

and therefore
0 . [ou ou
E(B(u)):dw[at@u—i- ®8t]

0
Multiplying the above equality by a—Q:, we obtain

S fmonn(%) o()e

ci(FN(Hqu?))/Q(U®U)iV%dm (4.8)
JWMMM(@®%»WW

ot =~ ot
_ (9 ou
S \ot’ ot )’

1d|oul®
2dt| Ot |,

since, thanks to (B.]), we know that
ou ou
[ (Gren):v(5)w=o
ou ou ou _ Ou
/Q<U®E> V<E>dm——/ﬂ<a® 8t> Vudz.

On the other hand, using the properties of ® given in (4.1]), we obtain

(g“) da;</8D Du)D(?Z) -D(%)dm.

1/1/ (1+M\Du|)p_2
Q
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With this and (Z8]), we have
d |ou|?

el e 1 @ i + D(@u) i i(F (|| ))/(u@u) Vd dx
2dt|ot|,  N|ot P\ )|, T vtiin2)) dt
8u ou 1oul* 1 af 2
< il
< Evlllvlz) | 55 © 57 Ve @y 2|ael, ™ ‘(‘% )
< Fx(lullis) /‘ i vulda + ouf 1
8t 8t
oull*  1|0ul?
< —_ —
Ex(llulli2)liullz| - (% , ‘8:5
1| ouf
2|0t |, 8t
On the other hand, it is simple to show that |FN( s)| < N . Thus, we deduce that
d d ou N ou
+— | F +F <|F Y o
o (Ev(lul2) = £ (lul.2) 5 (lulh) < N<Hu|!12>\‘vat o Tl | ot
With this last inequality, we obtain that
d du d ou
V—dr < |— oy
s (b)) e v5ide < |G ()| [ w5 i
N 8u ou
< |V, IIU||4||U||12
[ullf 2 ot
oo i
ot |, Ot ||,

where ¢ is the constant of the immersion W12(Q)" — L*(Q)™. Then, putting all these estimates
1]0u|?

together we arrive at
ou
D= il R
(875) 2|0t |, ' ot |y

1d|ouf 1ou)®

2dt| 0t |,  N| ot

By the interpolation inequality for n = 3 (for n = 2 we use the Ladyzhenskaya 1nequahty),
we know that | H4 <d 8“ ;/4| 8“H3/4

2
+

151

RN R )

Then, applying the Korn and the Young inequalities,

there exist positive constants ¢ and ¢y, such that
d|ou|? ou||? ou||? | oul?
— =7 = 2| 37 < CN|7=7 ar
dt| ot |, Ot || 5 It ||, otl, |ot|,

ou

2 8’1,L 2
< |Z= =
df < | (s) T (9)

1,2

Integrating from s to ¢, with 0 < s <t < T, we have
2 t 2 T
0
au 9) do + 52/ Y + EN/
3,2 s T 2 ) 0
of
+/ —=(6)| db.
o |0t 7]

— (0

5 0)
Integrating this last inequality in s, between 0 and ¢, we obtain
ou, | 1+4ent ou Tlof 2
—) < d do
Gt()z_ t /0 875() S+/0 8t( )2 ’
for all 0 < ¢ <T'. In particular, for any € > 0, we have that

ou . |? 1+¢enT ou
= <
o] < 0L |t as [

of
o)

d0,
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for all ¢ <t < T. Thus, % € L*®(e, T; H) for any ¢ > 0 small enough.

In the same way, it follows from (1), for any £ > 0,
= ]2 :2d9+62€ /: o Cw<s 2 dods
< (1+5NT)/0 ‘;1:(9) 2d9+T/OT g—{(e) 2d0.
Then, we have that
/ET (‘%(9) ;+'%(9) : >d9<%/0 ?;(9) a6 + cjve/o g{( )| . (410

for any ¢ > 0, where é; ;v = min{2/N,é}. Then, we have that 7 belong to L2(€ T;Vs) and
L?(e, T; V3) for any € > 0. O

u

Remark 4.4. With this last estimate, observe that, using
formulation, we have

Pr(lulha) | w- St < Fulullellulea) 57, < Vlala| 5], < Nulie] ]

as a test function in the weak

1,2
Now, from ([@4) and the previous inequalities, it follows that

110w 2 1 d

1
ol ®(D <z 2
L2 g+ LoDl < 10 + s + 2| 2 2

From this last inequality we obtain, in particular, that

S lu @3+ 12(Du() <5 Ju(s)[B + 12(Du(s))

w3 [ (1@B+ 3@, + |20 )

for all s € [0,t]. Thus, for e > 0, integrating in s, from € to t,

a0 B2+ 19Du)ls < 7= [ (gl e + 19(Du) ) ds + Mit.e). (@11

for allt € (¢, T, where

Mt e) = / (1F@B + N?u(@)]22) a0 + | %@Hig

Observe that all terms on the right-hand side of the above inequality are bounded.

5. CONVERGENCE TO WEAK SOLUTIONS OF LADYZHENSKAYA MODEL

In this section, we explore the convergence of the weak solutions of problem (MLM), as a
sequence of the parameter N, of the cut-off function that accompanies the convective term and
the artificial smoothing dissipation of the modified equation. This convergence will lead to a
weak solution for system (LM) when p > 1+ 2n/(n+2). Also, we will analyze the convergence
of the Galerkin sequence given in (3.06), when the parameter N grows to infinity.

Theorem 5.1. Let p >2, N >0, T >0, up € H, and f € L] (R; V). Consider {uom}m—y C
H such that ug ., — up in H as m — oco. Thus, let {u,}55_, be the sequence of weak solutions
on [0,T] such that um(0) = ug m for each m € N. Then, there exists a subsequence of {um}>o_,

that converge to a certain function w, in the sense specified in ([BII)), such that u is again a
solution to (MLM) on [0,T].
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Proof. We know that, for each m € N, wy, = up,(+; ug,m) satisfies
1d
2 dt

since by (u, u,u) = 0. Thus, by (L2) and applying Korn inequality and Young inequality, we can
find a positive constant k; > 0, such that

—lum(@)[3 + N7 uml3 2 +/ S(Dum) : Dumdz = (f(t), tm),

202 2] Colg

2 2
il B+ e B =5 w2 + 5 < Rl

where 117 + % = 1. Thus, integrating from 0 to ¢, we deduce

t t
O+ Cov [ [l (B + (I + a(s) 12, s < ol + 1 [ 52,

where C), y = min {2]\7 1 2‘302(2)” L C%§2

We obtain that {u,,}>°_; is bounded in L>(0,T; H), LP(0,T;V,), and L?(0,T;V?), and the
sequence {a“’" fnozl is bounded in [LP(O,T;VP) N L?(0,T; V3)} . Then, by the compactness
theorems, the Aubin-Lions Theorem and the monotonicity of the operator T, it follows that

there exists a subsequence of {u;,}5°_; that converges to a certain function u, in the sense
specified in (3.I1)). Thus, in the same way, as in the Theorem B.7], we conclude the proof. O

Theorem 5.2. Given f € L1(0,T; Vp*) and ug € H. We know that the Galerkin approximation
of (MLM) depends onm € N and N € Ry. Then fitedm € N, if p > 142n/(n+2), there exists
a subsequence that converges to the Galerkin approzimation of (LM) on [0,T], when N — oo.

Proof. Let us consider the Galerkin approximation of the system (B.6)), that is denoted by u/Y (t) =
S yN(t)w, € H™ := Span{wy, ..., wy,}. On the other hand, it is simple to identify H™ by
R™ and to identify w2 (¢) = (y¥ (¢),...,y) (t)) € R™ with ¢ € [r,T]. Then, observe that
m
2
um @ =3 o' )],
r=1
since (w;, w;) = d; ; for any i,j € N. Therefore, we can identify the norm in H™ with the norm
of R™. Thus, our goal is to fix the index m € N, and to study {uY} as a sequence of N.
It follows from (B.6)) that uY satisfies

1d
2 dt

since b(u,u,u) = 0. Thus, applying the Korn and Young inequalities, we can find a positive
constant k1 > 0, such that

DN R+ N Y2, + /Q S(DuY) : Duldz = (f(t),ul), (5.1)

262 %41

d N -1y, N N V2, N
@Iuml%fﬂ\f Hlumllz.z + == llublif 2 + z Jum T, <kl £114,

0
1,1 _
where > + i 1. Then

T T
N 2 2 N 1,2 N 2
OB + o [ (o) + Ik 5 + I (), ) s < fuolf+ b1 [ ()]s,
where C), y = min {2]\7 1 20622”1, gt } Then, we get
0 €

T
()3 < Juol? + ks /0 1 (s)]14ds. (5.2)

It follows that the sequence {u%} ~ is uniformly bounded with respect to NV, also with respect to
N
m, in C([7,T];R™). In the same way as (310, is possible to show that the sequence {agt } is
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uniformly bounded, respect to N > 0, in L?(0,T; (V3)*), for p > 14 2n/(n + 2). Then, observe

that
W (1), v) — (@ (), v) :/:<<8;—;’X(0),v>>*d0§ /t

s

ouly
ot

O) o). IVl15208,

for all v € V3. Thus, we derive

ouly

ouly N 2 1/2
W(Q)H(vg)*d9> . (5.3)

) iy < [ |2 o) .

do < |t—s|1/2<

Therefore, {u }x is an equicontinuous sequence in C([0, T]; R™). It follows from Ascoli-Arzela
theorem that there exists a subsequence with respect to the super index N, again denoted by
{uX'}, which converges uniformly in C([0, T]; R™) to a function u° that belongs to C ([0, T]; R™).

Continuing, by definition of the eigenfunctions {w,} C V3, we have that

m
¥ O35 = [N O (wrwn) = 3 [N ()] A (wy, wr)
r=1

< Y N O) (wrwr) = Amlull ()3

Thus, we deduce that
[ul) (#)]3.2 < A2 [ul (t)]2,  for all N > 0.
Due to the immersion V3 <= Vp <= V3, we obtain the following relationship

1 1 1
> > ;
[ Ol = msE Oz = APrglul (D),

where k3 is a constant of the immersion V3 <= V5. On the other hand, observe that

N N
1> FN(Hu%(t)ng) = min {1, 7” N @] } > min {1, 7}
1,2

upm (1) e lupy (1132
N

> min< 1, —} >1 ifand only if N > AY2kslul (8)]o.
{ Aot sl (8)]2

T 1/2
Thus, by (5.2), if we choose Ny > A2k [|u0|§ + /-cl/ ||f(8)||2d8:| , we ensure that
0

En(ub(®)]l1i2) =1, for all N > Nj.

Note that the term N~ *uY) — 0 as N — oo. Therefore, we conclude that {uSS}°_; is the
Galerkin approximation for (LM)

Theorem 5.3. Given T > 0, ug € H, and f € Lq(O,T; Vp*) Let {u}}n C H be a sequence
such that ub — wg in H. Let uN(t) be the weak solution to (MLM) associated to the initial
data u) € H. Then, if p > 1+ 2n/(n + 2), there exists u € L>(0,T; H) N LP(0,T;V}) with
% € L9(0,T; V), such that (up to a subsequence)

uN S in L®(0,T; H),
uN —u in LP(0,T;V,),
uN—>u in L?(0,T;H), a.e. in H ande 0,7), (5.4)

oull oy, [L 0,7;V,) N L2(0,T; V?)

Also, u is a weak solution to (LM).
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Proof. Let us identify by u!¥(t) = u" (t;u)) the weak solution to (MLM) associated the initial
data u}’ € H. Therefore, our goal is to prove that {u’} converges to a weak solution of (LM)
as a sequence of N. Thus, it follows from (3.8) that vV satisfies

1d _
3 OF+ NI + [ SO DuVde = ()

since b(u, u,u) = 0.
Applying the Korn and Young inequalities, we can find a positive constant k; > 0, such that

d N N N N
e+ Con (e ll52 + ™15 + [ ,) < Fall F@11E,

1 1 _
where 5 + i 1. Then

T T
OB + o [ (V6B + I @I+ ™ (), s < W B+ [ 17 (5) s,
(5.5)

where C), y = min {2]\7—1, 2eam1 %} Thus, we have
’ <o €

T
N OB < 1 B+ /0 1 (s)]14ds.

Then, it follows from the uniform boundedness principle that the sequence {u™}y is uni-
formly bounded, with respect to N, in L*(0,7;H) and LP(0,T;V},) and {N-124NY} is uni-
formly bounded in L2(0,7;V?). Therefore, there exists a subsequence of {u’¥}y and u €
L>(0,T;H) N LP(0,T;V,) such that

uV Sy in L®(0,T; H),
ulV = in LP(0,T;V,) (5.6)
N='N =0 in L2%(0,T;V3).
Now, in the same way that (3.10), the sequence {%} is uniformly bounded in [Lp (0,T5Vp) N
L*(0,T; V3)] , with p > 14 2n/(n + 2). Then, we obtain

uN —wu in L%(0,T;H), a.e. in H and Q x (0,T),
A [LP(O,T;V;,) N L%(0,T; V3)} . (5.7)
T
Now, from (B.5]) we have that / Y (0)||%2d0 is uniformly bounded. Then, from [5, Lemma
0
12| it follows that

N—o0

En(|uMN(s)lli2) " =71 in L"(0,T;R), for any r > 1. (5.8)

Continuing with the proof, reasoning as in the theorem of the existence of weak solutions to
(LM), we have

t t
/ b(uN (0),uN (0), w)do — / b(u(6),u(0),w)ds, (5.9)
0 0
for all t € [0,7T] and for all w € V. Thus, our purpose is to prove that
t t
/ Fn(|[u™ (0)[)b(w™ (0), u™ (0), w)do — / b(u(0), u(f), w)do, (5.10)
0 0
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for all t € [0,T] and for all w € V. Therefore, observe that

T
| [Fx ™ @b 0. (0). ) = bu(6). (o), w)] o =
T T
- / [En (1™ ©) ) = 1] (™ (8), 1™ (6), w)as +/ (b (6), u™ (8),w) — b(u(8), u(6), w)| b
0 0
=1 + 1.
Note that, by (£.9), we have that Iy — 0 as N — oco. Now, for Ij

T
I = /0 vl 0)1) = 1]b(™ (0), u™ (9), w)db

< {/OT‘FN(HUN(H)”)—1‘pd9}1/p{/OT|b(uN(«9),uN(H),w)\qdo}l/q

< oM wlpd [ et - 11”d9}1/p{ [+ ||uN||ﬁ’,;1]qd9}l/q-

By the boundedness of the sequence {u™} in L°°(7,T;H) and LP(7,T;V,), it follows that

~ _11¢4
() < oo and [§ [1+ |u¥|F']"d0 < oo, where g = ;21 By G, fy |Fn(lu™(0)]) -

1‘pd«9 — 0 as N — oo. Then, we have that Iy — 0 for all w € V. Therefore, we conclude that

(5I0) holds. Then, it follows from (5.0), (5.7)) and (5.10) that
(u(t), w) +/0 (T(u(@)),w>d9+/0 b(u(f),u(d),w)dd = (uo,w)+/0 (f(0),w)do, (5.11)

for all ¢ € [0,7] and for all w € V. Then, by density argument, we conclude that u is a
weak solution to (LM). Furthermore, it follows from the variational formulation (5II) that
9u ¢ 190, T; V). O
Lemma 5.4. Given T > 0, ug € H, and f € Lq(O,T; Vp*) Let {ul'} C H be a strongly
convergent sequence to ug in H. Let u™(t) be the weak solution to (MLM) associated to the

initial data ul) € H. Then, if p > 1+ 2n/(n + 2), there exist a subsequence of {u’N'} (relabeled
the same) and u weak solution to (LM), such that

u™(s) — u(s)  strongly in H for any s > 0. (5.12)

Proof. Tt follows from the Theorem [5.3]that there exists u solution of (LM), with w € L*(0,T; H)N
LP(0,T;V,) and % € L9(0,T;V,), such that the sequence of weak solutions {u’V} of (MLM)
(up to a subsequence) converges to u in the sense specified in (5.4). Now, observe that {u®}
is equicontinuous in (V3)* on [0,7] (in the same way that (5.3)) and that {u"} is bounded in
C([0,T); H). Therefore, by the Arzela-Ascoli Theorem (up to a subsequence) we have that

u™ = u  strongly in C([0,T]; (V3)*).
Since {uN} is uniformly bounded in C([r,T]; H) we get
u™(s) = u(s) weakly in H for any 0 < s <T. (5.13)
Now, since the estimate

2B <les)E +2 [ "(F(0), 2(0))db, 0<s<r<T.

holds for z = u and z = u/V. Thus, the functions Jy,.J : [0,T] — R defined by
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are non-increasing and continuous functions, and by (5.4]), we have that

In(r) = J(r) ae re(0,T).
We affirm that Jy(r) — J(r) for any r € [0,T]: Indeed, let us consider a fixed t* € (0,7] and an
increasing sequence t,, — t* such that A}l_]}rnoo JIN(tm) = J(ty,) for all m > 1. Thus, given € > 0
there exist M, K > 0 such that

T () — J()] < % form > K, and |Jy(tx)—J(tx)| << for N> M.

€
2
Since Jy is a non-increasing function, we have that

IN@E) = J(t*) < |In(tr) — J(tr)| + | (tx) — J(t*)] < €

for all N > M. Then, we get limsup Jy(t*) < J(¢*). Taking into account that
N—o0

/ (), u™ (0))d0 — / (F(6), u(0))do),
0 0

we deduce that limsup [uY (¢*)| < |u(t*)|. Thus, it follows from (5.13)), that

N—o0
limsup | (#*) — w(t*)|2 = limsup [ (t*)3 — 21lim inf (u™ (¢*), w(t*)) + lim sup |u(t*)|2
< Ju(t)[3 = 2lu(t)[3 + [u(t*) 3 = 0.
Then, we conclude that (5:12) holds for all s € [0,T]. O

6. EXISTENCE OF GLOBAL ATTRACTORS

In this section, we study the dynamics of the solutions of the modified system (MLM),
showing the existence and regularity of global attractors. For this, let us consider p > 2 and
the external force f € L2(Q)". Then, given N > 0, fixed, the existence of weak solutions is
guaranteed thanks to Theorem .71 Thus, let us define the following single-valued map on H by

SN():Ry x H—= H with  SY(t)up = u® (t;up), (6.1)

where u® (t) = u™ (t; up) is the unique weak solution to (MLM) associated to the initial condition
ug € H. Thus, it follows from Theorem B.4] and Theorem B.7] that the map S™(-) is well defined
and is a continuous semigroup on H, i.e.

(1) $7(0) = Idg,

(2) SN(t+5) =SN(t) o SN(s) forall t > s >0,

(3) For all t € R, the mapping S™(¢) : H — H is continuous.

Theorem 6.1. Let p > 2, f € L>(Q)" and ug € H. Let v’V be the unique weak solution of
(MLM) associated to the initial condition ug. Then u” satisfies
W™ (t)]2 < R(t) vt >0,

and

) t N ) t+1 N 5 t+1 N ) )

¥ | a0 [ R ads 4wy [ () s < RE = 1)+ 6511,
t— t— t—

_ cu) _ 2 _2 200\ p—exytly 12 4 2] £[2
for allt > 1, where ¢y, = CQ’;#, Ko = Cfg"l, Kp = % and R*(t) = e~ '|ugl3 + ¢, 7| f[3.

Proof. Tt follows from (3.8) that u satisfies

d N2 2 N2 C2V1>\1 N2 2021/2 N
— w3+ w5 s lu o+ > [ |7, <
& 0
where A; is the first eigenvalue of —A. Denote by ¢y, = <=t 1)‘1 . Then (6.2]) reduces to

|f15, (6.2)

cu)\

22 N

%

d, N2 2 N
%\U 2+ onfulz + HU ”32+ » =Cy H1f113-
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Multiplying by et
d 2021/2 _
L et u¥ ) + S, 4 22 ot < e
0

Therefore, we deduce that
W (1) < e ugl3 + | f13-

Corollary 6.2. The semigroup SV(-) : Ry x H — H is dissipative.

Proof. Let us consider By = {v EH:|vp<1+ 0;12|f|§} Let D be a bounded subset of H. It
follows from Theorem [6.1] that there exists to(D) > 0 such that

e N ugly <1,
for all ¢ > tg(D) and uniformly for any ug € D. Thus, we obtain the following inequality
|SN (t)ugla < 0o for all t > to(D) and ug € D,
where 03 = 1+ 0;12\ f13. Then we conclude that
SN(t)D c By forall t>to(D).
O

Remark 6.3. It follows from Theorem [61 and Corollary [6.2 that, given any bounded subset
D C H, there exists to = to(D) > 1 such that

t+1 t+1 t+1
/ ()l s+ / () s+ / () yds <o for allt > to(D),
t— t— t—

Q()+CA1 ‘f|2

where 01 = min{2N 1 ko,kp}°

Theorem 6.4. Consider p > 2, N >0 and f € L?>(Q)". Then, given a bounded subset D C H,
there exist tg = to(D) > 0 and positive constants o2, 03,04 and g5, which depend on p, N and
the norm |f|a, such that any weak solution u™ (t) = SN (t)u € SN (t)D, satisfies

t+1 8’U,N 2
—_— ds < 09:
I, Pl o<es
ulv

2
— ()| < os3;
ot ( ) ) =~ 03
t+1 8UN
— df < o4;
/tN 28t N7
[u )32 + [u™ @OF, < o5,

(6.3)
2

9)

for allt > ty(D) + 1.

Proof. Tt follows from Theorem 1] and Remark [6.3], that there exist g > 0 and ¢ty = to(D) > 1
such that

1| gV 2
/ O ) ds <00 W > to(D). (6.4)
-1 | Ot 2
On the other hand, by (£9), we obtain that
oulv oulN | |? Yo 2
— ()| <|—= Gy N2 —(6)] db.
o D) = @), e /S at |,
Therefore, integrating in s, from ¢t — 1 to t, we get
oulN | |? tolouN P
— )] <[1+4é&N? ——(0)] do.
G| <vant [ %Ee)
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Thus, it follows from (G.4]), that

ouN
e (t)

< o3 Vt>ty(D), (6.5)
2

where 03 = [1+ é&N?]go. Again, by ([@J) we obtain that

t+1 2 t+1
G2 / + G N? /
S 2 S

Now, integrating in s, from ¢ — 1 to ¢t + 1, we have

2 2

do.
2

ouly

oulN
W(S)

- <
5 dfds <

1,2

UN
Q ()

t+1 N 2 t+1 i+l N 2 14928, N2 [tt+l N 2
/ O oy an < / / O o dods < i/ 9 )| ao.
t ot 1,2 t—1 Js ot 1,2 C2 t—1 ot 2
Thus, it follows from ([6.4]) that
11 9oV 2
/ @) do<oi Vt>to(D), (6.6)
¢ ot 19

where g4 = %. On the other hand, in the same way that (ALI1]), we obtain that
o @ + o0 @)l < [ (10 (1B + D (o))
2N 32 = )iy \2N 32

t
t—1

vy [ (B I @1k + ]| 0, ).
Thus it follows from (L5]), Theorem [6.1] Remark 6.3 and (6.6]) that
™ @O 32 + [ OIF, < 05 ¥t > to(D) + 1, (6.7)

max{ﬁkg,%}
min{ﬁ,kg}

where 05 = (1 +fE+ o1+ Q4)- U

Remark 6.5. If we denote by By, = {v € V,, : ||v|]l1p < ¢/05}. Then, it follows from Theorem
that given a bonded subset D C H, there exists to = to(D) > 2, such that

SN(@)D c By, Vt>ty(D).
Corollary 6.6. The semigroup SN (-) : Ry x H — H is asymptotically compact.

Proof. Let us consider the bounded sequence {x,,} in H and ¢, — oco. We will prove that the
sequence S(t,, )T, has a limit point in H. In fact, by Remark there exists mg € N such that
the sequence {SN (tm)Tm} is contained in By, for all m > myg. Since By, is a compact subset of

H. Therefore the sequence {S™ (¢,,)x,,} has a convergent subsequence at H. O

Theorem 6.7. Let p > 2, f € L>(Q)" and N > 0. Then, the dynamical system (SN(-),H) has
a global attractor A%. Moreover the set-valued mapping N — A% 1S upper semi-continuous,
i.e.

dist i (A% ,AZ) 50 as M — N, (6.8)
where disty is the Hausdorff semidistance on H.

Proof. The asymptotic compactness of semigroup SV (-) is given by Collorary and the exis-
tence of an absorbent set follows from Collorary Therefore, the existence of a global attractor
for the semigroup SV () follows from Theorem [[L1l Finally, (68) follows from (33)). O
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6.1. Regularity of the global attractor. Now we study the dynamical behavior of the so-
lutions of system (MLM) in the Hilbert space V3, in the same way, it can be studied for the
spaces Va, V).

Proposition 6.8. (¢f. [I, Theorem 1.6, pg. 21]|) Let X andY be Banach spaces, with X reflexive
and X =Y. Ifu € L®(1,T; X) N Cyu([1,T],Y), then u € Cy([7,T], X) and u(t) belongs to X
for allt € [1,T].

For this purpose, we are going to restrict the semigroup S™(-), defined by (G.I)), to the Hilbert
space V3. Namely, by Theorem [5.2] all solutions to problem (MLM), u™ () = u™¥ (¢;uq), belong
to the space L (e,t;V3) N C([0,t], H), for any € > 0 and for all ¢ > e. Then, it follows from
Proposition that the single-valued map SV () is well defined on V3. Thus,

SN (t)ug = uN (t;ug)  with SN(): Ry x V3 = V3, (6.9)

where u'V (t) = u™ (t; up) is the unique solution to (B:6) associated to the initial condition ug € V3.
Moreover, SV (-) is a semigroup on V3, i.e.

(1) SV(0) = Idys,

(2) SN(t+5) =SN(t) o SN(s) for all t > s > 0.

Theorem 6.9. The semigroup SV (-) : Ry x V3 — V3 is a closed semigroup on V3.

Proof. Let us consider the sequence {u,, } that converges to u in V3, and suppose that S™ (t)u,, —
v in V3. Then, by Theorem B4 we know that SV (t)u,, — SV (t)u in H. Therefore, from the
uniqueness of the limit it follows that v = SN (¢)u. O

Corollary 6.10. The semigroup SV (-) : R, x V3 — V3 is dissipative.

Proof. Let us consider Bys = {u € V3 : ||lu|js2 < /o5}. Let D be a bounded subset of V.
It follows from Theorem that there exists tg = to(D) > 0 such that SV (t)D C Bys for all
t > to(D). O

Lemma 6.11. The semigroup SN (-) : Ry x V3 — V3 is asymptotically compact.

Proof. Given a bounded sequence {u,,} in V3 and t,, — +o0o as m — oo. We will prove
that the sequence {S™(t,,)u,} is relatively compact in V3. Abusing the notation, denote by
Um = SN (tm)um. Observe that, by inequality (6.5]) the sequence {a“’" (tm)} is bounded in H,
ie.

‘8um

T, < (010

Besides this, by (6.7) the sequence {uy,} is bounded in V5, V,, and V3.

Since the semigroup SV (-) is asymptotically compact in H, without loss of generality we can
suppose that the sequence {u,,} is a Cauchy sequence in H. Thus, from the p-coercivity of S
given in ([ILTJ), the Korn inequality and the Theorem [31] we have that

1 021/1 Col9 1
Nllum — w30 + =5 2 [, — gl o + z [tm — ugll}, < IIUm — w32
+ (S(Dum) — S(Dug), Dty — Duy,)
ou,,  Oug
= =, T A Um — —«(B ms Um ) — B 5 s Um, — >
( 5 T , U uk) < N (U, Uy N (g, g )y w U,
ou,,  Oug 1/2

< 7__\ [ty — g2 + (1 + d)N |y — g} |t — il

< 203U, — ugl2 + 23/2(1 + d)NQ5/ [, — gy 2

Therefore, the sequence {u,,} is also a Cauchy sequence in V3, so we conclude that the semigroup
SN(-) : Ry x V3 — V3 is asymptotically compact in V3 (it is also in V2 and V},). O
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Theorem 6.12. Let p > 2, f € L*(Q)"™ and N > 0. Then the dynamical system (SN(-),V?’)
( (SN(:), V) and (SN(-),V2)) has a global attractor Ay, in V3 (Agp in V, and A{)g in Vo).
Moreover

Als = AV = Ap, = AR (6.11)

Proof. The asymptotic compactness of semigroup S (-) is given by Lemma[6.ITand the existence
of an absorbing set follows from Collorary Therefore, the existence of a global attractor
for semigroup SN (-) in V3, V, and V, follows from Theorem Il The equality given in (611
follows from the uniqueness of global attractors. O

7. FINITE FRACTAL DIMENSION

Our aim in this last section is to prove that the global attractors, associated with the dynamical
system (SN (),H ), have finite fractal dimension in the Hilbert spaces H, V3 and the Banach
space V), for any N > 0 and p > 2, fixed. For this we will use the ¢-trajectories method, cf. [I5]
Lemma 1.3] or [6].

Definition 7.1. Let X be a metric space and € a compact subset of X. The fractal dimension
of € (also called the "upper box-counting dimension”, e.g. [4]/Ch. 4]) is defined by

log Nt [€; ¢
d;}/(‘f) = limsup og—[]
e—0 - IOg €
where N¥ [%; 6] 18 the minimum number of balls of radius €, centered at some point of €, that
cover €6 .

Lemma 7.2. (¢f. [15, Lemma 1.3]|) Let X', Y be two normed spaces such that Y —— X and
€ C X be bounded. Assume that there exists a mapping £ : X — Y such that € C L€ and

1Z(x) = ZWlly <slle —ylx Yo,y e,
where k > 0. Then, the fractal dimension of € is finite and

1Og-/\/‘l 4k
¥ (¢) < olV/4n

log 2
where Ny 4, := N¥[By(0,1);1/4k], and By(0,1) is the unit ball in Y.
Proposition 7.3. (¢f. |4, Lemma 4.2|) Let X', Y be two normed spaces. Consider € C X, and

f € — Y is Holder continuous with exponent 6 (0 < 6 < 1), i.e. there exists an L > 0 such
that

1£ (@) = FW)lly < Lz - yll%
for all x,y € €. Then d}}(f(%)) < djf(‘f)/@

Theorem 7.4. (Mané Theorem cf. [20, Lemma 1.1]) If X is a Banach space on R, K = J;7 | K,
with K, being a compact set for alln € N, dyy(K—K) < 0o, where dyy is the Hausdorff dimension,
and Y is a subspace of X with dy(K — K)+ 1 < df(Y) < oo, then the set {P € P(X,Y) :
P|k is injective } is residual in P(X,Y).

Before showing the finitude of the fractal dimension of the attractors given in the Theorem
[6.12], we will show the following lemma that will allow us to estimate the fractal dimension via the
(-trajectories method. Moreover, we will indicate by u/ the partial derivative of u with respect

tot, e u = %, since it is an easier notation to manipulate.

Lemma 7.5. Let p>2, N >0, and f € L*(Q)". Given T > 0 and two weak solutions u and v
of (MLM). Then, for anyt > 0 we have that

T+t
/t [lu(s) = v() [ + luls) = v(s)I o + 1 (u(s), v(s) ] ds

c T
< BT [ )~ w(s)as.
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and

T+t 1
o+ = o+ My < [ |G = o)

+ ki[u(s), v(s)] 1 (u(s), v(s)) + kalu(s), v(s)][[u(s) — v(s)|i 2| ds

p
where ky[u,v] = [/ (1/1 + (| Dul + \Dv\)) daz] " and kol[u,v] = (N +2H7)H172)2.
Q

Proof. Denote by I?(u,v) := / (1/1 + vo(|Du| + |Dv|)p_2> | Dw|?dz, where w := u —v. Thus, we
Q

know that w satisfies

5 Sl + ol + (T(w) — T(0), w) + (Bx() ~ Br(v), ) = 0. (7.1)

It follows from (III), and the Korn inequality that, there is ¢; > 0 such that
1
cr|[Vwll3 + 512(u7v) < (T(u) = T(v), w).

Then, we deduce that

1d 1
ol + lwls + eVl + 520) < [(By(w) - By@)w)l.  (72)
Now, it follows from Theorem [B.1 that there exists cg(N) > 0, such that
Cr Cg(N)
[(Bx(u) —~ Br(o),w)l < Ll y + S22l
Thus, substituting in (Z2]), we obtain that
d 2
S0l + SllwlSe + erllwllfz + 1P (u,v) < eg(N)[wls. (7.3)

Applying the Gronwall inequality, we get
lw(r)3 < M9 |y(s)|3,  for all T > s. (7.4)
On the one hand, for T > 0 and s € [0, 7], integrating (73) from s to T+ ¢, we have

T+t D) 5 5 5 9 T+t 5
[ |10+ clulR s + Pt o) dr < @B+ ) [ wtn)ar
Thus using (4], we deduce that
T+t T
wingt, 7} [ o)l + Jor) R + Pur), o) dr < aate + 7V) [ o),
where co(t+T, N) = (14cg(N)esSMT+D)) /min{2/N, ¢7,1}. Now, let us consider ¢ € L2(0,T; (V3)*)

with |||l z2(0,7;(v3y+) < 1. For simplicity, in the following estimates, we will omit the time vari-
able, which is ¢ + s with s € (0,7"). Then, by (L)) it follows that

/0 ! /Q (S(Du) —S(Dv)) . Veodrds < /0 ' /Q IS(Du) — S(Dw)||Vp|dads
T p=2

< [ 1o [ (i salDul 4 100) az) 7 19l

1

[/OT 12(7«%“)(/9 (1/1 + vo(|Dul + |Dv|))pd:1:> pTst} ’

1

= </0T k1 [u(s),v(S)]I2(U(3)aU(s))ds> 57

IA



AlP
Publishing

i

2

26 TOMAS CARABALLO, ALEXANDRE N. CARVALHO, AND H. LOPEZ-LAZARO

p=2
where k1[u,v] = [/ (1/1 + vo(|Dul| + |Dv|))pda:} " Thus, it follows from Theorem [B1] that
Q

[ =gy ([ e ottan) ([ t)’
' %
< ([ mlolluolk )

where ko[u,v] = [N + 2||v||1,2]2. And finally

/OT((w(s),so(s)))ds < </OT||w(s)||§72ds>1/2</OT||g0(s)||%/3ds> "

Putting all the inequalities together we arrive at
1
/12 0,75v5y) < 3 ||w< )2 ods + / ki, 0] 12 (u, v)ds + / Ralu, o2 5.
O

Remark 7.6. Consider the set Bo gy = {uo € H : |ug|2 < n}, where n is any positive real number
with n% > 0;12|f|§ It is easy to prove that By g is an absorbing set for the dynamical system
(SN(-), H), and also Bo g is a positively invariant set, i.e. SN (t)Bo.g C Bo.u for allt > 0. From
Theorem [6.4, there exists to(Bo ) > 0 such that ||SN (t)uoll1.2 < 05, for all t > to(Bo ) + 1 and
for any ug € Bo,g. Therefore, by Lemma 73 we have, in particular, that

T+t
/ [nu(s) ()35 + lluls) — v(s)]2a + 12<u<s>,v<s>>} s
69 T-l-t N

~ min{7, to(Bo,u)} Jo )lods.
for allt > to(Bo g) + 1. And, again by Lemma we have
[ (t +-) = 0" (t + ) r20,150v3)) < e10(T +t, N)llu(-) = v() 20,1 m) (7.5)
for all t > to(Bo,ir) + 1, where cio(T +t, T) = Qﬁ(N)Cg(N, t)/ min{T, to(Bo,u)}, and os(N) is

such that max {1/N, ki [u(t),v(t)], ka[u(t),v(t)]} < 06(N) for all t > to(Bo,) + 1.

As we mentioned at the beginning of this section, to estimate the fractal dimension of the
attractors, given in Theorem and Theorem [6.12] we will use the (-trajectories method. Let
us fix N > 0 and p > 2, thus given ¢ > 0, by /-trajectory we mean any solution on the interval
[0,¢], and we will denote by Hy n the set of the (-trajectories, i.e.

Hyn :={y:[0,4] = H : v is a solution to (MLM)}.

On the other hand, let us denote by H, := L?(0,¢;H) and Z;, := {u € L?*(0,4;V3) :
u' € L*0,4;(V3)*)}. The set Hyy is equipped with the topology of H,. Note that Hy,y C
C([0,¢]; H), then it makes sense to evaluate at each point. Thus, thanks to Theorem B4 we
have that for v € Hy y and T' > £ there exists a unique solution u to (MLM) on [0, T] such that
uljo, =7

Now, for any N > 0, we can define the map Zy : Ry x Hyy — Hy n by

[zN(t)fy] (s)=ult+s) selo4, (7.6)

where u is the solution on [0, £ + ] such that ulj ¢ = 7.
On the other hand, let us define the set of (-trajectories starting at any point of By g = {ug €
H : |ug|z < n}, which will be denoted by Bpy, ,, i.e.

BHZ,N = {’}/ € H&N : ’)/(0) S BO,H}-
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Observe that the set By, , is a closed set in Hy . Indeed, let us consider {¥m} a sequence in
Bp, - Then, {7,(0)} is a bounded sequence in By . It follows from Theorem [B.1] that, there
exist v : [0,4] — H and a subsequence of {v,,} (relabeled the same) such that v, — v in Hy y.
Then ~ is again a solution on [0,¢]. Observe that v(0) € By i, because By g is closed in H.
Therefore v € By, -

Theorem 7.7. The map LN : Ry x Hyy — Hy n defined in ([L8) is a semigroup. Besides, the
following statements are fulfilled:
(1) For allt € Ry, the mapping Zn(t) : Hyy — Hy n is continuous;
—— — H
(2) There exits T > 0 such that £n(7)Bu, ‘c B, -

Proof. For (1), consider t € Ry and 1,72 € Hy. By (Z4)

14
(e — Lo (Oally, = [ e+ 5) + ualt -+ 5) s
0
4
< e [ un(s) = ua(s) s = ey
0

For (2), consider any ¢ > 0 and v € XN(t)BHLNHZ. Then, there exists a sequence {y} C By,
such that £ (t)ym — v in Hy . From Theorem B.I1 the function v is also solution on [0, £] of
(MLM). Therefore, if for some ¢ > 0 the sequence £y (t)ym belongs to By,  for all m, then
v € B, because By,  is a closed set. Thus, it follows from Corollary and Theorem

that there exists to(Bo,r) > 0 such that [.,S/”N(t)'ym} (s) € Bo,u for all t > to(Bo,u) + 1, for all
m and for all s € [0, ¢], which is equivalent to £ (t)ym € B, for all t > to(Bo i) + 1 and for

all m. Therefore, as mentioned above, choosing 7 = to(By i) + 1 we have that £y (T)BH[YNH[ C

BHZ,N' O
Let us denote by B}{Z N = ,,Q”N(T)BHL,YNHZ with 7 = to(Bo i) + 1. Thus, let us restrict the map
Zn(+) to the set B}{[ v+ Then, by previous theorem, Zx : Ry X B}{Z N B}{Z o 1s well defined.

Indeed, for t € Ry we deduce the positive invariance of By g, that is

————H H
Ln(OBY, = ) (LB ) € ZnlE+ By C Zn(T)Br

H, 1

— BHZ,N'
Theorem 7.8. Let p > 2 and N > 0. The pair (.ZN(-),B}I[N) is a dynamical system. In
addition, it possesses a global attractor .Aév with finite fractal dimension.

Proof. By the Aubin-Lions theorem we know that Z, << H,. Now, we are going to show that
IN(T) s Hy — Zy, with 7 = to(Bo i) + 1. Indeed, it follows from Lemma and Remark
for T'= ¢ and 7 = to(Bo, i) + 1, that
LN ()1 = LN (T2l r20,6v8) < (47, N[l — y2llm,
and
LN (1) = L (T2l 20,6003 < cio(f+ 7, N)lIv = v2llz20,6m)5
for all v1,7v2 € B}{ZN. The first conclusion is that XN(T)B}IZN C Zy. Then, the dynamical
system (XN('), B}{[ N) is asymptotically compact. Thus, it follows from Theorem [Tl that the
dynamical system (.,S,”N(-), B}Il N) has a global attractor, which we denote by Aév . The second
conclusion is that there exists ¢11(/N) > 0 such that
| LN (T)71 — En(T)2llz, < ein(N) |l — 2|,
for all 41,79 € B}{Z - It follows from Lemma [7.2] that

log N1 /4c,, ()

Hy o 4Ny
df (AE)_ log 2

(7.7)
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Theorem 7.9. Givenp > 2 and N > 0, let us define the function e : Hy y — H by e(p) = p(¥).
Then, the following statements hold:
(1) e: Hyy — H is continuous ; (2) AN =e(AY); and (3) df(A%) < d?Z(AéV).

Proof. For (1): by the inequality given in (74 we have
le(1) = e(p2)l3 = lp1(0) = p2(0)[5 < Vg1 (5) — pa(s) 3,
for all s € [0, ¢]. Then, integrating in s we obtain

ecg(N)é

le(p1) — e(p2)f3 < lor = 2|22 0,6:m1)- (7.8)

For (2): it is enough to show that e(ALY) is a global attractor in H. Indeed, by the continuity
of e(+) and the compactness of global attractor A2 it follows that e(AL) is a compact set in H.
By the invariance of A, we have that

SN(1) (e(A)) = [ L (AT | () = [Zw(0).AY | (0) = e(A).

Then, the set e(.AéV ) is invariant on SV (-). Finally, the property of attracting bounded sets is a
consequence of the fact that Aév is a global attractor. Then, it follows from the uniqueness of the

global attractor that AY = e(A)). The item (3) is an immediate consequence of the estimate
given in (7.7)), inequality (7.8]) and Proposition [(3] for X = H,;, Y = H and 6 = 1. O

Corollary 7.10. Let p > 2 and N > 0. Then, given t > 0, there exist k(t, N) > 0 such that
lu(t) = o@®)F2 + [lu(t) — o) 2 + u(t) —v@)IF, < Kt N)luo — o2,
for all ug, vy € A%. Moreover, it holds
Ay (AN) <2-diF(AY)  and djP(A) <p-df (AD).
Proof. Let us denote by u(t) = SN (t)ug, v(t) = SV (t)vg. Then, by (Z4) we have
S (£yvo — SN ()uols < €™M ug — g3, (7.9)

for all ¢ > 0. Thus, it follows from p-coercivity of S, the Young inequality, and the Theorem [B.1]
that

~ 1
Coov (Ilu = I3z + llu = vl o+ lu = v, ) < ~llu= v, + (S(Du) = S(Dv), Du— Do)

= —(% - %,u —v) - <BN(u) — By(v),u —v>

ou Coly
<2 ol + el = vl + vl — ol

where CA‘p, N = min {%, cigl, Cf%? } Thus, by Theorem and the invariance of the global at-

d
tractor AY, we have that [SY (t)ug|s < 0o and ‘E [SN(t)uo] ‘2 < p3 for all ug € AY. Then, by
([T3), we get
lu() = o@®)32 + [lu(t) — o) 2 + lu(t) —v@)IF, < Kt N)luo — o2,

where k(t, N) = (2@3 + ZQOCN) exp{ es(V) t}/mm{N, 0226"21, 02%’;2 }, for any wug,vg € A% and for
all ¢t > 0. O
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Remark 7.11. It is possible to uniformly bound, relative to N > 0, the fractal dimension of the
attractors A% C By C H, whenp>12/5 if n =3 orp > 2 if n = 2. For this purpose, using the
estimates given in Theorem [[-1] and using the fact that |Fy(-)| < 1, we obtain that, there exists
to(Bg) > 0 such that the weak solutions of system (MLM) satisfy

e Oll12 + [N @)1y < 07 for all > to(Bp), (7.10)
where tg and o7 depends only on p,v1,va, |flo and on the constants related to the tensor S.

Theorem 7.12. Under assumptions of the Remark[Z 11, the fractal dimension of global attractors
{AXY N0 is uniformly bounded.

Proof. Let us denote by w := v — u. Thus, using the item (c) of the Lemma 24 and applying
the Young inequality, we get

[(Bn(v) = B (u), w)| < [(B(w,v), w)| + (FN(IIUII1,2) - FN(IIulll,z))|<B(u,v),w>|

1 3
< lollplwlzy + lollzlwl3 wl]?,.

From interpolation inequality, for n = 3, yields

R 2p—3 3 N 2(p—1)
lwllfy < Cluly” Jwify and (forn=2 |wl|}, < Clul, *

Then (for n = 3), by (I0) we have

2
Jwlfz).

B o i 1 cr c12
(BN (v) — By (u), w)| < 07Clwly ? [Jwllf o + 205 |w|3 w]|F, < §||w||i2 + 7|w|§7

for all ¢ > tg(Bpg), where ¢12, independent of N. Thus, it follows from(7.2]) and (7.I0), that
d 2
w3+ llwlEe + erllwllfz + P (u,v) < enfwls. (7.11)
Applying the Gronwall lemma, we deduce
lw(r)|3 < e~ |w(s)3, forall 7> s.
Now, for s € [0, (], integrating (ZIT]) from s to £+ ¢, we have
e , O+t , et , O+t ,
¥ [ leadrse [ w@adrs [ Plutr) o) < o) res [ o),
Thus, we derive that
9 [t , ar ) et ¢ ,
¥ | s [ e adr e [ P o) < ) [ ule)s,

for all t > to(Bp), where c13(t) = 1 4 cjpec2(E+),

On the other hand, consider ¢ € L?(0,T;V?) with lellz2o,rvsy < 1. For simplicity in the
following estimates, we will omit the time variable, which is ¢ + s with s € (0,¢). Then, by (1),
the Young inequality and ((ZI0), it follows that

/OZ/Q (S(Du) - S(Dv)) : Vpdzds < /OE/Q IS(Du) — Sl(Dv)HVgo\dxds
< (/OZIQ(u,v)dsy/OZ/Q <u1+1/2(|Du\ +|DU|))pd5L’d3
< c14</0Z I2(u,v)ds> %,

where c14 independent of N. Next, it follows from Theorem Bl that

¢ ¢ 2 ) 3 4 ) 3
[ By Buvgias < ([ [lubva+ 2iohia] o - ol aas) ([ heita)”
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Putting all the inequalities together, we obtain that

1 4 4
e (4 ) = ot + )20y < 15 {N /0 Ju(u) = v(s)|3 s + /0 12(u(s), v(s)) ds

0 l
[ () + 200 h) Tuts) — o)l ads| < a0t [ futs) = o(s) s,

for all ¢ > to(Bp), where c16(t) = ci5c13(t) max{1,902}/t. Therefore, applying Lemma for
t =t* =to(By), X = L?(0,(; H), Y = L?(0,4; (V3)*), we obtain that

log N1/4016

df (A}) < d(A}) < forall N > 0.

log 2

Remark 7.13. It follows from Corollary [Z10 that
dy*(AN) <2-df (AY)  and  diP(A) < p-df (A).

Then, the fractal dimension of AZ is uniformly bounded in V,, and V3, with respect to N > 0,
when p > 12/5 if n =3, and p > 2 if n = 2.

Theorem 7.14. Let p > 12/5 ifn =3 orp > 2 if n =2 and f € L*(Q)". Then, the following
statements hold:

o
(a) the set K = U A is precompact in H;
N=1
(b) let {xN} be a sequence such that zny € ALY for each N € N and let Ay be the global
attractor associated with the dynamical system (S(-),H) of (LM). Then, there exist a
subsequence of {xn}, denoted by {xn,}, and xo € Ag such that xn, — xo in H, as k —
oo. In particular, the sequence of global attractors {A%} NeN 1S upper semicontinuous,
t.e. lim diStH(Ag,AH) =0;
N—oo
(d) there exists a finite dimensional subspace Y C H such that {P € P(H;Y): Pl is 1 —1}
is residual.

Proof. (a) By (ZI0) we know that [|S™(t*)xgll1, < o7 for all zg € AY and for all N > 0 and

some t* > 0. Then, since V), <=« H, we obtain that K = U .,4% is a precompact set in H.
N=1

(b) Since {xx} C K and K is a compact set in H, there exist a subsequence {zy, } and z¢g € H

such that zn, — x¢ in H as K — oo. It only remains to show that o € Ap. Indeed, let

us denote by u(t) = S(t)zo, un, (t) = SVk(t)zn,. Then, it follows from the Theorem and

Lemma [5.4] that, except from a subsequence, up, (t) — u(t) in H for all t > 0 as k — oo, and

also u(t) = S(t)x¢ is solution of the problem (LM).

Now, let us build a global solution that goes through zy. Let us consider a family {¢n, }ren
such that each function ¢y, : R — H is a global bounded solution of the dynamical system
(SNk(+), H) with ¢, (0) = xy, for each k € N. Now, let us do N = N, with k € N, thus for
j =1, let {N}} be a subsequence of {N?} such that there exists z_; € H with eni(=1) = xy

as k — oo (this is possible since ¢ N1 (—1) belongs to K). In the same way, for each j € N*, there
exist a subsequence {Ng} of {Ng_l} and z_; € H such that ¢, (—j) = z_; as k — oo.
k
With the same reasoning as above, for j — 1 < s < j, we deduce that
. J .
i (=) = SNe(s)pys (= = 8) = 2y = S(s)1—js.
Let us define

() = S(t)xo for t > 0;
PO = St +j)zg for —j<t<—j+1, jeN-.
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Thus, ¢ : R — H is a bounded global solution of (S(-), H), then xg € Ag.
For (d), it follows from [23] Proposition 2.8|, that

R , . . 1og N3 /e
du(k = K) = dH( U (A - A%;)) = supdy(Aly — Af) < 2B,
i,j=1 6]

Let Y C H a finite dimensional subspace, with d;(Y) = M, where M is the smallest natural

number such that M > 1+ 2%. Then, by the Mane Theorem [7.4] the set {P € P(H;Y) :
Pl is 1 — 1} is residual. 0
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