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Abstract. In this paper we study the structure of finite automata recog-
nizing sets of the form A®p, for some word p, and use the results obtained
to improve the Knuth-Morris-Pratt string searching algorithm. We also
determine the average number of nontrivial edges of the above automata.

1 Introduction

It has been known for a long time that sequential string matching algorithms,
such as the Morris and Pratt [15] or the Knuth, Morris and Pratt [14] algorithms
are intimately related to finite automata recognizing sets of the form A”p, where
p € A® is the pattern to be found. This approach, found in [1, 8, 18, 7, 2],
was not further developed probably because such an automaton has | 4||p| edges
while the before mentioned algorithms work in time O(|p| + |t|), for a text ¢ and
pattern p, with a proportionality constant independent of the alphabet size.

In the next section we shall show that most edges of the automaton for A*p
are not essential. More precisely, we shall classify the edges of A as either forward,
backward or trivial and shall show that A has exactly |p| forward edges and at
most |p| backward edges. Furthermore, knowledge of these edges is sufficient to
simulate the automaton in linear time, without dependence of the alphabet size.

Using these ideas we show an implementation of automaton A which leads
to an improvement of the Knuth, Morris and Pratt algorithm. in the sense that
for any pattern p and text t the set of character comparisons of our algorithm
is a (usually proper) subset of the set of character comparisons of the Knuth,
Morris and Pratt algorithm. Besides, our algorithm is a real-time string matching
algorithm, with delay bounded by {A|. Using techniques of Galil {10} this delay
can be reduced to be bounded by a constant independent of the alphabet size.

\We remark that Hancart [12, 13} has shown the surprising result that any
“reasonable” implementation of our automaton leads to a linear pattern match-
ing algorithm.

In section 4 we make a detailed study of the automaton A and compute the
average number of its nontrivial edges. This is achieved by using an easy and
elementary method to count the number of un-bordered words of a given length
over a fixed alphabet.

B This work was done with partial support from FAPESP, CNPq and the Fibonacci
Institute.



2 Finite automata recognizing sets of the form A*p

Let p be a nonempty word in A* and let A be the reduced finite automaton
recognizing the set A*p. Assume that p has length m and let us denote by pfi]
the i-th letter of p, i.e. p = p[1]p[2]...p{m]. The factor p[i]...p[s] of p will be
denoted by pfi..j].

Initially we present a construction of A done purely in syntactic terms. Recall
that any set X C A" defines a coarsest right congruence on A°, its syntactical
right congruence, for which X is a union of congruence classes. These congruence
classes can be considered the states of the reduced automaton accepting X, the
initial state being the class containing the empty word 1 and the final states
being the classes which contain some word of X. Furthermore, for words u and
v the congruence is defined by

u=v(modX)iffVze A" :uz€e X iffvz e X.

In the sequel we apply these concepts to the set X = 4°p.

For a word u we denote by pre(u),suf(u), fat(u) the set of prefixes, suffixes
and factors of u; in other words, pre(u) = uA*~!, suf (¥) = A~ 'u and fat(u) =
A*~'uA*"!, where we use the quotient notation developed by Eilenberg [9].
For words u,v the overlap of u and v (in that order) is the longest word in
suf(u)Npre(v). It is denoted by u = v. The borders of u are the nonempty words
in suf(A~'u)Npre(uA="'). In other words, v is a border of u if 0 < |v| < |uf and
u € vA®* N A*v. A word is un-bordered if the set of its borders is empty. Note
that the empty word is un-bordered. We denote by alpha(u) the set of letters
which appear in the word u.

The reader will verify without difficulty that

u=v (modX)ifu=p=v=p.

Clearly p has m + 1 prefixes and no two of them are congruent mod X, hence
we can denote the states of A by 0, 1,...m with 0 the initial state, with m the
final state and satisfying the property that 0p[l..i} = i, that is to say, the prefix
of length i of p takes automaton A from state 0 to state i. Figure | represents
automaton A for the word p = abacabadabacaba.

Clearly A°p is a definite language, in the sense of [5, 16); hence A is a definite
automaton, i.e. for every sufficiently long word w € A” the map defined by w on
the states of A is a constant function.

Besides, automaton .4 has the following basic properties. For every word
w, 0w = |w = p|, i.e. w takes the initial state to the state corresponding to
the length of the longest suffix of w which is also a prefix of p. Furthermore,
the triple (i, q, j) is an edge of A, i.e. state i goes to state j under letter a, iff
pfl..d]a = p = p[1..j].

Notice next that most edges of the automaton .A end at the initial state 0; we
shall call such edges trivial. The non-trivial edges of A, (i,a, j), with j # 0, will
be called forward or backward according j = i+ 1 or j < i, respectively. Clearly,
all edges of A have been classified. We need another definition: the length of the



qQ 012 3 45 67 89 1011 12 13 14 15
ga 1 1315 17191111 13 1156 1
gb 0 2 0206 0 2 010 02 0140 2
qc 0 0 0 4 0 0 0 4 0 O 012 ¢ 0 0 4
gd 0 0 60 0O0O0CGB OO0 O 0 0 0 0 8

Fig. 1. The reduced automaton A recognizing A°p, for p = abacabadabacaba.

backward edge (i, a, j) is the integer i — j. We state now one of the main results
of the paper.

Theorem 1 For every p € A*, of length m, the reduced automaton A recognis-
ing A*p has ezactly m forward edges, ils number of backward edges s at least
|alpha(p)| and at most m. '

The extreme values in theorem 1 are actually obtained. To see this, consider
the word p = ai?azaf*az - -af*a;, with 0 < 3,94, .., ¢ < g2. It is not difficult
to see that A has exactly k backward edges. On the other hand, a very interesting
sequence of words is given by the so called sesquipowers, of which the word of
figure 1 is an example. Consider a sequence of letters (a;,aa,...) and construct
the words p; = a, and pny1 = PaGa+1Pn, for n > 1. The reader will verify that,
unless a; = a;4; for some i < n, the automaton A, has exactly |pn| backward
edges.

Actually, we can characterize an even more precise set which contains always
m elements, which is easily constructed, and from which the set of edges of
A can be obtained. The return set of a word p, denoted Ret(p) is a subset of
[1..m} x A x [1..m] which contains an element for every k € (1,m]. The element
corresponding to k is (k + j,pli + 1}, + 1), where j € [0..m — 1] is the unique
value given by

plk + 1.k + j] = p[1..5] and p[k +j + 1] # pli + Nork+j=m.

The element corresponding to k can be obtained as follows. Let us spell word p
in p itself, as far as possible, beginning to match p[1] with p[k + 1]; assume that
we succeed to match j letters but not more. Then the triple (k+j, pi+1).7+1)
belongs to the return set of p. Notice that whatever the resulting value of 7, the
length of the triple corresponding to k is always k — L. It follows that Ret(p) has
exactly one triple of each length 0,1,...,m — 1. Hence, |Ret(p)] = m.

We have now:

Theorem 2 The triple (i.a,j) 15 a backward edge of A iff it belongs to the
return set of p and no other triple (i,a,k), with k> j, belongs to Ret(p).



3 Application to string matching

In this section we informally explore the consequences of our study of the au-
tomaton A recognizing A"p for string matching algorithms.

Let us first note that the Knuth-Morris-Pratt algorithm can be easily de-
scribed in terms of the automaton .A. Indeed, that algorithm, based on charac-
ter comparisons, computes a failure function which is to be used whenever the
matching of p with the text t comes to a mismatch or reaches an occurrence
of p in t. More precisely, assume that comparison of {[i] with p[j] resulted in
a mismatch. Then we substitute j by fail(j) and repeat the algorithm. Unless
fail() = 0, in which case we abandon the current value of i and re-initialize
everything with i + 1 for i and 1 for j.

But what is fail(§)? It is defined, for 1 < j < m, as being the greatest k for
which p[1..k — 1] is a border of p(1..j — 1] and for which p[k] # p[j] or is 0 if no
such k exists. By analogy, we also define fail(m + 1), to be used after a complete
match of p has been found, as being 1 plus the length of the longest border of p.
One can verify that fail(j) = 0 if there are no backward edges issuing from state
j — 1 or is the terminus of the shortest return edge issuing from j — 1. Besides,
the labe] of such edge is always p|fail(j)] in consequence of the definiteness of our
automaton, hence comparing t[i] with that label nothing else is but comparing
¢[i]) with p{fail(j)].

As an illustration, we show on figure 2 the failure function of the word of
figure 1.

j 1 2 3 45 6 7 8 9 10111213 14 15 16

fail(j) 0 1 ¢ 2 0t 0 4 0 &t 0 2 0 1 O 8

Fig. 2. The failure function of p = abacabadabacaba.

Thus, the Knuth-Morris-Pratt algorithm can be seen as being based on a
representation of the automaton A. Such representation is achieved through the
failure function. This strategy succeeds because of the following two properties
of the definite automaton A.

~ every edge terminating at state j has label p{j],
— if 0 # fail(j) = k then for every edge (k — l.a,{). A also has the edge
(J—1,a1).

In other words. iterating successively the failure function one recovers all the
edges of .4 but some of them might be recovered more than once.



The foregoing discussion illustrates why is the use of the automaton A pos-
sibly more efficient than its simulation by the failure function? We realize a gain
whenever we are looking for an edge with label ¢ and the successive values of the
failure function lead to letters alternating between, say, a and b, before hitting a
¢. In this situation the automaton simulation examines only once the transition
a and only once the transition b, while the Knuth-Morris-Pratt algorithm can
spend up to £2(logm) consecutive jumps of the failure function before finding
the correct transition labeled by ¢. Examples when this behavior arises can be
constructed by suitable sesquipowers. Take, for instance, the sesquipower u de-
fined by the sequence (c,a,b,a,b, a,b) and then search for the pattern p = udu
in the text t = (uc)™.

This analysis can be resumed by saying that our string matching algorithm
simulating the automaton A is a real-time algorithm with delay bounded by | 4|,
while the Knuth-Morris-Pratt algorithm does not work in real-time.

It remains to be seen whether the automaton A can be constructed and
simulated in linear time. This is indeed the case and this also leads to some
interesting considerations.

First, we shall describe a data structure to store and search the edges which
corresponds to the Knuth-Morris-Pratt algorithm. This is achieved by storing,
for every state j the number back(j) of backward edges with origin in j and
storing the set of backward edges with origin in j in a vector or list edge(j) in
increasing order of length. With this data structure and exploiting the properties
of automaton A one obtains:

Theorem 3 The automaton A can be constructed for a pattern p and simulated
for any tezt t using a set of letter comparisons which is a (proper) subset of the
letter comparisons performed by the Knuth-Morris-Pratt algorathm. It follows
that the construction and the simulation of automaton A can be done m lime
and space proporitonal 1o |p| + |t], where the constant of proportionality does nol
depend on the size of the alphabet.

We mention now a surprising property discovered by Christophe Hancart [12,
13]. He proved that the time to spell a text t in the automaton A is bounded by
at most 2|t| — 1 comparisons even if all the edges issuing from the current state
are consulted while computing each transition. Note that the bound 2{t| -1 is the
same as the one obtained in the Knuth-Morris-Pratt algorithm! This intuitively
means that the edges in the automaton are arranged so sparsely that one never
“crosses” with more than 2|t| — 1 edges when spelling a word ¢. It also mplies
that the edges in the lists edge(j) can be stored in any order whatsoever without
compromising the time bound 2|t] — | necessary to spell the word t. Actually,
the edges in edge(j) can even be randomly permuted before consulting each list.

We conclude this section with an interesting problem. Does there exist some
representation, comparable to the ones we have seen for the automaton of A*p,
for the suffix automaton of a word, as described by Blumer et. al. {4]7 Such a
structure would be especially interesting if it provided a representation of the
suffix automaton in linear space which could be traversed in linear time with



constants independent of the alphabet size. As far as we know the existence of
such a representation is an open question.

4 The Average Number of Backward Edges

In this section we will deepen our analysis of the return set of a word p in order
to obtain the average number of backward edges of automata A recognizing
A°p, when p runs over the set of words of length m. We shall show that as m
goes to infinity the limit of the average number of edges divided by m tends
to a constant depending only on |A| and whose value is always less than 1. To
achieve our objectives we introduce an easy and elementary method for counting
the un-bordered words of a given length over a finite alphabet.

We begin with an alternate characterization of the return set of p. We call
the neighbor set of p the set nb(p) = pre(p)A — pre(p). The reason behind the
terminology is that if we represent the words of A* in a regular tree then the
vertices corresponding to nb(p) are exactly those (graph-theoretic) neighbors of
the path spelling p which do not belong to the path itself.

Theorem 4 For every word p € A* of length m,
Ret(u) = {(lu|,a,|v|} | a € A, ua € nb(p) and v is a border of ua}.

It follows that for any p the total number of borders of the neighbor set of p is
ezactly m.

Note that theorems 2 and 4 show that the values of the function f(u), the
number of borders of word u, considered on the neighbor set of p give important
information on .A. Indeed, state j has a backward edge with label a iff the a-
neighbor of p(1..j] has a non-null f-value. Hence, the number of backward edges
is exactly the number of neighbors whose f-value is non-null. Since the sum of
the f-values on all neighbors is exactly m, the more neighbors with f-values
greater than 1 we have and the greater those f-values are the less backward
edges we have in A.

In the sequel we shall denote by g the cardinality of the nonempty alphabet
A. Let us denote by U(r,q) the number of un-bordered words of length r over a
¢-letter alphabet, i.e.

Ulr,g)=|{ue A" |Alu=udA" = 1}].

Let us denote by T(r, g) the total number of borders of words of length r over a
g-letter alphabet, i.e.

T(r,q) = {(w,v) |[ue A", O0<ll<r, we€vA'NA"v}.

We shall also need the values of U(r,q) and T(r,q) relative to q", the total
number of words of length r over A, i.e.

u(r,q) = U(r,q)/q" and t(r.q) = T(r.q)/q".

We have now a consequence of theorem 4 and the analysis following it.



Proposition 5 The average number E(m, q) of backward edges of reduced au-
tomata recognizing A*p, for words p of length m over a g-letter alphabet is

E(m,q) = 2m+q+1—q{t(m+1,9) + u(m+1,¢)) = ) _(t(r,q) + u(r, 0)).

r=0

Now we make an excursion in order to compute the numbers t(r,q) and
u(r, q). Initially we state an easy lemma.

Lemma 6 Let v be the shortest border of u or 1 if u is un-bordered. Then,
u € vA®v, i.e. v is a non-overlapping border of u.

Qur initial aim is to determine the number U(r,q) of un-bordered words of
length r > 0 over an alphabet of ¢ > 1 symbols. These values can be computed
using results in [11, 17], but our arguments are simpler then the previous ones.

Theorem 7 Let ¢ > 1. The numbers U(r, q) satisfy the following recurrence:

1 ifr=0,
U(r,q)={ qU(r - 1,9) if r is odd,
QU(r—2,9) = U(r/2,q) if r is even.

Proof. Assume first that r > 0 is odd, say r = 2n + 1. Then every u € A+l
has a factorization u = viavy for appropriate words vy,v2 € A" and a letter
a € A. Due to lemma 6 u is un-bordered iff vy v, is un-bordered. It follows that
U(2n +1,q9) = qU(2n,q).

Assume now that r > 0 is even, say r = 2n + 2. Then every u € A***? hasa
factorization u = vy abv, for appropriate words vy, va € A" and letters a,b € A.
Due to lemma 6 u is un-bordered iff v,v; is un-bordered and vya # bva. Further,
let u = vyabuy be such that |v;] = |vz] and a,b € A. Then vz is un-bordered
iff vya is un-bordered. It follows that U(2n + 2,q) = ¢U(2n,q9) = U(n + 1,9).
The proof is complete. [ |

An immediate consequence of theorem 7 is that the function U{r,q) is a
polynomial of degree r in ¢. Further, U(r,1)is 1 for r = 1 and is zero otherwise.
It follows that u(r,q) is a polynomial in ¢~!; further, we have the following
result.

Theorem 8 For every ¢ > 0 the limut
u(g) = lim u(r,q)
=00

exists and is a series in g~ 1. Besides, the terms of degree at most n s g~ of
u(q) and u(2n, q) are the same. Finally, for everyq > 2, (g—-2)/{g—-1) < ulg) <
(g—Dla, .



Proof . The second sentence follows from the fact that the recurrence in theorem 7
implies that for every m > n, u(n, ¢) and u(m, q) have the same terms of degree
at most n/2 in ¢~}. This implies the first sentence. To see the last sentence it
suffices to observe that, for r > 4, U(r,q) < ¢" —¢"~! —¢"~3(¢—1), since (a) every
word in aA"~2a, for a € A, has a border and there are ¢"~! such words, (b) every
word in abA"~4ab, for a,b € A, a # b, has a border and there are ¢ 3g-1)
such words, and (c) the sets in (a) and (b) are disjoint and nonempty. It follows
that u(r,q) < 1 — 1/¢ = (¢ — 1)/q. The proof of the lower bound is a bit more
claborate. It is based on the fact that u(r,g) < 1 and this allows to obtain a
recursive sequence, say I(r,q), whose value is at most u(r, ¢) and which tends to
a value strictly greater than (¢ — 2)/(g — 1) when r tends to co. |

The initial terms of u(g) can be easily computed with Maple [6]. The series
begins as follows:

w(g)=1-¢""- T 4+q S +q? Fq g Mgt Ty gm0
q"-"—q'“-q‘“—q"9+q-3°—q-3‘—q‘33+q'33—q'3‘—2q‘35+q'36+~--.

Table 1 shows the values of u(q) for small values of ¢.

P 2 3 4 5 6 7 [)
w(q)||-267787|.556980|.687748|.760065|.805577).836743] 859379

Table 1. Values of u(g) for small ¢.

The value of ¢(r, g) is easier to obtain.

Proposition 9 For everyq,r > 0, t(r, q) = 2;;: 1/qP. Consequently, for q >
1, t(q) = limy—co t(r,q) = 1/(g = 1).

The above results and proposition 5 ¢an be used to compute E(m,g) which
is a polinomial in g for every m. In view of theorem 1 it is interesting to compare
E(m, q) to m. The next result shows that the sequence E(m,q)/m,m=1,2,...,
converges to a value strictly less than one, which is dependent on g.

Theorem 10 For cvery q > 2, the limit e(q),
e(g) = lim E(m,g)/m=2-1(q) - ulq),
hence e{q) 1s a series in q~'. Further, for every ¢ > 2, e(q) < 1.

Again, the initial terms of the series ¢(g) can be easily computed. They are
as follows and were used to compute the first few numerical values of e(g) shown
in table 2.



e(ql)3= I- g;"’ - ql‘s‘ - q"m— 20'159- q"l— q"‘z; 2q‘: —q 0 gl ggm12
q13-2q715 g6 91810 _g=A _gmR_ =M _ "B 7 2470 -

2B 4 g8 -2 4.

q 2 3 4 5 6 | 7 8
(9)][.732213].943020(.978916{.989935].994423|.996590] 997764

Table 2. Values of e(g) for small g.

TEMPORAL NOTES The main property of this paper, namely that the automaton
A has at most [p| backward edges was discovered by the author in 1989, based
on the work of Knuth, Morris and Pratt {14] and especially Duval {8], while
trying to prepare a text covering the most important algorithms on words in
everyday use. Unfortunately he was unable to conclude that text, actually he
was even unable to publish these results in due time. In the meanwhile, some
renderings of the ideas of the first three sections appeared, based on lectures
he gave in Paris, Naples and Séo Paulo. These include the book of Beauquier,
Berstel and Chrétienne (3], an examination ptoblem in the Concourse 1990 to
the Ecole Normale Superieure and the Doctoral Dissertation of Hancart (12, 13].
He sincerely hopes that he will be able to publish the complete proofs of the
results here reported before such a long time passes again!
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