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SUMMARY 

Asymptotic Efficiency of tho likelihood Ratio 

Conditional Test for Multinomial Distributions 

This paper studies the non-local asymptotic optimality of the 

likelihood ratio statistic, for suitable composite hypotheses, when 

the test is performed conditionally given a sufficient statistic. 

Asymptotic optimality is discussed in the framework of Bahadur efficiency . 

The results concern multinomial _models with appropriate composite hypo­

theses. The conditional test, using the likelihood ratio statistic 

-(1/n)log An, is shown to possess the same asymptotic optimality as 

does the unconditional likelihood ratio test. Sufficient conditions for 

this equivalence are presented and shown to hold for a variety of multi­

nomial examp1es having importance in Statistics and Gehetics. 

" 

., . 
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1. Introduction 

Bahadur considers a measure of asymptotic efficie11cy of a test 

statistic Tn, the rate at which the level attained by Tn lends to 

zero under a fixed alternative. Another equivalent way considers the 

rate at which the significance level a of the test tends to zero when 
n 

we fix the power at fixed alternative, as~ measure of asymptotic 

efficiency of the test (Bahadur, 1960a, 1960b, 1967, 1971). 

It is ~hown in Bahadur (1965, 1967, 1971), under certain conditions 

that, for testing 8E 0 against OE 0-0 in the independent identically 
· 0 0 

distributed (i.i.d.) case the lev,el attained by any test sequence Tan-

, not tend to zero at a rate faster than (p(O))n when O obtains, where 

0 is the parameter space, 0
0 

is a subset of 0 , and p is a parametric 

function defined in terms of Kullback-Leibler (1968) information number. 

It is also proved that the level attained by the likelihood ratio statistics 

do tend to zero at the optimal exponential rate. 

Still the i.i.d. case, Bahadur and Bickel (1970) have shown that 

(p(8)) 0 remains the optimal exponential rate even when Ln is the condi­

tional level attained by T·, given that a ·conditioning statistics 
n 

Un · has been observed. 

Bahadur and Raghavachari (1970) proved the statement above without 

the assumption of independent identically distributed observations and they 

have found some sufficient conditions for a conditional testing sequence 

to be optimal in the sense mentioned above. But, there is not equivalent 

statement with respect to the likelihood ratio statistics when conditional 

1 eve·l s are used. 
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In Sections 2 and 3 of this paper, we prove a Lhcorem that. 

gives ct sufficient condition under which lhe Likelihood Ratio Con­

ditional (LRC) test for testing H:£t0
0 

against K: gcn-0
0

, based 

on .a multinomial o~servation !(n) = (n1/n, n2/n, . . . nk/n) with 
k 
I n.=n, 

i=l l 
is asymptotically -optimal in the sense that t t conditional 

significance level tends to zero at the optimal exponent ial rate when 
we fix the power bounded away from zero and one at a fixed alternative 

k 
where O = {£ = <P1,··· ,pk) pi~O, I p.=lJ and n ={gtO p.>O; P;=gi(~); i=l l O l • . m v=l,2, ... ,k; ~cR , m<k-1}. The functions gi are such that there exists the 
maximum likelihood estimate of y for each sample size. In Section 4 we 
verify this sufficient condition for some genetic models. 

2. The Likelihood Ratio Conditional Test for Multinomial Distributions 

The notation is the following 
. k X = {(1,~, ... ,0); (0,1,0, ... ,0); .. ... ;(0,0, . .. ,0,l)}c R is 

the sample space for one multinomial observation. B is the a-field 
of Boral sets of X. 

k 
0 = {2 = (p

1
,,P2, ... ,pk) IP·> O; I p.=l} is the para~eter space, l - • l 1 1= 

0
0 

is a subset of n. For each 2 E 0, PC . le) is a probability measure 
t 

on ' ~. absolutely continuous with respect to counting measure A 

on ,X. That is 

k x. 1 = fl pi l 
i=l 

for E_ E O • 
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x.1 
By convent ion, p1

1 = 1 if p1=x;i=O. For ·a fixed · 2_ c n and any 

e
0 

E 0
0

, consider the functions K(£, £
0

) and J(e) given by 

.(2. 2) 

where for any two points ~ and £ in n, 
k 

(2.3) I(~,~)= La;lpg(a;/bi) 
i=l 

By convention a1 log(a1/b1)=0 if ai=0. We note that I(~, £)>0 unless 

~=.Q., and I(~, !?,)<01> unless bi=0 and a. >O for some 1 . l<i<k. Let 

s=(~1,~2 , .. "-'~n'" .. ) be an infinite sequence of independent observations 

on x EX. Then (S,A) = (X(~), B(~)) is the sample ~pace of s. 

For each positive integer n let ~(n) = (Zln),z~n), ... ,z[n)) be a 

measurable transfo~mation from (S,A) into cn<n>, Bn) where 

n k 
LX· ., i=l, ... ,k, L n.=n} 
j=l lJ i=l 1 

.and .Sn· is _the a-field of Borel sets of o<n). Note that n(n) is 

in one-to-one correspondence with the set of lattice points !(n) of 

0. For mathematical convenience we consi~er n as our sample space 

where we extend from n(n) by attributing probability zero to all points 

of O that are not in n<n)_ For each Q e O, Pn(.f£) denotes a prob-

ability measure on 

measure µ on o<n)_ 

., .. 

n 
absolutely continuous with respect to counting 

That is, ~Pn(!(n)le)=fn(!(n)l£)dµ, where 
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we can write 

where I(!(n), £) was defined in (2.3). 

Based 'on an observation 2 (n) · consider the problem of testing 

H: EE0
0 

against K: ggQ-0
0

, where O ={gEOlp.>0; p.=g.(v); i=l,2, ... ,k; 
0 . , 1 ,-

m • 
yc.R; m<k-1}, and gi(.y_) .are such that there exists the maximum likeli-

hood estimate O .of v based on an observation z(n) of lhe random - -
vector z(n)_ Let T (z(n)) be the test statistic defined by 

n -

where 

A.'!(n)) = [sup{f _c/ 0
>1 el I e•Ooll f sup{ t n<l"1 lel I e•Oll . 

= exp{-nl(~(n), 0
0
)} 

(2. 6) . H!(n), 0
0

) = inf { I(f (n~; p) f E E 0
0

} . 

Let u<n) be a minimal sufficient statistic for v and v-<n) 

the set of all possible values of gCn)_ For each u(n)eV(n) let 

O(,!!(n))={.~EOl!!(n)(~)=!!(n)} be the elements of a partition of O in­

duced by uCn). 
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Remark. To facilitate writing. in the remaining pc1rt of this paper, 

we wi 11 use z for z(n) z for z<n) u for ll(n) and u for - , - t - -
u<n). 

• For each gdl . the · distribution of U and the conditional 

distribution of Z given ~ · are . resp~ctively 

u r. v<n)_ 

if h
11

{H1E) 1 O, Ir. n(~) 

if h/~le) = o 

when E £ o0 the conditional distribution above is free of -parameters. 

Then we abbreviate ZI u z I u 
f (zl ) to f (z) for Er.n. 

n - E n -

Definition. For testing H: nen against K: p_r.n-n based on an ob-
. .t:. 0 0 

servation z, the LRC test {T (z) u} given that we have observed a 
- n - -

value· u of the random vector ~. has critical function given by 

1 when I(z, n) > C (u) - o n -

tC!I~) = Y n (_!!) when 1(2 1 0) = C (u) - o n -
.• 

0 when I(z, n) < C (u) - o n -

where· the functions en and y
0 

are determined by 

(2.7) 
~ Zlu ~ zlu 

an = ~ f-(z) + y (u) ~ f (z) 
I(z,O )>C (u) n - n - I(z,n )=C (u) n -

- o n- - o n-

for all u. 

., r 
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The test has Neym~n structure with respect to ~-
Let ¾ be the probability, under £.d1-fl

0 , of not reject i nu H 
without randomization; that isu 

where 

We assume that for any O<~<l -.and pt:n-n
0

, there exist functions C (u) . n ;. 

and y
0
(~), such that ~n ➔ ~ as n ➔ ~. and an is constant for 

all u. 

Under this assumption, for any test statistic {Tnf~} having the 
structure described above with I(z, n) replaced by T (z) we can - o n -conclude from Bahadur and Bickel (1966) and Bahadur and Raghavachari 
(1971) that 

(2. 9) 1 im inf {1/n) 1 og an > -J{p) = -HE, 0
0

) . 
~ 

where an is the conditional significance level of the test sequence 
{T n l!!l • . 

In the next section it will be proved that under certain conditions · 
is asymptotically optimal for testing 

against K: E_e0-0
0

, that is 

lim (1/n) log an= -J(p), 

where a
0 

is given by (2.7). 

. . . 

H : 
0 
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3. Asymptotic Proi erties pf the LRC Test 

The proofs of statements that will be made in this section are 

based on some properties of the function I(a,b) and an important 

the.orem on multinom_ial distribution proved by Hoeffding (1965) that 

by conveniency we have restated in Appendix 1 of this paper. 

Theorem. Ljt 0
0 

be as defined in Section 2. Let {Tnl~} be the LRC 

test for testing H: pdl
0 

against K: ,e~n-n
0 

satisfying the assumption 

that for any fixed alternative E. and any ·o<~<l, there exist functions 
. ... 

Cn(~) and y
0
(~) such that ~n~~ as n~ and & is constant for 

n. 

all u. Suppose also that the conditional null distribution satisfies 

the following condition. 

For each u and any subset An of O(~)={~~n U(~)=~} 

. II~ z1u (n) 
(3.1) p n (An) =L f-Cz> = ex{-n I(An 1,no) + O(log n)} 

Zt:A
0 

where ~{n) 
n is the set of lattice points l contained in A n and 

for any subsets A and B of O I(A,B)=inf{I(~,£)1~cA and £CB} . 
... 

Then {Tnlu} · is an a~ymptotically optimal test, that is 

(3.2) lim (1/n) log a = -J(e) 
n 

n-+<» 

under the alternative p. 

Remark. For each particular form of the functions g.(u) we can 
l -

conclude if the LRC test is asymptotically optimal by verifying condition 

(3.1). In Section 4 we prove that this condition is satisfied by several 

important multinomial models. 
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The proof of the theorem is based on the f o 1101-1 i ng Lemma!>. 
Lemma 3.1. For each n condition (3.1) implies that 

(3.3) 

Proof. 

{i < exp{-nC (u) + O( log n)} for all u. n - n --

and W*(n)(u) the set n -lattice points of W~(u). Hence 
· (3.4) I(W~(n), n

0
) ~ I(W~. n) ~ Cn(~). 

By (2.7) we have 

a < n -

. z IU 
f (z) n -

I(Z,n
0 )~Cn(~) 

Therefore (3.1), (3.4) implies (3.3). 
Lemma 3.2. Let W

0 
be given as in (2.8) and'let all assumptions of the theorem be satisfjed. Then for each fixed alternative p~n-n

0
, A 

the condition ~n➔~ as n--+00, implies that there is at least one point ln such that 

-(3.5) Y.. r,W n n and as n➔c:o. 

If -, eiWn for all large values of n any Y..n satisfying (3.5) is in the boundary of W
0

• 

Remark. Fo_r any subset A of n, A'=O-A is the complemen_t of .'\. A denotes the closure of A. The boundary of A is AnA'. 
Proof. 

We recall that Pn = P
0 (W

0 tE) where Wn= Yn)Wn(~) and 
ut:V W (u)={ztO(u) I I(z,n )<C (u)}. Using the result on large deviation prob-

n - - - o n-
abilities in multinomial distributions given in Appendix 1, we have 

-9-
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p = exp{-nI(w'n) ,Q) + O( log n)} n n 

·where w~n) is the set of the lattice points z of Wn. Then for any 
O<fl<l and a fixed alternative ecn-n, the condition p · ➔ P implies that o n I(W~n) ,£)➔0 as n-xio. Since . O~I(W

11
,e)2I(W~n) ,£), we have 

(3.6) 

for each n, w n is a subset of 0, then by P5 and p6 of Appendix 
1, there is at least one point Y..n such that 

-(3. 7) Y..n f; wn and I(y_n,E) = · I(Wn,E) 
Hence for any ln satisfying (3. 7) I(yn,p)➔O as n➔o:> and using P.l and P.2 
of Appendix 1, we have y_ ➔p as n➔(IO, for otherwise there is a contradiction. n 
Lemma 3.3. le_t all assumptions of the theorem be satisfied. Then for 
each yn satisfying (3.5), there is u such that -o 

(3.8) and lim inf Cn(.!!
0

) ~ J(e) = 1(£,0
0 ) 

~ 

where £ is a fixed alternative. 
Proof 

Since Wn is the union of Wn(.!!) for all ~. then for each v eW Ln n there is a u such that v eW (u) -o 'n n -o and hence By P.8 of 
Appendix 1, I(. ,n

0
) is continuous, then 

lim inf Cn(.!!) ~ l(E,0
0

) = J(£) 
Proof of Theorem. 

By lemmas 3.2 and 3.3 we have that for a fixed alternative 
~en-n

0 
there is at least one ~

0 such that lim inf(Cn(.!!0)~J(£). 
n➔00 By lemma 3.1 we have that for each n an~exp{-nCn(,!!

0
)+0(1og n)}. 

Hence 

-10-
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lim sup(l/n) log «n ~ -J(p) , 
0➔00 · 

By applying (2.9) to &n we have 

-J(e) < lim inf(l/n) log &n ~ lim sup(l/n) log &n ~ -J(g) 
n➔<» n➔oo 

Therefore the theorem is proven. 

4. Probabilities of Larye Deviations for Conditional Distributions 

In this section we verify condition (3.1) for several multinomial 

models arising from practi~al situations. We then conclude that for 

those models the LRC test defined in Section 2, is asymptotically optimal. 

Here we use the term 1 model 1 to denote any particular choice of the 

subset n
0 

and the statistic U. 

Model I 

Suppose that the individuals in a population can be described as 

belonging to one of r different categories, B1,B2, ... ,Br with respect 

to some attribute B and to one of s=m(m+l)/2 categories 

A1A1,A1A2, ... A1Am, A2A2,A2AJ•··· ,A2Am,··· ,AmAm generated by a diploid 

- genetic sys~em with m different genes ·in one locus. The probability 

distribution of observed frequencies nijk(l~i~r, l~j~k~m) in a sample 

of size n from this population is assumed to follow a multinomial 
n m m 

distribution with parameter space 0={£fPiJ'k>O, I l I p .. k=l} 
i=l j=l k=j 1 J 

We consider the problem of testing simultaneously whether the attribute 

B and .genotypes are independent and if the distr ibution of genotypes 

follows the Hardy-Weinberg equilibrium law. 

-11-



Thus we can ~orma l ly wri le H: E_t:0
0
cO where 

Here 6jk is the Kronecker delta (it is equal to 1 if j =k and O other­

wise), y. is the probabi 1 i ty assoc i ate'1 with category Bi , und ()Q 

l m 

the probability associated with gene Ai ( I pi= 1). 
i=l 

Under the null hypothesis H the frequency distribution is given 

. by 

where 

• r m 
( .I I 
i=l j=l 

m 
I n .• k) 

k=j 1J 
r 

( .nl 1-

m r n = "tn + 
i j=l .ji J

}:=n n n• (n .k= L n .. k) 
~ - ~J .J i=l lJ 

Under H the sufficient statistic for the parameters are (n1 .. ,n2 .. , .. ,nr .. ) 

and (n1 ,n2 , ... ,nm) with independent multinomial distribution 

(n,(Yp•·· ,yr)) and (n,(pl' ... ,pm)) respectively. The null conditional 

distribution is given by 

-12-
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r m m 

z u m+r . :r l l z i j k r m rn 
2n i=l j=l k=j (4.1) f °('z) = n (nu.)! 

n - . i=l 1 
II II II (nz .. k)! 

i=l j ~l k=j IJ 

where u.=n. /n, i=l,2, ... ,r; u +n=nn/n, 2=1,2, ... ,m, and 
1 1.. rx. x. 

I£0(~)={~co u<n)(~)=~}. Substituting in Stirling's formula 

n!=(2Tin)112n11exp{-n+8/12n} O<O<l, which is valid for n~l, we obtain 

(4.2) 
Z\u 
f (z) = G (zlu) exp{-nI(z, p(u))·+ K (zfu)} n- n-- - - n--

where 

m+r • r m 
= [ n (2TTnu.) 112 J/((4nn) 112 . TT TT 

i=l 1 i=l j=l 

m -1/2 
TT (2nnz;J·k) J 

k=j 
nu .>1 nz .. k>l 

1 lJ 

m+r 
K (ztu) 
n - -

(1/12) L (8;fnu1) - (0/2n) -
i=l 

I:I: I; 
i=l j=l k=j 

nz .. k>l 

(0 .. k/nz .. k) 
. l J l J 

nu.>1 
1 lJ 

and the elements of p(~) are thei maximum likelihood estimates of 

p. 'k under the null hypotheses, that is 
lJ 

p .. k = u.(2-6 .. k)(u +· u +k)/u 
lJ l JI r J r 

The following theorem is concerned with probabilities of large deviations 

for the conditional distribution (4.1). 

Theorem. 

p1l~(A) 
n n 

Let ~ be given and 

= fzru() where 
Z&A n - z ' 

n 

., 

for any subset An of O(u) 

2' I u f-~ -(z) is given by (4 . 1). 
n 

let 

Then 

-13-
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where c
0,c1,o0 and D1 are positive constants not depending on 11. llence 

(4.4) 

uniformly for An c n(~), and u. 

The proof of this theorem is based on the following Lemma, which is proved 
in Appendix 2. 

Lemma 4.1. For any ~ and z in n(~) we have 

(4.5) 
-c -o c0.n 1 < Gn(!l~).exp{K

11
(~1~)} < o0.n 1 

where c0, c1; o0 and D1 are positive constants not depending on n and 
Gn(!f~), Kn(!I~) were defined before. 
Proof of the Theorem 

z,u 
If A

0 
is empty then f~(An)=O and (4.2.6) is true since 

I(A(n), n(u)) = tta if A is empty. n ~- n 
Assume that A

0 
is not empty. For each z in An the expression 

(4.2) implies that 

where 

Then by lemma 4.2.1 we have 

-14-
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The number of points z in Q is the binomi al coefficient (n+rs-1). 
rs-1 Hence 

and this proves the second inequality of (4.3) . On the other hand, lemma 

(4.1) implies that 

Then 

and therefore 

Thus we hav~ completed the proof of (4.3). Clearly (4.3) implies (4.4). 

Hence for any subset An of O(~) we have 

where for any !EO(~), g{~) is the maximum likelihood estimate of 2en
0

• 

Therefo·re 

-15-
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lhen for any subset An of O(~) we can write 

and the condition (3.1) is satisfied . We conclude then that the (LRC) test 
is asmyptot i cal ly optimal for tlri s model. 

Using the same technique as in Model.I, the (LRC) test is optimal for Lil e 
following multinomial models . 

Model II 

Suppose we classify faitiilies with m children according to 'the number of 
male children and according to r categories B1, ... ,Br of an attribute B. 
The probability distribution of observed frequencies in a sample of size n 
from this population is assumed to follow the multinomial distribution. 

We consider the problem of testing the hypothesis that the sex distribution 
is bino~ial and the same for each category B1. We can formally write 
H: Eeo0c.o where 

Here O < p < 1 is the probability of male children in that population, and 
p. is the probability associated with category B

1 
•• 1. 

I • 

Under H the frequency distribution is given by 

(n!) 

n . 
. J 

m (~) n J 
]·=o • r m 

n n n. -~ 
i=l J=O lJ 

-16-
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where 

m r 
n. = L n .. n .j = L n . . J!Cfl0 1. 

j=O. lJ i=l lJ 

t m 
n - jn . j n2 = I: (m-j)n 1 -

j=O j=O . j 

Then (nl. ,n2_ , ... ,nr.) and (n1 ,n2), are, under H, sufficient statistic 
for the parameters, and they are independent with respective distributions: 

(n1 , ... ,n ): Multinomial (n,(p1 , ... ,P )) . r. . r. 
(n1,n2): Binomial (mn,p) 

The null conditional distribution is given by 

r+2 
n (nu.)! 

i=l 1 

nz . 
m (~) • J 
TI J 

j =O 
r m 

(mn)! n n (nz .. )! 
i=l j=O lJ 

where ui=n1_/n, i=l,2,~ .. ,r, ur+k=nk, k=l.2. 
· As in Model I, it can be proved that for any subset An of n(~) we 

have 

-17-
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Therefore the (LRC) test is asymptotically optimal for Lids model. 

Model I II 

·suppose that individual5 of a population can be described as having one 

of the two phenotypes, normal (AA or Aa) and affected (aa) of a genetic 

system with two genes A and a in one locus where the gene A is domina~t 

over a. Then the expected frequencies under the Hardy-Weinberg equilibrium 

are q2 for affected and 1-q2 for normal, where O < q < 1 is the probability 

associated with gene a. 

Suppose we have a sampJe of n couples from this population and we are 

interested in testing the hypothesis that the probability di.stri but ion of pheno­

types in the two sexes are independent and they are in Heardy-Weinberg equilibrium 

with the same probability q associated with gene a. The sample data can 

be represented in the following 2x2 contingency table. 

Normal Affected Total 

Normal 

Affected 

Total n.2 n 

Under the general model the frequency distribution is assumed to follow 

a multfoomial distribution. The null hypothesis can be expressed by H: pr,0
0 

where 

0 - {prnlp _ (1- 2)2 _ _ 2(l- 2) _ 4} 
0 - uU 11 - q , pl2 - p21 - q q , p22 - q 

Under the null hypothesis the sufficient statistic for the parameters is 

(n1 ,n2) where 

-18-
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.. 
where 

nl = 2"11+"{2+"21 and n2 = 2"22+n12+"21 

The null conditional distribution i s given by 

2 
(n!) n (nu.)! 

Zlu = i=l 
1 

f~ CD --. ~2----'-~2 - ----
c 211) ! n n (nz . . )! 

i=l j =l 1 J 

z .. = n .. /n, i = 1,2 j = 1,2 and u. =· n./n i = 1,2 lJ lJ 1 l 

Using the same technique as before, it can be proved that foi any sub­

set An of O(~) we have 

Zlu 
P-n(A

0
); exp{-nI(A(n), n) + O (log n)} . n o 

Therefore the (LRC) test is asymptotically optimal for this model. 

Model IV 

Consider the problem of testing the hypothesis of i ndepe'ndence in a 

(rxs) contingency table. In the usual notation the null hypothesis is 

H: pe0
0 

where 

Here 

P· 1. 

., 

s 
=LP·· j=l lJ 

and p . = .t 
.J i=l 

P·. lJ 
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Under H the marginals ( n
1 

, ... , n ) and . r. 
( n 1

, . . . , n ) a re 
. . s 

sufficient for the parameters and the null conditional distribution is given 

by 

r+s 
[ n 
i=l 

r s . 
(nu.)!]/[(n~) n fl (nz .. )!] 

1 i=l j=l lJ 

~here ui = n;,/n, i = 1,2, ... ,r and ur+k = n_k/n, k = 1,2, ... ,s. 

As in preceding sections, for any subset A
11 

of O(!!) we can write 

and therefore the (LRC) test is asymptotically optimal for this model . 
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APPCNDIX 1 

Let n be the simplex defined in Section 2, that is 

For any subset A of n, A' = 0-:-A is the complement of A. 

- °k:.A'. the closure of A by A. The boundary of A is Let 

S(p) (for -·EEO) be subsets of n defined by 

... 
S

0 
= {.eenlpi > O; i=l,2, ... ,k} 

5(£) = {!eDla; = 0 if P· = O} 
1 

Fo 11 owing we give some properties of the function I(~, !?_) 

infima which are proved by Hoeffding (1965a). 

k 
(1<?) l(a, p) = L a

1
• fog(a./p.)(~ and E are points of 0) 

- . 1 1 1 1= 

P.1 Q ~ 1(~, _e) ~ OG, for any~ and E in n. 

I(~, e) = 0 if and only if ! = £· 

I(!, E) < 0G if and only if a is in S(_e). -

We denote 

s and 
0 

and its 

P.2 For each £ES , 
Cl 

I(. , .e) is continuous and bounded in 

S(_e). For eac:h _eeS
0

, I (. , E) is continuous and bounded 

in o. 
P.3 For each ~en,. I(~. . ) is continuous in n . 

P.4 For each ~en,, I(~. . ) and I(.' .e) are convex in n. 
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(2°) l(A, Q) = inf{l(~, _e) ~d\} (A is a 1101wmply subset of 0) 

P.5 For each EcS
0 

there is at 1east one point a ~uch that 

(Al. 1) a c A and I(~, Q) = I(A, ~) 

If ,ecA then I(A, g) = 0 and (Al.1) is satisfied only 

for ~ = ,e. If ,eiA then I(A, ~_) > 0 and any point 

2. which satisfi1es (Al. l) is in the boundary of A. 

P.6 Let ,ets
0 

and suppose that B = AnS(p) is not empty, 

. then I(B, E} = I(A, £) < oo. In this case the statements 

P.5 are true with A replaced by B. 

(3°) I(~. 0
0
)·= inf{I(2 , £) ,ec0

0
} (0

0 
is a nonempty subset of O) 

The maximum likelihood estimate of E under ecn
0

, based on 

is a point _E(!(n)) which maximizes 

From (2.4) we can see that g(!(n)) 

the observation 

f ~c_/n) £) 

minimizes 

· (Al. 2) 

for £d'l
0

• 

I(!(n), e> for £COO. Then 

I(!(n); E(!(n))) = I(!(n), 

By extension we define! e(2 ) for any point acO as a point 

e(!) of 0
0 

for which 

(Al. 3) 

P.7 For each acO there is at least one point ~(~) such that 

(Al. 4) 

If acn then I(a, O) = 0, and (Al.4) is satisfied - 0 - 0 

only for E(~) = ~- If ~mo then I(~, 00) > 0 and any 

point satisfying (Al.4) is in the boundary of 0
0 

• 

P.8 If 0
0

CS
0

, then I(., 0
0

) is continuous 

-22-
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P.9 I(., ·0
0

) i_s continuous in S
0

• 

(4°) I(A, no)= inf{I(!, 2) !EA, E&OOCSO} 

P.10 Assume that A and D
0 

~re not empty subsets of O 

and such that I(A, 0
0

) > 0. Then there. is at least 

one point a - such that 

(Al. 5) a c. A and I(a, 0) = I(A, 0) 
- 0 0 

and any point a satisfying (Al.5) is in the boundary 

of A. 

Now let A(n) be the set of lattice points z(n) of ACD. Let P (AIP) n 
' be the multinomial probability defined in Section 2. The following theorem 

proved by Hoeffding (1965) is concerned with probabilities of large deviations 

of !(n) from its mean E· 

Theorem · For any subset A of o and any point Q in n we have 

where C
0 

is a positive constant not depending on n. Hence 

P (A Q) = exp{-nI(A(n), Q) + 0 (log n)} < exp{-nl(A, E) + O (log n)} n-

\ 
uniformly for A contained in n and · pc.O. 
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APPENOlX 2 

Here we give the proof of Lemma 4.1. 

Consider Gn(z u) and k (z u) as defined in Lemma 4. 1. 
fl 

Let 

NumGn be the numerator and .DenG the denominator of G (z u). Then n · n 

Hence 

1 < NumG < (2n3n(m+r)/2 
n 

1 < DenG < e2)½(2nn)(rs+l)/2 
n 

(A2.1) 

uniformly for ~ and ~en(~). 

0~ the other hand Kn(f ~) satisfies the follwing inequality 

(A2.2) -(1/12)(rs+l) < Kn(f ~) < (1/12)(m+r) 

uniformly for u and fen(~). 

Using (A2.1) and (A2.2) we obtain (4.1) where 

. 
Cp = (2)½.(2n)-(rs+l)/2.exp{~(l/12)(rs+l)} 

c1 = (rs+l)/s 

D
0 

= (6rr)(m+r)/2.exp{(l/12)(m+r)} 

01 = (m+r)/2 

--,-
\ 

-24-



'9 

.. 

.. 

... 

ACKNOWLEDGEMENT 

The author thanks Professor Jerome H. Klotz, Department of Statistics, University 

of Wisconsin, School of Medicine, under whose guidance this paper was written. 

-25-

... 



" 

.. 

REF[RENCES 

.[1] Andersen, E.B. (1973). Conditional inference and models for 

measuring. Metalhygiejnisk Forlag, K~benhavn. 

[2] Bahadur, R.R. (1960). Stochastic comparison of tests. Ann. Math. 

Statist. 31: 276-295. 

[3] Bahadur 1 ·R. R. (1960). Asymptotic efficiency of tests and estimates. 

Sankhya 22: 229-252. 

[4] Bahadur, R.R. (1965). An optimal property of the likelihood ratio 

statistic. Proc. of the Fifth Berkeley Symp. Math. Statist. Prob. 1, 

University of California Priess. 

[5] Bahadur, R.R. (1967). Rates of convergence of estimates and test 

statistics. Ann. Math. Statist. 38: 303:324. 

[6] Bahadur, R.R., a~d Bickel, IP.J. (1970). On conditional test levels in 

large samples. University 1of North Carolina Monographs, Series No. 3, 

pp. 25-34. 

[7] Bahadur, R.R., and Raghavaclhari, M. (1970). Some asymptotic properties 

of likelihood ratiQ on general sample spaces. Proc. Sixth Berkeley Symp. 

Math. Statist., Prob. 1, University of California Press. 

[8] Bahadur, R.R. (1971). Some Limit Theorems in Statistics. Regional Con­

· ference in Applied Mathematics 4, SIAM Publications, Philadelphia. 
, 

[9] Barndorff-Nielsen, 0. (1971). On conditional statistical inference. 

Matematisk Institut., Aarhus Universitet. 

[10] Berk, R.H. (1972). Consistiency and asymptotic normality of mle's for ex­

ponential models. Ann. Math. Statist. 43: 193-204 . 

-26-

.,... .. 



[11) Brown, L.D. (1971). Non local a!;ymplotic opli111c.1liLy of .ippropri,1LP 

likelhood ratio tests. Ann. Math. Statist . '12: 1206-12'10 . 

. [12] Chernoff, H. , and Lehmc1nn, E. l. (1954). l he use of maximum likelihood 

estimates in x2 tests for goodness of fit. Ann. Math. Stalist. . -- - -
25: 579-586. 

[13] Crow, J. F. , and Kimura, M. 1(1970). An Introduction to Population Genetics 

Theory. Harper and Row, Publishers, Inc., New York. 

[14] Durbin, J. (1961). Some met hods of constructing exact tests . 

Biometrika 48(1&2): 41-49. 

~ [15] Durbin, J. (1970). On Birnbaun's theorem on the relation between 

sufficiency, conditionality and likelihood. J. Amer. Statist. Assoc. 

65: 395-398. 

(16] Efron, 8., and Truax, 0. (1968). Large deviation theory in exponential 

families. Ann. Math. Statist. 39: 1402-1424. 

(17] Feller, W. (1969). An Introduction to Probability Theory and its Appli­

cations, Vol. II, Wiley and Sons, Inc., New York. 

[18] Hoadley, B.A. (1967). On the probability of large deviations of functions 

of several empirical cdf's. Ann. Math. Statist. 38: 360-382 . 

[19] Hoeffding, W. (1965}. Asymptotically optimal tests for multinomial 

distributions. Ann. Math. Statist. 36: 369-408. 

[20] Hoeffding,_W. (1965). On probabilities of large deviations . Proc. Fifth 

Berkeley Symp. Math . Statist. 1 Prob. 1, pp. 203-219. 

[21] Kulback, S. (1968). Information Theory and Statistics. Dover Publications, 

Inc. , New York. 

(22] Lehmann, E.L. (1959). Testing Statistical Hypotheses. Wiley and Sons, Inc., 

New York. 

-27-

... 
: ' 



.. 

.. 

.. 

[23] Raghavachari, M. (1970). On a theorem of U.'.lhadur 011 the rate of 

convergence of test statistics. Ann. Math. Statist. 41: 1G95-1699. 

[24] •Rao, C.R. (1965). · Linear Statistical Inference and its Applications. 

Wiley and Sons, Inc. 1 New York. 

[25] Smith, C.A.B. (1970). A note on testing the liardy-Weinberg law. Ann. 

Hum. Genet. Land. 33: 377-383. 

[26] Wald, A. (1949). Note on the consistency of the maximum likelihood 

estimate. Ann. Math. Statist. 20: 595-601 . 

-28-



REL~T~RIO TtCNICO 

DO 

DEPARTAMENTO DE EST~TfSTICA 

TtTULOS PUBLICADOS 

7901 - BORGES,W.de s. On the limiting distributions of the failure 
time of composite material. Sao Paulo, IME-USP,1979,22p. 

7902 - GALVES, A.; LEITE, J.G.; ROUSSIGNOL,M. The invariance prin­
cip le for the one-dimensional s ymmetric simp le exclusion 

process. Sao Paulo, IME-USP, 1979. 9p. 

8001 - MENTZ, R.P. et al. Exploratory fitting of autoregressive 
and moving averag e models to well-behaved time series da 
ta. Sao Paulo, IME-USP, 1980. 16p. 

8002 - MORETTIN, P.A. Walsh spectral analysis. Sao Paulo, IME-USP, 
1980. 27p. 

8003 - RODRIGUES, J. Robust estimation and finite po pulation. Sao 
Paulo, IME-USP, 1980. 13p. 

8004 - BORGES, W. de S. & RODRIGUES, F.W. On the axiomatic theory 
of multistate coherent structures. Sao Paulo, IME-USP, 
1980, lOp. 

8005 - MORETTIN, P.A. A central limit theorem for stationary p ro­
cesses. Sao Paulo, IME USP, 1980. Sp. 

8101 - DANTAS, C.A.B. & COLUCCI, E. A Simulation p ro9 ram for emer­
gency services-II, Sao Paulo, IME-USP, 1981, 14p. 

8102 - ANDJEL, E.O. Invariant measures for the zero ran9 e r rocess. 
Sao Paulo, IME-USP, 1981, 55p. 

d 8103 - ANOJ'EL, E.D. The asymmetric simple exclusion p rocess on z • 
Sao Paulo, IME-USP, 1981, 13p. 



.... 

.. 

:'.",, 

i 

..... 

8104 - MORETTIN, P.A. & TOLOI, c.M.C., Accuracy of forecasting with 

s pecial reference to the Box-Jenkins and Bayesian Methodo 

logies. sio Paulo, IME-USP, 1981, 4lp. 

8105 - PINO, F.A. & MORET'l~IN, P.A., Intervention analysis aJ .,plied 

• to Brazilian coffee and milk times series. Sao Paulo IME-

USP, 1981, 36p. 

8106 - BORGES, W.S. & RODRIGUES, J., Testing for new better 

used in expectation. Sao Paulo, IME-USP, 1981, 7p . 

than 

8107 - FAHMY, S.; PEREIRA,, C.A.B.; PROSCHAN, F., The influence of 

the samp le on the posterior distribution. Sao Paulo, IME­

USP, 1981, 17p. 




