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LACK OF MONOTONICITY IN FERROMAGNETIC
ISING MODEL PHASE DIAGRAMS

RoperTo H. SCHONMANN (UCLA) AND NELSON I. TANAKA (IME/USP)

ABSTRACT. We study patterns of Lthe phase diagram of ferromagnetic Ising models
on graphs under an external magnetic field. We provide an example of a tree with
only two types of vertices on which [or a range of values of the external field there is
a unique Gibbs distribution at low enough and at high cnough temperatures, while
at intermediate temperatures there is phase coexistence (in other words, a reentrance
transition takes place).

1. Introduction.

The investigation reported in this paper started with the following thoughts. The
ferromagnetic Ising model can be seen as the most basic model in mathematical sta-
tistical mnechanics and its natural mathematical setting is a graph, with the vertices
being the sites which we can think of as the locations of spins +1 or —1, and the
edges indicating the pairs of spins which do interact. Two parameters appear in
this model: an external field h € R and a temperature T € Ry. A fundamental
question is then to locate on the phase diagraun i x T the region where there is more
than one Gibbs distribution (the so called “phasc-coexistence™ region). It is natural
to ask what the general features of the phase-coexistence region are. Regarding its
intersection with the T-axis (i.e., the reduced problem in which 4 is held fixed equal
to 0), there is a well-known argument - to be revicwed later, when we have cnough
notation available — based on one of Griffiths’ inequalitics, which shows that this
intersection is always an interval (possibly degencrate), which has one of its end-
points at (2, T) = (0,0). This simple feature of the phase-coexistence region can, of
course, be seen as a monotonicity property: if there is a unique Gibbs weasure at
the point (0,T;) of the phase diagram, then the same is also true at all the points
(0,T), with T > T;. The main point of this paper is that if h # 0, then the samne
sort of monotonicity in T is not true, even if we restrict oursclves to very simple
graphs (our example will be an almost homogencous tree, with only two types of
vertices).

Before proceeding, we will have to introduce a certain amount of notation and
terminology. We will also recall some well known facts about the statistical mechan-
ics of lattice systems and the Ising model, and we refer the reader to [Geo] and [Lig]
for their proofs.
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We will consider graphs with countably many vertices and locally bounded degree
(meaning that each vertex belongs to a finite number of edges). This class of graphs
will be denoted by C. No assumption that the graph is connected or infinite is being
made, but these are the typical cases in which one is intcrested. Given a graph
G € C, we will use V(G) to denote its set of vertices (also called sites) and £(G)
to denote its sct of edges. When there is no risk of confusion, G will be omitted in
this notation. Two vertices arc called neighbors if they helong to a common edge.

An isomorphism between two graphs, G; and G, is a one-to-one mapping from
V(G1) onto V(G2) which preserves the graph structure, i.e., such that the set of
edges of G, can be obtained as the set of pairs of images of vertices of G, which form
edges. An isomorphisim between a graph G and itself is called an automorphism of
G. Two vertices of G are said to be of the same type, if cach one can be mapped
into the other one by an antomorphism of G. Graphs which have a single type of
vertex will be called homogencous graphs (sometimes the term transitive graphs is
used in the literature). Graphs which have a finite munber of types of vertices will
be called alinost-homogeneous graphs (sometimes the term almost-transitive graphs
is used in the literature).

Confignrations are elements of the set Q = {—1,+1}", interpreted as the as-
signment of a spin —1 or +1 to each site in V. Given ¢ € Q and r € V, we use
o(z) for the value of the spin at z. We will consider the formal ferromagnetic Ising

Hamiltonian:
Hilo)=— )Y o(=)aly) —k)_ o(z), (1.1)

{z.¥)€€ z

where h € R is the external field and o € 2 is a generic configuration. In order to
give precise definitions, we consider finite subsets of V. The expression A CC V
will mean that A is a finite subset of V. Given a set A CC V we define also

&= {{z,y} € E: 2,y € A},
06y ={{z,y} €€:2 € A,y g A}
Given also a configuration 5 € £, we define the following set of configurations:
Ny = {0 € Q:0(z) =n(z) for all = ¢ A}.

For each set A CC V and each boundary condition 5 € 2, we define

Hamalo) == 3 ola)oly) = Y olemy)-hY olz).  (12)

{z.y}€€A {z.9}€E, zEA
yE€A

The Gibbs (probability) measure in A with boundary condition 1, under external
ficld h and at temperature T > 0 is now defined on Q as

exp(=BHa q,1(0))

1 ir o€ QA 3
A ralo) = { ZpamToh o4

0, otherwise,
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where f = 1/T and

Zanrh= Y exp(—BHaq14(0)).

o€,y

A Gibbs measure for the system on the graph G (possibly infinite) is defined as
any probability measure x which satisfies the DLR equations in the sensc that for
every A CC V and p-almost all n € 2

10 19Q,0) = pagral - ). (1.3)

It is easy to check and very important that this definition is self-consistent in case
V is finite.

Alternatively and equivalently, Gibbs measures on a possibly infinite graph can be
defined as limits of the corresponding Gibbs measures on finite subscts of the system,
with arbitrary boundary conditions. For this purpose one says that a sequence of
probability measures, (gtn)n=1,.... converges weakly to the probability measure v

in case
lim /fd;t,. :/fdu, (1.4)
1N =00

for each f : @ — R which depends only on the value of the spins on a finite set
of sites. The sct of Gibbs measures for the system on G coincides with the closed
convex hull of the set of weak limit points of sequences of the formn

(12A;.ni . T Yi=1.2...., where each A, is finite and A; —» V, as i = oo, in the sense that
U, N2, A, = V.

The set of Gibbs measures will be denoted by Gr 5. The subset of the h x T half-
planc where Gr,; has a single element is called the phase-uniqueness region, and its
complement is called the phase coexistence region. From Dobrushin’s nnigueness
condition (sce, e.g, Chapter 8 of [Geo]), it is easy to sce that if our graph G has the
degree of all the vertices bounded by a common constant «, then there are finite
positive constants h(x) and T'(x) such that if |} > h(x), or T > T(x), the systemn
is in the phase-uniqueness region.

For the expected value corresponding to a Gibbs measure ..., in finite or infinite
volume, we will use the notation

...= [ fdp.,

where ... stands for arbitrary subscripts. We will use a common and convenient
form of abuse of notation: o(x) will be used to denote the function which associates
to each configuration the value of the spin at the site » in that configuration.

The Gibbs measures satisfy the following monotonicity relations to which we will
refer as the FKG-Holley inequalitics.

If y < ¢ and by < hy, then, for cach A CCV, pa 10, < HALT H,-

In what follows we will abbreviate by + (resp. —) the configuration with all
spins +1 (resp. —1). We will also use the notation + in a standard way, with cach
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equation in which it appears representing the two equations obtained by replacing
this symbol consistently with +, or consistently with —.

A consequence of the FKG-Holley inequalities in combination with the DLR
equations is that

PAET.A —p 1t Tk wea.kly, as A - V. (15)

The Gibbs distributions gy 7, and p_ 74 80 obtained are called respectively the
(+)-phase and the (—)-phase of the Ising model on G. Moreover the following three
statements are equivalent

Ul) |[Gral=1.

U2)  p—rn = 14,70

U3) (o(«))-14 = (o(x))+ 1.4, for cachsite z € V.

In case the graph G is not connected, the equality in (U3) above can be satisfied
for some sites = while it fails for others. On the other hand if G is connceted,
that equality is cither true for all sites z or false for all sites z. To prove this
last statement one can proceed as follows. Suppose that the equality fails for one
given site r. Consider next a site y which is neighbor to z. By conditioning on
the configuration in the neighbors of y and using the Holley-FKG inequalities, one
can readily see that the equality in (U3) also fails for y. By proceeding inductively,
one concludes then that once the equality in (U3) fails for one site, it will fail for
all sites which belong to the connected component of the graph to which this site
belongs.

The Ising model has been mostly studied on the the cubic lattices, V = Z¢,
with edges connecting sites which are separated by Euclidean distance 1. In this
fundamental case, the phase-coexistence region is contained in the T-axis. In case
d = 1 it is empty, while for d > 2 it is a non-degencrate interval contained in
this axis, and of the form (0,T;]. The proofs that there is uniqueness of the Gibbs
distribution for the Ising model on these graphs when h # 0 depend only on the
facts that these graphs are homogencous and the munber of sites at distance N from
a fixed site grows slower than the number of sites at distances smaller than N from
this site, as N — oo.

Also greatly studied is the Ising model on a homogeneous tree, Tp. In this
notation b is the branching number, so that each site has b + 1 neighbors. Note
that T; = Z'. In the case b > 2 the phase-coexistence region is not confined to the
T-axis; it is given by the set

{(h,T):0< T < T, —he(T) € h £ he(T)}, (1.6)
where
he(T) = T max(bps(t) - 1), (1.7)
with . Wt + B
palt) = 5 log (m—iﬁ’;) = tanh™(tanh(8) tanh(t)), (1.8)
and 3 0

Te = sup{T > 0: h(T) >0} =

i (E%) (1.9)
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The following properties of the function o4 are important. It is a continuous
odd function, which is strictly increasing and has range (-8, 8). It is also strictly
convex on (—o0,0] and strictly concave on [0, c0).

Before proceeding we recall the well-known argument to the effect that if there
is a unique Gibbs measure at the point (0,7}) of the phase diagram, then the same
is also true at all the points (0,T), with T > T). For this purpose one uses the
symmetry between +s and —s in the case & = 0, and writes

0 <{o(=))+.a,10 — (o(7))- a0 = 2{a(x)) 4 a,100
L2(a(z)) 44,70 = (0(2)) 44,710 — {0(2))- a1 0-

Here the first inequality is an instance of the FKG-Holley inequalities, while the
second inequality is an instance of one of Griffiths’ inequalities. Letting A — V,
and using the equivalence between (U1) and (U3), onc obtains then phase uniqueness
at (T, 0) from phase uniqueness at (7),0).

A similar well-known argument can be used to show that il we delete edges from
a graph on which there is phase uniqueness at a certain point (0,T), then at the
same point of the phase diagram, there will be phase uniqueness for the new graph.

Note nevertheless that the absence of symmetry between +s and —s when & # 0,
spoils the argument above, in that case.

We describe next a tree with only two types of sites (an almost-homogencous
tree), on which for certain values of /i # 0 phase uniqueness at certain values of T
does not imply phase uniqueness at larger values of T.

Our tree can be constructed from Ty, by adding vertices and edges to it. In this
procedurc cach vertex of T is connected to A new vertices, by means of A new
edges. These new vertices are not connected to any other vertex, so that they are
leaves of the graph. This completes the construction of the graph, which we denote
by T4, 4. This graph has two types of vertices, those of first type are the ones with
which we started; the ones we added are of the second type. Each vertex of first
type is connected to b+ 1 other vertices of the same type and to A vertices of the
second type. Each vertex of the second type is connected to exactly one vertex of
the first type and to no vertex of the second type.

Proposition 1. For the tree Ty 4 with a proper choice of b and A (e.g., A = 2b and
b large enough) for h in a non-degenerate interval which contains 1 the following
happens. There are values of T for which there is phase coezistence, but for T cither
large enough or small enough there is phase uniqueness.

In the proof of this proposition we will sec that when A > 0 the phase-coexistence
region of Ty 4 is a strict subset of that of T,. It is clear that the graph that has the
same set of vertices as Ty 4 but only has edges connecting the sites corresponding
to sites of the first type in T} 4 has the same phase diagram as T, (the other sites
arc not connected to anything, and in particular the graph is not connected, but
still it is in C). Hence the conclusion that the addition of cdges to a graph may
reduce the phase-coexistence region, contrary to what happens with the intersection
of this region and the T-axis.

The lack of monotonicity in T cxemplifiecd in Proposition 1 contrasts with the
monotonicity in |h] expressed in the next one.
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Proposition 2. For all graphs in C, if there is a unique Gibbs measure at the point
(M1, T) of the phase diagram, then the same is also true at all the points (h,T), with
|’l| > lh]'.

Proof. With no loss of generality we can take 0 < hy < h. The following correlation
inequalitics are then available, where A CC V and z € A,

0 < (a(x))4.a,1h —(o(z))-a.Th S (0(2)) 4,470, — (0(2))=ATh,-  (1.10)

Here the first incquality is an instance of the FKG-Holley inequalitics, while the
second inequality can be obtained from Lebowitz’s inequalities for duplicated spins
in [Leb]. (The derivation appears in the 2nd step of the proof of Theorem 2 in
[Hig2]. p. 6, where only the case 0 = by < h is considered, but the same argument
works as well for 0 < /iy < h. The reader should also beware that Higuchi uses
a slight generalization of the work in [Leb], in which now different cxternal fields
act on each copy of the spin system.) Letting A = V in (1.10), and using the
equivalence between (Ul) and (U3), one obtains phase uniqueness at (T, h) from
phase uniqueness at (T, ;). ]

Section 2 will be dedicated to the proof of Proposition 1. Here we give a heuristic

argument. which makes this proposition at least plausible. The idea in this heuristic
argument is to consider the spins at the sites of first type in Tj 4 as being the sites

of the smaller graph T, and the spins at the sites of sccond type (the leaves of T} 4)
as providing an extra cffective external field which acts on the sites of first type, in
addition to the external field h.

For the heuristic argument we will need two facts about the phasediagram of the
Ising model on T,. The first one is

'}ill.lu h(T)=b-1. (1.11)

One way to obtain (1.11) is by computing h(T) explicitly from its definition (1.7).
This is done in [Geo], where the result appears as cquation (12.30). There J is our
B, d is our b and h(J,d) is our gh(T). The behavior of h.(T) as T — 0 is also
found in [Geo] (first display after (12.30)), and in particular one has (1.11).

The second fact is that for fixed T

lim hdT) =

b—oo b

1. (1.12)

This is a straightforward consequence of (1.7) and the properties of 4.

Suppose that h is slightly larger than 1. At low temperature the spins at the sites
of second type will, with overwhelming probability, be aligned with this external
field and so be +1. This is so because in this state the contribution to the energy
from each such spin is lower than in the opposite state, regardless of the state of the
spin at the site of first type neighbor to the site that we are considering. But then
the spins at the A sites of second type, neighbors to a site of first type z, produce
an cffective extra external field acting on the spin at r of magnitude close to A.
This should be contrasted with (1.11), which tells us that h(T) is close to b — 1.
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The total effective external field close to A+ 1 = 2b + 1 should therefore he enough
to assure phase uniqueness.

We suppose that b is so large that we can take a temperature large compared with
L, while still small compared with b. When the tempcrature is much larger than 1,
there should be a substantial entropy effect affecting the spins at the leaves of the
tree and the extra effective field acting on the spins at sites of first type should be
just a small fraction of A = 2b. Contrasting this with (1.12), we sce that, if b is
large, now the effective field is no longer strong enough to bring the system into the
phase-uniqueness region.

At larger temperatures, of course, Dobrushin’s uniqueness condition tells us that
phase uniqueness will again be restored.

2. Proof of Proposition 1.

When studying Gibbs measures on trees, it is natural to look for recursions. In
such an approach success depends on making a good choice of the quantities for
which the recursion is written. Our choice of L, . , below as this quantity was
motivated by the paper [Higl).

For the moment the setting is an arbitrary connected tree G in C. Call oue of the
vertices of the tree its root, denoted by 0. Each vertex r in the tree has a generation
index g(z), defined inductively by setting g(0) = 0, and giving the generation index
n-+1 to the vertices which are neighbors of a vertex with index n unless they already
have index n — 1. We write z 2y in case z and y belong to a common edge and
g9(y) = g(z) + 1. A vertex z is a descendent of a vertex z if there is a sequence of
vertices ¥ = zg, 21, ...,x; = 2z such that z; T’ zjpr, forj=0,..,i—-1.

Given z € V', we define the tree G,, obtained from the original tree G that we
are considering by only keeping the vertex z and its descendents, and keeping all
the edges connecting any two of these vertices. Given also n 2> g(x). we define V; ,,
as the set of vertices containing z and its descendents with gencration index not
exceeding n. Note that V; . is a subset of the sct of vertices of G,.

In what follows T and h are fixed, and will be omitted from the new notation
being introduced. First define

Hemalo) == ) o(y)o(z) - ) olyhu(z)=h Y aly). (2.1)
{v,z}€£(G.) {y,2}€£(G.) yEV: n
YEVe n 2€EVe n YEVe,a € Ve,

<
Now, given A C {=1,+1}Y== define

Z!‘"-'I(A) = Z exp(_ﬂHz,n,q(a))'

oEA

Next set

_ 1. Z:nglo(z) = +1)
Lr,".'l L 92 lOg Zx.n..,(d'(.'l') = _1)
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We can now write the following recursion:

et Hr:z-l-y {epzvm.u("(‘.’l) =+1) + e—ﬁz,,,,_,,(a(y) = _1)}

1
Linn=3108 sy (67 Zynnlo(y) = +1) + €824 n0(0(y) = ~1)}
=i+ Y op(Lyma), (2:2)
vy

where g is defined by (1.8).
We will write [, = Lo,n,n and Vo n = Vi, Note that

o !Vaum:Ta(0(0) = +1)
I‘V.,v,,T.h(a(O) = _1).

(2.3)

1
lll,i’ = 2

In what follows we will supposc that 5 is either the configuration with all spins
—1 or that with all spins +1. From (1.5) and (2.3) we obtain

px,1,0(0(0) = +1)

1
ly = lim I, 4+ = =lo A
I et T 308 L alo(0) = 1)

A simple computation yields now
{0(0))+. 1.4 = tanh(ly).

Therefore the remark in the paragraph after the equivalent conditions (U1) ~ (U3)
were introduced implies that for an arbitrary connected tree G € C also

Gral=1 &= I-=1. (2.4)

We want to use the equivalence in (2.4) to find the coexistence region for the tree
Ty, 4. From this point on we will use the notation above, having in mind that it
refers now to the tree G = T, 4.

Before we can study T, 4, we will have to consider a related but somewhat differ-
ent tree G' = T 4, and for this tree we will use similar notation, but distinguished
by a prime. The trec T, , is obtained from T, 4 by removing one of the neighbors
of its root, as well as all the descendents of this site. All the edges from T, 4 which
connect sites which are not being removed are kept.

The tree G' = T, 4 has the particularly nice feature that for cach of its vertices
r, the corresponding tree G-, (as defined above, before (2.1) was introduced) is
isomorphic to T , itsclf. This makes the recursion (2.2) become particularly simple
and yields

Lix = Bh+ App(Bh) + bop(l,_; 1), (2.5)

where the second term comes from summing over the leaves among the neighbors
of the root. We will introduce the notation

HGi(B,h) = Bh + App(Bh), (2.6)
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so that (2.5) turns into

Loy =HEQB) +boa(l_y 4) 2.7

From the last display and the continuity of @y, it follows that I” = limp—eo {}, _
and 'y = limp o0}, 4 are solutions of the following equation in ¢

t = HG(B,h) + bop(t). (2.8)

This equation is precisely equation (12.22) of [Geo], where the case of the homoge-
neous trees is studied. One simply has to replace the variable J in [Geo] with our
B, d in [Geo] with our b and the h in [Geo] with our H4(8,h). From the analysis
in [Geo] of this equation we know that (2.8) has exactly 1 solution if T > T or
[H&(B,1)| > Bhe(T), where T, is given by (1.9) and h(T) is given by (1.7). It
has exactly 2 solutions if T < T and |HZ(B,h)| = Bh(T). And it has exactly
3 solutions in case T < 7. and |HA (B, h)| < Bh(T). We will denote by t_ the
smallest solution of (2.8) and by ¢, the largest solution of that equation.
Next we want to argue that
I; =i, (2.9)

For this purpose we extend the definition of ¢g by continuity, setting
pa(Eoo) = lim pp(t) = 4.

We also define
ll_]'._t = im'

so that a direct computation shows that
lo.x = HA(B.h) £ b8 = HE(B.h) + boa(lL, 4).

In other words, (2.7) is now satisfied for n = 0,1,2,....

Fort >ty we havet > HZ4(B, h)+bpa(t) (compare the limits of both sides as t —
oo and note that by continuity of the functions on both sides the inequality between
them must be the same for all ¢ > t;). It is therefore clear that the recursion (2.7),
started from I’ | | = +o0, produces a decreasing scquence (I}, , Ja>-1, bounded
below by t;. This decreasing sequence must then converge to a fixed point of the
recursion, not smaller than ¢4, and hence it must converge to t;. This proves (2.9)
in case + is replaced with +. The case in which it is replaced with — is analogous.

Fromn (2.4), (2.9) and the behavior of the solutions of (2.8) for different values of
T and h, we conclude that the phase-coexistence region for the Ising model on T}
is the set

{(h,T):t_ <t4}={(h,T):0< T < T, —h(T) < h < h(T)}, (2.10)
where T. is still given by (1.9), and

h(T) = max{h > 0: Hj(B, h) < Bh(T)}, (2.11)
i
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with h.(T) given by (1.7). In justifying the equality in (2.10), note that HZ (8, k)
is a strictly increasing function of h, and H4(8,0) = 0.

Regarding the phase-coexistence region for the Ising model on the tree G = T, 4,
we can readily see that it is the same set (2.10) above. For this, note that the
recursion (2.2) applied in case z is the root of this graph gives

lax = Bh+ Apg(Bh) + (b + Vop(lh_y 3) = HA(B. 1) + (b + Dwp(lh_y 4).

This is so because for cach site y different from the origin G, is isomorphic to T} 4.
Letting n = oo gives

le = HG(B, h) + (b + Dwp(ly) = HE(B, h) + (b + L)os(ts).
Since g is strictly monotone increasing we can conclude now that
12 =l = 1 Sy

so that (2.4) implies that indeed the phase-coexistence region for the Ising model
on Ty is given by (2.10). Incidentally, note that the analysis above includes a
review of a proof that (1.6) is the phase coexistence region for the Ising model on
the homogencous tree Ty (the casc A = 0). Also, from (2.11) and (2.6) it is clear
that the phase-coexistence region shrinks as A grows. This justifies the claim that
we made after the statement of Proposition 1.

Our problem of proving Proposition 1 is now reduced to the study of the phase-
coexistence region, as described by (2.10), and in particular of the behavior of
hA(T), given by (2.11), as a function of T. According to the statement of that
proposition we take A = 2b, and we will at some points below also have to choose
b large enough.

Note that from the definition (1.9) of T, it follows that

;IEEOT‘/" =\ (2.12)
This, of course, shows that
If b is large enough, for T = 2b we have T > T.. (2.13)
We will show next that
If b is large cnough, for T = b/2 we have T < T, and h2(T) > 1. (2.14)

The claim about T; in (2.14) is immediate from (2.12). The first step in the
derivation of the claim about h2(T) in (2.14) is a sort of mean-field bound. From
(1.7) we have

Bhe(T) = max(bp,(t) - 1)

= max (btanh ™' (tanh(2/b) tanh(t)) — t) > max (btanh(2/b) tanh(t) — ).
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Therefore, for large enough b,

Bh(T) > 'Pf&x (g tanh(t) — t) >0,

where the last inequality is straightforward from the fact that at ¢ = 0,
dtanh(t)/dt = 1. The important fact here is that the factor 3/2 multiplying tanh(t)
is larger than 1. The reader can see in this estimate the connection with the mean
ficld model. Note that the lower bound obtained is uniform for all large b.

On the other hand, for h =1,

HGi(B,h) =H4{B,1) = B+ App(B)
=2/b + 2py/4(2/b) = 2/b+ 2btanh ™" (tanh(2/0) tanh(2/b))
=2/b+ bO(1/b?).

From the last two displays and the definition (2.11) we conclude that for b large
enough.
RA(T) = max{h > 0: HA(B8,h) < Bh(T)} > 1,

which is our claitn about 2A(T) in (2.14).
Next we show that

For cach b, for T small enough (depending on b) we have h3(T) < 1.  (2.15)

For this we first note that for A =1,

He’}r(ﬁ‘h)/ﬂ=l+Ag¥ —+14A=1+2b, as T 0.

Comparing this behavior with the behavior of 4.(T), as given by (1.11) (which, as
explained, is derived from an explicit computation which can be found in [Geo]),
we obtain the claim (2.15) from the definition (2.11) of AA(T).

Proposition 1 is a consequence of (2.13), (2.14) and (2.15), and the fact that the
phase-coexistence region for the the Ising model on T, 4 is given by (2.10). As a
remark, it is worth noting that (2.14) and (2.15) are really the important estimates.
In the proof of Proposition 1 we could replace the use of (2.13) with the fact that
from Dobrushin’s uniqueness condition, for each b, for T large enough (depending
on b), there is a unique Gibbs distribution regardless of the value of h.

3. Some open problems.

1) The graph T, 4 is almost-homogeneous but not homogeneous. Is there any
homogeneous graph on which the Ising model presents for some value of the external
field and three values of the temperature, Ty < T3 < T3, phase uniqueness at
temperatures Ty and T3 and phase coexistence at temperature T,?
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2) Is there any graph on which at some temperature T) the Ising model presents
phase coexistence if and only if 2 = 0, but at some larger temperature T; > T it
presents phase coexistence also for some non-null value of the external field?

Note added in revision: After this paper was completed, Problem 2 above was
solved by M. Salzano, who obtained a graph with the required property. As far as
we know, Problem 1 is still open.
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