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LACK OF MONOTONICITY IN FERROMAGNETIC 

ISING MODEL PHASE DIAGRAMS 

ROBERTO H. SCHONMANN {UCLA) AND NELSON I. TANAKA {IME/USP) 

ABSTRACT. We study patterns or Lhe phase diagram or forromagncLir Ising models 
on graphs nmler an external mngnrtic field. We providr an example or a tr.-,· wiU, 
only two types of vertices 011 wl,ich for II range or values of the external field there is 
a unique Gibbs distribution at low enough and al high t-nough lemperalures, while 
at intermediate temperatures there is phase coexistt>nce {in oth<'r \\'Ortis, a rl.'Cntrnnc-e 
transition takes place) . 

1. Introduction. 
The investigation report<·<! in this p:lpcr started with t.hr. following thoughts. Th<' 

ferromagnetic Ising model can he seen as the most basic model in matlwmatical sta­
tistical mechanics and its natural matl1ematical setting is a graph, with the vertices 
IX'ing the sites which WI' nm think of as the locations of spins +l or -1 . and the 
edges indicating the pairs of spins whicl1 clo interact. Two para111ct<'rs appl'ar in 
this model: an external field Ii E R and a temperature T E R+- A fnnda111ental 
qul'stion is thcu to locatc 011 the ph.;L~ diagram Ii x T tl1<' r<'giou whn<' th,•rp is more 
than oue Gibbs distribution (the so called "phn.sc-cocxistcuce" region). It is natural 
to ask what tl1e general features of the phase-coexistence region an>. Rrgardit1g it.s 
iutC'rsC'Ction witlt the T-axis (i.e., the reduced problem in which/, is held fix<'d equal 
to 0), there is a well-known argument - to be I<'viewcd later, wh£'n we have enough 
notation available - based on one of Griffiths' inequalities, whi<-h shows that this 
int<'rscction is always an interval (possibly degenerate), which h:L'i om• of its <'ml­
points at ( /,, T) = ( 0, 0). This simple feature of the phase-co<'xistmC'e tC'gion <'an. of 
course, be seen as a monotonicity property: if there is a. unique Gibbs me:L'iUI<' at 
the point (0, T1) of the phase diagram. then the same is also true at all the points 
(0, T), with T > T1 • The ma.in point of tl1is paper is tl1at if /, ,f 0, then the same 
sort of monotonicity in T is not true, <'ven if wr rPstrirt oursdvrs to vl'ry simplr 
graphs (our examplP will be nn almost homogcm•ons tree, with only two typPs of 
vertices). 

Defore proceeding, we will have to introduce a certain amount of notation ;uul 
ter111inology. We will also recall some well known facts about the statistical meclmn­
ics oflattice systems and the Ising model, and we refer the reader to (Gro] am! [Lig] 
for their proof.'i. 
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We will consider graphs with countably many vertices and locally hounded degree 
(meaning that each vertex belongs to a finite number of edges). This class of graphs 
will be denoted by C. No assumption that the graph is connected or infinite is being 
made, but these are the typical cases in which one is interested. Given a graph 
G E C, we will use V(G) to denote its set of vertices (also called sites) and £(G) 
to denote its set of edges. When there is no risk of confusion, G will be omitted in 
this notation. Two vertices arc called neighbors if they belong to a common edge. 

An isomorphism between two graphs, G1 and G2, is a one-to-one mapping from 
V(Gi) onto V(G2 ) which preserves the graph structure, i.e., such that the set of 
edges of G2 can be obtained as the set of pairs of images of vertices of GI which form 
edges. An isomorphism between a graph G and itself is called an automorphism of 
G. Two vertic-cs of G :trc said to he of the same type, if each one can be mapped 
into the other one by au automorphism of G. Graphs which have a single type of 
vcrt1•x will be calll~d ho111ogcneo11s graphs (sometimes the term transitive graphs is 
usl'd in the litcratnre). Graphs which have a finite 1111111ber of types of vertices will 
be called almost-homogeneous graphs (sometimes the term almost-transitive graphs 
is nsed in the literature). 

Configurations arc clements of the set n = { -1, + 1} v, interpreted as the as­
signment of a SJ)in -1 or +l to each site in V. Given u E n and z E V, we use 
u(z) for the value of the spin at z. We will consider the formal ferromagnetic Ising 
Hiuniltouian: 

1ih(u) = - L u(x)u(y) - h L u(x), 
(r,,}E£ ., 

where h E R is the external field and " E O is a generic configuration. In order to 
give precise definitions, we consider finite subsets of V. The expression A CC V 
will mean that A is a finite subset of V. Given a set A CCV we define also 

£A= {{z,y) E £: :r,y EA}, 

DEA= {{:r,y} E £: :r E A,y (/. A}. 

Given also a configuration '1 E 0, we define the following set of configurations: 

OA,,, = {u E O: u(:r) = q(x) for all z (/. A}. 

For each set A CC l' and each boundary condition 11 E {}, we define 

1i,.,,,,h(u) = - L u(x)u(y) - L u(x),,(y) - Ii L u(x). (1.2) 
(.r,y}E£A {:o:,,}ED£A rEA 

,fA 

Tl1e Gibbs (probability) measure in A with boundary condition '1, under external 
field h and at t<'mpcraturc T > 0 is now defined on O as 

{ 

cxp(-P1iA,q,1t(u)) 

l'A,,,,T,i.(u) = ZA,.,,T,lt ' 
0, otl1r.nvise, 
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where fJ = 1/T and 

z,..,q,T,h = L exp(-fJ1f,A,q,T,h(u)) . 
e1EOA , 111 

A Gibbs measure for the system on the graph G (possibly infinite) is defined as 
any probability measureµ which satisfies the DLR equations iu the sense that for 
every A cc V and µ-almost all ,, E n 

(1.3) 

It is easy to check and very im11ortant that this definition is self-consistent in case 
Vis finite. 

Alternatively and equivalently, Gibbs measures on a possihly infinite graph can be 
defined as limits of the corresponding Gibbs measures on finite subsets of the systPm, 
with arbitrary boundary conditions. For this purpose one says that a sequence of 
probability measures, (µn)n=1,2, ... , converges weakly to the probability measure,, 
in case 

Jim jfd11,. = j fd11, 
n-00 

(1.4) 

for each f : n ➔ R whid1 cl<'J>l'11<ls only on thr vahu• of tlw spins 011 a finite srt 
of sit.es. The set of Gibhs mc:L'lnrcs for the systmu 011 G rniudd<!S with t.11<' dosc•d 
convex bull of the set of weak limit points of sequences of the form 
(11A,.q, ,T.h)i=1,2 .... , where rach A; is finite and A; ➔ l', ns i ➔ oo, in thr sense that 
U~ 1 n~i A,= V . 

The set of Gibbs measures will he denoted by YT,A. The snhsct of the I, x T half­
plane where YT,la !ms a single element is called Uae pha.'!e-uniqneucss region, and its 
complement is called the pfoL'ie coexistence region. From Dohrnshiu 's nni<111<'ncss 
condition (see, e.g, Chapter 8 of [Geo)), it is easy to sec that if ottr graph G h,L'l the 
tlcgrce of all the vertices boumled by a common constant "• then th<'re arr finit<' 
positive constants h(,-J and T(,-) such Uaat if lhl > /,(,-), or T > T(,-), the system 
is in the phase-uniqm•ucss region. 

For the expected valttt' corresponding to a Gibbs mea.c;nrc ,, .. . , in finit.c or infinit.e 
volnmc, we will use the notation 

(/) ... = / fd11 ••. , 

where ... stands for arbitrary subscripts. \Ve will use a couuuon and convenient 
form of abuse of notation: u(x) will be ust'<l to <lrnotc the function which associates 
to each configuration the value of the spin at the site :r in that configuration. 

The Gibbs measures satisfy the following monotonicity rrlations t.o which we will 
refer as the FKG-Holley inequalities. 

If 17 :$ ( and h1 :$ h2, then, for t'ach A CCV, /lA,q,1' ,h, $ l'A.(,7',h,• 

In wlmt follows we will nhhrrviatc by + ( rr..,p . - ) the confignrat.iou with all 
spins + 1 ( rr..•p . -1 ). \Ve will also use Ute notation ± in n standard way, with ca.ch 
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equation in which it appears representing the two equations obtained by replacing 
this symbol consistently with +, or consistently with -. 

A consequence of the FKG-Holley inequalities in combination wiU1 the DLR 
equations is that 

µA,±,r,, ➔ 1'±,r,, weakly, as A ➔ V. (1.5) 

The Gibbs distrilmtions µ+,T,h and µ-,r,, so obtained are called respectively the 
(+)-phase and the (-)-phase of the Ising model on G. Moreover the following three 
statements are equivalent 

Ul) 19·r,,,I = 1. 
U2) l'-,'1',h = /1+,1',h • 
U3) (a(r)) - :r,, = (a(x))+:r.,, for each site x E V. 
In case the graph G is not connected, the equality in (U3) above can be satisfied 

for some sit.cs x while it fail<i for others. On the other hand if G is connected, 
that e<Jnality is either true for all sites x or false for all sites x . To prove this 
last statement one can proceed as follows. Suppose that the equality fails for one 
given site :r. Consider next a site y which is neighbor to x. Dy conditioning on 
the configuration in the neighbors of y and using U1e Hollcy-FKG inequalities, one 
can readily see that the equality in (U3) also fails for y. Dy proceeding inductively, 
oue conclnde!l then that once tl1P. equality in (U3) fails for one site, it will fail for 
all sites which belong to the connected component of the graph to which this site 
belongs. 

The Ising modd has been mostly studied on the the cubic lattices, V = Z", 
with edges connecting sites which are separated by Euclidean distance 1. In this 
fundamental case, the phase-coexistence region is contained in the T-axis. In case 
cl = 1 it is empty, while for ,l ~ 2 it is n non-degenerate interval contained in 
this axis, and of t.he form (0, Tel• The proofs that there is uniqueness of the Gibbs 
distribution for the Ising model on these graphs when h f. 0 depend only on the 
facts that these graphs arc homogeneous and U1e number of sites at distance N from 
a fixed site grows slower than the number of sites at distances smaller than N from 
this site, as N ➔ oo. 

Also greatly studied is the Ising model on a homogeneous tree, T6• l11 this 
notation b is the branching number, so that each site has b + 1 neighbors. Note 
that T 1 = Z 1• In the case b ~ 2 tl1e phase-coexistence region is not confined to the 
T-axis; it is given by the set 

where 

with 

and 

hc(T) = T max(bc,,p(t) - t), 
1~0 

1 (cosh(t + /J)) 1 
cpp(t) = 2 log cosh(t _ fJ) = tanh- (tauh(,8) tanh(t)), 

1 2 
Tc = sup{T > 0 : hc(T) > O} = _1 = ( ) . 

coth (b) log ~ 

(1.G) 

(1.7) 

(1.8) 

(1.9) 
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The following properties of the function 'r'JJ are important. It is a continuous 
odd f1mction, which is strictly increasing and has range (-/J, /J). It is al.'IO strictly 
convex on (-oo, O} and strictly concave on [O, oo ). 

Before proceeding we recall the well-known argument to the effect that if thr.re 
is a unique Gibbs mel\.'iure at the point (0, T1) of the phase diagram, then the same 
is also true at all the points (0, T), with T > T1 • For this purpose one uses the 
symmetry between +s and -s in the case Ii = 0, and writes 

0 $(u(x))+,A,T,o - (u(x))-,A,T,O = 2(u(:r))+,A,'l',O 

$2(u(.r))+,A,T, ,o = (u(.r))+,A,7', ,0 - (u(x))-,A,T, ,O· 

Here the first inequality is an instance or the FKG-Hollt•y inequalities, while the 
second inequality is an instance of one or Griffiths' inequalities. Letting A -+ V, 
and using the equivalence between (Ul) and (U3), one obtains then phase uniqueness 
at (T, 0) from phase uniqueness at (T1, 0). 

A similar well-known argument can be used to show that if we delete c!dges from 
a graph on which there is phase uuiqueuess at a certain point (0, T), then at the 
same point of the phase diagram, there will be phase uniqueness for the new graph. 

Note uevertl1eless that the absence of symmetry between +s and -s when Ii "F 0, 
spoils tl1e argument above, in that case. 

We describe next a tree with only two types of sites (an almost-homogeneous 
tree), on which for certain values of Ii i- 0 phase m1ique11ess at. certain values of T 
does not imply phase uniqueness at. larger values of T. 

Our tree can be constructed from T., by adding vertices and edges to it. In this 
procedure cacla vertex of T• is co11ncctcd to A new vertices, by means of A ucw 
edges. These new vertices are not connected to auy other vertex, so that they are 
leaves of the graph. This completes the construction of the graph, which w1i denote 
by T•,A• This graph has two types of vertices, those of first type arc the ones with 
which we started; the ones we ad<led arc of the second type. Each vertex of first 
type is conuecte<l to b + 1 other vertices of the same type nm\ to A vertices of the 
second type. Each vertex of the second type is connected to exactly one vertex of 
the first type aud to no vertex of the second type. 

Proposition 1, For the tree Tl,A tDith a proper choice of band A (e.g., .4 = 2b and 
b large enough) for Ii in a non-dcgent.ratt. inten,al tohich contain., 1 tht. follotlling 
happenJ. There are value., of T for which there i., pha.,t. coemtence, b11t for T citl,t.r 
large enough or .,mall enough there i., phtue uniquent..,.,. 

In the proof of this proposition we will sec that when A > 0 the phase-coexistence 
region of Tl,A is a strict subset of that of T •. It is clear that the graph that has the 
same set of vertices as T•,A but only has edges connecting the sites correspomling 
to sites of the first type in T•,A has the same ph.iL'lc diagram as T• (the other sites 
arc not connected to anything, and in particular the graph is not conucctc<l, hut 
still it is in C). Hence the conclusion that the addition of c<lges to a graph 111ay 
reduce the phase-coexistence region, contrary to what happens with the intersection 
of this region and the T-axis. 

The lack of monotonicity in T exemplified in Proposition 1 rontriL'its with tl11• 
monotonicity in lhl expressed in the next one. 
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Proposition 2. For all graph, in C, i/ fhere i.., a unique Gibb, meuure af fhe point 
(/1 1, T) of the pha1e diagram, then the 111me ii al.,o true at all the point. (11, T), with 
lhl > ,,,,,_ 

Proof. With no loss of generality we can take O $ h1 $ h. The following correlation 
i11e<111alitics are then available, where A CC V and :z: E A, 

0 $ {11(.r))+,A,T,A - {u(:r))-,A.T.h $ {u{x))+,A,T,t,, - {u(x))-,A.T,A,. (1.10) 

Herc th!' first in<'quality is an instance of the FKG-Holley inequalities, while the 
seroml in('(}nalit.y cau be ohtaiucd from Lehowitz's inequalities for duplicated spins 
in {Leh). (The deriv-.ition appears iu the 2nd step of the proof of Theorem 2 in 
IHig2). p. G, whne only the ease O = li 1 $ h is COJL~idercd, hut the samr argument 
works as wdl for O $ /1 1 S h. The reader shoulcl also beware that Higuchi uses 
a slight g<'1wrali1.atio11 of the work in [Leb), in which now different external fields 
art 011 each ropy of the spin system.) Letting A ➔ V in {1.10), and using thr 
<'qni,1tl!'11ce hetwren {Ul) and {U3), one obtains pha.~e uniqueness at (T, h) from 
plHL~r 1111iq11eness at (T, Iii). ■ 

sPctiou 2 will be detlicate<l to the proof of Proposition 1. Here we give a heuristic 
argmn<'nt. which makes this proposition at least plausible. The idea in this heuristic 
argnmrnt is to considr.r the spius at the sites of first type in T•.A as being U1e sites 
of the small<'r graph T •• and the spins at the sites of second type (the leaves of T ,.,1) 

• 

a., provicliug au extra effecth·e external field which acts on the sites of first type, in t 
addition to the external field 1,. 

For the heuristic argument we will need two facts about the phaseuiagram of the 
Ising mocl<'l on T,. The first one is 

lim 1,,(T) = b - l. 
1·-0 

{1.11) . 

On<' way to nutain (I.II) is hy computing 11,(T) expliciUy from its definition (1.7). 
This is done in {Geo), where the rrsult appears as equation (12.30). Thl're J is our 
/J, ti is onr /, and li(J,d) is our /311,(T). The behavior of hc(T) as T ➔ 0 is also 
found in IGro) (first display after (12.30)), and in particular one has (1.ll). 

Thr. scroncl fact iii that for fixed T 

(1.12) 

Tliis is a straigJ,tforwnrd consequence of (1.7) and the properties of '-PfJ· 
Suppose that Ii is slightly larger than l. At low temperature the spins at the sites 

of second t.ypl' will, with overwhelming probability. be aligned with this external 
fil'ld and so be + 1. This is so bccanse in this state the contribution to the energy 
from each such spin is lower than in the opposite state, regardless of the st.ate of th<;_ 
spin at the site of first type nrighbor to the site that we a.re considering. But then 
the• spins al the A sites of second type, neighbors to a site of first type r, produce 
au effective extra external field acting on the spin at :z: of magnitude close to A. 
This should be contrm1tcd with (1.11), which tells us that hc(T) is close to b - 1. 
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The total effective external field close to A + 1 == 2b + I should tlll'refore he enough 
to assure phase uniqueness. 

We suppose that bis so large that we can take a temperature large compared witJ, 
l., while still small compared with b. When the temperature is much larger than 1, 
there should be a substantial entropy effect affecting the spins at the leaves of the 
tree and the extra effective field acting on the spins at sites of first type should he 
just a small fraction of A = 2b. Contrasting this with (1.12), we see that, if b is 
large, now the effective field is no longer strong enough to bring the system into the 
phase-uniqueness region. 

• At larger temperatures, of course, Dobrushin 's uniqueness condition tf'llS us that 
phase uniqueness will again be restored. 

2. Proof of Proposition 1. 
When studying Gibbs measures on trees, it is natural to look for recursions. In 

such an approach success depends on making a good choice of the quantities for 
which the recursion is written. Our choice of L,., .. ,,, below as this quantity was 
motivated hy the Ilapcr [Higl]. 

For the moment the setting is an arbitrary connected tree Gin C. Call oue of the 
vertices of the tree its root, denoted by 0. Each vertex x in the tree has a gPneration 
index g(x), defined inductively by setting g(0) == 0, and giving the generation index 
n + 1 to the vertices which are neighbors of a vertex with index n unless they already 
have index n - 1. We write x ➔ y in case x and y belong to a common c<lge and 

I 
g(y) = g(x) + l. A vertex z is a descendent of a vertex :r if there is a st>qtt<'nce of 
vertices :r = x 0 , x 1 , ... , x; = z sucb that x; ➔ z;+1, for j = 0, ... , i - 1. 

I 

Given x E V, we define the tree Gr, obtained from the original tree G that we 
are considering by only kCf'ping the vertex x and its dcsce11d1•nts, amt k('('J>ing all 
the edges connecting any two of these vertices. Giv~n also n 2'. y(r). we ,tefim! \/,.,., 
as the set of vf'rticcs containing x and its dcscenclcnts with g<~ncrat.ion index not 
exceeding n. Note that Vr,n is a subset of the set of vertices of G .c• 

In what follows T and h are fixed, and will be omitted from the new notation 
being introduced. First define 

b,1}E£(Gz) 
,ev .... ,ev . ... 

u(y)u(z)-
b,•}EE(G.) 

,ev •.• ,rv •.• 

u(y)i/(z)-li L u(y). (2.1) 

,. 
Now,givenAc{-1,+l}v •.• define 

Z.,,,,,,,(A) = L exp(-.81-lr,n,,,(u)). 
O'EA 

Next set 
1 Zr,n,,(u(x) = +I) 

L.,, 11 ,,, = ?log z ( ( ) _ -I)' 
- r,n,'I O' :r -



8 ROBERTO II . SCIIONMANN AND NELSON I. TANAKA 

Vl'e can now write the following recursion: 

l e.flh fl,,z-r {ePz,,n,,,(u(y) = +l) + e.-Pz,,n,.,(u(y) = -1)} 
L =-log ' · } 

"•"•" 2 e-in fl,,z-, {e-PZ,,n,.,(u(y) = +1) + e.PZ,,n,.,(u(y) = -1) 
' 

=/3li + L 'f'p(L,,,,,,,), 
r:z7r 

where '{JfJ is defined by (1.8). 
We will write In,,, = Lo,n,., and Vo,11 = Vn. Note that 

1 
1

1 
11v.,.,;r,•(u(O) = +1) 

.... , = 2 og ,iv. ,.,,T,A(u(O) = -1). 

(2.2) 

(2.3) 

In what follows we will suppose that f/ is either the configuration with all spins 
-1 or that with all spins +l. From (1.5) and (2.3) we obtain 

. 1 Jl±,T,h(u(O) = +l) 
l;t := lim In,± = -2 Iog ( (O) l). 

n-oo f-1±,T,1' O' = -
A simple computation yields now 

{u(O))±,T,ll = tanh(l±)-

Thcrefore the remark in the paragraph after the equivalent conditions (Ul) T (U3) 
were introduced implies that for an arbitrary connected tree G E C also 

(2.4) 

We want to use the e<111ivalence in (2.4) to fiu<l the coexistence region for the tree 
T6,A· From this point on we will use the notation nbove, having in mind U1at it 
refers now to the tree G = T,,A-

Dcfore we can study T,,A, we will have to consider a related hut somewliat differ­
ent tree G' = T6,,1, and for this tree we will use similar notation, but distinguished 
by a prime. The tree T 6,A is obtained from T,,,1 by removing one of the neighbors 
of its root, as well as all the desccndents of this site. All the edges from T 6,,1 which 
c·onnf'ct sites which arc not being removed are kept. 

The tr1·c G' = T6,,1 has the particularly nice feature that for each of its vertices 
:r, the corrcspoudiug tree G~ (as defined ahove, before (2.1) was intro<l11ccd) is 
isomorphic to T~.,1 itsdf. This makes the recursion (2.2) become particularly simple 
aud yields 

(2.5) 

where the sc>colt(I term comes from summing over the leaves among the neighbors 
of the root. We will introduce the notation 

(2.G) 
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so that (2.5) turns into 

(2.7) 

From the last display and the continuity of 'P/J, it follows that I'... =limn-col~.­
an<l l~ = limn-oo l~.+ arc solutions of the following equation in t 

t = H:',r(/3, h) + b<,,11(t). (2.8) 

This equation is precisely equation (12.22) of [Geo], where the case of the homoge­
neous trees is studied. One simply has to replace the variable Jin [Geoj with our 
/3, din [Geo] with our band the h in [Geo] with our H:lr(/J, Ii). From the analysis 
in [Geo] of this equation we know that (2.8) has exactly I solution if T 2'. Tc or 
IH:',r(.tl, h)I > /Jhc(T), where Tc is given by (1.9) and h,(T) is given by (1.7). It 
has exactly 2 solutions if T < T, and IH:lr(/1, h)I = JH1,(T). And it hiL'i exactly 
3 solutions in case T < Tc and lHe1rCB, /1)1 < /J/i,.(T). We will denote by L the 
smallest solution of (2.8) and by t+ the largest solution of that equation. 

Next we want to argue that 
I± = t±. (2.9) 

For this purpose we extend the definition of '{)fJ by continuity, setting 

','fJ(±oo) = lim n(t) = ±/3. 
1-:t 

We also define 
l~i.± = ±oo, 

so that a direct computation shows that 

In other words, (2. 7) is now satisfied for n = 0, 1, 2, .. .. 
Fort> t+ we havet > HJ(,8,h)+b','fJ(t) (compare the limits of both sides as t ➔ 

oo an<l note that by continuity of the functions on both sides the inequality between 
them must be the same for all t > t+l- It is therefore dear that the recursion (2.7), 
started from /~ 1.+ = +oo, produces a decreasing sequence (/~,+ln~-•• bounded 
below by t+. This decreasing sequence must then converge to a fixed point of the 
recursion, not smaller than t+, and hence it must converge tot+. This proves (2.9) 
in case ± is replaced with +. The case in whlch it is replaced with - is analogous. 

From (2.4), (2.9) and the behavior of the solutions of (2.8) for different values of 
T and h, we conclude that the phase-cocxistcucc region for the Ising model 011 T~ ... , 
is the set 

{(Ji, T) : L < t+} = {(11, T) : 0 < T < T~, -11:(T) 5 /1 5 hc(T)}, (2.10) 

where Tc is still given by (1.9), and 

(2.11) 
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with 1,c(T) given by (1.7). In justifying the e<1uality in (2.10), note that H:'rrU3,h) 
is a strictly increasing function of Ii, and H~(.8, 0) :::: 0. 

Regarding the phase-coexistence region for the Ising model on the tree G :::: T•,A• 
we can readily sre that it is the same set (2.10) above. For this, note that the 
recursion (2.2) npplil'd iii case xis the root of this graJ>h gives 

This is so because for earh site y different from the origin G, is isomorphic to T~,A· 
Letting n __. oo gives 

Since '¥8 is strictly tuouotone increasing we can conclude now that 

so that (2.4) implies that imlct'd thr phase-coexistence region for tl1c Ising model 
011 T.,,, is givrn by (2.10). lncidcutnlly, note that the analysis above includes a 
rrview of a J>roof that (1.6) is the phase ccw.xistcnce region for the Ising model on 
the homogrncons tree T• (the case A = 0). Also, from (2.11) and (2.6) it is deM 
tlmt tlar plm.<11•-coc·xistcurr rrgion shrinks I\.'! .4 grows. This justifies tlar rlaim that 
we made after the statement of Proposition 1. 

Our problem of proving Proposition 1 is now reduced to tile study of the phasc­
cocxistence r1•gio11, as described by (2.10), and in particular of the behavior of 
1,:(T), gh•cu by (2.11), as a function of T. According to tl,e statement of that 
proposition we talce A = 2b, and we will at some points below also have to choose 
6 large enough. 

Note that from the definition (1.9) of Tc, it follows that 

lim Tc/b = 1. •-oo (2.12) 

This, of 1·oursc, shows that. 

lf b is large enough, for T = 2b we have T > Tc. (2.13) 

We will show nC'xt t.lmt 

If/, is large enough, for T = b/2 we hnvc T < Tc an<l h~{T) > 1. (2.14) 

Thr claim about Tc in (2.14) is immediate from (2.12). The first step in the 
derivation of the clnim about 1i:(T) in (2.14) is n sort of mean-field bound. From 
(1.7) w1• lmvl' 

Pl1c(T) = ma.x(b<,.?p(t) - t) 
l?;O 

= max (btanh- 1(tanh(2/b)tauh(t)) - t) ~ max (btnnh(2/b)tanh(t) - t). 
l?;O l?;O 
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Therefore, for large enough b, 

f3hc(T) ~max(: tanh(t) - t) > 0, 
1~0 _ 

where the Inst inequality is straightforward from thr fact that at t = 0, 
dtanh(t)/dt = 1. The important fact here is that the factor 3/2 multiplying tauh(t) 
is larger than 1. The reader can see in this estimate the connection with the mean 
field model. Note that the lower bound obtained is uniform for all large b. 

On the other hand, for h = 1, 

Hc1rCB, Ii) =11:~(/J, 1) = /J + A,;,,(/J) 

=2/b + 2b,p2t•(2/b) = 2/b + 2btanh- 1 (tanh(2/b) t,u1h(2/b)) 

=2/b + b0(1/b2
). 

From the last two displays and the definition (2.11) we conclude that for b large 
enough. 

h~(T) = max{h ~ 0: H;i(/J,h) ~ tlhc(T)} > 1, 

which is our claim about h:(T) in (2.14). 
Next we show that 

For cad, b, for T small enough (depending on b) we have l,:(T) < 1. 

For this we first note that for h = 1, 

H:~(#,h)/P=l+A"'11/) ➔ l+.4=1+2b, a'I T ➔ O. 

(2.15) 

Comparing this behavior with the behavior of h,(T), as given by (1.11) (which, as 
explained, is derived from an explicit computation which can be found in (Geo]), 
we obtain the claim (2.15) from the definition (2.11) of h1(T). 

Proposition 1 is a consequence of (2.13), (2.14) and (2.15), and the fact tliat the 
phase-coexistence region for the the Ising model on T•,A is given by (2.10). As a 
remark, it is worth noting that (2.14) and (2.15) are really the important estimates. 
lu the proof of Pro1>0sition 1 we could rcplar-c tl1c nse of (2.13) wit.h tlw fad tlmt 
from Dobrushin's uniqueness coudition, for each b, for T large enough (deprmling 
on b), there is a unique Gibbs distribution regardless of the v-.tlue of h. 

3. Some open problems. 
1) The graph T,,A is almost-homogeneous but not homogrncons. Is thrrc any 
homogeneous graph on which the Ising model presents for some value of the external 
field and three values of the temperature, T1 < T2 < T3 , phase uniqueness at 
temperatures T1 and T3 and 1>hnse cocxistcnCi' nt temp<'rnture T1 '! 



12 ROHEIITO II. SCIIONMANN AND NELSON I. TANAKA 

2) Is there any graph on which at some temperature T1 the Ising model presents 
phase coexistence if and only if h = 0, but at some larger temperature T2 > T1 it 
presents phase coexistence also for some non-null value of the external field'! 

Note added in revision: After this paper was completed, Problem 2 above was 
solved by M. Salzano, who obtained a graph with the required property. As far as 
we know, Problem 1 is still open. 

Acknowledgements: N.I.T. Uuu1ks the warm hospitality of the UCLA Mathemat­
ics Department, during U1e time the research in this paper was done. The work of 
R.H.S. was partially supported by U1e N.S.F. (U.S.A.) Uirough grants DMS-9400644 
and DMS-!>703814, and that of N.I.T. by FAPESP (Brazil), Proc. #96/2769-2. 

REFERENCES 

(Gro) 11.-0. G1'0rgii, Gibb, meann,, and p/aue lran,ilion,, Walt.1,r de Gruyter, 1988. 
(lligl) Y. llig11d1i, Remarh on 11,e limiting Gibb, ,tale, on a (d + 1)-tn,e, Publ . RIMS, Kyoto 

Univ. 13 (1977), 335-348. 
(llig2) Y. lligud1i, Coeritlence of infinite (•)-c/ul,... II: - Ising p,:rcolalion ira l,oo dim,m.•io,a, 

Proh11hilily Tlwory 11111I r.-lnu-,1 ~'idds 97 (1903), 1-·33. 
(L...t,] J. I,. l.ebowilz, G/1S arid other inequalilie,, Communic&tious in Malhematical l'hy~ics 35 

(1974), 87- 92. 

(Lig) T. M. l,igg<'ll, /nl~Nlcling /'arlicle Syd,wu, Spring<'r V<'rlag, 1985. 

R. H. Sd1011mrum 
Mathrmatics DC'p:trhncnt 
Univrrsity of California at Los Angeles 
Los Angrlrs, CA !>0095, U.S.A. 
rhs@mnth.ucla.edu 

N. I. Taunka 
lustituto de Matematica e Estatisticn 
Universidade de Siio Paulo 
Caixa Postal 66281-Ag. Cidade de Sao Paulo 
Siio Pnnlo, SP 05315-970, Brazil 
nitanakalflimr..usp.hr 



!JLTIHOS RELAT6RIOS TiCHICOS PUBLICADOS 

9701 - BOFARIHB, B.; ARBLLANO-VU.B, R.B. Weak nondifferential 
measurement error models. IME-USP, 1997. 12p. 
(RT-MAE-9701) 

9702 - FERRARI, S.L.P.; CORDEIRO, a. H.; CRIBARI-NETO, F. 
Higher Order Asymptotic Refinements for Score Tests 
in Proper Dispersion Models. IME-USP, 1997. 14p. 
(RT-MAE-9702) 

9703 - DOREA, C.; GALVBS, A.; 
Markovian modeling of 
Brazilian and European 
llp. (RT-MAE-9703) 

ltIRA, B.; ALENCAR, A. P. 
the stress contours of 

Portuguese. IME-USP, 1997. 

9704 - FOH'l'ES, L.R.G.; ISOPI, H.; KOHAYAllWA, Y.; PICCO, P. 
The Spectral Gap of the REM under Metropolis 
Dynamics. IME-USP, 1997. 24p. (RT-MAE-9704) 

9705 - GIMENEZ, P.; BOLFARIHE, B.; COLOSIMO, E.A. Estimation 
in weibull regression model with measurement 
error.IME-USP, 1997. 17p. (RT-MAE-9705) 

9706 - GALVES, A.; GUIOL, B. Relaxation time of the one-
dimensional symmetric zero range process with 
constant rate. IME-USP, 1997. lOp. (RT-MAE-9706) 

9707 - GUIOL, H. A note about a burton keane' s theorem. 
IME-USP, 1997. 7p. (RT-MAE-9707) 

9701 - ARBLLANO-VALLB,R.B.; FEllllAllI,S.L.P.; CRIBARI-HETO,F. 
Bartlett and barblett-type corrections for testing 
linear restrictions. IME-USP, 1997. Sp. (RT-MAE-9708) 

9709 - PAULA, G.A. One-sided Tests in Dose-Response Models. 
IME-USP, 1997. 29p. (RT-MAE-9709) 

9710 - BRESSAUD, X. Subshift on an infinite alphabet. IME­
USP, 1997. 34p. (RT-MAE-9710) 



9711 • YOSHIDA, o.s.; LEITE, J.G.; BOLPARIHB, R. Stochastic 
Monotonicity properties of bayes estimation of the 
population size for capture-recapture data. IME-USP. 
1997. 12p. (RT-MAE-9711) 

9712 • GUIMEHEZ,P.;COLOSIKO,E.A.; BOLFARINE,B. Asymptotic 
relative efficiency of wald tests in measurement 
error models. IME-USP. 1997. 14p. (RT-MAE-9712) 

Th• complete list of 11 Relat6rios do Departamento de 
Estatistica• 1 , IKE-USP, will be sent upon request. 

Departamento de Estatistica 
IKE-USP 

Caixa Po•~al CC.281 
05315-970 - Sio Paulo, Brasil 




