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Abstract

In this work we prove global existence, boundedness and dissipativeness for systems of weakly coupled
reaction-diffusion equations with dispersion and non-linear boundary conditions in a bounded smooth domain
Q.

We work in XN L*®(Q) and in H!(Q). In the first case we do not require any growth condition on the
non-linear terms and on the second the results are proved under rather general growth assumptions.

This is done under very few hypotheses on the reaction term and on the non-linear flux through the
boundary. We allow a source of concentration in the boundary provided that the dissipation of concentrations
inside the domain is large enough or vice-versa. The hypotheses on the non-linear reaction and on the non-
linear flux of concentration through the boundary are natural and easy to verify in many applications. The
tools employed are comparison principles, invariant regions and the La Salle’s invariance theory.
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Let  be a bounded smooth domain of RY. In this paper we study the long time behavior of solutions
of weakly coupled reaction diffusion systems with dispersion of the form

f.).’t}j

uy — Div(a(z)Vu) + Z;\:] Bj(z) 2% + du+ f(u) =0, on {1, } (L1)

30#_ +g(u) =0, on [I'=80.
a

where © = (u1, -, um)", m > 1, a(z) = diag(ai(x),...,am(x)), a;i € C'(Q), ai(z) > mo > 0, z € ©,
1<i<m, ?%u‘ = (aVu, ), 7 is the outward normal to I' = 0%, B; = diag(bjl-,...,b;") is continuous on

0,1<j<N,AeRand f=(fi,fm)" : R™ > R™, g=(g1,",9m)" : R™ = R™. Note that
the coupling appears both on the reaction term, f, and in the boundary conditions through the (nonlinear)
radiation term g.

The starting point for the study of the long time behavior of the solutions of (1.1) is having a good
functional framework in which constructing the solutions. In this direction one needs to have uniqueness
and regularity of solutions to define a well-behaved non-linear semigroup in a suitable Banach space. Then,
one tries to prove that the dynamical system is dissipative and possesses a global attractor that captures the
asymptotic behavior. Therefore, one first needs to choose in which space to work. In making such a decision
there are several alternative ways to proceed. A first approach is based on the fact that for the scalar case
(m = 1) and without dispersion terms (B; = 0) there is a natural energy associated to the solutions, given

i ve=3 alVol* + 3 [ 16+ [For+ [ e,

(where F and G are primitives of f and g respectively) which is dissipated as time increases. Therefore, one
may think of using L?(f2) as an underlying space and the properties of the second order elliptic operator
in this space to prove the well posedness of (1.1). Once this is done, the use of the space H'(f2) turns out
naturally in view of the energy V. The problem then becomes that one must impose some restrictions in
the growth of the non-linear terms in order to ensure that the integrals above are finite. This restrictions
become more stringent as the dimension N increases. The restrictions can be somewhat relaxed by working
in suitable sup-spaces of Sobolev spaces H?({), appearing as the fractional power spaces associated to the
second order elliptic operator. In some ranges for N and s, no growth assumptions are needed on the
non-linearities.

Alternatively, one may assume that there are invariant regions, as in [27, 38], and then work with bounded
functions u, again getting rid of growth assumptions on f and g.

Another approach is using the properties of the elliptic operator taking LP(Q}) for p > N as underlying
space, see [1, 2, 3]. The reason for this is that, in this case, the fractional power spaces become embedded
in space of continuous functions and then no growth assumptions are needed in f and g in order to have the
non-linear semigroup well defined.

Once this first step is completed satisfactorily the problem becomes proving the dissipativeness of the
flow induced by the equations in such a space. One has to obtain estimates on the solution for the norm
of the space in which the dynamical system is set, that allows one to prove the existence of attractors, for
example by using some of the general results in {16]. At this point it is common the case in which the natural
energy V described above, does not give any information about the dissipativeness in the right norm.

We adopt here an intermediate approach. We stick to the L?(Q) setting, which possesses some technical
advantages and ease, and then consider either the case in which one works in the “energy space”, H!(9),
with the nat;_ural growth restrictions on the non-linearities, or work in a different space, which is essentially
H*(Q) N C(§Y), for some 3, and, since the functions are bounded, again no growth assumptions are needed.

In the first case, we use the natural energy V' to prove the existence of the attractor, while in the second
we have to use some “contracting regions” to obtain dissipativeness in the proper norm.

In order to have dissipativeness some remarks are needed. For this, we interpret u as a heat distribution
in the body 2. Hence, we assume for the moment that © > 0. In this situation, note that for ranges in
which f is positive we have “absorption” of heat, while when f is negative we have “sources” of heat. The
same holds for g; when g is positive we have a flow of heat through the boundary of Q that extracts heat
form the body, while in the opposite case, heat is flowing inside (.



When one of the terms is absent, some results are available. First, if g = 0, then it is well known that
if f has the wrong sign, solutions may develop “explosions” in finite time, [12, 24], while for the good sign
dissipativeness follows, [16, 4, 8]. Also, note that solutions of the ode 7 4+ Au + f(u) = 0 are constant in
space solutions of (1.1), if g = 0, and that solutions of this equation may blow-up in finite time. Similarly,

when f = 0, if g has the wrong sign, explosions may occur in finite time, [25, 40, 26], while in the opposite
case boundedness of solutions follows [40, 41].

When both f and g are non-zero we expect to have some kind of competition between both mechanisms
and only if the right sign is dominant we can expect to obtain the desired dissipativeness.

Therefore, in what follows we will impose some growth and/or sign assumptions on the non-linear terms
under which we will prove both the well posedness and dissipativeness of the semigroup. We will restrict
ourselves to the case N < 3, but it will be clear form the proofs that everything works the same for any
dimensions. Only the growth conditions we impose below are affected by the value of N.

To be more precise, we assume the following. Concerning growth conditions, we assume that f,g : R™ —
R™ are C! and C? functions, respectively, satisfying:

N =2 and for every n > 0, there exists ¢, > 0 such that

1£(u) = F@)] < en(e + M) u - v], (1.2)
for every u,v € R™, or N = 3 and
1£(u) = F©)] < L+ [uf® + [v]*)|u — v] (1.3)

for all u,v € R™, and
" N =2 and for every n > 0, there exists ¢, > 0 such that

lg(u) — g(v)] < co(e™™’ + &) u -],

(1.4)
IDg(w) = Dg(v)] < cy(e™ +eM)u — ],
for every u,v € R™, or N = 3 and
lg(u) — g(v)| < L(1 + |ul?*! + [v]*)|u — v,
(1.5)

|Dg(u) — Dg(v)| < L(1 + [ul” + [v]*)|u —v],

for all u,v € R™ and some p < 1. Observe that, no growth assumptions are made for N = 1. Also, observe
that these assumptions are satisfied in the scalar case, m = 1, if the following conditions hold

' (s)]

_ ik , R i
o ATl =0,¥Yn>0,if N=2, [f'(s)]<LA+|[s|*),if N=3 (1.6)

and
im O oS0 iEN=2, |g"(s) <LA+sP), p<1, N =3 i
|s|00 @nlsl? AL 2 = 19 = si”), pL 1,1 = (1.7)

Also note that a function satisfying (1.4) or (1.5) also satisfies (1.2) or (1.3), respectively. Hence, the
conditions on the boundary nonlinear term are stronger than the conditions on the reaction term.

Concerning sign assumptions, we assume the following. Let f = (f1,-*+,fm)’ : R™ - R™, g =
(91, *,gm)" : R™ — R™ be smooth functions satisfying:

There exists £° = (€9, ---,£D,) such that £ > 0 and there are constants ¢? and d? with

Asi + fi(s) %

- ¢?, and gis(—.s) > d, for all |s;| > &) (1.8)

1

uniformly in s, j # i, where ¢} and d} are such that the first eigenvalue, 1Y of the problem

—Div(aVv) + Z;V:I Bj(m)aa% +cv=pv, on G

1.
367—-})—+d°v=0, on I'=090Q, \L9)



for & = (c},...,e0,) and d“ (df,...,d%), is positive.

Observe that either ¢? or d? can be negative. This allows for one of the non-lincar terms to have the
wrong sign for large values of its argument. In such a case, the above hypothesis implies that the wrong
term is compensated by the other; see Section 6. Also, observe that this hypothesis, which can be seen as a
principle of linearized dissipativeness “at infinity”, just allows for a sub-linear behavior of the non-linearities
in the region of bad sign, excluding then the cases of polynomial non-linearities having bad sign. Finally,
note that these assumptions have been previously used in [22], working for N = 1 and m = 1, where he
proves the system is Morse-Smale. See also [30].

Before we proceed any further let us introduce some notation. Let X = L*(2, R™) and A : D(A) C
X = X be the operator A = diag(4,,- -+ A,,) defined by D(A) = D(A;) x --- x D(A,,) with

D(4;) = {¢ € H*(Q) : # 0},

Aip = =Div(a;(z)Ve) + Z

where 6%(2— = ai{Ve,i); 1 =1,.

We can define the fractional powers A¥ and A* of A; and A respectively, see [21], and the fractlonal
power spaces X := D(A{) and X* := D(A”) endowed with the graph norm, a € R, where X = (X ~®)’,
if @ < 0. In this case we can always view A as a sectorial operator with compact resolvent from X®*! into

X* which is positive and self adjoint if B; = 0, for j = 1,..., N. In fact, from the diagonal structure of A,
we have X* = X{ x --- x X7.

These spaces prov1de a natural framework for solving (1.1), see [21]. It is worth noting at this point that
for every i = 1,...,m, X¢ is a closed subspace of the Sobolev space H?*(f2), for @ > 0 and in particular

Xil/2 = H'(Q), i.e. the energy space.

22+ 2o,

JlJ

Let us now review some of the known results using this framework. For the case of no dispersion (B; = 0),
linear boundary conditions, g = 0, scalar equations (m = 1), and N = 3, the existence of a global attractor,
A, in the energy space H!(f2), for problem (1.1), under conditions (1.3) and the dissipativeness assumption

liminf M

|u| =00 u

>0

is a well known result, [16]. Also, if g =0, m =1 and N = 2, the existence of a global attractor for (1.1) in
the energy space H'(Q2), under the same dissipativeness assumption, has been established in [7], assuming
the non-linearity satisfies

|f'(w)] < ce™”, for some p < 2

Therefore, condition (1.2) slightly relaxes this assumption, for N = 2, while (1.8) and (1.9) give a generalized
dissipativeness condition.

Working outside the energy space, i.e. in X for a > 1/2, and for the case ¢ = 0, in [15], it is
proved the existence of a local attractor for (1.1), which coincides with the embedding of the attractor for
+Au+ f(u) = 0 into the subspace of constant functions of X%, a > %, under the additional assumption that
the diffusion coefficient a(z) is large enough. See also [18, 19, 6] for the case of linear boundary conditions,
ie. g(u) = c(x)u, with c(z) = diag(ci(z),...,cm(z)).

However, these techniques can only be extended to global attractors if some a priori bound, in X, on
the size of an absorbing set could be obtained and only if the diffusion coefficient is large (see 7, 5]). These
a pr10r1 bounds are obtained in [8] and [4], always for the case g = 0 and B; = 0, also working in X ¢, for
a > 3 and N = 3 and assuming f verifies: there exists ¢ = (£0,---,€%) such that €9 > 0 and

Asi + fi(s)

8

>0, for all |s;| > €

In [4] the author uses a technique of “contracting rectangles” to obtain the desired estimates in X and the
existence of attractors.



Note that in all these articles the authors work in X* for 1 > a > % and N = 3 and impose no growth
conditions in the nonlinearities. The reason for this is the embedding X € C(Q, R™). However, for a > 3,

the space X® incorporates the boundary condition -53;1.‘1‘— =0, [13], and therefore, it cannot be the right space
to work in when g # 0. ’

However, for N =1 and 3/4 > a > 1/4 or for N = 2 and 3/4 > o > 1/2, we have X® C C(Q, R™) and
X® does not incorporate any boundary condition. Therefore, we work in this range of a, for N = 1,2 and
in this case again no growth condition is imposed on f and g. On the other hand, as soon as N > 3, X* is
never included in C(Q2, R™), when % > a > % Therefore, to avoid growth conditions, in the case N > 3,
we will work in Y = X*N C(Q, R™) and prove the well posedness of the problem in this space.

2 Notations and background results

Concerning functional spaces, we will use the standard Sobolev spaces H'(f2) and , W!P() and the spaces
of traces H'/2(I') and W!'~1/PP(T"). Also, we will denote by H~* the dual space of H®, either on € or T
Note that this symbol is usually reserved to denote the dual space of H{. However, this notation should
produce no confusion. The duality pairing between these spaces will be denoted < -,- >_4 ;. In particular,
the scalar product in L? will be denoted by < -,- >. If there is no possible confusion, we will not indicate if
the spaces or duality products are referred to functions on 2 or I'. When required, we will write < -,- >q
and < -,- >r to differentiate both cases. The symbol || - || will always represent the norm in L?((2).

We will denote by v the trace operator defined on H*(2), with values in H*~'/(I'), for s > 1/2.
Moreover, for a given function f € H*(52), we will identify its trace, v(f) € H*~/2(I'), with the linear form
¥(f) € H~Y3(I') ¢ H~Y(9), such that for every ¢ € H'()

Colig s ot /r A(F)Y(@)

that is, we use the embedding H*~'/?(T') ¢ L*(I') ¢ H~Y*(I') ¢ H~'(N). Even more, from the trace
theorem, the trace operator v: WH1(Q)) — Wl_%"’(f‘) is bounded, [14].

We will also consider the normal derivative operator, relative to the diffusion operator —Div(a(z)Vu),
defined as follows: if

we z2Y {2 e H'(Q), —Div(a(z)Vz) € LX)}
then g2 € H~'/%(T) and it is defined as

Ou . '
< 8_"’7(1)) >_1/2,1/2= —/ —Dw(a(rc)Vu)v-i—/ aVuVv = / Div(avVu) (2.1)
Na Q Q Q
for every v € H'(Q).

Under these conditions, and assuming A > 0, we introduce the canonical isometric isomorphism between
H'(Q) and its dual, H~}(f2), such that for every u,¢ € H'()

< Lo(u), ¢ >_1,1= / aVuVeo + /\/ ueo (2.2)
Q Q
Note that we can then write (2.1) as
du .
< ﬁ"ﬁ(“) >_172,172=< Lo(u),v >_11 — < —=Div(a(z)Vu) + lu,v > (2.3)

Also, we consider in H!(€) the scalar product

a(u,v) = / aVuVv + /\/ uw =< Ly(u),v >_1, (2.4)
Q Q

which gives a norm equivalent to the usual one.



We define in L?(2) and Ag : D(4p) C L*(R) = L*(02) be the operator defined by
D(Ao) = {u € HX(Q) : él- =0, on I'}
Apu = -Div(aVu) + M, u € D(A).

with A > 0.
Then, we have the following well known result

Proposition 2.1 The operator Ay defined above is positive, selfadjoint and has compact resolvent in L*(S).
In particular, it is a sectorial operator in L*(Q) and its fractional power spaces verify X® C H?*(Q), for
a > 0 and in particular

X!'=D(4), XV*=H'(Q), X°=L*®), X Y2=H'Q)

where we have set H-'(Q) & (H'(Q))".
The restriction of Lo to L*(), i.e. the restriction of Lo to the domain D = {u € H*(Q), such that Lou €

L*()}, coincides with Ag and D = D(Ap). Moreover, Ly is a sectorial operator in H™'() with domain
H'(Q).g

Note that all the above remains true, except for Ag to be positive, if A € R. Also, when A > 0, the
norm in X'/2 = H'(Q) is given by [, a|Vu|? + X [, [ul?, which is precisely the norm in H*(Q2) given by the
bilinear form (2.4).

By standard perturbation results, [21, Theorem 1.4.8], we have

Proposition 2.2 The operator, A, in L?(Q) given by D(A) = D(Ap) and

N

is a sectorial operator with compact resolvent and the same fractional power spaces than those of Ag. In

particular A can be eztended in a unique way to an operator L from H'(Q) to its dual H (), given by the
bilinear form

L(u), ¢ >_ 11—/aVuV¢+Z/ z)—¢+A/u¢ (2.6)

for every u,¢ € H'(Q). Moreover, L is a sectorial operator in H~1(Q) with domain Hl(Q).D

Let us now define X = L?(2, R™) and A : D(A) C X — X be the operator A = diag(4,,-- An,) defined
by D(A) = D(A1) x -+ x D(A) with
D(4;) = {¢ € H2(Q) : 2 =0},
A;¢ = —Div(ai(z)Ve) +ZJ 1 ,(97) -+ A,

where a%ﬁ =ai(Vep,i),i=1,...,m
a;
Then, A is a sectorial operator in X and from the diagonal structure of A, we have X® = X x ---x X&.
In particular, — A generates an analytic semigroup on X such that satisfies the following estimates

lle™Auollxe < Me™%*|lugllxa, t>0,

2.7)
lle=Atuollxe < Me ¥t~ |lugllx, t>0,

for some § € R, M > 1.



In particular, if B; =0, j = 1,..., N, in order to have § > 0, A can be taken any positive number. On the
other hand, if dispersion is present, A has to be taken large enough for the semigroup to decay exponentially.

From the previous results, we can extend A to the operator L = diag(L1,- -, L), between X!/ =
HY(Q, R™) and its dual, X ~1/2, which is also sectorial. The analytic semigroup generated by —L in X /2,
e~ Lt is the unique extension of e~ to this space and is such that (2.7) also holds.

As shown in [35, 36], for solving problems with non-homogeneous boundary conditions, it is natural to
consider a special class of elements h € H~!(Q2) defined as

<hd>_11=<f, 0>+ <g,7d) >r

for every ¢ € H'(f2), where f € L?(Q) and g € H~Y/%(I"). So, for short, h o fa+gr.

All along the paper and specially in proofs, we will denote by ¢; generic positive constants, whose values
are irrelevant for the results.

3 Local well posedness

In this section we consider the local well posedness of problems (1.1). To that end, we will make some

hypotheses on the non-linearities f and g that will allow us to make use of general abstract results for
parabolic evolution equations, described below.

Assume A is a sectorial operator in a Hilbert space X. We can define the fractional powers A% of A, and
the fractional power spaces X® := D(A®), endowed with the graph norm, a € R, where X @ = (X®)’, for
a > 0. Even more, A is sectorial in X* with domain X®*!, for any a, see 2, 3, 21, 34].

Theorem 3.1 With the above notations, assume h: X — X is locally Lipschitz and bounded on bounded
sets, where 0 < a — 3 < 1. Then, the abstract parabolic problem

ug + Au+h(u) =0
u(0) = up € X® (3.1)

has a unique locally defined solution, given by the Variation of Constants Formula

t
u(t) = e g — / e A= p(u(s)) ds.
0

where e~ denotes the analytic semigroup generated by —A. Moreover, u verifies,
w € C([0,T),X*)NC(0,T, XP+), w, e C(0,T,X")

for every v < B+ 1 and the equation is verified in X#. Even more, either the solution is defined for allt > 0
or it blows up, in X norm, in finite time

We will apply this result to the operator L introduced in the previous section and for this, we consider
non-linear mappings of the form

h(u) := fa(u) + gr(u)
where, at least, fo : X* = L?(2, R™) and gr : X® = H~Y2(I', R™), for some a > 0. Note that h acts on

test functions ¢ € H"(Q2, R™), for r > 1/2, as < h(u),¢ >=< fao(u),¢ >q + < gr(u),y(¢) >r .
Depending on extra regularity properties of gr, to be made precise below, we will get

h: X® 5 X8

for suitably chosen a > 0 and § < 0. But first, we will show some natural a priori requirements on the
exponents o and 3. Recall that for the abstract result we need 0 < oo — 3 < 1.

On the one hand, since we want to give account of non-homogeneous terms on the boundary, i.e. we
consider the case g # 0, that implies 3 < 0. Otherwise, we can always take 8 = 0. Since, from the results



in [35], we are interested in reading the equation in H~'(Q, R™), then we need 0 > 3 > —1/2. Also, as
shown below, for obtaining energy estimates on the solution, we are interested in having enough regularity

to have u,u; € H'(2, R™), for t > 0, and for this one needs, according to the smoothing effect in Theorem
3.1, 3+1>1/2 and then 8 > —1/2.

On the other hand, if we want the non-linear term g(u) to depend on the values of u on I'; then we must
have a > 1/4 in order to have the trace of u well defined; otherwise we can take a > 0. In case we want to
have initial data at least in H!(€2, R™), we must require a > 1/2.

Finally, note that, in the case of non-zero terms on the boundary, there is another natural upper bound
for a and 8. In fact, a < 3/4, since for a > 3/4 the space X incorporates the boundary condition g%‘— =:0:
Also, from the smoothing result in Theorem 3.1, we must also have f + 1 < 3/4,1e. 3 < —1/4.

Summarizing, if g # 0, then

3/4>a>1/4, -1/4>p8>-1/2, and 0<a-0<1

while if g = 0, we have the standard case § =0,0 < a < 1.
Then we have

Theorem 3.2 Assume fq, gr, @ and 8 are as above and
h:X® - XP

is locally Lipschitz and bounded on bounded sets. Then, for every ug € X<, there exists a unique, locally
defined solution of

ug + L(u) + h(u) =0, u(0) =uo (3.2)
given by
u(t) = e Llyg — /Ot e~ L= p(u(s)) ds.
which verifies
u € C([0,T),X*)NC(0,T, X**Y), wu, €C(0,T,X")
for every vy < B+ 1 and

N
/ut¢+/ aVuVé + Z/ Bj(z)aa—“¢+ ,\/ u¢+/ fWo+ < g(u),v(d) >r=0  (3.3)
Q Q i=1Je &7 Q Q
for every ¢ € HY(Q, R™). In particular, we have

N
ug — Div(a(z)Vu) + Y B (z)aaT” +Xu+f(u) =0, onQ ;
= j 3.4)
367:-‘;+g(u)=0, onT

and either the solution is defined for all t > 0 or it blows up, in X* norm, in finite time.
In particular, assume

fo: X = L2(Q, R™)
gr : X® = L*(I', R™) or even H™"(I', R™) with 0 <r < 1/2

are locally Lipschitz non-linear functions, for a + % < 3/4. Then, there ezists 8 such that —1/4 > § > —1/2
verifying all the above.

Proof: From Theorem 3.1, we have the existence and regularity parts of the statement. Since, 8 > —1 /2,
the equation

ug + L(u) + h(u) =0



holds as an equality in X# and also in H~1(2, R™). But from the smoothing effect in Theorem 3.1 and
since f+1>1/2,for t > 0, u(t) € H'(Q, R™) and w(t) € L*(Q, R™) and then form the previous equation

we get (3.3), by taking a test function ¢ € H'(Q, R™). Furthermore, we read the equation as a diagonal
elliptic system

L(u) = —(u¢ + f(u))a — gr(u)
and, from elliptic regularity theory, we get (3.4).

Note that if gr takes values in L?(I", R™) then h = fq + gr is well defined acting on test functions in
H*(Q, R™) D X*/2 for every s > 1/2, therefore h € X~*/2 and we can take —1/2 < 8 = —s/2 < —1/4.
Finally, if gr takes values in H~"(I', R™), with 0 < r < 1/2, then h is well defined acting on test functions in
H™1/2(Q, R™) D X"/2+1/4 and therefore h € X ~"/2-1/4 and we can take —1/2 < f = —1/2-1/4 < -1/4.

In order to apply Theorem 3.1, we need a—f = a+ 35 +% < 1, which leads to the condition a+§ < 3/4.

Observe that if the assumptions of Theorem 3.2 are verified, then this result allows one to define a
non-linear semigroup S(¢) in X, such that S(t)up = u(t), the unique solution of (1.1).

The next two subsections are devoted to show that these assumptions are verified for a class of non-
linearities in some X © space.

3.1 The case H!(Q2, IR™), N <3 and growth conditions

Assume now that f,g: R™ — R™ are C'! and C? functions, respectively, satisfying (1.2) or (1.3) and (1.4)
or (1.5) respectively. We denote by fo and gq the composition Nemitsky operators defined by f and g, for

functions defined on §2, while we denote by gr the Nemitsky operator defined by g for functions defined on
I'. Observe that if the trace of u and go(u) are defined then

Y(ga(u)) = gr(v(w))
We will show below that, under the growth assumptions (1.2)-(1.5), the maps fq and gr are such that
h = fq + gr, verifies the assumptions of Theorem 3.2 above in H!(Q2, R™).
For the case N = 2, we will make use of the following result due to N. S. Trudinger, [39, 29].

Lemma 3.1 There exist two positive constants o and K such that if |lul|g1(q) < 1 then,
12
e O || L2 < K. (3.9)
Furthermore, the constant o is bounded above by 2w
With this result we obtain the following.
Lemma 3.2 Assume f verifies (1.2), (1.8), then the mapping
fa: HY(Q,R™) = LP(Q, R™)

is Lipschitz continuous and bounded on bounded subsets of H'(Q, R™), for p = oo, if N = 1, for any
1<p<oo,if N=2and forp=2 if N =3.

Proof: The case N =1 is obvious, since for ¢, in H'(2, R™) such that @l 1 (,rm) < 7, we get

1£(#) — fFW)le=(a.rm) < c1(r)ld — Ylloo < c2(r)lld — ¥l 1 (0

where we used that the derivative of f is bounded on bounded sets and the embedding H Q,R™) C
L2, R™).



We now prove the case N = 2. Let r > 0 and ¢, be functions in H' (22, R™) such that ||| 1 (q,zm) < 7
and |9l g2 (@, rm) < 7. Choose n > 0 such that for p > 1, 1) < 57, with ¢ as in Lemma 3.1. Then, from

(1.2), there exists ¢, > 0 such that |f(u) — f(v)|P < r:',‘,(e”'”'2 + el )Py — P, for every u,v € R™ and then

I f(d) - f(‘/))”’[),p(g'ﬂm) < C’,; /Q [eﬂ|¢(z)|2 n enl'l!(z)lz]p 16(z) — ()P dz <

< [ [+ var]” d$)§ R T dz)é <

2 2 2
_x (/ [enl¢(:)| + M@l ] Y d:c) Il — wll,,l Q.R™)
Q

where we have used the embedding H!(Q2, R™) C L**(Q, R™). But, from Lemma 3.1 and the choice of 7,

|#| and || verify ||e2"”|“(')|2|| r2(@) < K, and this concludes the case N = 2, since the integral term above is
bounded by a constant depending only on K.

The case N = 3, is much simpler and well known but the proof is given for completeness. From (1.3),
we have |f(u) — f(v)]? < L2(1 + |ul* + |v]|*)?|u — v|? for all u,v € R™ and then if » > 0, ||¢|| g1 (,rm) < 7,
¥l g (@,rm) < 7, we have

17(8) = F @) s pm) < L2 /Q (1+ 18P + [[2)216 — P <

l
<2 ([ 1+ 10 + ) ) (f16-4)" < catrdlé = blEmanm
where we have used Holder’s inequality and the embedding H'(Q, R™) C LS(, R™)

Assume now g verifies (1.4), (1.5). As noted above, then g also verifies (1.2) and (1.3), respectively, and
then gq verifies Lemma 3.2. However, the function go has better properties. As observed above, if the trace
of ga(u) is defined, we have y(gq(u)) = gr(y(u)). Now, we have

Lemma 3.3 If g verifies (1.4), (1.5), the map
ga: H'(Q,R™) - WH(Q, R™)

is Lipschitz continuous and bounded on bounded subsets of H*(Q R™) for any 1 < ¢ < 2, if N = 1, for any
1<q¢<2,if N=2and for any1 < q<6/(4+p), if N=3.

Proof: The case N =1 follows as the case N = 2 below, with ¢ = 2 and p = co. If N = 2, we first show
that go : H'(Q, R™) - W9(Q, R™) is a bounded map, for any 1 < ¢q < 2. Since, (1.4) implies that Dg also
verifies Lemma 3.2, then if ||ull g1(o,am) < 7, we get [lg(u)llLaa,rm) < e1(r,9), 1Dg(u)ll fo(q gmey < c2(r,q)
and ||Dg(u) — Dg(v)ll o(q, gmzy < c3(r, @)llu — vl g1 (o,rm) for any 1 < g < oo.

Observe that now, if 1 < ¢ <2 and p is chosen such that 1 = s+ 5

1Dg(w) VullLa(a,rm) < I1Dgu)ll o pm2) IVullLz(o,rm) < Tea(r,p) = ca(r,q).

Therefore, gq is a bounded map from H'(Q, R™) into W9(Q, R™), 1< q < 2.
On the other hand, if again we choose p such that % = ,1-, + %, we have

IDg(w)Vu — Dg(v) Vol Le(a,rm) < |Dg(w)(Vu — Vo)l Laga,rm) + I|(Dg(u) — Dg(v))Vol|Lagq,rm) <
< IID!J(U)llm(Q‘nm)IIVU = vv"[ﬁ(ﬂ.ﬂ"‘) +||Dg(u) — Dg(v)”[,p(n,nm"’)”VU"LHQ.R"') <

< ea(r, P)”VU - V”"L"’(Q,R"‘) + res(r, P)"" = U“nlm,n-n) < Cs(T,P)”U = U||Hl(n.nm)
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That concludes the case N = 2.

The case N = 3 is proved in the following way. From the previous Lemma, go is a bounded map
from H(Q), R™) into L(Q, R™), for any 1 < q < 2. Now, we prove that if ||ull;Q.rm) < 7, then
| Dg(1) V|| La(, rmy is bounded by a constant depending only on 7, for some g € (1,2). For this, note that

N RS
IDg(w)Vullfaiq.pm) = / |Dg(u)]?|Vul? < / M|Vu|' + L (/(1 + |u|”+1)77q?> (/) |Vu|2)
) Q Q Q ¢

and since H!(Q, R™) C L5(Q, R™), we have to take (p + 1)52_15 <6,ie q< 4—_?; for the right hand side to
be bounded.

For the lipchitzness, we have from (1.5)

T 0 / P B
D — Dg()|| "™ < LT+ 1+ |u|+v]) ™ |u—v|™ <
1Dgw) - DgON ™, <L7H [ (1 ful+ ™
™+ o g
< L¥ (/Q (1 + |u| + |U|)6) (/Q lu — v|6) < cg(r)|lu — ”“E’—En,n"') (3.6)

where we have used Holder’s inequality and, for the last inequality, the embedding H!(Q2, R™) C L%(2, R™).
With this

IDg(w) Ve = Dg(@) Vol 1t o s S IDI(Tu= V) o+ 1(Dg(w) = Dg)Vll g o <

< "Dg(")“m—hmﬁn#)"V“ — Vol L2(,rm) + | Dg(u) - D.‘J(U)I|IIT§-‘;(9'R,,,2)||VU|| L2(Q,Rm) <

< (1) IVu = Vol p2q,rm) + ca(r)lu = vl 11 ,rm)

where we have used I—Jgﬂ + % = 4—:3 the last inequality follows from estimate (3.6).

Then, we have

Lemma 3.4 If g verifies (1.4), (1.5), then

i) IfN=1, gr: HY(Q, R™) - HY?(I', R™) is Lipschitz continuous on bounded sets,

i) f N=2, gr : H(Q, R™) — H"(T', R™) is Lipschitz continuous on bounded sets for r < %

ii) If N =3 and p <1, gr : HY(Q,R™) - H™"(I', R™) is Lipschitz continuous on bounded sets, for
F>r>8.

Proof: Since, from the lemma above, go : H'(Q, R™) — W17(2, R™) is Lipschitz on bounded sets, for some

q, and using the trace theorem, it suffices to show that v : Wh9(Q, R™) — WI*#“’(F, R™)C H"(I', R™)
is bounded, for some r and such q.

i) The proof is obvious, since we can take q = 2.

ii) If N = 2 then q € (1,2), and Wl"%"’(l“, R™):c HY(T, R™) if % —% > r. Hence taking the largest possible
value of q, we get r < %

iii) If N = 3, then ¢ < go = 7% and W'-%9(, R™) c H-"(T, R™) if 2 -2 > —r. Taking again the largest
possible value of g, we get 7 > £ and we can take r < % iffp<lp

Therefore, we get

Theorem 3.3 Assuming the growth conditions (1.2)-(1.5) and p <1 if N = 3, (1.1) defines a local semi-
group in H'(2, R™).

Proof: According to Lemmas 3.2 and 3.4, h = fq + gr is locally Lipschitz and bounded on bounded sets of
X2 into H="(I', R™), with r < 1/2. Therefore, Theorem 3.2 applies with a = 1/2q
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3.2 The case H*({2,IR™), s < 1, N <3 and non-critical growth conditions

In this section we will give a local existence result for initial values in H*(2, R™), for some s <1, N < 3,
assuming the non-linearities grow a little slower than in (1.2)-(1.5). Again no assumptions are made for
N = 1. This local existence result, apart of its intrinsic interest, will be of great help when proving the
existence of attractors for (1.1) in Section 4.

More precisely, let f,g: R™ — R™ be C'! and C? functions, respectively such that (1.8) holds. Assume
also that f and g satisfy, instead of (1.2)-(1.5)

[f(w) = f()] < L+ [ul” + [o]") | — v (3.7)
for all u,v € R™ and « arbitrary, if N =2 and v < 2 if N = 3, and

lg(u) — g(v)] < L+ |ul*' + o)) |u - o],
(3.8)
|Dg(u) — Dg(v)| < L(1 + |u|” + [v]?)|u - v],

for all u,» € R™ and some p < 1, for N = 2,3.
The following results are refinements of Lemmas 3.2 and 3.3.

Lemma 3.5 If f verifies (3.7), the map
fa: H*(Q,R™) = LP(Q, R™)

is Lipschitz continuous on bounded subsets forp =co if N =1and1 > s > 1/2, foranyl <p < oo if
1>8>1- ’m‘ﬁ and N =2 and for any 1 <p < =35 zf'y<5,1>32%(1—p—(72_w) and N = 3.

Proof: The case N = 1is as in Lemma 3.2, since H*(2, R™) C L*°(2, R™) for 1 > s > 1/2.
Let R > 0 and u,v € H*(2, R™), s < 1, be such that ||u||ge(q,rm) < R and ||v||ge(q,rm) < R. Then,

If () = F@p.rmy < LJo (L+ [u(@)PY + [o(z)) |u(z) - v(z)|Pda

<ec(l+ ”u| l[)’}’*m(ﬂ'ﬂ"\) + ”'U"an(n Rm) "u = v“’l’,pq’(nilzm)7

where % + ql—, = 1. Therefore, if q can be chosen such that pq’ and pyq are such that we can apply Sobolev
inequalities, we get

I f(u) - )“[,p(n R™) = <c (1 + ||u||H, Q,R™) + lv| ?’(Q‘Rm)) flw — v”’;-]'(Q‘R'") < c3(R)|lu - U"Za(g,nm)

and the result is proved.
For N = 2, from Sobolev inclusions, H*(2, R™) C L?(2, R™) with continuous inclusion for any p such

'that 8 — 1. > —;23-, ie. if % > 12;” Therefore, the number g can be chosen as above iff s > 1 — ;,-(-11—77 which
is compatible with s < 1 for any p and ~.

Finally, for N = 3 from Sobolev inclusions, H*(}, R™) C LP(Q?, R™) w:th contmuous inclusion for any p

such that s — 3 > —5 ie. if 1 1 > 3228 and the condition on q reduces to s >3 ——7717, which is compatible
w1ths<11ﬁ1§p<,¥+ and'y<5.n

Remark 3.1 Note that for proof above, it suffices v < 5 if N = 3, which is a weaker restriction on f than

(3.7). Then, we can take p=2 if 1 > s > %‘Y’YT and v < 2 as in (3.7).

Lemma 3.6 If g verifies (3.8), the map
ga: H*(Q, R™) - Wh(Q, R™)

is Lipschitz continuous and bounded on bounded subsets of H*(Q R™) for 1 < q < ;——2—- if N =1 and

2 : - +1 N
1 > 8 >21{32, fOT 1 S q S r—l_—sﬁm lfN = 2 andl > 8 Z [)% a'nd fOT'l S (I S mm lf
1>32ﬂ;1-%andN=3.
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Proof: Note that from the previous Lemma, go : H*(Q2, R™) — L(Q}, R™) is Lipschitz continuous on
bounded subsets for =00 if N=1and1>s>1/2, forany 1 <qg<ooif 1>5>1- TIT,sz and N =2

and for any 1 < ¢ < % if1>s>3(1- 5(32%—27) and N = 3. Now, if ||u|| gs(o,rm) < R we have

| Dg(u)Vu — Dg(v) Vol Li(a.rm) < IIDg(u)(Vu — V)|l Lao,rm) + 1(Dg(u) — Dg(v)) Vol La(o.rm)

1
1

1
< (/(1+|u|”“+"))|Vu—Vv|q) o (/(1+ ul?? + |'u|‘“’)|u—v|"|Vv|q>
Q Q

We deal with each of the integrals in the right hand side of the above expression separately. For the first
term, we get

(1+
/9(1 + [u|9+P)|Vu — Vo|? < cp (1 + ||'ll.||(£q(,fg),,:m'n,,,)) [Vu — Vv

q
Lra(Q,r™)?

with ;15 + # = 1, while for the second term we apply Holder’s inequality with three terms to get

q
/(;(1 eI |u|‘“’ -+ |v|qp)|u = Ulqlvvlq <c (1 ¥ "““I[,,qpt(n_nm) + ”v”I[)JQFl(Q‘R"')) "VUHI},M(Q‘R'")HU =

q
Lam(Q,R™)

with 2+ 143 =1
Therefore, if p in the first case and p,r,t¢ in the second case can be chosen such that for the exponents
pq, q(1 + p)p’ and gpt, pq and qr, respectively, we can use the Sobolev inequalities we get

1+
/Q (1+ [uf?0+2)|Tu = Vol? < ca (1+ [[ull s m ) e = vl o, )

and

q
/n(]. + |u|‘"’ -+ I'U|qp)|u = ,U|q|vvlq S Co (1 il ”u”,;{'(Q'R"‘) i “U”I[’]a(Q‘RM)) “v”(}p(g‘nm)”u _— v"t}p(gynm)

and we get the result.

As in Lemma 3.5, H*(Q?, R™) C LP(Q,R™), forp =00 if 1 > s > 1/2 and N = 1, for any p such that
% > 12 if N =2 and for any p such that -;; > 3228 if N = 3. Also, H*(Q, R™) C W'?(Q, R™) for any p
such that % > 3228 if N = 1, for any p such that % > 258 if N = 2 and for any p such that 1; > 22 jf
N =3.

For N = 1 we can take in the estimates above p = 1 and t = r = oo and p = 1 respectively, assumed
that ¢ < 5%-, which is compatible with g > 1 since 1 > s > 1/2.

For N =2 it is easy to check that p and p,r,t can be chosen verifying all the above iff ¢ < T——l—s)(i+2)+1
which is compatible with ¢ > 1iff 1 > s> 1 - -5 = 241

p+2 p+2°
Analogously, for N = 3 p and p,r,t can be chosen verifying all the above iff ¢ < m"ﬁ-m which is
compatible with ¢ > 1 iff s > 5%-‘,—“?-% which in turn is compatible with s < 1 since p < 2.

Then, we have, analogously to Lemma. 3.4
Lemma 3.7 If g verifies (3.8), then

gr : H(Q,R™) » H™"(T, R™)

is Lipschitz continuous on bounded sets, if
)yN=1,1>s>1/2and § >r > 5.
i) N=2,1>3>8 and } >r > (1-5)(p+2) - 1/2.

_ 3 p+1 1 LS (3—28)(pt+2)-2
i) N=3,1>8> 355 and 3 > r > =510,
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Proof: Since, from the lemma above, go : H*(2, R™) — W19(Q2, R™) is Lipschitz on bounded sets, for some
¢, and using the trace theorem, it suffices to show that y : Wh(Q, R™) — W'~ #"’(]", R™ c H "(I',R™)is
bounded, for some r and such q. Also, W'~ 59D, R™) c H-"(I', R™) if 1 - 1> -rand N =1, $-2>-r
and N=2andif2 -2 > —rif N =3.

i) According to the previous lemma, if N = 1 the ranges for s and g are 1 < q < qo = 75-and 1> s > 1/2.
Therefore, taking the largest value of ¢ in the embedding above, we get 1;” <r<1/2

ii) For N = 2 the ranges are 1 < ¢ < qp = —1—»7?%'4—2);_ and 1 > s > /‘% Proceeding as before we get

(1—s)(p+2) = 1/2 < r, which is less than § iff 1 > s > %—g
243 fe eage .
iii) For N = 3 the ranges are 1 < ¢ < qo = = ) p|2)+2 and 1 > s > 3 ;4_2). In this case we get
(3—28)(p+2)—2 3(p+1)

2 2(pt2)"

< r, which is less th'm iff1>s>

From all this, we get

Theorem 3.4 Assuming the growth conditions (3.7)-(3.8), Theorem 3.2 applies with o = s/2 provided
i)yN=1and1l>s> 3.
i - +1
it) N =2 and 1 > s > mazr{517, 55}
i) N =3 and 1> s > $maz{-1y, /;%}
Therefore, (1.1) defines a local semigroup in H*(}, R™) for s in the ranges above.

Proof: Note that the restrictions on s determined by v imply, according to Lemma 3.5 that f maps
H®(Q, R™) into L%(R}, R™).

Since X*/2 c H #(Q2, R™), from the results above and the proof of Theorem 3.2, we get that the non-lincar
term maps X*/2 into X? for # = —r/2 — 1/4. Therefore, to apply the general results in Theorem 3.2, we
need s/2 — 3 < 1,ie. s+1r <3/2.

From the estimates on 1' given in Lemma 3.7 this condition can be met if respectively
i) N=1landany 1 > s

i) N=2and s > & Whl(.‘h holds true, since from Lemma 3.7,1> s > ’;+—2 e

ili) N =3 and s > 2—(%7 which holds true, since from Lemma 3.7,1 > s > gpi; > ?pii 0

3.3 The fractional power spaces case and no growth conditions

Note that the basic result Theorem 3.2 imposes some conditions on the non-linearities, namely that h = fq +
gr, maps X into X7, and this, in turn, imposes some growth conditions on the mappings f, g : R™ — R™.
Therefore, in order to obtain an existence result without any growth condition on the non-linearities we will
work in

Y =X*nC@, R™)
for 3/4 > a > 1/4, endowed with the norm

lully = llullx« + llullo

Observe that Theorem 3.2 is, in principle, not directly applicable in this context. However, note that then,
if N=1and a > 1/4orif N =2 and 3/4 > a > 1/2 then, from Sobolev inclusions, X* C C(f7, R™) and
then ¥ = X* and Theorem 3.2 can be applied. In fact, we have

Lemma 3.8 Assume that f : R™ — R™ and g: R™ — R™ are C' and C? functions, respectively.
IfN=1and3/4>a>1/4 orif N=2 and 3/4 > a > 1/2, then

fa: X% = C@,R™), ga:X*—> HY(Q,R™), and gr : X* » H¥(', R™)

are Lipschitz continuous on bounded sets of X .
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Proof: Let u,v € X© such that |lul]|x« < R and ||v||x= < R. Hence, we have

(1) = fF@)lloo < c1(R)[lt = vlloo < c2(R)llu = v]|xe

and the same for g. Moreover,
| Dg(u)Vu — Dg(v) Vo < es(R)|lu = vl || Vull + ca(R) Ve — Vol < es(R)||ln — V|| xe

and then gq : X® — H'(Q2, R™) is Lipschitz on bounded sets of X®. Using the trace operator, we get the
result.p

Remark 3.2 Note that if g is only of class C*', then the same proof above for f, bul only with points in the

boundary, gives the Lipschitzness of gr : X® — L™(I', R™) and Theorem 3.2 can still be applied. In this
case solutions will be less regular.

As a consequence of the above and Theorem 3.2, we get

Theorem 3.5 With the above assumptions, (1.1) defines a local semigroup in X*, if N =1 and 3/4 > a >
1/4 orif N =2 and 3/4 > a > 1/2.

Now we come back to the cases not covered by the previous result, i.e. N =2 and 1/2 > a > 1/4 or
N >3 and 3/4 > al/4. Assuming f : R™ - R™ and g: R™ — R™ are C' and C? functions, respectively,

and in view of Theorem 3.2, we will look for solutions of (1.1) which are functions v € C([0,7],Y"), that are
solutions of the fixed point problem

t
u(t) =e—“u0—/ e L= h(u(s)) ds.

0

with h = fq + gr. First note that this equation is equivalent to

t t
u(t)=e—f“u0-/ e‘A““")fg(u(s))ds—/ e L= gr(u(s)) ds
0 0

as soon as ug, f(u(s)) € L2(R), R™).
To prove the existence result we will make use of the following result that has been proven in [36]

Proposition 3.1 Let X be a Banach space and (A, D(A)) a sectorial operator in X and consider problem

uy + Au = g(t)
{ u‘(o) _— (3.9)

with g € LP(0,T,XP), up € XP and 1 < p< o0, T < 00.
Then, the solution verifies

a)u € C(0,7,X") for all v < B8+ 1/p'. Moreover, if ug € X7, thenu € C([0,7],X").
b) The mapping

. X" x LP(0,T, XP) 3 (ug, g) — u € C([0,T],X")
is Lipschitz. Moreover, if Re(o(A)) > § > 0 then that holds also for T = co. In that case u € Cy([0, o), X"

With this, we can state

Theorem 3.6 With the above assumplions (1.1) defines a local semigroup in Y. Moreover, solutions are
defined for all t > 0 or they blow-up, in the Y norm, in finite time.
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Proof: Define, for ug € Y and u € C([0,77],Y)

t t
Fu(t) = e Mtug — / e A9 £ (u(s)) ds — / e E ) gr(u(s)) ds
0 0

First, note that, fo(u) € C([0,T),C(R, R™)) and gr(u) € C([0,T),C(I', R™)) and then, in particular,
h(u) € C([0,T], X?), for any B € [-1/2,—1/4). Therefore, from Proposition 3.1, we get

F(u) € C([0,T],X*)NC(0,T, X"), for every vy < 3/4.

Now, observe that since up € X N C(§, R™), from the fact that e~4! defines an analytic semigroup
in X, [21], and in C(2, R™), [28], we get e"A*uy € C([0,7],Y) and it s a classical solution of the linear
homogeneous problem (both in the equation and in the boundary conditions).

Now, we define Fyu(t) —f e A9 fo(u(s))ds and Fou(t) = —f(;'e""“’"‘”)gr(u(s))ds. Then,
since fo(u) € C([0,T],C( Q Rm)) the results in [28], combined with Proposition 3.1, give us F(u) €
c([0,T],C?? (2, R™)) for every o < 1.

Finally, from a classical result by Pogorzelsky, [31], sce also (1], since gr(u) € C([0,7],C(I', R™)), we
have F,(u) € C%?72(Q x [0,T], R™), for every 6 € (0,1) and morcover

IF2(w)llg.0/2 < C(6) Sup llgr (w) (&, )l

In particular, Fa(u) € C([0,T],C(R2, R™)).

Putting this mformatlon together we get, in particular, F(u) € C([0,T],Y’). Therefore, it is legitimate to
look for fixed points of F in C([0,7],Y). For this, we will prove that for a given ug € Y, F is a contraction
in a suitable closed subset of C([0,7],Y), for small enough T. Once, this is done, classical continuation
arguments conclude the proof.

More precisely, for a given up € Y, we denote V = {u € C([0,7],Y), |lu(t) —wol|ly <7, YVt €[0,T]},
where r and T' are to be chosen below.

First we prove that 7 maps V into itself. For this, note that for a given r, T' can be chosen small enough,
such that

lle™ 4 ug — uol| < /3

for all ¢t € [0,T), for the norms of both X* and C(Q, R™), since e~ is a continuous semigroup in both
spaces. Also, from [21], and taking any 8 € [-1/2,—-1/4) such that 0 < a -8 < 1,

I /0 e LU= p(u(s)) dsl| xe < ( /0 Ot - 5) 2 ds) &ilr)

since h(u(s)) takes values in a bounded subset of X?. Consequently, the expression above can be made
smaller that r/3, for all t € [0,T’], if T is small enough.
On the other hand, arguing now in C(92, R™)

171 ()0 = I / =A=9) fo (u(s)) dslloo < / e A9l cg oo L £ (u(5)) oo ds < tea(r)

and again, this can be made smaller that /3, for all ¢t € [0,7T], if T is small enough. Fmally, since

Fa(u) € COO/2(Q¥ x [0,T], R™), for every § € (0,1) and F,(u)(0,z) = 0, we get, for every z € {I and
te€[0,T]

|F2(u)(t, )| < t772||Fa(u)llg.0/2 < tP72C(0) SUI) llgr (u)(t, )| < t97%c3(r,6)

and again, this can be made smaller that »/3, uniformly in z € Q and ¢ € [0,T], if T is small enough.
Consequently, F(V) C V, if T is small enough.

Now, we prove that F is a contraction in V. For this, let u,v € V. Then,

IF@)(t) - F@))lxe < [0 C(t - 5)~D||h(u(s)) - h(v(s))llpds <
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< </’ C(t- S)_(ﬁ—ﬁ) ds) ca(r) sup [lu(s) = v(s)]loo
0

[Ole

Therefore, for small enough T', we get for all ¢ € [0,T

IF(u)(t) = F(v)(t)l|xe < 1/4 s llu(s) = v(s)lly
On the other hand, note that F(u) — F(v) = Fi(u) — Fi(v) + Fo(u) — F2(v) and then

t
IF1(w)(t) = Fi(v) ()l < / lle™ A | oo 00 [l (u(s)) = F(0(8))l|oo ds <
0
< tes(r) sup lu(s) —v(8)lloo < 1/8sup flu(s) —v(s)lly
[0.7) [0.7]

for small enough 7. Finally, as before, for small enough T

| Fa(u)(t) — Fo(0)(t)lleo < t°72C(8) sup llgr(w)(t,y) — gr@)(t,y)ll <
ty

< 1%7%¢q(r, 0) sup Jlu(s) — v(s)lleo < 1/8sup [lu(s) —v(s)lly
(0,7} (0.7]

Putting all these together, we get || F(u) — F(v)|lv < 1/2||u — v||y and the result is proven.p

Concerning regularity, we have
Corollary 3.1 With the above notations, for every ug € Y, the solution verifies
ue C(0,7),Y)NnC(0,T,X"), u € C(0,T,X"), for any y < 3/4
and (3.3) and (3.4) hold also true, while the solution exist.

Proof: Taking any 8 € [-1/2,—1/4) such that 0 < a—f < 1,i.e. any € (a —1,-1/4), as in [21, Lemma
3.3.2], we prove t — u(t) € X is locally Holder. With this, we get ¢ — h(u(t)) € X7 is also locally Hélder,
since, for small h,

|F(ult + h,)) = flult, )] < erlult + h,a) — u(t,@)], for all 7 € Q,

lg(u(t + h,z)) — g(u(t,z))| < ca|u(t + h,z) — u(t,z)|, forallz € T

Integrating the first inequality in  we get || f(u(t + h)) — f(u(t))|L2@.rm) < a||u(t + h) — u(t)|| x=, while
integrating the second one in T, we get ||g(u(t + h)) — g(u(t)|lL2r,rm) < callu(t + h) — u(t)||L2r,mm) <
eallu(t + h) = u(t)] xe.

Now, [21, Theorem 3.2.2] implies that u is a strong solution in X”. But even more, [21, Theorem 3.5.2]
implies u¢ € C(0,T, X"), for any v < B + 1. Since S is arbitrary in (a — 1,—~1/4), we get the result.y

4 Existence of global attractors

In this section we prove that under the dissipativeness assumption (1.8), (1.9), the system (1.1) has a global
attractor. Note that from the diagonal structure of (1.9), it reduces to solve m scalar eigenvalue problems.
From the results in [32, 33, 23], we have that the first eigenvalue of this problem is always real, where by
first we mean that all others have greater real part, see Section 6. Also, the first eigenvalue, pY, is given by
the infimum of the first eigenvalues of each scalar eigenvalue problem.
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4.1 The fractional power spaces case

In this section we first prove that solutions of (1.1) with initial data in ¥ = X N C(Q}, R™), are globally
defined and orbits of bounded subsets of Y, under the semigroup determined by (1.1), S(t), are also bounded
in Y. Moreover, we will show the semigroup is compact.

Second, we will show that the semigroup is dissipative in Y and for this, we will find “contracting regions”,
similar to the contracting rectangles considered in [4]. With these and the results in [16], we will obtain the
existence of a compact attractor in Y.

It is worth noting that the whole idea for proving boundedness and dissipativeness is that estimates on
the sup norm are transferred to estimates in the ¥ norm, as shown below.

We first start with the following important remark.

Lemma 4.1 With the assumptions of Section 3 and in particular with the notations of Theorems 3.2, 3.5
and 3.6, let u(t) be a local solution of (1.1) in Y = X*N C(Q, R™) defined in a mazimal time interval
Oatmal‘)'
[ If "“(t)"c(ﬁ,R'") < c1, for all t € [0,tmaz), for some c1 > 0, then, tmae = +00 and ||u(t)||xe < cz, for
all t > 0 and some cs.

Even more, if a bounded set B C Y is such that {S(t)B,t > 0} is bounded in C(R2, R™), then {S(t)B,t >
0} is bounded in Y and {S(t)B,t > 1} is compact in Y.

Proof: First note that by replacing A and f by A+ al and f — al, we can always assume that (2.7) holds
with § > 0. Then, using the variation of constants formula, we obtain, for vy = u(0),

t
lu)llxe < Mlluollae™* + M/ e = (t — 5)~ @) ||h(u(s) || pds.
0

for some 3 < 0. Therefore, for finite ¢ < {142, we have
t
lu(t)||xe < M |lugllae? +MK/ e 9t=9) (¢ — g)~(2-Pldg, (4.1)
0

with K = supy¢o,,,.) {1P(u(?))llg}, which is finite since ||u(t)||o@ gm) < c1. Therefore, since the norm
in X®, and hence the norm in Y, remains bounded in finite time, then the solutions must exist for ¢ > 0.
Moreover, the right hand side of (4.1) remains uniformly bounded in time and the result is proved.
Analogously, if ug € B, then the right hand side of (4.1) remains uniformly bounded in time and ug € B
and consequently, {S(¢)B,t > 0} is bounded in Y. Even more, from the fact that L has compact resolvent,
{S(t)B,t > 0} is bounded in Y and the variation of constant formula, we get as in [16, Theorem 4.2.2],

that {S(¢)B,t > 1} is compact in X®. On the other hand, since, with the notations in Theorem 3.6,
S(t) = Si(t) + Sa2(t), with

t t
Si(t)yup = e tug — / e M=) fo(u(s)) ds,  Sy(t)uo = —/ e M=) gp (u(s)) ds
0

0

and A has compact resolvent in C(Q, R™), again using [16, Theorem 4.2.2], we get {S1(t)B,t > 1} is compact
in C(, R™). Finally, as in Theorem 3.6 and using [31, 1], we have S3(-)up € C??/2(Q x [0, 00), R™), for
every 8 € (0,1) and

1S2(-)uollg,0/2 < C (6, B)

and the right hand side is uniform in ¢ and uo € B. In particular {Sy(¢)B,t > 1} is in a bounded set of
C?(Q, R™) and therefore it is compact in C(2, R™). Hence, {S(t)B,t > 1} is compact in ¥

To obtain estimates in C(2, R™) for the solution of (1.1), in what follows we will use comparison results
and the notion of invariant regions. We start by defining sub and super-solutions for (1.1).
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Definition 4.1 A C? function @ : Q x (0,7) C RN x Rt = R™ is a super-solution of (1.1), if, for
1 <1 <m, it satisfies

(@), — Div(a;V;) +Z] ] ] %}L+/\u, + filwry ooy Ui 1y Uiy Wiy e ooy Um) > 0, on ,

-‘g%t+gi(u1,...,u,-_l,u,-,u,-.;.,,...,u,,,) >0, on I (4.2)
2;(0) > (uo);.

wherew = (w1, . ..,um) is the unique solution of (1.1) with initial value uy. Similarly, we define a sub-solution

w by replacing the > sign by the < sign in (4.2).

We then have

Lemma 4.2 If u is the solution of (1.1) with inilial value uy and if & and w are super and sub-solutions of
(1.1) in the sense defined above, then

w(t,w) < uill,x) < il )
for every 1 < i < m, while the solutions ezist.

Proof: For each i = 1,...,m, let fi(t,z,v) = Av + fi(u1,...,Ui—1,V, Ui41,...,Um), and Gi(t,z,v) =
gi(Uu1,. .., Ui—1,V,Uit1,...,um). Therefore, @; and u; are super and sub-solutions of

— Div(a;Vv) + E;V 1 b; T) z”j + fi(t,z,v) =0, onQ,
-37{; +gi(t,z,v) =0, onT
v(0) = (uo)i-
From the results in [30], we get that there exist a solution of the problem above, such that u,(t,z) < v(t,z) <
@;(t,x). But the unique solution of this problem is v = u; and the result is proved.

Assume now f, g satisfy (1.8) and (1.9). Let u; > 0 and ¢; be, respectively, the first positive eigenvalue and
normalized eigenfunction of each component of (1.9) and m; = min ¢;(z) > 0. For each 8 = (6y,...,0,,) €
z€QN

(R*)™, define X
g = {u €Y : |ui(z)| < Bipi(x), for all z € N} . (4.3)

Below we prove that ¥y is an invariant attracting region.

Lemma 4.3 Let £° be as in (1.8). Then, with the notation above, let §;m; > €9 and for every to > 0, denote
vi(t) = e Hit)g,0; for 0 < t < tg, and vE(L) = (v, ..., vE)

- )
Then, for any initial data in Y, such that |(ug)i(z)| < e”i*°8;p;(x), for all x € Q, v*(t), are respectively
a sub and super-solutions of (1.1) for 0 <t < ty, and consequently
S(t)Zeutog C Ee—,‘(t—no)g — Xy

as t = to, where (e'°0); = e"i'90;. In particular, for every M; > 6;, define to = to(M) = sup; - o log( L) >
0, and M; = e*i®@; > M;, then for 0 < t < o,

S(t)z]\[ & S(t)EM C SA‘{C_,‘“_gu)o . 2 20
as t — tg. In particular, Xg is a positively invariant region for (1.1).

Proof: First take vj (t) = e #(t=%)g,p;. Then, for 0 < t < to, v] (t,z) > e #ilt=t)g;m; > &) and
consequently, from (1.8)

av

o
0=—2+ at D1v(a,Vv+)+Zb' 6. 'j + vl <
_7 =1
v} Ov;
< -a—t—Dlv(a,Vv )+;b'(v —+/\v F ity o g it s U 5 Bt v » s Yim)

(’)'U:'_ + ov;
o +
= '{)ﬁ:*‘dgvi £ '(';;—{t - Goltiny » ooy itV Mty e ooy Bim)s
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Thus, v*(t) is a super-solution. The same for v~ (t) with all the inequalities reversed. The rest is obvious.q
As a consequence, we have
Corollary 4.1 All solutions of (1.1) with initial data in Y, exist for t > 0, and the semigroup S(t) is well

defined on'Y fort > 0. Moreover, for every bounded set B C Y, {S(t)B,t > 0} is bounded in Y and
{S(t)B,t > 1} is compact in Y. Even more, if g is as in Lemma 4.3, then 3¢ is an absorbing set for S(t).

Proof: Clearly, for any bounded set B C Y, there exists 6 € (R*)™ such that B C ¥; and we can assume

that f;m; > €?. Then, Lemma 4.3 implies that S(t)B C S(t)X; — Ty as t = to = to(B). Therefore, from
Lemma 4.1 we get the result.p

Note that ¥y is not a bounded set in Y and therefore dissipativeness does not follow from the corollary.
However, we have

Theorem 4.1 The problem (1.1) has a global attractor A in Y = X NC(R). Furthermore,
ACE (4.4)
for every 6, such that §;m; > &0, fori=1,...,m.

Proof: Since we already have that orbits of bounded subsets of ¥ under S(t) are bounded in Y and that
S(t) is a compact semigroup, it just remains to prove point dissipativeness to prove the existence of a global

attractor A for {S(t); ¢t > 0} in Y, see [16, Theorem 3.4.6]. In fact we show below that S(t) is bounded
dissipative.
For this, note that from the Corollary above, for any bounded set B C Y there exists ¢y > 0 such that

S(t)B C Iy, for all t > ty. From the variation of constants formula, where as in Lemma 4.1, we can assume
without loss of generality that (2.7) holds with § > 0, we have for any ug € B, and t > tg

t
IS(t)uollxe < Me ¢t L(ty) + M P(8) |2|# / e Rt — g)moFlgs, (4.5)

to

where ||S(s)uolly < L(to), for every s > tg and ug € B, and P(f) = sup,cy. {|Q|§|f(s)| +|[‘|§|g(s)|},

with £* = {s € R™,|s;| < §M;}, with M; = supg |p;(z)|. Note that ¢, and the right hand side above are
independent of ug € B, and then letting ¢ — co we obtain

lim sup ||S(¢)uo||x= < M P(6) |Q|;f/ e %8s~ (a=Pgg (4.6)
t—oo 0

and since the right hand side of (4.6) does not depend on ug € B C Y, S(t) is bounded dissipative in Y.
Finally, since Xy is absorbing, we get A C yg

With this result, the next one follows from [16] and from the fact that a constant equilibrium ug for (1.1)
may only happen if Aug + f(uo) = g(uo) = 0.

Corollary 4.2 The elliptic problem

—Div(aVu) + Zle Bj(z)g;;; +Au+ f(u) =0, onQ
aa;li‘— +g(u)=0, onT,
a

has at least one solution which is non-trivial whenever \I + f and g have no common zeros.
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4.2 The energy space case

4.2.1 Gradient systems in the critical growth case
Now we consider (1.1) without dispersion (B; = 0), that is

w — Div(aVu) + A+ f(u) =0, on }

%‘— +g(u) =0, on T, (4.7)

with initial values in H!(Q, R™), where f and g satisfy (1.2)-(1.5) and the dissipativeness assumptions (1.8),
(1.9). Note that now the eigenvalue problem (1.9) reduces to
—Div(aVv) + v = pv, in Q
[}
U%l')_ +d% =0, on 80Q, (48)

and from the diagonal and selfadjoint structure of this problem we have that the first cigenvalue, uf, is given
by the infimum of the first eigenvalues of each scalar eigenvalue problem, i.e. the infimum of

= inf JoailVel? +c [y 1o + & [i. 162
P geHY Q) Jo lof?

which are assumed to be positive for i =1,...,m.
Note that the dissipativeness assumption is met if

<

i(8) + As;
gi\s
ISi 20

lim inf]a;l——)oo

(4.9)

lim inf|,,| 00

and for each 7 = 1,...,m one of the inequalities is strict.
Moreover, we assume that there are scalar potentials F : R™ — R and G : R™ — R such that

VF(s) = f(s) and VG(s) = g(s), for every s € R™, a condition that is always satisfied for m = 1.
Consider the energy functional V : H'(Q2, R™) — R defined by

V=53 [aiver g [+ [ Fo)+ [caw, (4.10)

The next result ensures that V' is well defined

Lemma 4.4 Assume and f : R™ - R™ and F : R™ — R is such that VF(s) = f(s).

i) If f satisfies (1.2) or (1.3) then for every ¢ € H* (2, R™), one has F(¢) € L'(2, R™) and
NF@)e <elr), if lldllm <7

for some continuous increasing function c(r).

it) If f satisfies (1.4) or (1.5) then for every ¢ € H'(Q, R™), one has F(¢) € L}(I', R™) and
IF@)er <er), if llglla <

for some continuous increasing function c(r).

Proof: Since f is a gradient, we have F(s) = fol f(rs)sdr, for all s € R™ and then |F(s)| < fol |f(rs)]||s| dr.

If (1.2) holds true, then for every n > 0, |f(s)| < cye”**|s| + |£(0)| and therefore |F(s)| < ;—;’Le”""z +
|7(0)]]s]. Since |s| < e*1* we get |F(s)] < (;—,'1,-+|f(0)|)e"|"|2 and we conclude using Lemma 3.1, as in Lemma
3.2. If (1.4) holds true, then as before and as in Lemmas 3.3 and 3.4, we get || F(¢)[|1(r) < ¢l F(#)|lwr.1 () <
c(r). If (1.3) holds true, then |f(s)| < ¢(1+ |s|*) and therefore |F(s)| < ¢(1 + |s|*) and again we get the
result as in Lemma 3.2. Finally, if (1.5) holds true, then proceeding as before, we get |F(s)| < ¢(1+ |s|?) for

some p < 4 and, at the same time, if ¢ € H'(€2, R™), then the trace is in H/2(I', R™) ¢ L(I', R™), for
q < 4 and we get the result.
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Theorem 4.2 Under the above assumptions, we have

i) V is a Liapunov function for (4.7).

i) All solutions of (4.7) with initial data in H' (2, R™) are globally defined.

iti) The problem (4.7) has a global attractor A in H'(Q, R™). Furthermore (4.7) is a gradient system and
therefore, A = W*(E), where E is the set of equilibria of (4.7), i.e.

E={pe H'(Q,R"): L+ h(¢) =0}
and W*(E) denotes the unstable set of E. Moreover, if each element of E is hyperbolic, then E is finite and
A =UseeW"(¢).
where W"(¢) denotes the unstable manifold of the equilibrium point ¢.

Proof: From the smoothing effect in Theorem 3.2, we have u; € H'(2, R™) for ¢ > 0, and then taking
¢ = u, as a test function in (3.3), we get

—-—V(U(t = —Jlwl®* <0

for any solution u(t) of (4.7) and therefore V' decreases along solutions of (4.7).
Observe that from the dissipativeness assumption, we have

A ) =
+3ls? 2 Flail —a, G Zzslﬁ—cl

for all s € R™ and some constant ¢;. Therefore,

1171 ch md)
| %4 > = (Vi + —L/ i+ —l‘/ i -
@253 [aivor +3 5 [Iof+3% [16F -e

|-

and then = m
N i} 1 .
V) 27Y [alval+g Y m [ 16 -c
i=1 V0 i=1 Q

This inequality implies that solutions are globally defined, since V' (u(t)) < V(ug) and then the H'(Q2, R™)
norm of the solution remains bounded since p; > 0.
From Lemma 4.4 we get

V(g) < C(r),

if |¢ll g1 (@,rm) <7, where C(-) : R* — R is a continuous increasing function. Therefore, orbits of bounded
sets are bounded in H!(Q2, R™). Also, for each ¢t > 0, S(t) is compact, since A has compact resolvent, (16].

Since, V' decreases along trajectories, from La Salle’s invariance principle, the w-limit set of any trajectory
lies inside the set {¢ € H'(, R™), V = 0}, but this is the set of equilibria of (4.7), ie. E = {¢ €
H'(Q,R™) : L$ + h(¢) = 0}. Therefore, E attracts unitary sets in H'(Q, R™) under the semigroup
{S(t), t > 0}. Next, we prove that E is bounded in H'(2, R™) and then the semigroup {S(t), t > 0} is
point dissipative, [16].

Since the equilibrium points of (4.7) satisfy Lu + h(u) =0, i.e.

—Div(aVu) + Au+ f(u) =0, on Q
%— +g(u)=0,on (4.11)

taking u as a test function in (4.11), we get

g;/naz'IVui]i?+/\/Q|u|2+/;2f(u).u+/rg(u).u=0
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. 0 . 19 #
From the dissipative condition we get f(s) - s+ Als[? > Y18, SFlsil® —cs and g(s) -5 > 3" Flsil® — e

for all s € R™ and some constant c3. Therefore,

m m 0 m

‘ G ; dY .
a;|Vu;|* + —'/ lui® + —-‘-/lu-l <cy
el ey R 5

thus

m

m
Z/ aiIVui|2+Zu,-/ huf? < 24
i=1 79 i=1 /@

and then the set E of equilibria is bounded in H!(2, R™). The rest follows from the results in [16]

Our next goal is proving that the attractor constructed above is a bounded set in C' (©2, R™) and moreover

that the estimates (4.3), (4.4), of the previous section still hold true. For this, we first prove the following
lemma

Lemma 4.5 Assume N = 3 and g verifies (1.5), with p < 1. Then, if u € H(Q, R™), with 3/2 > 0 > 1
verifies

—Div(aVu) + \u = F € L*(, R™)
aa%‘— +g(u) =0 on T

then u € H*9)(Q), R™), where s(¢) = min{2,Ac — B}, with A=p+2, B= gp,j—l Moreover, ||u|| ge) <
CUIF L2, lullge). In particular u € C(Q).

Proof: Note that we can restrict ourselves to the case m = 1, since we only use the smoothness and growth
assumptions on g. Also, note that from elliptic regularity results, since F € L?(Q) we get u € HZ (), but
the regularity of g(u) on I' determines the overall regularity of u on €. Therefore, we prove that g(u) has
certain degree of regularity on I" and then use elliptic regularity theory to get the result.
. . o 6

Note that from (1.5) and the Sobolev inclusion for H7(2) we get that Dg(u) € LP(Q) for p < BT 3R

On the other hand, from the Sobolev inclusions for H7~!(Q2) we get Vu € LI(Q, R*) for ¢ < % From
; r 3 el ) ; i 6

this we get Dg(u)Vu € L"(Q, R°) for = Sk and this leads to r < rg = .7 oy

Also, from (1.5) and the Sobolev inclusion for H7(§2) we get g(u) € LP(R2) for p < ﬁm. Therefore,

we get g(u) € WH™(Q). Now, from the trace theorem, gr(u) € Wl—'—ltf‘r"(l‘) C H*(T) for s =2 — 730- From
elliptic regularity theory, we get u € H*(?)(Q) with s(¢) = min{2,7/2 — ;30—} and we get the result.

Now, note that H*(Q2) C C(Q), if s > 3/2. Hence, if j(0) = Ao — B, with A = p+2, B = 22 is greater
than 3/2 the conclusion follows. If not, we repeat the previous argument to get u € H*"(?)(Q) for n € V.
But note that the function j(o) is monotonic and has a unique fixed point at oy = %‘% < 1, since p < 1.
Therefore, there exist n such that s"(o) > 3/2 for any 3/2 > ¢ > 1 and the conclusion follows.pp
Proposition 4.1 Let u(t) be a solution of (4.7), with initial data in H'(Q, R™). Then

u € C(0,00,C(Q, R™))
Moreover, if N = 1,2 or if N = 3 and {u, t > €} is bounded in L*(2, R™) for € > 0, then

sup{|lu(t)llcm rm)} < o0
t>e

and is bounded above by a constant depending on the bound on u(t) in H* (2, R™) and the bound on u; in
L2(Q,R™), if N = 3.
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Proof: Note that without loss of generality, we can assume that (2.7) holds true with § > 0. From Theorem
4.2, u(t) is continuous and uniformly bounded in H'(€2, R™) for ¢ > 0. Hence, if N =1 there is nothing to
prove since H'(Q}, R™) c C(Q, R™). If N > 2, we get from Theorem 3.2, u € C(0, o0, X#A*+1) and moreover,
from the variation of constants formula, for any vy < 8 +1

t
lu(@)llx> < M= De 2 u(0)|x1r2 +/ Me= =0 (1 — )" h(u(s)) |l xa ds
0

and the right hand side is uniformly bounded for ¢ > € > 0. But since # > —1/2, y can be chosen such that
3/4 > v > 1/2 and then we get the result if N = 2, since X" C C(Q, R™).

Finally, if N = 3, as seen in Lemma 3.4 and Theorem 3.3, in the argument above we can take 3 =
—r/2—1/4 for 1/2 > r > p/2 and then we get the bound in X" for v < 322 and then in H?(Q, R™) for
1<o< 3—;3 Also, from Theorem 3.2, u; € C(0, 00, L*(2, R™)) and reading the equation as

-Div(aVu) + A = ug — f(u)
Bd;% + g(u) =0

and working on finite time intervals, we get, from Lemma 4.5, u € C(0,00,C (82, R™)). On the other hand,
if {u¢, t > €} is bounded in L?(2, R™) for € > 0, again Lemma 4.5 gives the result.

We now prove de following abstract result
Proposition 4.2 Assume A is a sectorial operator with compact resolvent and assume the problem
ug+ Au+h(u) =0

where h : X — XP is Lipschitz on bounded sets, with 0 < a — 3 < 1, defines a globally defined semigroup,
S(t), in X that has a global attractor A.

Then, A is a bounded subset of X7 for any v < B + 1 and moreover, there exist a constant ¢, only
depending on the bound of A in X%, such that for any solution u(t) lying on the attractor, one has for any
7<f+1

llue(t)|| x+ < ¢, foranyt € R (4.12)

Proof: Note that A is a bounded subset of X* and is invariant, i.e. S(t)A = A for all t € R. Let u(t),
with ¢t € R, be a solution lying on the attractor. From the variation of constants formula, for any v < g+ 1
we get [lu(t)| x> < Mt~ 8 u(0)||xe + fy Me3t=5)(t — 5)=(=B)||h(u(s))|| xo ds. Taking t = 1, the
right hand side above is bounded by a constant independent of v and then S(1).4 = A is a bounded set of
X7. Note that if (4.12) is proved, then we can get the bound on the attractor for the case vy = 3 + 1, since
we have Au = —u; — h(u) and the right hand side is bounded in X7.

The proof of (4.12) is based on the proof of [21, Theorem 3.5.2], [21, Lemma 3.5.1] and the invariance of the
attractor. Take u(t), with ¢ € I, a solution lying on the attractor and consider the interval [to, ] = [t —1,1]
for £ € R. Proceeding as in {21, Theorem 3.5.2], using the bound on X7, a < v < # + 1, and that the

non-linearity is Lipschitz on bounded sets, we get that j(s) = h(u(s)) is bounded in X? and satisfies, for
to<s<s+h<t,

8
li(s +h) = j(s)llxs < her(s —to) """ e [ (s =) Pj(r +h) = j(r)||xe dr
to
and from here using Gronwall’s lemma as in (21, pg 6], one gets ||j(s +h) — j(s)||xs < esh(s —tg) 1T~ =
hK(s) where ¢y, ¢z, c3 are independent of u and ¢. Note that f:o' K(s) ds is bounded by an absolute constant,
and then, [21, Lemma 3.5.1] gives that on [tg,;], for any n < f + 1

lue(s)lln < eals —to) ™" tc5 [ (s =)~ "B K(r)dr
to

Taking s = ¢; =t and changing variables r = ty + 2, and using ¢; — to = 1 one gets |lu(t)||, < cs, for some
absolute constant cg, for all ¢ and « on the attractor.g

Therefore, we get
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Theorem 4.3 The attractor of (4.7) in H'(, R™) is a bounded set in C(Q, R™). Furthermore, for any
u € A one has

lui(z)| < Bipi(x), for allz €Q, i=1,...,m
with 0, p(x) as in (4.3) and (4.4).

Proof: We first prove that the attractor is bounded in C(Q, R™). For this, note that the attractor, A, is
bounded in H!(€2, R™) and satisfies S(t)A = A for every t € R. Therefore, if N = 1 again H'(Q, R™) C
C(Q, R™) gives the result. If N = 2, and choosing vy > 1/2 in Proposition 4.2, we get the result.

On the other hand, if N = 3, for any solution u(t), ¢t € R lying on the attractor of (4.7) one has that u;
is uniformly bounded in L?(f2, R™) for t € R and then Proposition 4.1 and the fact that A is bounded in
H'(, R™) and invariant concludes. Now, from Corollary 4.1, Ty is an absorbing set in Y = X*/2nC(Q, R™)
and, again the invariance of A gives the result.g

4.2.2 Non-gradient systems in the non-critical growth case

As can be seen from the proofs in the previous subsections we are essentially using [16, Theorems 3.4.6, 4.2.2]
that amount to proving, in suitable spaces, that orbits of bounded sets are bounded and point dissipativeness.
However, proving these properties for (1.1) in H(2, R™) when the system has not a gradient structure, turns
out to be a difficult exercise, specially if one does not want to impose very restrictive structure conditions
on the non-linearities. In general, the required a priori estimates when m > 1 are very involved, except for
the case of the previous subsection.

Therefore to skip this technical difficulty, we adopt an indirect argument based again on the variation
of constants formula and on the idea of dissipation in two spaces, [16]. The method relies on the following
abstract result.

Assume A is a sectorial operator with compact resolvent and consider the problem
ug + Au+ h(u) =0 (4.13)

and assume that the map h is such that
h: X% - XP

is Lipschitz continuous on bounded subsets of X ®° with 0 < ag — 8 < 1. Therefore, if a > ag still satisfies

0<a-fB<1,then h: X% - XP is also Lipschitz continuous on bounded subsets of X and from Theorem
3.1, there exists locally defined solutions of the equation above, with initial data in X*° and in X©.
Then the following result holds:

Theorem 4.4 Assume that solutions with initial data in X*° are globally defined and let {Sqa,(t)} denote
the associated semigroup in X®°. Moreover, assume that {Sqa,(t)} is point dissipative.

Then the semigroup {Sq(t)} in X® is globally defined and bounded dissipative. Furthermore, there is a
global attractor for {Sa(t)} in X©.

Proof: First, note again that without loss of generality, we can assume that (2.7) holds for § > 0. We now
prove that the semigroup {S.(t)} is globally defined. If ug € X* < X0 then, from the point dissipativeness,
{Sao(t)uo,t > 0} is a bounded subset of X*° and therefore {h(Sq,(t)up)} is a bounded subset of X#. Thus,
omitting subscripts a, ap wherever they are inessential, we have:

t
IS(#)uollxe < Me™%luollx= +/ Me™ 8¢ (t — 5)~(“"P||h(S(s)uo) || xs ds
0

which proves that the semigroup is globally defined on X since the right hand side is bounded for ¢ > 0.
Since N(uo) := sup;>q [|h(S(t)uo)|| xs is not necessarily a bounded function of ug we may not yet conclude
that the semigroup {Sa(t)} is locally bounded; that is, for any bounded set B C X and T > 0 the set

{Sa(t)uo : 0 <t < T,up € B} is a bounded subset of X*. In order to show this we use the following
argument.
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Let B be a bounded subset of X®. Note that B viewed as a subset of X®° is a precompact set and from the
fact that (£, ug) = Sap (t)uo from R* x X0 to X @ is continuous it follows that {S(t)uo : 0 <t < T, ug € B}
is a bounded subset of X®°. Using the variation of constants formula as before, gives that the right hand

side is uniformly bounded on 0 <t < T for up € B and then we conclude that {Sq(t)} is locally bounded
and therefore compact.

To see that it is point dissipative we proceed as follows. Let By C X*° be such that By attracts points
of X under the semigroup {Sa,(t),t > 0}. Thus, for any ug € X there is a t9 = to(uo) such that
dist xao(Saq(t)uo, Bo) < 1 for t > ty. Thus, for ¢ > g, we have

i
S(t)up = e~ A0S (tg)up + / e~ M= R(S(s)ug)ds

to

and then
t
IS (t)uollxe < M(t — to)*~ e 8¢=1)||S (to)uol| x o0 + / Me= 89 (4 — )@ DR(S(s)uo)ll x» ds
to

But since [|A(S(s)uo)llxs < 8UPdist yao (v.Bo)<111R(V) || x5 for all s > 1o, we get

limsup |S(t)uollx= < sup  [lh(v)
t—oo

o0
X8 / Me % g (=B) g
dist yaq (v,Bo)<1 0

and point dissipativeness follows. The rest follows from the results in [16].

With this, we get

Theorem 4.5 Assuming (3.7), (3.8) and (1.8), (1.9), (1.1) defines a global semigroup in HY (2, R™), which
has a global compact attractor. Moreover, the attractor is a bounded set in C(2, R™) and for anyu € A one
has

lui(z)| < Oipi(x), forallz €Q, i=1,...,m
with 6, o(z) as in (4.3) and (4.4).

Proof: From Theorem 3.4 we can take ap = 8/2, 8 = —r/2 — 1/4, with r, s as in Lemma 3.7, and a = 1/2.

Next, we prove the semigroup is globally defined and point dissipative. Let u(t) be a solution in X@°
defined on a maximal interval [0,%;ma,). Arguing as in Proposition 4.1, we get that for N = 1,2, u(t) €
C(f,R™) for any 0 < t < tmaez. For N = 3 and again as in Proposition 4.1, we get that u(t) € X"
for v < 5;(3“—24")1&2-)- and hence u(t) € H°(R2, R™) for 0 < é;(l"L;Hﬂ_Hl. Using now Lemma 4.5, we get
u(t) € C(, R™) for any 0 < t < tmas. TO see this, just note that we can choose ¢ such that the fixed
point of the function j(o) = Ao — B, with A =p+2, B = 9%*—1, ie oy = ﬁ‘;j—i)—, verifies 0y < o, since
8> 853 > e

Then if £y € (0,tmaz), we have that u(to) € Xy for some # > 0, where ¥y is as in (4.3). Thus, from
Lemma 4.3 we get that the sup norm of the solution remain bounded on g <t < t,54z and then from Lemma
4.1 the solution exist for all £ > 0 and the X ®° norm also remains bounded for all ¢ > 0. Furthermore, as in

Corollary 4.1, we get that the semigroup is point dissipative. Consequently, Theorem 4.4, gives the existence
of the attractor in H!(2, R™). The rest follows as in Theorem 4.3

5 Alternative dissipativeness conditions

In this section we give alternative dissipativeness conditions to (1.8), and under these new conditions, we
prove the existence of a global attractor for (1.1) and give C(2)—diffusion independent estimates for the

functions in the attractor. For this we will construct suitable “contracting regions”, similar to the regions
¥y of the previous section.
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5.1 Contracting rectangles

We will assume that f and g now verify the following
Asi + fi(s)

8i

>0, and g‘()>o for all |s;] > € (5.1)

for every 1 < i < m. In other words, at the boundary of rectangles with faces parallel to B =125,
with £9 =: [-&) {0], and containing 20 the vector fields As + f(s) and g(s) point outwards.

Note that this assumption is like (1.8), with ¢},d? = 0, but then the assumption on the eigenvalue
problem (1.9) is not satisfied, since p = 0 is an elgenvalue

We now introduce the notion of invariant regions as in (10, 37].

Definition 5.1 A set ¥ C R™ is called a positively invariant region for the local solution of (1.1) if any

solution S(t)ug satisfying ug(z) € L, for every x € V is such that (S(t)uo)(z) € I, for every x € Q) and for
all t in the mazimal interval of existence of the solution.

Our next result characterizes some of the invariant regions of the problem (1.1) (see also [4] for the case
g=0).
Theorem 5.1 Let &, & > 0, 1 < j < m be such that '\—5’%’(—”) > 0 and i'éﬂ > 0 for all s € R™ with
sj & [-€;,&] =: 5;. Then, the rectangle ¥ = 17, ¥; is an invariant region for the local solution of (1.1).

Proof: If there is a solution v(z,t) = (vi(z,t), -+, vm(z,t)) of (1.1) such that v(z,0) € £ for all z € 0, that
does not stay in £} = (—o00,&1] % R™ 'forallte [0, ¢maz), then there is a tg and zo € © such that

n(z,t) <&, forevery 0<t<ty, z€R, and v (zo,t0) =&

Therefore, if we prove that at such a point, (v1);(zo,%0) < 0, then, £ is invariant.

Observe that zg ¢ I' since in this case it would be a maximum point for v;(-,t9) with negative normal
derivative, since g;(v) > 0 and this leads to a contradiction. Hence, 7o € 2 and in particular, at (zo,?o),
V1 =0, Azv; <0 and then Div(a; Vvy) = a;Av; + Va; Vo, <0.

Thus, at (zo,t0),

N
(v1)t = Div(a1Vvy) Zb- —Aty=fily) £ <dm —~Ffilv] <0
ji=1

Thus, (—00,&] x R™ ! is an invariant region. In the same way we obtain that [-£;,00) x R™~! is also
an invariant region. Repeating the argument for v;, i = 2,...,m, and from the fact that the intersection of
invariant regions is still invariant, the proof is completed.pj

Let f: R™ — R™ and g : R™ — R™ be C! and C? functions, respectively, satisfying (5.1). We take the
rectangle £ = NI, £ € R™ and define £ = N7, [-€? — 7, &) + 7], 7 > 0, then £ = £° and {?, 7 > 0}
covers OR"'. To simplify the notation, when dealmg with these rectangles, we denote li:=-€ —7<0and
ri=& +7>0.

(From (5.1), Theorem 5.1, and Lemma 4.1, we get, analogously to Corollary 4.1,

Corollary 5.1 With the above assumptions, all solutions of (1.1), exist for t > 0, and the semigroup S(t)

is well defined for t > 0. Moreover, for every bounded set B C Y, {S(t)B,t > 0} is bounded in Y and
{S(t)B,t > 1} is compact in Y.

We will show now that the set of functions in ¥, with values in £ is attracting, which, in turn, will show
the dissipativeness of S(t). For this, we will construct a suitable Liapunov functional, described below.

Let pgo : R™ — R™ be defined by
pxo(s) =inf{r > 0:5 € £} (5.2)
and define Fyo : Y — R by
Fyo(w) = sup{pso(w(z)) : = € Q}. (5.3)
It is easy to check that Fyo is continuous on Y and Fyo(w) = 0 if and only if w(z) € £° for all z € ).
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Theorem 5.2 Let f, g and £%, 7 > 0, be as before. Suppose that u(t) is a solution of (1.1). Then, for any
T > 0 for which Fxo(u(-,T)) =7 > 0, there exists n > 0 such that

. Fyo(u(:,T + h)) — Fyo(u(-,T))
lim sup
h—0 h

< - (5.4)

Proof: If Fyo(u(-,T)) = 7 > 0 and £ = I, [l;,r;], we have that l; < u;(z,T) < ry, for all z € Q and
all1 <i<m. Ifz € Qis such that u(Z,T) € %Y, then u(z,T) is in one of the faces of £?, say the
right-hand j*" face () of £, that is u;(Z,T) = r; for some j. Therefore, for any of these j’s, there exists
n =n(7) > 0 such that

-M(Z,T) - f;(u(z,T)) < -n.

Note that, Z cannot be on I since in this case # would be a maximum point for u;(-,T") and the normal
derivative at this point would be negative, since g;(u(z,T’)) > 0. Thus, at (z,T), Vu; = 0, Au; < 0 and
Div(a;Vu;) = ajAu; + Va;Vu; <0 and then

N
%ut—] = Div(a; Vu;) - ;big—::i — A — fi(u) < -,

so that u;(Z,T +h) < r; —nh for small h. Also, by continuity, for the remaining set of indexes, we also have
ui(Z,T + h) < r; —nh for small h. By reversing the argument we also have u;(Z,T" + h) > l; + nh for small
hand foralli=1,...,m.

By continuity, this holds for all z in a neighborhood of z. If K7 = {z € Q,u(z,T) € %%}, then Kr is
compact, and by what we have just shown, there is an open set 2 D U D K7 such that if z € U, and h is
small, u(z, T +h) € B, _, ..

If € Q\U, then u(z,T) is interior to £2, so there is a compact set Q contained in the interior of £2,
and an hg > 0 such that u(z,T + h) € Q if |h| < hg for all z € Q\U.

Thus, for sufficiently small h, u(z,T + h) is in E?T_nh) for all z € 2, and so

Fso(u(-,T + h)) <7 —nh.

Therefore,
Fpo(u(, T +h)) — Fyo(u(,, 7)) _ -
- < -

and the result is proved.p

As an immediate consequence, we have
Corollary 5.2 The map Fxo : Y = R" is a Liapunov functional for (1.1) and
{pEY: Fro(¢) =0} C{opEY: Fro(¢) =0} ={p €Y : ¢(z) € I°, Vz € 0} = Moo
Proof: The proof is obvious, since from the theorem, if Fso > 0, then it decreases strictly.g

Note that M is not bounded in Y and therefore point dissipativeness does not follow from the corollary.
However, as in Theorem 4.1, we have

Theorem 5.3 Suppose that f,g : R™ — R™ are C' and C?, respectively, and satisfy (5.1). Then, the
problem (1.1) has a global atiractor A in'Y. Furthermore,

u(z) € X°, for allz €N, and u € A. (5.9)

Proof: It follows from La Salle’s invariance principle and the previous corollary that for any ug € Y, the

w—limit set w(ug) is contained in M. Thus, given 7 > 0 there exists ¢, > 0 such that S(t)uo(z) € B9, for
allt >t, and x € Q. As in Theorem 4.1, we obtain

t
IS(t)uollx= < M e"m"")L(‘r) + M P(1) |Q|% / e"m_”)(t - s)—("“ﬁ)ds, (5.6)
ts
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where [|S(s)uolly < L(7), Vs > t; and P(1) = sup,cxo {|Q|§|f(s)| + |F|%|g(s)|}. Letting first ¢ — oo and
then 7 — 0, we obtain

lim sup ||S(¢)ugl| x= < M P(0) |Q|%/ e g~ (a=Plgs, (5.7)
t—00 0

and S(t) is point dissipative in Y. Again [16, Theorem 3.4.6], gives the existence of the attractor in Y.
Now, if u € A, there is a complete precompact orbit through u and sup,¢ g [|S(t)ully < oo, which implies

sup Fxo(S(t)u) < .
teR

But, Fxo(S(—t)u) is increasing for ¢ > 0 and is bounded above, thus the limit £ = lim;_, o, Fxo(S(t)u) exists.
If z € a(u), then Fxo(2) = ¢, so also Fyo(S(t)z) = ¢, t € R and so Fyo(z) = 0. Thus a(y) C My and
from Theorem 6.4 it attracts S(t)u. But then for any 7 > 0, and for sufficiently negative ¢, S(t,)u(z) € £2,
for all z € Q, and from Theorem 5.1, S(t)u(z) € X2, for all z € Q, for ¢ > ¢,. In particular, with ¢ = 0,
u(z) € £, for all z € . Since T > 0 is arbitrary, we get the result.pj

5.2 Contracting piecewise smooth convex regions

Now we construct different, smooth, contracting regions for (1.1). For this, we define, as in [37]

Definition 5.2 A smooth function V : R™ — R is said non-degenerate eventually convez if there exists
70 (and without loss of generality we can always assume that 79 = 0) such that for every s € R™, with
V(s) > 10, VsV (s) #0 and d*V(s)(n,n) > 0 for every n € R™.

Let V : R™ — R be a non-degenerate eventually convex function such that V; = {s € R™ : V(s) < 7},
7 > 0 are bounded sets and verify

(As+ f(s)) -7(s) >0, and g(s)-7(s) >0 (5.8)

for every s € 0V, = {s € R™ : V(s) =7} and 7 > 0, where 7(s) is the outward normal to 8V, at s. Note

that {V,,7 > 0} is an increasing family of sets that covers R™ and V4V (s) is an outward normal vector to
V..

First we prove the following theorem
Theorem 5.4 The convez set V;, 7 > 0, is an invariant region for the local solution of (1.1).

Proof: If there is a solution v(z,t) = (vi(z,t), -, vm(z,t)) of (1.1) with initial data v(z,0) € V, for all
x € §2, that does not stay in V. for all ¢t € [0,%,m42), then there is a tg and zg € ) such that

V(v(z,t)) <1, 0<t<ty, T €RN, and V(v(zo,t0)) =T

Therefore, if we prove that at such a point, %V(’U(z‘o,to)) < 0, then, V. is invariant.
Observe that o ¢ I since in this case, if 77 denotes the unit outward normal to 99 at zg

0 < V.V (v(zo,t0)) -7 = VsV (v(z0,%0)) - Dev(o,to) - T = =V, V (v(z0,t0))g(v(z0,t0)) <0
where for the last inequality we used that V,V(s) is an outward normal to dV; and (5.8). But then zo € Q

is a point of maximum for V'(v(,%0)), and then, at (z9,%0), V.V (v) = V,V(v) - D;v = 0 and A,V (v) < 0,
but since V' is convex outside V4 we have

0> AV (v) =d?V(v)(Vv, Vu) + VV,(v) - Av > VV,(v) - Av
which, in turn, implies V,V (v) - Div (aVv) < 0. Thus, at (zo,to)
ov

%V(v) V.V ()5 = ViV (0)Div(aVy) - ]ZIB V() —v V() (v + f(v)) <
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< =V:V(@)(Av+ f(v)) <0
where for the last inequality we used again (5.8). Therefore, V; is invariant and the proof is completed.f

As in previous sections, we obtain

Corollary 5.3 With the above assumptions, all solutions of (1.1), exist for t > 0, and the semigroup S(t)
is well defined for t > 0. Moreover, for every bounded set B C Y, {S(t)B,t > 0} is bounded in Y and
{S(t)B,t > 1} is compact in Y.

We now show that, under the above conditions, the semigroup {S(t), t > 0} is point dissipative. For
this, as in the previous section, we will construct a suitable Liapunov function.
Let f : R™ - R™ and g : R™ — R™ be C! and C? functions, respectively, satisfying (5.8) and
Fy, : Y = R* be defined by
Fyy(w) = sup{V(w(x)) : = € Q). (5.9)
It is easy to check that Fy, is a continuous on Y and Fy,(w) = 0 if and only if w(x) € Vp for all z € Q.
Then, we prove

Theorem 5.5 Let f, g and V., 7 > 0, be as before. Suppose that u(t) is a solution of (1.1). Then, for any
T > 0 for which Fy,(u(-,T)) =7 > 0, there exists n > 0 such that

lim sup S RO} Ll ACIGHY). < - (5.10)
h—0 h

Proof: If Fy,(u(-,T)) = 7 > 0 and if £ € Q is such that u(z,T) € dV,, then from (5.8), there exists
n =n(r) > 0 such that

—(M(Z,T) + f(u(z,T))) - VeV (u(z,T)) < -n.

Again, & cannot be on I since in this case,  is a maximum point for V(u(:,7')) and if 77 is the unit outward
normal to 002 at Z, as before,

0< Vo V(v(z,T)) i = -V,V(v(z,T)) - g(v(z,T)) <0

which is a contradiction. Thus, Z € Q and V.V (u(z,T)) = 0 and A,V (u(z,T)) < 0. Consequently,
VeV (u) - Div (aVu) <0 at (z,T) and, as before,

oV .
6(tU) = V,V(u) - Div(aVu) — kz::l BiV,V(u) - g—“k — VoV () (- f(u) < -,

T

so that V(u(z,T + h)) < 7 — nh for small h. By continuity, this holds for all z in a neighborhood of z.
If Kt = {z :u(z,T) € dV;}, then Kr is compact, and by what we have just shown, there is an open set
2 DU D Kr such that if x € U, and h is small, u(z,T + h) € Vi;_un). If z € Q\U, then u(z,T) is interior

to V-, so there exists a compact set @ contained in the interior of V;, and hg > 0 such that u(z,T +h) € Q
if |h| < hg for all z € Q\ U.

Thus, for sufficiently small h, u(z,T + h) is in V{;_,n) for all z € Q, and so

Fyy(u(-,T + h)) <7 —nh.
Therefore,
Fvo(u(, T +h)) — Fr (u(,T)) _ _
h —

and the result is proved.p

As an immediate consequence, we have
Corollary 5.4 The map Fy, : Y — R is a Liapunov functional for (1.1) and

{peY: Fy(d) =0} C{peY: Fi(d)=0}={peY: ¢(z) € Vo, Vz €0} = Vs
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Note that V., is not bounded in Y and therefore point dissipativeness does not follow from the corollary.
However, as before, we have

Theorem 5.6 Suppose that f,g : R™ — R™ are C' and C?, respectively, and satisfy (5.8). Then, the
problem (1.1) has a global attractor A in X. Furthermore,

u(z) € Vy, for allz € Q, andu € A. (5.11)

The proof is as in the previous section, with Vg, V; and V,, replacing £%, £2 and M, respectively.

6 Appendix

6.1 The first eigenvalue of differential operators

We now collect some results on the spectrum of differential operators which are not necessarily selfadjoint,
see [32, 33, 23]. Let 02 be a bounded domain in R", and consider the elliptic operator L¢, defined by

A £ i *u 3 du
Lfu] = - ,g::la (a:)amiamj + i:zlb,-(:c)a—zi +cu (6.1)
together with the boundary operator
df, | = - iy Ou .
Bu) = ;e (m)azi + du, on ' = 9. (6.2)
where a¥ is symmetric and positively definite, e = (e!,...,e"V) is a vector that points outwards to I' = 992,

and all coefficients are real and bounded in .
For studying the spectrum of (L¢, B%) we are lead to the eigenvalue problem

Lf[u] = pu, on
(P)”‘{ B%u] =0, onT

Theorem 6.1 [32, 33]

Suppose that there ezists w € C*(Q) N CY(N), w > 0 in Q, such that, Bw] > 0 on I'. Then the
continuous and discrete spectrum of (L°, B%) are contained in the half-plane

Re(y) > inf (Lc[w]) - (6.3)

w

If (L¢, B%) does not have residual spectrum, then the following theorem holds.

Theorem 6.2 [32, 33]

Suppose that there exists a function w satisfying the conditions of the preceding theorem. Then, if the

spectrum of (L°,B?) is non-empty, there ezists a real number in the spectrum 11, such that the whole
spectrum is contained in the half-plane

Re() 2 i 2 inf (214) g (6.4

Theorem 6.3 [23]

If Q@ and all the coefficients of (L°, BY) are smooth enough, for p sufficiently small, the resolvent R, is
completely continuous in the sup norm, and all the conditions of the preceding Theorem are satisfied. There-

fore the spectrum is discrete, and thus p; is an eigenvalue. Moreover, there exists a positive eigenfunction
¢1, associated to py.p
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Let us suppose that all the coefficients of (P)q4 are smooth enough. According to the results above,

we define p(c,d) = py, which is an eigenvalue associated to a positive eigenfunction. We will say then that
p(c, d) is the first eigenvalue of (L¢, BY).
We will show below some properties of the function u(c,d).

Lemma 6.1 If there exists an eigenpair (ji,d) of (P)c.a, such that, @ >0 then ji = p(c,d).

Proof: Taking w =  in the Theorem above, we have Re(y) > inf (Ldgfﬁ]) = inf (%) = fi.[

Lemma 6.2 With the above notations, we have
i) For every c,d € R, p(c,d) = p(0,d) + ¢, and p(0,0) = 0.
ii) Given dy > dy, then p(0,d;) > p(0,dy).

Proof:

i) The first claim is obvious. If ¢,d = 0 then we take w = 1 which is clearly a positive eigenfunction for the
eigenvalue g = 0 in (P)o,o and the result follows.

ii) Let ¢ be a positive eigenfunction associated with p(0,dz). We take w = ¢3, in (P)oq,, and note that

B [w] = (dy — dp)w > 0. Hence, p(0,d;) > inf (——’;}'ﬂ) = u(0,ds). But p(0,d) is analytic function of d,
thus we get the result.p

For the particular operator in former sections of this paper, we have

Lemma 6.3 If L° is of the form L[u] = —Div(a(z)Vu) + cu and B%[u] = g’—%‘— + du, we have

. fn a|V¢|2 * Cfn |¢|2 + dfr |¢|2
= f
wed) = e Jo 1612

and
p(0,d) <p*, lim p(0,d) = p”
d—o0

where p* is the first eigenvalue of L° subjected to Dirichlet boundary conditions.

Proof: The first part is rather well known, [11]. Also, note that

2 2 2
w(0,d) = inf JoalVdl +;1f‘“|¢| < inf fﬂal—v":l=p-
$EH (Q) Jo 19 oeH Q) [q|9]

Since p(0,d) is increasing and bounded, then the limit exists and limg_, o 2(0,d) < p*. Let d,, converging to
oo and ¢, € H' (), such that ||, = 1, norm in L*(Q), and p(0,dyn) = [, a|Von|* +dp [ |¢nl* < p”. Thus,
{#n} is bounded in H'(f2) and, taking sub-sequences, if necessary, we can assume ¢, — ¢, weakly in H'(f),
strongly in L?() and v(¢n) — v(¢) weakly in L?(T). Therefore, ||¢|| = 1 and since p(0,d,) is bounded we
get [r.|#nl*> = 0. Hence, ¢ € Hg(§2). From lower semi-continuity, [, a|Vé|* < liminf, [, a|Vén|? and then

limp 00 1(0,dn) > [ a|V@|*> > p*. Since the argument is independent of the sequence we take, we get the
result.

Note that, in terms of hypothesis (1.8) and (1.9), these results imply that for a given d® € R™ as before,
if ® € R™ is (component-wise) large enough, the hypothesis is met, since one is pushing the spectrum of
the operator to the right in the complex plane. However, the converse is not true. In fact if c° € R™ is given
and some component is very negative, no matter how big d® € R™ is taken, the first eigenvalue of (1.9) can
not be made positive. This means that one can compensate possible wrong signs in the flux terms with a
suitable reaction term, but the converse is only true if the reaction term is not too big.
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6.2 La Salle’s invariance principle
In this subsection we state classical results in invariance theory, that have been used in previous sections.

The reader is referred to [21, Chap. 4, sec 4.3] and [16] for a more complete presentation.

Theorem 6.4 Assume S(t) is a semigroup in a complete metric space Y and suppose that ug € Y is such
that {S(t)uo, t > 0} lies in a compact set in Y. Then, the w-limit set w(ug) is nonempty, compact, invariant,
connected, and dist(S(t)ug,w(uo)) = 0 as & — +o00.

Similarly, if there is a negative orbit through ug and {S(t)ug, t < 0} lies in a compact sel in'Y then, the
a-limit set, a(ug) is nonempty, compact, invariant, connected, and dist(S(t)uo,a(ug)) = 0 as t = —oo.p

Next, we recall the definition of Liapunov function.

Definition 6.1 With the above notations, a Liapunov function for S(1) is a continuous real valued function

VY = R such that .~ i
7(6) = limsup V(509 = V(8)

t—0+ t

<0
forallp €Y.

Then, we have

Theorem 6.5 Let V be a Liapunov function for S(t) on Y and define £ = {¢p € Y : V(¢) = 0} and M

as the mazimal invariant subset of E. If {S(t)ug, t > 0} lies in a compact set in Y, then S(t)up = M as
t = +o0.

ACKNOWLEDGMENTS
Part of this work has been carried out while the last author visited the Departamento de Matematica of
Instituto de Ciéncias Matemaéticas de Sdo Carlos-USP, Sao Paulo, Brazil, supported by Grant 93/4733-7 of

the FAPESP, Brazil. This author wants to acknowledge the hospitality of the ICMSC-USP and the support
from FAPESP.

References

(1] N.D. Alikakos, “Regularity and Asymptotic Behavior for the Second Order Parabolic Equation with
Nonlinear Boundary Conditions”, Journal of Diff. Eq., 39, 311-344 (1981).

(2] H. Amann, “Parabolic Evolution Equations and Nonlinear Boundary Conditions”, Journal of Diff Eq.,
72, 201-269 (1988).

[3] H. Amann, “Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems”,
in Function Spaces, Differential Operators and Nonlinear Analysis, H. Schmeisser and H. Triebel eds,

Teubner-Texte zur Math., 133, 9-126 (1993).

[4] A. N. Carvalho, “Contracting Sets and Dissipation”, Notas do ICMSC, Série Matematica, # 11,
Preprint, (1993), Proceedings of the Royal Society of Edinburgh, to appear.

[5) A. N. Carvalho, “Infinite Dimensional Dynamics Described by Ordinary Differential Equations”,
Journal of Differential Equations, Vol 116, No. 2, pp. 338-404, (1995).

[6] A. N. Carvalho & J. K. Hale, “ Large Diffusion with Dispersion”, Nonlinear Analysis, Theory,
Methods & Applications, Vol. 17, No. 12, pp. 1139-1151, (1991).

[7] A.N. Carvalho & A. F. Oliveira, “Delay-Partial Differential Equations with Some Large Diffusion”,
Nonlinear Analysis-Theory, Methods and Applications, Vol. 22, No. 9, pp. 1057-1095, (1994).

33



[8] A. N. Carvalho & J. G. Ruas-Filho, “Global Attractors for Parabolic Problems in Fractional Power
Spaces”, SIAM J. Math. Analysis, Vol. 26, No. 2, pp. 415-427, (1995).

[9] A. N. Carvalho & A. Rodriguez Bernal, “Upper Semi-continuity of Attractors for Parabolic
Problems with Localized Large Diffusion and Nonlinear Boundary Condition”, Preprint.

[10] K. Chueh, C. Conley and J. Smoller, “Positively Invariant Regions for Systems of Nonlinear
Diffusion Equations”, Indiana Univ. Math. J., 26, 373-392, (1977).

[11] R. Courant and D. Hilbert, “Methods of Mathematical Physics”, [, John Wiley & Sons, (1989).

[12] H. Fujita, “On the blowing up of solutions to the Cauchy problem for u, = Au +u'**”, J. Fac. Sci.
Tokio, 13, 109-124 (1966).

[13] P.Grisvard, “Caractérisation de quelques espaces d’interpolation”, Arch. Rat. Mech. Anal. 25, 40-63
(1967).

[14] P.Grisvard, “Elliptic problems in non-smooth domains”, Pitman (1985)

[15] J. K. Hale, “Large diffusivity and asymptotic behavior in parabolic systems”, J. Math. Anal. and
Appl. 118, 455-466 (1986).

[16] J. K. Hale, “Asymptotic Behavior of Dissipative Systems”, Mathematical Surveys and Monographs,
25, AMS, (1988).

[17] J. K. Hale, G. Raugel, “Attractors for dissipative Evolutionary Equations ”, CDSNS Preprint Series
#91-72, (1992).

(18] J. K. Hale and C. Rocha, “Varying Boundary Conditions with Large Diffusivity”, J. Mat. Pures et
Appl., 66, 139-158, (1987).

[19] J. K. Hale and C. Rocha, “Interaction of Diffusion and Boundary Conditions”, Nonlinear Analysis,
Theory, Methods and Applications, 11, No. 5, 633-649, (1987).

[20] J. K. Hale and K. Sakamoto, “Shadow Systems and Attractors in Reaction-Diffusion Equations”,
Applicable Analysis, 32, 287-303, (1989).

[21] D. Henry, “Geometric Theory of Semilinear Parabolic Equations”, Lectures Notes in Mathematics,
840, Springer-Verlag, (1981).

[22] D.Henry, “Some infinite-dimensional Morse-Smale systems defined by parabolic partial differential
equations”, J. Diff. Eqns., 59, 165-205 (1985).

(23] M.G.Krein, M.A.Rutman, “Linear Operators Leaving Invariant a Cone in a Banach Space”, Amer.
Math. Soc. Trans. (1) 10, 3-95 (1962).

(24] H.Levine, “Some non-existence and instability theorems for solutions of formally parabolic equations
of the form Pu; = —Au + F(u)”, Arch. Rat. Mech. Anal., 51, 371-386 (1971).

[25] H.Levine, L.Payne, “Nonexistence theorems for the heat equation with non-linear boundary condi-
tions and for the porus medium equatio backward in time”, J. Diff. Eqns., 16, 319-334 (1974).

[26] J.Lépez—Gomez, V.Marquez, N. Wolanski, “Blow-up results and localization of blow-up points
for the heat equation with a non-linear boundary condition”, J. Diff. Eqns., 92, 2, 384-401 (1991).

[27) M.Marion, “Attractors for reaction-diffusion equations: existence and estimate of their dimension”,
Applicable Analysis, 25, 101-147 (1987).

(28] X.Mora, “Semilinear parabolic problems define flows on C* spaces”, Transactions of the AMS, 278, 1,
21-55 (1983).

34



[29] J. Moser, “A Sharp Form of an Inequality by N. Trudinger”, Indiana University Math. Journal, Vol.
20, No. 11, (1971).

[30] C.V.Pao, “Asymptotic behavior and non-existence of global solutions for a class on non-linear boundary
value problems of parabolic type”, J. Math. Analysis and Appl., 65, 616-637 (1978).

[31] W.Pogorzelski, “Etude de la solution fondamental de 'équation parabolique”, Ricerche Mat., 5, 25-57
(1957).

(32] M.H.Protter, H.F.Weinberger, “Maximum Principles in Differential iquations”, Prentice Hall| inc.,
(1967).

[33] M.H.Protter, H.F.Weinberger, “On the Spectrum of General Second Order Operators”, Bulletin
Amer. MAth. Soc., 72, 251-255, (1966).

[34] A. Rodriguez-Bernal, “Existence uniqueness and regularity of solutions of evolution equations in
extended scales of Hilbert spaces”, CDSNS Gatech report series, (1991).

[35] A. Rodriguez-Bernal, “Some Remarks on PDEs with Nonlinear Newman Boundary Conditions”,
Georgia Institute of Technology, CDSNS preprint series # 93-145 (1993).

[36] A. Rodriguez—-Bernal, E.Zuazua, “Parabolic singular limit of a wave equation with localized bound-
ary damping”, Discrete and Continuous Dynamical Systems, 1, n 3, 303-346 (1995).

[37] J. Smoller, “Shock Waves and Reaction-Diffusion Equations”, Grundlehren Math. Wiss., 258, Springer-
Verlag, (1983).

[38] R.Temam, “Infinite dimensional dynamical systems in mechanics and physics”, Applied Math. Sciences
68, Springer—Verlag (1988).

[39] N. S. Trudinger, “On Inbedding into Orlicz Spaces and Some Applications”, J. Math. Mech.,Vol. 17,
No. 5, pp 473-483, (1967).

[40] W. Walter, “On existence in the large of solutions of parabolic differential equations with a non-linear
boundary condition”, SIAM J. Math. Anal., 85-90 (1975).

[41) M.Wang, Y. Wu, “Global existence and blow-up problems for quasilinear parabolic equations with
non-linear boundary conditions”, SIAM J. Math. Anal, 24, 6, 1515-1521 (1993).

35



032/95

031/95

030/95

029/95

028/95

027/95

026/95

025/95
024/94

023/94

NOTAS DO ICMSC

SERIE MATEMATICA

GIBSON, C.G.; HOBBS, C.A.; MARAR, W.L. - On the bifurcation of

general two-dimensional spatial motions!

LUCAS, L.A., MANZOLI-NETO, O. and SAEKI, O. - An unknotting the-
orem for S? x $9 EMBEDDED IN §F+a+2

BIASI, C. and GODOY, S.M.S. - On the aleatory variable Y, = 10" X —
[10"X] for large n

CARVALHO, A.N., CHOLEWA, J.W. and DLOTKO, T. - Ezamples of

global attractors in parabolica problems

LUCAS, L.A., MANZOLI-NETO, O. and SAEKI, O. - A generalization of

Alexander’s torus theorem to higher dimensions

BIASI, C. and GONCALVES, D.L. - Equivalent conditions for m-equiva-
lences module a class C of groups

CARVALHO, A. N. and HINES, G., Lower semicontinuity of unsstable
manifolds for gradient systems

GARCIA, R.A;; MOCHIDA, D.; FUSTER, C.R. and RUAS, M.A.S. - In-

flection points and topology of surfaces in 4-space

CASSAGO JR., H.; GODOY,S. M.; and TABOAS, P.Z. - Periodic solutions

of planar differential equations with two delays

ZANI, S.L. - Two-weight norm inequalities for maximal functions on homo-
geneous spaces and boundary estimates



