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Abstract

In this work we prove global existence, boundedness and dissipativeness for systems of weakly coupled
reaction-diffusion equations with dispersion and non-linear boundary conditions in a bounded smooth domain
9.

We work in X °‘ 0 L°°(Q) and in H1(Q). In the first case we do not require any growth condition on the
non-linear terms and on the second the results are proved under rather general growth assumptions.

This is done under very few hypotheses on the reaction term and on the non—linear flux through the
boundary. We allow a source of concentration in the boundary provided that the dissipation of concentrations
inside the domain is large enough or vice—versa. The hypotheses on the non-linear reaction and on the non-
linear flux of concentration through the boundary are natural and easy to verify in many applications. The
tools employed are comparison principles, invariant regions and the La Salle’s invariance theory.
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Let Q be a bounded smooth domain of RN . In this paper we study the long time behavior of solutions

of weakly coupled reaction diffusion systems with diSpersion of the form

01:1-m — l)iv(a(:r)Vu) + 25-11 131-(m)fl + Au + f(u) : 0, on Q,
} (1 1)

%— + g(u) = 0, on 1‘ = 612.

where u = (ul,---,um)r, m 2 1, a(:1:) = diag(a1(m),...,am(rc)), a; 6 (716—2), a,-(a:) > me > 0, a: E Q,

1 S i _<_ m, 5851 = (aVu,1'i), fl is the outward normal to F = 69, BJ- = diag(b]1-,...,b;") is continuous on
a

(1,1 Sj 5 N, A E R and f = (f1,---,fm)T zR'" —) R”, g = (g1,---,gm)T sz —> R”. Note that
the coupling appears both on the reaction term, f, and in the boundary conditions through the (nonlinear)
radiation term 9.

The starting point for the study of the long time behavior of the solutions of (1.1) is having a good
functional framework in which constructing the solutions. In this direction one needs to have uniqueness
and regularity of solutions to define a well—behaved non-linear semigroup in a suitable Banach space. Then,
one tries to prove that the dynamical system is dissipative and possesses a global attractor that captures the
asymptotic behavior. Therefore, one first needs to choose in which space to work. In making such a decision
there are several alternative ways to proceed. A first approach is based on the fact that for the scalar case
(m = 1) and without dispersion terms (B, = 0) there is a natural energy associated to the solutions, given
by

W) = g foalwr" +3 [a W + [Q m) + fr G(¢)-

(where F and G are primitives of f and g respectively) which is dissipated as time increases. Therefore, one
may think of using L2 (Q) as an underlying space and the properties of the second order elliptic operator
in this space to prove the well posedness of (1.1). Once this is done, the use of the space H1(Q) turns out
naturally in view of the energy V. The problem then becomes that one must impose some restrictions in
the growth of the non-linear terms in order to ensure that the integrals above are finite. This restrictions
become more stringent as the dimension N increases. The restrictions can be somewhat relaxed by working
in suitable sup—spaces of Sobolev spaces H ”(Q), appearing as the fractional power spaces associated to the
second order elliptic Operator. In some ranges for N and 3, no growth assumptions are needed on the
non—linearities.

Alternatively, one may assume that there are invariant regions, as in [27, 38], and then work with bounded
functions u, again getting rid of growth assumptions on f and 9.

Another approach is using the properties of the elliptic operator taking L”(Q) for p > N as underlying
space, see [1, 2, 3]. The reason for this is that, in this case, the fractional power spaces become embedded
in space of continuous functions and then no growth assumptions are needed in f and g in order to have the
non-linear semigroup well defined.

Once this first step is completed satisfactorily the problem becomes proving the dissipativeness of the
flow induced by the equations in such a space. One has to obtain estimates on the solution for the norm
of the space in which the dynamical system is set, that allows one to prove the existence of attractors, for
example by using some of the general results in [16]. At this point it is common the case in which the natural
energy V described above, does not give any information about the dissipativeness in the right norm.

We adopt here an intermediate approach. We stick to the L2(Q) setting, which possesses some technical
advantages and ease, and then consider either the case in which one works in the “energy space”, H1(Q),
with the nat_ural growth restrictions on the non-linearities, or work in a different space, which is essentially
H "(Q) 0 C(Q), for some a, and, since the functions are bounded, again no growth assumptions are needed.

In the first case, we use the natural energy V to prove the existence of the attractor, while in the second
we have to use some “contracting regions” to obtain dissipativeness in the proper norm.

In order to have dissipativeness some remarks are needed. For this, we interpret u as a heat distribution
in the body Q. Hence, we assume for the moment that u 2 0. In this situation, note that for ranges in
which f is positive we have “absorption” of heat, while when f is negative we have “sources” of heat. The
same holds for y; when g is positive we have a flow of heat through the boundary of Q that extracts heat
form the body, while in the Opposite case, heat is flowing inside Q.



When one of the terms is absent, some results are available. First, if g = 0, then it is well known that
if f has the wrong sign, solutions may deveIOp “explosions” in finite time, (12, 24], while for the good sign
dissipativeness follows, [16, 4, 8]. Also, note that solutions of the ode 11 + An + f(n) = (l are constant in

space solutions of (1.1), if g z 0, and that solutions of this equation may blow—up in finite time. Similarly,
when f = 0, if g has the wrong sign, explosions may occur in finite time, [25, 40, 26], while in the opposite
case boundedness of solutions follows [40, 41].

When both f and 9 are non-zero we expect to have some kind of competition between both mechanisms
and only if the right sign is dominant we can expect to obtain the desired dissipativeness.

Therefore, in what follows we will impose some growth and/or sign assumptions on the non—linear terms
under which we will prove both the well posedness and dissipativeness of the semigroup. We will restrict
ourselves to the case N 5 3, but it will be clear form the proofs that everything works the same for any
dimensions. Only the growth conditions we impose below are affected by the value of N.

To be more precise, we assume the following. Concerning growth conditions, we assume that f, g : R'" —)

R1" are C1 and C'2 functions, respectively, satisfying:
N = 2 and for every n > 0, there exists on > 0 such that

|f(u) — MM 5 anew"? + e"""2)|u — v|, (1.2)

for every 11,11 6 Rm, or N = 3 and

|f(U)— f(v)I< L(1 + lul2 + lvlzlllu — vl (1-3)

for all 11,11 E R'", and
’ N = 2 and for every 17 > 0, there exists on > 0 such that

|g(u) — you 3 cnief'w’ + e"'"'2)|u — vl,
(1.4)

|Dg<u> — Dyan s enefl'u" + 6.1.12”, — v1,

for every 11,11 6 R'", or N = 3 and

|g(u) — 90)” S L(1+|U|”+1+|v|"+1)|u — vl,
(1.5)

IDQW) — D9(v)| S L(1+|UI” + Ivlpllu — ill,

for all u, v E Rm and some p 5 1. Observe that, no growth assumptions are made for N = 1. Also, observe
that these assumptions are satisfied in the scalar case, 711 = 1, if the following conditions hold

If’ (Sll
2 =0,,vn>0 ifN=2 |f’(s)|gL(1+|s|2),1fN=3 (1.6)

lal—boo efllfll

and
| "( )Ig s _ - _ II p ~ _“(Too ——e,,|,|z

— ON 77 > 0, if N — 2, lg (Sll S L(1 + ISI ), p S 1, If N — 3 (1-7)

Also note that a function satisfying (1.4) or (1.5) also satisfies (1.2) or (1.3), respectively. Hence, the
conditions on the boundary nonlinear term are stronger than the conditions on the reaction term.

Concerning sign assumptions, we assume the following. Let f = (f1,---,_fm)T : Rm —+ R”, g =
(gl,-- -,:gm)T Rm —) R” be smooth functions satisfying:

There exists 5“: (£0, - - ,fo ) such that g? > O and there are constants c? and d? with
A i + Iw>cc?, and g_,(s) >d(,-), for all |s,-| > 5? (1.8)

1 Si

uniformly in sj, j 516 i, where c? and d? are such that the first eigenvalue, a? of the problem

—Div(aV1)) +211 1BJ- (rc)-aa—j0+c v =,uv, on (2

%—+d°v=0 , on F=6Q,
(1.9)



for c“ = (all), . . ., c,’,,) and do: (d°,. ..,d‘,’,,), is positive.
Observe that either 0? 01 d? can be negative. This allows for one of the non-linear terms to have the

wrong sign for large values of its argument. In such a case, the above hypothesis implies that the wrong
term is compensated by the other; see Section 6. Also, observe that this hypothesis, which can be seen as a
principle of linearized dissipativeness “at infinity”, just allows for a sub-linear behavior of the non-linearities
in the region of bad sign, excluding then the cases of polynomial non~linearities having bad sign. Finally,
note that these assumptions have been previously used in [22], working for N : 1 and m = 1, where he
proves the system is Morse-Smale. See also [30].

Before we proceed any further let us introduce some notation LettX—_ 1,262,117") and A : I)(A) C

X —) X be the operator A = diag(A1,- - - Am) defined by D(A) = D><(A1) x I)(A,,,) with

1M.) = {as 61-1219) = a—ili: = 0},

Aid) = -Div(a.~(rc)V¢>) + ZN— I’ll")??? + M”
J 1 J

where 3%%-—— a,~(V¢,n), i——- 1,.
We can define the fractional powers A“ and A“ of A and A 1espectively, see [21], and the fractional

power spaces X? := D(A§‘) and X0-—_D(A°') endowed with the graph norm, a E B, where X" _—(X r’) ,

if a < 0. In this case we can always view A as a sectorial operator with compact resolvent from X “+1 into
X“ which is positive and self adjoint if B, E 0, forj = 1, . . . , N. In fact, from the diagonal structure of A,
we have X" = X f‘ x XXL),

These spaces provide a natural framework for solving (1.1), see [21]. It is worth noting at this point that
for every 1 z 1, . . . ,m, X? is a closed subspace of the Sobolev Space H 2"‘(Q), for a 2 0 and in particular
Xi”2 = H1(Q), i.e. the energy space.

Let us new review some of the known results using this framework. For the case of no dispersion (Bj = 0),
linear boundary conditions, g = 0, scalar equations (m = 1), and N : 3, the existence of a global attractor,
A, in the energy space Hl(Q), for problem (1.1), under conditions (1.3) and the dissipativeness assumption

lim infM|u|—)oo U
>0

is a well known result, [16]. Also, if g = O, m z 1 and N = 2, the existence of a global attractor for (1.1) in
the energy space H 1(0), under the same dissipativeness assumption, has been established in [7], assuming
the non-linearity satisfies

|f (u) |__< eel“ f,or some [1 < 2

Therefore, condition (1.2) slightly relaxes this assumption, for N : 2, while (1.8) and (1.9) give a generalized
dissipativeness condition.

Working outside the energy space, i.e. in X" for a > 1/2, and for the case g = 0, in [15], it is
proved the existence of a local attractor for (1.1), which coincides with the embedding of the attractor for
11+/\u+ f (u) = 0 into the subspace of constant functions of X“, a > %, under the additional assumption that
the diffusion coefficient a(:r,) is large enough. See also [18, 19, 6] for the case of linear boundary conditions,
i.e. g(u) = c(.'r)u, with c(.z') = diag(01 (m), . . . ,cm(:1:)).

However, these techniques can only be extended to global attractors if some a priori bound, in X “, on
the size of an absorbing set could be obtained and only if the diffusion coefficient is la1ge (see [7, 5]). These
a priori bounds are obtained in [8] and [4], always for the case g—- 0 and Bi -—,0 also workingm X a ,for
a > — and N: 3 and assuming f verifies. there exists £0: (§[’, ,Em) such that {0 > 0 and

A814“ fi(3)
Si

> 0, for all |s,~| > a?

In [4] the author uses a technique of “contracting rectangles” to obtain the desired estimates in X 0 and the
existence of attractors.



Note that in all these articles the authors work in X” for 1 > a > % and N : 3 and impose no growth
conditions in the nonlinearities. The reason for this is the embedding X“ C C (ll, Rm). However, for a > %,

the space X "‘ incorporates the boundary condition 38??— : 0, [13], and therefore, it cannot be the right space
to work in when 9 ;6 0.

a

However, for N = 1 and 3/4 > a > 1/4 or for N = 2 and 3/4 > (r > 1/2, we have X“ C C(fi, Rm) and
X a does not incorporate any boundary condition. Therefore, we work in this range. of (r, for N : 1,2 and
in this case again no growth condition is imposed on f and g. ()n the other hand, as soon as N _>_ 3, X“ is

never included in C (fl, B”), when % > a > 13. Therefore, to avoid growth conditions, in the case N 2 3,

we will work in Y = X" m C(fi, R’") and prove the well posedness of the problem in this space.

2 Notations and background results
Concerning functional spaces, we will use the standard Sobolev spaces H 1(Q) and , W 1"’((l) and the spaces
of traces H1/2(F) and Wl‘l/p’pfl‘). Also, we will denote by H‘“ the dual space of H”, either on Q or F.
Note that this symbol is usually reserved to denote the dual space of Hg. However, this notation should
produce no confusion. The duality pairing between these spaces will be denoted < -,- >_“. In particular,
the scalar product in L2 will be denoted by < -,- >. If there is no possible confusion, we will not indicate if
the spaces or duality products are referred to functions on Q or F. When required, we will write < ~,- >Q
and < -,- >r to differentiate both cases. The symbol || - M will always represent the norm in L262).

We will denote by 7 the trace operator defined on H“(Q), with values in 1154/20"), for s > 1/2.
Moreover, for a given function f e H”(Q), we will identify its trace, 7(f) E H"“/2(l’), with the linear form
7(f) E H‘1/2(l’) C H‘1(Q), such that for every (1) E H1(Q)

def def< 7(f),¢> >-1,1= < m >r = how)
that is, we use the embedding Hs"1/2(F) C L2(I‘) C H‘1/2(F) C H‘1(Q). Even more, from the trace
theorem, the trace operator 7 : Wl'qm) ——> W1_i"’(F) is bounded, [14].

We will also consider the normal derivative operator, relative to the diffusion operator —Div(a(:r,)Vu),
defined as follows: if

u e z dé’ {z 6 111m), -—Div(a(:t)Vz) e L2(Q)}

then 259713; E 114/20“) and it is defined as

6
< 34,701) >_1/2'1/2= —/ —Div(a(m)Vu)v+/ aVqu = / Div(avVu) (2.1)"a Q Q Q

for every 1) E HI(Q).
Under these conditions, and assuming /\ > 0, we introduce the canonical isometric isomorphism between

l-I’(Q) and its dual, H*1(Q), such that for every u, d) E H‘(Q)

< L0(u),¢ >_1‘1=/aVuV¢+/\/ uqS (2.2)
Q 9

Note that we can then write (2.1) as

Bu
.< fifflv) >_1/2‘1/2=< L0(u),v >_1,1 — < —Dw(a(m)Vu) + /\u,v > (2.3)

Also, we consider in H 1 (Q) the scalar product

a(u,v)=/QaVqu+)\/1w =< L0(u),v >11|1 (2.4)
n

which gives a norm equivalent to the usual one.



We define in L2(Q) and A0 : D(Ao) C L2(Q) ——> L2(Q) be the operator defined by

(A)0 ={u€H2(Q): -36—..—=0, on I‘}

Agu—— —Div(aVu) + Au, u e D(A).

with /\ > 0.
Then, we have the following well known result

Proposition 2.1 The operator A0 defined above is positive, selfadjoint and has compact resolvent in L2(Q).
In particular, it is a sectom’al operator in L2(Q) and its fractional power spaces verify X a C H 2" (Q), for
a 20 and in particular

Y1=D(A0), X1”: H1(Q), x°=L2(o), x-1/2=H-1(o)

where we have set H‘1(Q) déf (H1(Q))’.
The restriction of L0 to L2(Q), i.e. the restriction of L0 to the domain D = {u E H1(Q), such that Lou E

L2(Q)}, coincides with A0 and D = D(Ao). Moreover, L0 is a sectorial operator in H ‘1(Q) with domain
H1(Q).D

Note that all the above remains true, except for A0 to be positive, if ,\ E R. Also, when A > 0, the
norm in X1”: H1(Q) is given by In a|Vu|2 + /\ fn Iulz, which is precisely the norm in H1(Q) given by the
bilinear form (2.4).

By standard perturbation results, [21, Theorem 1.4.8], we have

Proposition 2.2 The operator, A, in L2(Q) given by D(A) = D(Ao) and

BuAu=A0u+ij(z))a_,-m
j: l

is a sectorial operator with compact resolvent and the same fractional power spaces than those of A0. In
particular A can be extended in a unique way to an operator L from H1(Q) to its dual H‘1(Q), given by the
bilinear form

Lu,.()¢> 11=/avuv¢+Z/b,(z)a%¢+A/u¢ (2.6)

for every u,¢ E H‘(fl). Moreover, L is a sectorial operator in H 1Q( ) with domain H1(Q).D

Let us now define X = L2(Q, Em) and A : D(A) C X —> X be the operator A = diag(A1,- - - Am) defined
by D(A) = D(Al) x x D(Am) with

D(Ai) = M e H2(Q) 2

%$)
= 0},

Aid) = —Div(a,(z)V¢))+ 21":_1 b;( ——¢J—+ Ad),

where 3%%_— ai(V¢,7'i), i—-— 1,.
Then, A'Is a sectorial operator in X and from the diagonal structure of A, we have X "‘ -Xa ~ x X 31.

In particular,————A generates an analytic semigroup on X "‘ such that satisfies the following estimates

||f3_'“uo||x«x S Me‘ulluollxa, t2 0,
(2.7)

lle_Atu0llX° S. M6_6tt_allu0llX7 t> 07

forsomedER,M21.



In particular, if Bj _=. 0,j = 1,. . . , N, in order to have 6 > 0, /\ can be taken any positive number. On the
other hand, if diSpersion is present, /\ has to be taken large enough for the semigroup to decay exponentially.

From the previous results, we can extend A to the operator L = diag(L1, - - -,L,,,), between X”2 :
I{1(Q,Rm) and its dual, X ‘1/2, which is also sectorial. The analytic semigroup generated by -L in X "1/2,
6— L‘, is the unique extension of e“"t to this space and is such that (2.7) also holds.

As shown in [35, 36], for solving problems with non—homogcmeous boundary conditions, it is natural to
consider a special class of elements h E H ‘1(Q) defined as

<hv>_m=<fl¢>n+<anw>r
for every 4) e H1(Q), where f E L2(Q) and g E H‘1/2(F). So, for short, It df—“f fo + gr.

All along the paper and Specially in proofs, we will denote by of generic positive constants, whose values
are irrelevant for the results.

3 Local well posedness
In this section we consider the local well posedness of problems (1.1). To that end, we will make some
hypotheses on the non-linearities f and g that will allow us to make use of general abstract results for
parabolic evolution equations, described below.

Assume A is a sectorial operator in a Hilbert space X. We can define the fractional powers A“ of A, and
the fractional power Spaces X" := D(A"), endowed with the graph norm, a E B, where X‘° = (X“)', for

a > 0. Even more, A is sectorial in X" with domain Xa“, for any a, see [2, 3, 21, 34].

Theorem 3.1 With the above notations, assume h : X“ —-) X16 is locally Lipschitz and bounded on bounded
sets, where 0 5 a -— [3 < 1. Then, the abstract parabolic problem

at + Au + h(u) = 0

u(0) = no G X“ (3‘1)

has a unique locally defined solution, given by the Variation of Constants Formula

t

u(t) = e‘A‘uo —/ e‘Mt—5)h(u(s))ds.
o

where e'At denotes the analytic semigroup generated by —A. Moreover, u verifies,

u e C([0,T),X°‘) n C(0,T,Xfl+1), u, e C(0,T,X"’)

for every 7 < 6 + 1 and the equation is verified in Xfi. Even more, either the solution is defined for allt 2 0
or it blows up, in X °‘ norm, in finite timefl

We will apply this result to the operator L introduced in the previous section and for this, we consider
non—linear mappings of the form

h(u) := fn('u) + gr (u)

where, at least, fQ : X“ —> L2(Q,R’") and gr : X“ —) H'1/2(F, R’"), for some a 2 0. Note that h acts on
test functions (f) E H'(Q, R”), for r > 1/2, as < h(u),¢ >=< fo(u),¢ >o + < gr(u),'y(d)) >r .

Depending on extra regularity properties of gr, to be made precise below, we will get

h:X"—}X‘3

for suitably chosen a > 0 and [3 5 0. But first, we will show some natural a priori requirements on the
exponents a and fi. Recall that for the abstract result we need 0 5 a — fl < 1.

On the one hand, since we want to give account of non—homogeneous terms on the boundary, i.e. we
consider the case g ¢ 0, that implies fl < 0. Otherwise, we can always take fl = 0. Since, from the results



in [35], we are interested in reading the equation in H ‘l(Q,R"‘), then we need 0 > [i 2 —1/2. Also, as
shown below, for obtaining energy estimates on the solution, we are interested in having enough regularity
to have u,u¢ E H 1 (Q, R”), for t > 0, and for this one needs, according to the smoothing effect in Theorem
3.1, [3+ 1 > 1/2 and then fl > —1/2.

On the other hand, if we want the non-linear term g(u) to depend on the values of u on F, then we must
have a > 1/4 in order to have the trace of u well defined; otherwise we can take a Z 0. In case we want to
have initial data at least in H 1(Q, R”), we must require a 2 1/2.

Finally, note that, in the case of non-zero terms on the boundary, there is another natural upper bound
for a and fi. In fact, a < 3/4, since for a 2 3/4 the space X " incorporates the boundary condition £71": = 0.
Also, from the smoothing result in Theorem 3.1, we must also have fl + 1 < 3/4, i.e. [5 < —1/4.

Summarizing, if g 36 0, then

3/4>a>1/4, —1/4>fi>—1/2, and 05a—fl<1
while if g = 0, we have the standard case 6 = 0, 0 S a < 1.

Then we have

Theorem 3.2 Assume fg, gr, a and fi are as above and

h : X" —> Xfi

is locally Lipschitz and bounded on bounded sets. Then, for every an E X °, there exists a unique, locally
defined solution of

ut + L(u) + h(u) = 0, u(0) = uo (3.2)

given by
t

u(t) = e"“uo —/ e—L(‘~”)h(u(s)) ds.
0

which verifies
u e C([0,T),X°‘) o C(0,T,Xfi+1), ut e C(0,T,X’)

for every 7 < [i + 1 and

N/ um + / mm» +E / Bj(z)§1¢ + A / u¢ + / f(u)¢+ < g(u),7(d>) >r= 0 (3.3)
n a 1.21 o 931 o o

for every d) 6 H1“), R”). In particular, we have

N
.

(9
ut — Div(a(a:)Vu) + E Bj (ma—z: + Au + f(u) = O, on Q

j=1 (3.4)
%—+g(u)=0, oni‘

and either the solution is defined for all t > 0 or it blows up, in X“ norm, in finite time.
In particular, assume

fg : X“ —> L2(Q,Rm)
gr : X“ —) L2(F,Rm) or even H"(F, R”) with 0 S r < 1/2

are locally Lipschitz non-linear functions, for a + £- < 3/4. Then, there exists 5 such that —1/4 > fl > —-1/2
verifying all the above.

Proof: From Theorem 3.1, we have the existence and regularity parts of the statement. Since, H > —1/2,
the equation

at + L(u) + h(u) = 0



holds as an equality in X fl and also in H ‘1(Q,Rm). But from the smoothing effect in Theorem 3.1 and
since [3 + 1 > 1/2, for t > 0, u(t) E H1(Q, Rm) and ut(t) E L2(Q, R’") and then form the previous equation
we get (3.3), by taking a test function 4) E H1(Q, Rm). Furthermore, we read the equation as a. diagonal
elliptic system

L(U) = —(m + f(U))o — gr(U)

and, from elliptic regularity theory, we get (3.4).
Note that if gr takes values in L2(1’, Rm) then h : fQ + gr is well defined acting on test functions in

H"(Q,Rm) D X“/2 for every 3 > 1/2, therefore h E X‘”/2 and we can take —1/2 < fl = —s/2 < —1/4.
Finally, if gr takes values in H‘r(f‘, Rm), with 0 < r < 1/2, then It is well defined acting on test functions in
Ii’+1/2(Q,Rm)3 [YT/”1“ and therefore h E X”’/2‘1/4 and we can take —1/2 < [i : —1'/2 — 1/4 < —1/4.

In order to apply Theorem 3.1, we need a — fl = a+ g +4l < 1, which leads to the condition a+.3-' < 3/4'0

Observe that if the assumptions of Theorem 3.2 are verified, then this result allows one to define a
non—linear semigroup S(t) in X", such that S(t)u0 = u(t), the unique solution of (1.1).

The next two subsections are devoted to show that these assumptions are verified for a class of non-
linearities in some X a space.

3.1 The case H1(Q, Rm), N 5 3 and growth conditions
Assume now that f,g : Rm —) Rm are C1 and 02 functions, respectively, satisfying (1.2) or (1.3) and (1.4)
or (1.5) respectively. We denote by f9 and gg the composition Nemitsky operators defined by j and g, for
functions defined on Q, while we denote by gr the Nemitsky operator defined by g for functions defined on
I'. Observe that if the trace of u and 99 (u) are defined then

’Y(.¢Jn(u)) = gr(’7(U))

We will show below that, under the growth assumptions (1.2)—(1.5), the maps fg and gr are such that
h = jg + gr, verifies the assumptions of Theorem 3.2 above in H1(Q, R”).

For the case N = 2, we will make use of the following result due to N. S. Trudinger, [39, 29].

Lemma 3.1 There exist two positive constants o and K such that if I|u||H1(Q) S 1 then,

.
2use“ " "mm s K- (35>

Furthermore, the constant a is bounded above by 27W]

With this result we obtain the following.

Lemma 3.2 Assume f verifies (1.2), (1.3), then the mapping

fa 1H1(Q,Rm) -+ ”(9,le
is Lipschitz continuous and bounded on bounded subsets of H1(Q,Rm), for p = 00, if N = 1, for any
1§p<oo, ifN=2 andforp=2 ifN=3.
Proof: The case N = 1 is obvious, since for (imp in H1(Q, Rm) such that ||¢||HI(Q_Rm) 5 r, we get

||f(¢) — f(1/))||L°°(n,nm) S Ci(T)l|¢ — d’lloo S 02(T)||¢ — ¢||Hl(n)

where we used that the derivative of f is bounded on bounded sets and the embedding H1(Q,R"‘) C
L°°(Q,Rm).



We now prove the case N = 2. Let 1' > 0 and (1m!) be functions in 111“), R'") such that ||¢||Hlm,n'") S r
and ||¢||H1(Q‘Rm) 5 7'. Choose 7) > 0 such that for p 2 1, n < 51—73, with o as in Lemma 3.1. Then, from

(1.2), there exists c,7 > 0 such that |f(u) — f(v)|” 5 cl;(e"|"|2 + e"l"lz)”lu — v)”, for every um E R'" and then

|lf(¢) — f(¢)||’£,,mfim) 3 cf, L[efll¢(z)l7 + enlwuflz]? MSW) _ $(Tlip (if!) S

, i i
S cf, (fa [enlfflthz +617|¢(I)l i2p dm) (A ld’($l _¢(I)I2p M) S

2 z 2 29
361 (f [ennui +enl¢( )| ] dz) ||¢>—1/1||’;119Rm

9

where we have used the embedding H 1(Q, Rm) C L2”(Q, Rm). But, from Lemma. 3.1 and the choice of n,
|¢| and |1/)| verify ||e2'”7|“(')|2|| L2(Q) 3 K, and this c0ncludes the case N = 2, since the integral term above is
bounded by a constant depending only on K.

The case N = 3, is much simpler and well known but the proof is given for completeness. E0111 (1.3),
we have |f(u) — f(v)|2 5 L2(1 + |u|2 + |v|2)2|u — v|2 for all u,v E Rm and then if r > 0, I|¢I|H1(Q‘Rm) 5 r,
l|1/)||H1(n,nm) S 7", we have

|If(¢) — f(¢)||izm,nm) s L2 (1 + W + |¢|2)2|¢ — W 5
Q

225 is
.

s L2 ( [Q (1+|¢|2 + WP) (jg |¢—¢|6) s 02(7‘)||¢—¢||irlm.n'")

where we have used Holder’s inequality and the embedding H 1 (Q, R'") C Lem, le'D
Assume now 9 verifies (1.4), (1.5). As noted above, then g also verifies (1.2) and (1.3), respectively, and

then gn verifies Lemma 3.2. However, the function 99 has better properties. As observed above, if the trace
of gg(u) is defined, we have fy(gg(u)) = gr('y(u)). Now, we have

Lemma 3.3 Ifg verifies (1.4), (1.5), the map

991H1(Q,le—* W1'4(Q,R"‘)

is Lipschitz continuous and bounded on bounded subsets of Him R”) for any 1 5 q S 2, if N = 1, for any
15q<2, ifN=2 andforanylSqSG/(4+p), ifN=3.
Proof: The case N = 1 follows as the case N = 2 below, with q = 2 and p = 00. If N = 2, we first show
that go: H1(Q, Rm)—> W1“(Q, R”) is a bounded map, for any 1 < q < 2. Since, (1. 4) implies that Dg also
verifies Lemma 3. 2, then if

||u||H<1m Hm) < r, we get ||g(u)||Lq(Q Rm) < c1(r, q)|)|(Dg“()"Lam Rmz) S Cg(r, q)
and ||Dg<u> D9(v)Iqu(9 Rmz, _<csrv q)||u — U||H1mm for any 1 < q < oo

Observe that now, if 1 5 q < 2 and p is chosen such that-l-? = 11, + ;,
||D9(U) vullquflm) S ||D9(u)||Lp(g‘er-2) ||Vul|L2(n.Rm) S 7'62(T,P) = C4(T,Q)-

Therefore, 99 is a bounded map from Hl(Q, B”) into W""(Q,Rm), 1 5 q < 2.
On the other hand, if again we choose p such that 5 = i + %, we have

llD9(U)VU — D9(Ulvv||bv(n.n"') S ||Dg(u)(Vu — Vulnmmfi'") + ”(D900 — D9(Ul)VU||Lv(o,Rm) S

S llD9(u)|le(Qsz2)llvu "' VUllL2(Q.R"‘) + llD9(“) _ Dgwlllmmflm?)|lVUIIL2(Q.Rm) S

S 020,17”qu — Vvllrflmnm) + TCs(T,P)||u — ”Mulronm) S Cs(T,Pl||u — U||H1(Q,R'")

10



That concludes the case N = 2.
The case N = 3 is proved in the following way. Fiom the previous Lemma, 99 is a bounded map

from H1(Q,Rm) into L"(Q, R'"), for any 1 5 q 5 2. Now, we prove that if Hullnlm‘nm) 5 r, then
||Dg(u)Vu||Lqmll-¢m) is bounded by a constant depending only on 7', for some (1 6 (1,2). “or this, note that

2,
"5’1

,
it

||Dg(u)Vu||‘}qu R...) = / |Dg(u)|"|Vu|" 5 / MIVuI" + L </(1 + |u|”“)7~_v> (A W142)
' Q n Q

and since H1 (Q, Rm) C L6(Q, R’"), we have to take (p + 1)—q—22q< 6, i.e q_<-—pfor the right hand side to
be bounded.

For the lipchitzness, we have from (1.5)

"BM -)D9<vH‘j‘” _
<LT3—v / (1+Iul WWW lu-vifi sTi7-(9 R’"2 l (2

Th 1-17 5

S LT§7 (A (1 + M + IUD“) (L |u _ up) 5 ca(7')||u __ Human”) (3.6)

where we have used Holder’s inequality and, for the last inequality, the embedding H 1 (Q, R’") C L6(Q, R'").
With this

— — , —- <||D9(U)VU D9(U)Vv||wg_fim‘nm) S ||Dg(u)(V“ V“Hug-fl“up", + ||(D!J(u) (11))(Vv||,fl7(Q Rm) _

< llDQW lLri—ll QR,,,2zllVU
— Vvlllflm, R'") + lng((U) — Ugh)Umbra-(Q Rmza)” VUllmm R”) <

S C7(7‘)||vu — Vvllmmfim) + 08(7‘)l|u — UllH'mnm)
1where we have used 1693 + % = 4—23 the last inequality follows from estimate (3.6).[1

Then, we have

Lemma 3.4 Ifg verifies (1.4), (1.5), then
i) IfN = 1, gr : H1(Q,Rm) —) H1/2(I‘,Rm) is Lipschitz continuous on bounded sets,
ii) IfN = 2, gr : H1(Q,Rm) —) H’(I“,Rm) is Lipschitz continuous on bounded sets for 1' < %.

iii) If N = 3 and p < 1, gr : I{1(Q,Rm) —) H"(F,Rm) is Lipschitz continuous on bounded sets, for
é > r > 5.

Proof: Since, from the lemma above!go: I-I‘(Q, Rm) —) W“"(S’l, Rm) is Lipschitz on bounded sets, for some
q, and using the trace theorem, it suffices to show that ”y : Wl'qm, Rm) —> Whi‘qU’, R”) C H_'(l“, R”)
is bounded, for some r and such q.
i) The proof is obvious, since we can take q = 2.

ii) IfN = 2 then q 6 (1,2), and W1_%‘q(l‘, Rm) C HT(F, Rm) if %—§ > 7'. Hence taking the largest possible
value of q, we get r < 1.
iii) If N—_ 3, then q___< qg—— —pandl'"<11V1'v","(F Rm) C1H_T(F ,Rm) if 2 —% > —7'. Taking again the largest
possible value of q, we get 14>p‘23 and we can take 7 <-iff p < 1.1]

Therefore, we get

Theorem 3.3 Assuming the growth conditions (1.2)—(1.5) and p < 1 if N = 3, (1.1) defines a local semi-
group in HI(Q, Rm).

Proof: According to Lemmas 3.2 and 3.4, h = fo + or is locally Lipschitz and bounded on bounded sets of
X”2 into H"(F,R’"), with r < 1/2. Therefore, Theorem 3.2 applies with a = 1/2.“
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3.2 The case HS(SZ,IR"‘), s < l, N g 3 and non-critical growth conditions
In this section we will give a local existence result for initial values in H"(Q, R'”), for some 5 < 1, N S 3,

assuming the non—linearities grow a little slower than in (1.2)—(1.5). Again no assumptions are made for
N = 1. This local existence result, apart of its intrinsic interest, will be of great help when proving the
existence of attractors for (1.1) in Section 4.

More precisely, let f, g : R'" —-) R'" be Cl and 02 functions, respectively such that (1.8) holds. Assume
also that f and g satisfy, instead of (1.2)—(1.5)

|f(u) — f(’U)| S L(1+ M7 + Willi“ — 1ll (3-7)

for all u,u E R” and fy arbitrary, if N : 2 and 7 < 2 if N = 3, and

kiln) — 9(v)| S L(1 + litl"+1 + lvl”"")|u — vl,

(3.8)
|D9(U) — Dg(v)l S L(1 + IUI” + Iv|”)|u — vl,

for all u,v e Rm and some p < 1, for N = 2,3.
The following results are refinements of Lemmas 3.2 and 3.3.

Lemma 3.5 Iff verifies (3.7), the map

fo 2113“),le —> ”(QRm)
is Lipschitz continuous on bounded subsets for p = 00 if N = 1 and 1 > 3 > 1/2, for any 1 S p < 00 if

INN—W andN=2 andforanylgp<7—Er, iffy<5,1>32%(1—p—(72W) andN=3.
Proof: The case N = 1 is as in Lemma 3.2, since H”(Q, Rm) C L°°(Q,Rm) for 1 > s > 1/2.

Let R > 0 and u,u E H“(Q,R’"), s < 1, be such that "all”.m‘Rm) 5 R and ”whim-Rm, 5 R. Then,

||f(u) — f(v)||'£pm‘nm) S Lfg (1 + lid-TH” + WWW”) lul-T) — Ul-Tll'W-T

5 Cl(1 + llul€11q(nfim) +Ilvl1217q(Q’Rm))llu _ Ullipq'(n'ltm)1

where i + 711” = 1. Therefore, if q can be chosen such that pq’ and mg are such that we can apply Sobolev
inequalities, we get

||f(u) — forum", 5 02 (1 +||u||';1,m,Rm,+||v||';;,m,Rm,) Ilu — v| buoy") S 63(R)||U — U| pH'(Q.R"‘)

and the result is proved.
For N = 2, from Sobolev inclusions, H”(Q, R”) C Ll’m, R’") with continuous inclusion for any p such

that s — 1 2 —%, i.e. if i- 2 1—51. Therefore, the number q can be chosen as above iff s 2 1 — Fag??? which
is compatible With 3 < 1 for any 17 and 7.

Finally, for N = 3, from Sobolev inclusions, Ham, Rm) C L”(Q, R”) with continuous inclusion for any 77

such that s — g 2 —%, i.e. if i 2 “fifi and the condition on (1 reduces to s 2 g — 5771—3, which is compatible
withs<1iffl§p<fiand7<5fl
Remark 3.1 Note that for proof above, it suffices 7 < 5 if N = 3, which is a weaker restriction on f than
(3.7). Then, we can take 1): 2 if1> s 231"? and’y < 2 as in (3.7).

Lemma 3.6 Ifg verifies (3.8), the map

gQ : H"(Q,R'”) —> whim, R'")
is Lipschitz continuous and bounded on bounded subsets of 113“) It'") for 1 5 (1 3—225 if N = 1 andS

1>s>1/2,for1§q§WifN=2andl>sZfiandforlgq WU1>sZ§j—f_%andN=3.
|/\
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Proof: Note that from the previous Lemma, gg : H”((l, R’”) —) L”(Q, R’") is liipsehitz continuous on
bounded subsets for q = 00 if N : 1 and 1 > 3 > 1/2, for any 15 q < ooif1> s 2 1— W277) and N : 2

and for any 1 5 q < $- if 1 > s 2 %(1 — m) and N = 3. Now, if Hullnqglnmy g R we have

||Dg(u)Vu — D9(U)V‘U||me.nm) S ||D9(U)(VU “ VU)||Lv(n,Rm) + ||(Dg(u) — Dgwllvvllmmnmi

l l
s (f (1 + lul"“+”’)qu — w) + cs (/ (1 +114” + ivrpnu — vrtwr)

Q Q

We deal with each of the integrals in the right hand side of the above expression separately. For the first

term, we get

1+/Q(1+|u|q(1+p))|\7u - V140 5 ca (1+ ||1i||'}fq,lf3,p,(Q‘RM) IIVu — V1) (I

LP‘7(Q.R"‘)’

with i + 517 = 1, while for the second term we apply Holder’s inequality with three terms to get

(I

/‘;(1 + lulqp + lvlqpllu “ v|qlvv|q 5 C7 (1+ llulliwlm'nm) +llvll2qpl(g_nm)) llvvllrqum‘nmfllu " v fl

lfl"(Q,R’")

mm%+%+%=r
Therefore, if p in the first case and p, 1',t in the second case can be chosen such that for the exponents

pq, q(1 + p)p’ and qpt, pq and qr, respectively, we can use the Sobolev inequalities we get

1+fa“ + |u|qu+p>)|w — Vv|” 5 CB (1+ ||u||‘;§,mfi’,,m,) ||u - vu‘gmfim,
and

(1

/fl(1 + lulqp + |v|qp)lu _ vlqlvvlq S 09 (1 +"ull‘;10(Q'Rm)+llvllp H(Q’Rm)) llvll1{l(Q‘Rm)|lu — Ullz-(Qflm)

and we get the result.
As in Lemma 3.5, H"(Q,Rm) C L”(Q,Rm), for p = 00 if 1 > 3 > 1/2 and N = 1, for any 1) such that

i 2 15—5 if N = 2 and for any 1) such that % 2 % if N = 3. Also, H“(Q,Rm) C Wl'p(Q,Rm) for any p
such that i 2 3—‘52—3 if N = 1, for any 1) such that i 2 % if N = 2 and for any 1) such that 15 2 -5‘—62£ if
N = 3.

For N : 1 we can take in the estimates above p = 1 and t = r = 00 and p = 1 respectively, assumed
that q 3 fl, which is compatible with q 2 1 since 1 > 3 > 1/2.

For N = 2 it is easy to check that p and p, r,t can be chosen verifying all the above iff q 5
which is compatible with q z 1 iff 1 > 3 2 1 — Fly-2 = %.

Analogously, for N = 3 p and p,r,t can be chosen verifying all the above iff q 5 (mm which is
compatible with q 2 1 ifi' s 2% which in turn is compatible with s < 1 since p < 2‘D

2
(1—s)(p+2)+1

Then, we have, analogously to Lemma 3.4

Lemma 3.7 Ifg verifies (3.8), then

gr : H”(Q,Rm) —} H"(F, Rm)
is Lipschitz continuous on bounded sets, if
i)N=1,1>3>1/2and-§->r>1—;—‘.
ii)N=2,1>s> $3 and§>r>(1—s)(p+2)—1/2.
iii)N=3,1>s>%£i—; and%>1‘>Q—-28)l2p¢.
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Proof: Since, from the lemma. above, 519 : H5(Q,R'") —) Wl'qm, R’") is Lipschitz on bounded sets, for some

q, and using the trace theorem, it suffices to show that 7 : Wl'qm, R'”) —-) WI” i‘q(l‘, It”) C H "(I‘, R'”) is

bounded, for some r and such q. Also, li/l”i"’(l‘, R'") C Ii“’(l‘,Ii"') if 1 —% > —r and N : 1, g—f > —r

andN=2andif2—§>—rifN:3
1) According to the previous lemma, if N—— 1 the 1angesfo1s and q a1e 1 < q__< qn= ——a11d 1 > 3 > 1/2.
Theref01e, taking the 1:11gest value of q in the embedding above, we get 2.2

ii) For N = 2 the ranges are 1 5 q 5 (10 :Tm and 1 > s 2 %. Proceeding as before we get
(1 — s)(p + 2) — 1/2 <1', which is less than—

.— iff 1 > 3 > up+2'
iii) For N = 3 the ranges are 1 < q < (10: mm and 1 > 3 2 %. In this case we get
(3—2s)(p+2)—2

2
3__(p+1)< 1', which is less than-. iff 1 >3 > 2_—(0+2) fl

F10m all this, we get

Theorem 3.4 Assuming the growth conditions (3.7)—(3.8}, Theorem 3.2 applies with a = s/2 provided
i)N=1and1>s>-.f;
ii) N =2 andl >s > mam{;——+1,p+1’—12-}.

iii) N =3 and 1 > s > gma'v{,y+l,%}.
Therefore, (1.1) defines a local semigroup in H”(Q,Rm) for s in the ranges above.

Proof: Note that the restrictions on 5 determined by 7 imply, according to Lemma 3.5 that f maps
H“(Q,Rm) into L2(Q,R"‘).

Since X ”/ 2 C H”(Q, R”), from the results above and the proof of Theorem 3.2, we get that the non-linear
term maps X 3/ 2 into Xg for [i = —r/ 2 — 1/4. Therefore, to apply the general results in Theorem 3.2, we
need s/2 — [3 < 1, i.e. s +r < 3/2.

Horn the estimates on
11-
given in Lemma 3.7 this condition can be met if respectively

i)N=1anda.sny1>
ii) N—— 2 and s > —”—1

which holds true, since from Lemma 3 7,1 > 3 > ;% > 5-1—1

iii) N—— 3 and s > p2—3(l,:i—1T which holds true, since from Lemma 3.7, 1 > 3 > 3M > 751—1?“2 p+2

3.3 The fractional power spaces case and no growth conditions
Note that the basic result Theorem 3.2 imposes some conditions on the non-linearities, namely that h. = fg +
gr, maps X“ into X”, and this, in turn, imposes some growth conditions on the mappings f, g : lt’" —+ lt’".
Therefore, in order to obtain an existence result without any growth condition on the non—linearities we will
work in

1’ = X" 0 cm, 12”)
for 3/4 > a > 1/4, endowed with the norm

IIUHY = llullxa + llulloo

Observe that Theorem 3.2 is, in principle, not directly applicable in this context. However, note that then,
if N = 1 and a > 1/4 or if N = 2 and 3/4 > a > 1/2 then, from Sobolev inclusions, X“ C C(fi,R"’) and
then Y = X °‘ and Theorem 3.2 can be applied. In fact, we have

Lemma 3.8 Assume that f : Rm —-> Rm and g : Rm —) R” are C1 and C72 functions, respectively.
IfN =1 and3/4>a> 1/4 orifN=2 and3/4>a> 1/2, then

fg : X" —> ere—1,11”), gQ : X“ —> Warm"), and gr : X" —> Héu‘, 11”)

are Lipschitz continuous on bounded sets of X“.
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Proof: Let u,v E X“ such that ||u||,\—a S R and ”Ullxn g Ii. Hence, we have

||f(U) — f(vll|oo S ci(R)l|u — Ulloo S CzUllllu — fills":

and the same for g. Moreover,

||Dg(u)Vu — Dg(v)Vv|| 5 e:;(]t)||u — v||°0||Vu|| + ('4(R)||Vu — Vv|| 5 (:5(I?.)||u — v||,\»a

and then (m : X" —) 111 (ll, R'") is Lipsehitz on bounded sets of X“. Using the trace operator, we get the

resuth

Remark 3.2 Note that if g is only of class C 1, then the some proof above for f , but only with points in the
boundary, gives the Lipschitzness of gr : X“ —> L°°(l‘,R'") and Theorem 3.2 can still be applied. In this
case solutions will be less regular.

As a consequence of the above and Theorem 3.2, we get

Theorem 3.5 With the above assumptions, (1.1) defines a local semigroup in X", if N = 1 and 3/4 > a >
1/4 or ifN = 2 and 3/4 > a > 1/2.

Now we come back to the cases not covered by the previous result, i.e. N Z 2 and 1/2 2 a > 1/4 or
N Z 3 and 3/4 > (11/4. Assuming f : R'" —) R'" and g : R'" —+ R'" are Cl and C72 functions, respectively,
and in view of Theorem 3.2, we will look for solutions of (1.1) which are functions u E C([0, T], i”), that are
solutions of the fixed point problem

u(t) = e"“u0 — lie—1‘“_”lh(u(s))ds.
0

with h = fn + gr. First note that this equation is equivalent to

t t

u(t) =e_‘“u0 —/0 e‘A“_”)fQ(u(s))ds—/ e_L(t_5)gr(u(s))ds
0

as soon as ug,f(u(s)) E L2(ll, Rm).
To prove the existence result we will make use of the following result that has been proven in [36]

Proposition 3.1 Let X be a Banach space and (A, D(A)) a seetorial operator in X and consider problem

u + Au = g(t){ ulO) = no
(3.9)

with g e LP(0,T,X3), an e Xfi and 1 5 p 5 00, T < 00.
Then, the solution verifies
a) u E C(0,T, X7) for all 7 < fl + l/p’. Moreover, if ug 6 X7, then u E C([O,T],X7).
b) The mapping

.
X7 x L”(0,T, X13) a (ug,g) »—> u e C([0,T],X“’)

is Lipschitz. Moreover, if Re(o(A)) > (5 > 0 then that holds also forT = 00. In that case u E Cb(l0, 00), Xll'D

With this, we can state

Theorem 3.6 With the above assumptions (1.1) defines a local semigroup in Y. Moreover, solutions are
defined for all t 2 0 or they blow~up, in the i" norm, in finite time.
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Proof: Define, for 110 E Y and u E C([0,T], Y)
1 1.

fu(t) = c‘Atuo —/ c"‘“'"’f§1(u(3)) ds—/ ‘l‘“ “NJI‘(1L(S)) (Is
11 (1

First, note that, fg(u) E C([0,T],C(Q,Rm)) and gI-(u) E C([0,T],C(l‘,Rm)) and then, in particular,
h(u) E C([0,T],XB), for any [i e [—1/2, —1/4). Therefore, from Proposition 3.1, we get

.7-'(u) e C([O,T],X°) fl C(0,T,X7), for every 7 < 3/4.

Now, observe that since 110 E X" (1 C(Q,R"'), from the fact that c‘At defines an analytic semigroup
in X a, [21], and in C(Q,Rm), [28], we get e"A‘uo E C([0,T],Y) and it s a classical solution of the linear
homogeneous problem (both in the equation and in the boundary conditions).

Now, we define flu“) = —f0t e"A(‘"“)fQ(u(s))ds and T2110.) = —f(]e‘l‘“‘"”)gr(11(s))(is. Then,
since fQ(U) E C([0,T],C(Q,Rm)), the results in [28], combined with Proposition 3.1, give 115 f1(u) E

C([0, T], 02061”, R’")) fox every 0 < 1.

Finally, 60111 a classical 1esult by Pogmzelsky, [31], see also [1], since {11 (u) E (.7(([(l, ”,I] C( ,l?’”)), we
have 7:2(11) E Co0/2((_) x [0, T], R'"), for every 9 6 (0,1) and moreover

llfzwllle0/2 < C((9) SUP llgr(uW y)||

In particular, 7:2(11 )€ C([0, T], C(Q ,R"‘)).
Putting this information together we get, in particular, f(u) e C([0,T], Y). Therefore, it is legitimate to

look for fixed points of f in C'([0,T], 1"). For this, we will prove that for a given 110 G Y, .7-' is a contraction
in a suitable closed subset of C([0,T],Y), for small enough T. Once, this is done, classical continuation
arguments conclude the proof.

More precisely, for a given 110 E Y, we denote V = {u E C'([0,T],Y), ||u(t) — uollY S 1‘, V t E [0,T]},
where r and T are to be chosen below.

First we prove that .7-' maps V into itself. For this, note that for a given 7', T can be chosen small enough,
such that

lle—Atuo — “0“ S T/3

for all t E [0,T], for the norms of both X" and C(Q,Rm), since e‘At is a continuous semigroup in both
spaces. Also, from [21], and taking any 5 E [—1/2, —1/4) such that 0 S a — fi < 1,

t

||/0 e_L(“’)h(u(s))ds|[xa 5 (Ice firm—ems) c1(r)

since h(u(s)) takes values in a bounded subset of X13. Consequently, the expression above can be made
smaller that r/3, for all t E [0,T], if T is small enough.

On the other hand, arguing now in C (Q, R'")
I,

new (1111m=11/eWW 1s11ds11oos/ 115W”1100.0011f1u131111mds51cm

and again, this can be made smallei that r/3, for all t E [0, ’1], if T is small enough. Finanlly,_since
7:2(11 ) E Co9/2(Q x [0, T], Rm), for eve1y 6 E (0,1) and f2(u)(0, z)——- 0, we get, for every 3: EQ and
16 [0, T]

[7'"2('u)(t :L'))_l< tMuffin) llo. 9/2_<t9/2C’(9)Supllgr(U) )(t y)” < Wow 9)

and again, this can be made smaller that 1'/3, uniformly in x E Q and t E [0,T], if T is small enough.
Consequently, if (V ) C V, if T is small enough.

Now, we prove that f is a contraction in V. For this, let 11,11 6 V. Then,
i

11f1u11t1 4111111111.” 5 [0 cu — s1*‘°—’”11111u1s11—h(v<s1111gds s
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S (foot — s)“(a—a) (is) 040“) sup HMS) _ ”(3mm
0 [OJ]

Therefore, for small enough T, we get for all t E [0,T]

||f('u)(t) — f(v)(t)||Xa S 1/4
[Salli]

HMS) — v(8)llr

On the other hand, note that f(u) — .7-'(v) = fl (u) — 71 (v) + f2(u) — 77-2(v) and then

1

”mm — from”... s / lie-“H"noomufluen — f(v(8))l|oods s
o

S £650) SUP ||U(S) — U(8)||oo S 1/8 SUI) HMS) — v(-‘f)||Y
[0,r] [rm

for small enough T. Finally, as before, for small enOugh T

||f2(U)(’») — f2(v)(t)||oo S 10/2619) Si”) ||.(11'(1t)(l,y) — {II‘U’lU'al/ill S
v]!

S ta/2CG(7'19) SUD HMS) — v(8)|loo S 1/8 SUP IMS) — v(8)|lY
[0»Tl [O-Tl

Putting all these together, we get ||.7-"(u) -— f(v)||v 5 1/2||u — v||v and the result is provenfl
Concerning regularity, we have

Corollary 3.1 With the above notations, for every no G Y, the solution verifies

u E C([0,T),Y) flC(0,T,X7), u, E C(0,T,X7), for any 7 < 3/4

and (3.3) and (3.4) hold also true, while the solution exist.

Proof: Taking any [3 e [~1/2,—1/4) such that 0 5 a — fl < 1, i.e. any fi 6 (a — 1, —1/4), as in [21, Lemma.
3.3.2], we prove t i—) u(t) E X“ is locally Holder. With this, we get t i—) h(u(t)) e X5 is also locally Holder,
since, for small h,

lf(u(t + h,.’L‘)) _ f(u(t7$))l S 61IU(t + h7m) — “(ta-T”: for all (I? E Q:

|g(u(t + h,a:)) — g(u(t,:1:))| S cz|u(t + h,cc) — u(t,.1:)|, for all z E I‘

Integrating the first inequality in Q we get ||f(u(t + h)) — f(u(t))||LzmyRm) 5 c1||u(t + h) — u(t)||_\'a, while
integrating the second one in F, we get |]g(u(t + h)) — g(u(t))||[,z(1~‘Rm) S 02||u(t + h) — u(t)"L2(r‘nm) 5
03||u(t + h) — u(t)||xa.

Now, [21, Theorem 3.2.2] implies that u is a strong solution in X”. But even more, [21, Theorem 3.5.2]
implies at E C(0,T,X"’), for any 7 < fl + 1. Since [3 is arbitrary in (a — 1, —1/4), we get the resultfl

4 Existence of global attractors
In this section we prove that under the dissipativeness assumption (1.8), (1.9), the system (1.1) has a global
attractor. Note that from the diagonal structure of (1.9), it reduces to solve m scalar eigenvalue problems.
From the results in [32, 33, 23], we have that the first eigenvalue of this problem is always real, where by
first we mean that all others have greater real part, see Section 6. Also, the first eigenvalue, all], is given by
the infimum of the first eigenvalues of each scalar eigenvalue problem.
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4.1 The fractional power spaces case
In this section we first prove that solutions of (1.1) with initial data in Y = X 0 fl C(fl, Rm), are globally
defined and orbits of bounded subsets of Y, under the semigroup determined by (1.1), S (t), are also bounded
in Y. Moreover, we will show the semigroup is compact.

Second, we will show that the semigroup is dissipative in Y and for this, we will find “contracting regions”,
similar to the contracting rectangles considered in [4]. With these and the results in [16], we will obtain the
existence of a compact attractor in Y.

It is worth noting that the whole idea for proving boundedness and dissipativeness is that estimates on
the sup norm are transferred to estimates in the Y norm, as shown below.

We first start with the following important remark.

Lemma 4.1 With the assumptions of Section 3 and in particular with the notations of Theorems 3.2, 3.5
and 3.6, let u(t) be a local solution of (1.1) in Y = X“ n C(fi,Rm) defined in a maximal time interval
0,tmax)-[

If ||u(t)|]c(§fim) 5 c1, for all t E [0,tmax), for some cl > 0, then, tma: = +00 and ||u(t)|]xo 5 C2, for
all t 2 O and some 02.

Even more, if a bounded set B C Y is such that {S(t)B,t 2 0} is bounded in C(fi,Rm), then {S(t)B,t 2
0} is bounded in Y and {S(t)B,t 2 1} is compact in Y.

Proof: First note that by replacing A and f by A + a] and f — of, we can always assume that (2.7) holds
with 6 > 0. Then, using the variation of constants formula, we obtain, for no = u(0),

t

IIU(t)IIX° s Muuonae-M + M / «rm-”(t — 3)“"‘mllh(U(3)Ilod8-
0

for some fl S 0. Therefore, for finite t 5 tmaz, we have
L

]|u(t)||xa _<_ M||ug||ae“‘” + MK/ (Km—”(t — s)'(“"mds. (4.1)
o

with K = suptem‘tm“){l]h(u(t))]]g}, which is finite since ]|u(t)]|C(;,-‘Rm) _<_ cl. Therefore, since the norm
in X", and hence the norm in Y, remains bounded in finite time, then the solutions must exist for t 2 0.
Moreover, the right hand side of (4.1) remains uniformly bounded in time and the result is proved.

Analogously, if no G B, then the right hand side of (4.1) remains uniformly bounded in time and no G B
and consequently, {S(t)B,t 2 0} is bounded in Y. Even more, from the fact that L has compact resolvent,
{S(t)B,t 2 O} is bounded in Y and the variation of constant formula, we get as in [16, Theorem 4.2.2],
that {S(t)B,t 2 1} is compact in X“. On the other hand, since, with the notations in Theorem 3.6,
S(t) = Sl(t) + $20), with

f. f

Si(t)uo=e"“uo— / c“A“"”fo(u(s))ds, 52(tluo=—/ e-L“—“gr(u(s))ds
0 0

and A__has compact resolvent in C15, Rm), again using [16, Theorem 4.2.2], we get {51 (t)B,t 2 1} is compact
in C(Q,Rm). Finally, as in Theorem 3.6 and using [31, 1], we have 52(')UO E Cell/267 x [0,oo),R'"), for
every 9 E (0, 1) and

l|52(')U0||o,o/2 S Cw, 3)
and_the right hand side is uniform in t and £0 E B. In particular {S2(t)B,t 2 1} is in a bounded set of
Com, R’") and therefore it is compact in C(Q,Rm). Hence, {S(t)B,t 2 1} is compact in Y'D

To obtain estimates in 067, R“) for the solution of (1.1), in what follows we will use comparison results
and the notion of invariant regions. We start by defining sub and super-solutions for (1.1).
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Definition 4.1 A 02 function it : (l x ((),T) C RN >< IF —) R’" is a super-solution of (11), if, for
1 5 i 5 m, it satisfies

(51 it) —Div(a,-Vu) + 22V 1 b;(rc)r)? + Ai’ii +f,-(u1,...,u,-_1,i"l,-,u,-+1,...,u,,,) 2 O, on Q,

317—11-+gi(u1,...,ui_1,i‘ii,u,-.H,...,u,,,) 20, on F (4.2)
ll

u,(0) 2 (Huh.

where u = (u1,. . . ,u,,,) is the unique solution of (1.1) with initial value no. Similarly, we define a sub-solution
u by replacing the 2 sign by the 5 sign in (4.2).

We then have

Lemma 4.2 If u is the solution of (1.1) with initial value an and if ii and i_t are super and sub-solutions of
(1.1) in the sense defined above, then

Hilts-77) S Hilts-73) S fiiltim)

for every 1 5 i 5 m, while the solutions exist.

Proof: For each i = 1,...,m, let f;(t,a:,v) = /\v + fi(u1,...,u,-_1,v,ui+1,...,um), and gi(t,.r,v) =
gi(u1, . . . ,u;_1,v, u,-+1, . . . ,um). Therefore, a, and u- are super and sub—solutions of

—Div(a,-Vv))+ Z? 1b;~(atat) Obi—"j + fi(t,rc,v) = 0, on Q,

fig + gi(t,z,v)—- O, on I“

v(0) = (u0)i.

From the results in [30], we get that there exist a solution of the problem above, such that u,-(t, m) S v(t,z) 5
ui(t,:r). But the unique solution of this problem is v = u,- and the result is provedfl

Assume now f, g satisfy (1.8) and (1.9). Let u,- > 0 and (p,- be, respectively, the first positive eigenvalue and
normalized eigenfunction of each component of (1.9) and mi = min (pi(z) > 0. For each 0 = (91,... ,9,,,) E

2:69
(R+)’", define

_
20 = {u E Y: |ui(a:)| 5 Hug-(rt), for all a: E Q}. (4.3)

Below we prove that 29 is an invariant attracting region.

Lemma 4. 3 Let £0 be as in (1. 8). Then, with the notation above, let Bimi > E? and for every to > 0, denote
vit(t=) :l:e “ll“ MHz-9a, for0<t<t0,andvi (t))= (vf‘,.. i).,vm .

M

Then, for any initial data in Y, such that(|( no) (z)| 5 e““°9.~<p,~(a:), for all a: E Q, vi(t), are respectively
a sub and super-solutions of (1.1) for 0 S t S to, and consequently

S(t)zeutoo C Ze—u(l—¢o)g _') 29

as t —) to, where (e"‘°9)-—— e“‘Oblu In particular, for every M > Hi, define to—— t0(M)—- supi—“il%“og(I.)>
0 and Mi—--—e“"‘°9- > Mi, then for 0 < t < to,

SitizM C S(t)EM C 2A75—11(1—lo)g ") >319

as t —) to. In particular, 29 is a positively invariant region for (1.1).

Proof: First take vf(t) = e‘“‘“"‘°)€,-<p,-. Then, for 0 5 t S to, vi+(t,a:) 2 e““““‘°’9,~m,~ > 5? and
consequently, from (1.8)

aUZl—
+0=—6——D1v(aVv)+Zb'r)6 +621)? 5

av + i +Sa—é—Divmiin )+J§_:1bj.?,) (1L1,...,u,-,1,vi ,u,-+1,...,um)

Gui UauM2371]; 51:_+91~(u1, -,u.-_1,v;",ui+1,-Mm"),
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Thus, v+(t) is a super-solution. The same for v'(t) with all the inequalities reversed. The rest is obviousfl
As a consequence, we have

Corollary 4.1 All solutions of (1.1) with initial data in Y, exist for t 2 0, and the semigroup S(t) is well
defined on Y fort 2 0. Moreover, for every bounded set B C Y, {S(t)B,t 2 O} is bounded in Y and
{S(t)B,t 2 1} is compact in Y. Even more, if 29 is as in Lemma 4.3, then 20 is an absorbing set for S(t).

Proof: Clearly, for any bounded set B C Y, there exists 63 e (R+)'" such that B C 20 and we can assume
that dim, 2 £9. Then, Lemma 4.3 implies that S(t)B C S(t)2§ —) 20 as t —) to = t0(B). Therefore, from
Lemma 4.1 we get the result.“

Note that 29 is not a bounded set in Y and therefore dissipativeness does not follow from the corollary.
However, we have

Theorem 4.1 The problem (1.1) has a global attractor A in Y = X“ F1 067). Furthermore,

A C 29 (4.4)

for every 6, such that Him,- 2 £9, fori = 1,...,m.
Proof: Since we already have that orbits of bounded subsets of Y under 5 (t) are bounded in Y and that
S (t) is a compact semigroup, it just remains to prove point dissipativeness to prove the existence of a global
attractor A for {S(t); t 2 0} in Y, see [16, Theorem 3.4.6]. In fact we show below that S(t) is bounded
dissipative.

For this, note that from the Corollary above, for any bounded set B C Y there exists to > 0 such that
S(t)B C 20, for all t 2 to. From the variation of constants formula, where as in Lemma 4.1, we can assume
without loss of generality that (2.7) holds with 6 > 0, we have for any an E B, and t 2 to

t

l|S(t)u0|lXa s Me-‘<‘-‘°’L(to) + M P09) lnl'ff / arm—"(t — s)-‘“-fl’ds, (4.5)
to

where ||S(s)uo||y 5 L(t0), for every 3 2 to and ac E B, and P09) = supsez. {|Q|5|f(s)| +|F|§|g(s)|},
with E‘ = {s E Rm, lsil S 6M,-}, with M,- = supQ |<p,-(a:)|. Note that to and the right hand side above are
independent of no 6 B, and then letting t —-> 00 we obtain

00
lim sup ||S(t)u0||xa g MP(9)|Q|5/ e‘6"s"(”"mds, (4.6)
t-roo 0

and since the right hand side of (46) does not depend on no 6 B C Y, S(t) is bounded dissipative in Y.
Finally, since 29 is absorbing, we get A C 291]

With this result, the next one follows from [16] and from the fact that a constant equilibrium 11,0 for (1.1)
may only happen if Aug + f(ug) = g(uo) = 0.

Corollary 4.2 The elliptic problem

~Div(aVu) + if; B, (110th + /\u + f(u) = 0, on Q

66a“; +g(u) = 0, on F,

has at least one solution which is non-trivial whenever /\I + f and g have no common zerosu
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4.2 The energy space case
4.2.1 Gradient systems in the critical growth case

Now we consider (1.1) without dispersion (B,- = 0), that is

u, — Div(a'\7u) + /\u + f(u) = 0, on Q,
}

56??— + g(u) = 0, on F, (4'7)

with initial values in 1-1
1 (Q, 12”), where f and g satisfy (1.2)—»(1.5) and the dissipativeness assumptions (1.8),

(1.9). Note that now the eigenvalue problem (1.9) reduces to

—Div(aVu)+c°v=uv, in Q

%—+d0v=0, on Bil,
(48)

and from the diagonal and selfadjoint structure of this problem we hr ve that the first eigenvalue, It?» is given
by the infimum of the first eigenvalues of each scalar eigenvalue problem, i.e. the infimum of

H, z in, re arlwr’ + c? fr. w + d91r|¢|2
1

rtenlm) fold’P

which are assumed to be positive for i = 1, . . . ,m.
Note that the dissipativeness assumption is met if

lim inf|,,_.|_mo
(4.9)

11mm)“ 95323) z o

and for each i = 1, . . . ,m one of the inequalities is strict.
Moreover, we assume that there are scalar potentials F : Rm —> R and G : R’" —) R Such that

VF(3) = f(s) and VG(s) = g(s), for every 3 E Rm, a condition that is always satisfied for m = 1.
Consider the energy functional V : H1(Q, Rm) —) R defined by

va>=§§fnarlver|2+§ /Q |¢|2+ jg F(¢>+ [F Gee». (4.10)

The next result ensures that V is well defined

Lemma 4.4 Assume and f : R'" —) Rm and F: Rm —> R is such that VF(s) : f(s).i) Iff satisfies (1.2) or (1.3) then for every d) E H1(Q, Rm), one has F(¢) E L1(Q,R"‘) and

||F(¢)||u $60), if ||<i>||nl Sr
for some continuous increasing function c(r).
ii) Iff satisfies (1.4) or (1.5) then for every d) E Hl(Q,R’"), one has F(q‘>) E L1(F,R"') and

l|F(¢)I|Ll S C(r)r if||¢>||m S 7'

for some continuous increasing function c(1').

Proof: Since f is a gradient, we have F(s) : fol f(rs)sd7', for all s E R’" and then |F(s)| 5 fol |f(rs)||s| dr.
If (1.2) holds true, then for every n > 0, |f(s)| 5 c,,e"|’|2|s| + |f(0)| and therefore |F(s)| 5 ggefl'fllz +

|f(0)|]s|. Since |s| 5 e"|”|2 we get |F(s)| 5 (%+ |f(0)|)e”l’|2 and we conclude using Lemma 3.1, as in Lemma.
3.2. If (1.4) holds true, then as before and as in Lemmas 3.3 and 3.4, we get I|F(¢)”Li(r) S c||F(¢)||wn.1(Q, 5
c(1'). If (1.3) holds true, then |f(s)| 5 c(l + |s|3) and therefore |F(s)| S c(1 + |sl4) and again we get the
result as in Lemma 3.2. Finally, if (1.5) holds true, then proceeding as before, we get |F(s)| 5 c(1 + |s|”) for
some 7) < 4 and, at the same time, if d) E H‘(Q,R’"), then the trace is in 111/20“, R”) C L"(F,R'"), for
q 5 4 and we get the resultfl
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Theorem 4.2 Under the above assumptions, we have

i) V is a Liapunov function for (4.7).
ii) All solutions of (4.7) with initial data in HI(Q,R"‘) are globally defined.
iii) The problem (4.7) has a global attractor A in Hl(Q,R'"). Furthermore (4.7) is a gradient system and
therefore, A = W“(E), where E is the set of equilibria of (4.7), i.e.

E z {¢ 6 H1(Q,R'") : Ld)+h(¢) = 0}

and W”(E) denotes the unstable set of E. Moreover, if each element of E is hyperbolic, then E is finite and

A = U¢€EW“(¢).

where W“(¢) denotes the unstable manifold of the equilibrium point 4).

Proof: From the smoothing effect in Theorem 3.2, we have u; E H 1(Q, R’") for t > 0, and then taking
<1) = u, as a test function in (3.3), we get

d
217V(““”= —||m||2 s 0

for any solution u(t) of (4.7) and therefore V decreases along solutions of (4.7).
Observe that from the dissipativeness assumption, we have

A 2
m c? 2 .

m d? 2
+§|3| ZZzlSil —01, Gh‘dZZzl-‘Bd —61

for all s E R” and some constant c]. Therefore,

1111
2 meg 2 1nd)

V >_ . i _l .' _i i2_(¢1_2§/Qa.|v¢| +1234]le +g4fr|¢>| cz

andthen

wag Z/alw 12+4Zlh/ldh'l —c2

This inequality implies that solutions are globally defined, since V(u(t)) S V(u0) and then the H1(Q,Rm)
norm of the solution remains bounded since u,- > 0.

Horn Lemma 4.4 we get
V(¢) S C(T),

if |I¢I|H1(Q‘Rm) 5 r, where C(-) : RJr —> RJr is a continuous increasing function. Therefore, orbits of bounded
sets are bounded in H1(Q, Rm). Also, for each t > 0, S(t) is compact, since A has compact resolvent, [16].

Since, V decreases along trajectories, from La Salle’ s invariance principle, the w——limit set of any trajectory
lies inside the set {ab 6 HI(Q, R”), V ——,0} but this is the set of equilibria of (4. 7), i..e E—- (d) E
H1(Q, Rm): L¢ + h(¢) =0} Therefore, E attracts unitaiy sets in H1 (Q, R”) under the semigroup
{S(t), t Z 0}. Next, we prove that E is bounded in 111(Q,Rm) and then the semigroup {S(t), t 2 0} is
point dissipative, [16].

Since the equilibrium points of (4.7) satisfy Lu + h(u) = 0, i.e.

—Div(aVu) + /\u + f(u) = 0, on Q

gait + g(u) = 0, on r (4.11)

taking it as a test function in (4.11), we get

Z/a,|V1i,~|2+/\/n|u|2+ /f(u) -u-+--/r gu()-u=0
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1 . . . . . - 9 ~ in do 2l'rom the diss1pat1ve condition we get f(s) -.s + /\|s|’Z 2 212, §2L|si|2 - (33 and g(s) -s 2 Xi”, —.2L|.s,-| — (1;

for all s E R” and some constant. 03. Therefore,

”L 1". m
' CO

2
(19

2Z ailwzwuZ—‘j |ui| +Z—‘/ lair scileL
£21

2 Q i=1
2 r

thus
m 771

Z/ ai|Vui|2+Zui/ |ui|2 $261
i=1 9 i=1 9

and then the set E of equilibria is bounded in H 1(Q, Rm). The rest follows from the results in [16].D

Our next goal is proving that the attractor constructed above is a bounded set in (TU—2, It”) and moreover
that the estimates (4.3), (4.4), of the previous section still hold true. For this, we first prove the following
lemma

Lemma 4.5 Assume N = 3 and g verifies (1.5), with p < 1. Then, ifu G H”(S2,R’“), with 3/2 > a > 1

verifies
—Div(aVu) + /\u = F E L2(Q,Rm)
Bafiu— + g(u) : O on F

then u E H”(”)(Q,Rm), where 3(o) = min{2,Ao — B}, with A = p +2, B = QEJ—l. Moreover, ||u||Hm> S
C(||F||Lz, llullHa). In particular u 6 C15).

Proof: Note that we can restrict ourselves to the case m z 1, since we only use the smoothness and growth
assumptions on 9. Also, note that from elliptic regularity results, since F E L2(Q) we get u E Hfocm), but
the regularity of g(u) on I‘ determines the overall regularity of u on Q. Therefore, we prove that g(u) has
certain degree of regularity on I‘ and then use elliptic regularity theory to get the result.

Note that from (1.5) and the Sobolev inclusion for H"(Q) we get that Dg(u) 6 L”(Q) for p S fiTdhiTlT'
On the other hand, from the Sobolev inclusions for H”“1(Q) we get Vu E L"(Q, R3) for q 5 56—25. From

- 3 l _ 1 1 ~ _ 6this we get Dg(u)Vu E L’(Q,R ) for F — 5 + E and this leads to r 5 T0 —m.Also, from (1.5) and the Sobolev inclusion for H"(Q) we get g(u) E L”(Q) for p 5 (Tim. Therefore,

we get g(u) G Wl"°(Q). Now, from the trace theorem, gr(u) E Wlnfi'mfl’) C H”(F) for s = 2 — 3—0. From
elliptic regularity theory, we get u E H"“”(Q) with s(o) : min{2, 7/2 — rs—O} and we get the result.

Now, note that H"(Q) c am), if s > 3/2. Hence, ifj(a) = A0 — B, with A = p+2, B = §P;—‘ is greater
than 3/2 the conclusion follows. If not, we repeat the previous argument to get u G H’"(")(Q) for n E N.
But note that the function j(o) is monotonic and has a unique fixed point at a, = 553% < 1, since p < 1.

Therefore, there exist n such that 3"(o) > 3/2 for any 3/2 > a > 1 and the conclusion followsfl

Proposition 4.1 Let u(t) be a solution of (4.7), with initial data in H1(Q, R”). Then

u G C(0,00,C(fi, Rm”

Moreover, ifN = 1,2 or if N = 3 and {uh t 2 e} is bounded in L2(Q, Rm) for e 2 0, then

SUP{IIU(t)||c(n,Rm)} < 00
1,2:

and is bounded above by a constant depending on the bound on u(t) in Hl(Q,R’") and the bound on u in
L2(Q,Rm), ifN = 3.
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Proof: Note that without loss of generality, we can assume that (2.7) holds true with 5 > 0. From 'l‘heorem
4.2, u(t) is continuous and uniformly bounded in H‘(Q, R’”) for l 2 0. llence, if N = 1 there is nothing to
prove since Hl(Q,Rm) C C((—l, R'"). lf N 2 2, we get from Theorem 3.2, u E C'(0, 00, X‘” l) and moreover,
from the variation of constants formula, for any 7 < [9 + 1

t

uumnm s Mt—M-1/2)6_Mll"(0)||x1/2+ / Me—“H’u — s)-‘rfl’||h(u<s))|m ds
0

and the right hand side is uniformly bounded for t 2 e > 0. But since fl > —1/2, 7 can be chosen such that
3/4 > 7 > 1/2 and then we get the result if N = 2, since X7 C 067, R1").

Finally, if N : 3, as seen in Lemma 3.4 and Theorem 3.3, in the argument above we can take [3 :
—r/2 — 1/4 for 1/2 > r > p/2 and then we get the bound in X7 for 7 < i}?- and then in H”(Q,Rm) for

1 < a < 15—3. Also, from Theorem 3.2, u, 6 C(0, oo, L2(Q,R’")) and reading the equation as

—Div(aVu) + /\u z u, — f(u)
adfi; + _q(u) = 0

and working on finite time intervals, we get, from Lemma. 4.5, u e C (0, oo,C (5, It"')). On the other hand,
if {uh t 2 e} is bounded in L2(Q,Rm) for e Z 0, again Lemma 4.5 gives the resultfl

We now prove de following abstract result

Proposition 4.2 Assume A is a sectorial operator with compact resolvent and assume the problem

at + Au + h(u) = 0

where h : X“ —) X3 is Lipschitz on bounded sets, with 0 S a — fl < 1, defines a globally defined semigroup,
S(t), in X°‘ that has a global attractor A.

Then, A is a bounded subset of X7 for any 7 5 B +1 and moreover, there exist a constant c, only
depending on the bound of A in X“, such that for any solution u(t) lying on the attractor, one has for any
7<fl+1

||u¢(t)|]x-, 5 e, for any t E R (4.12)

Proof: Note that A is a bounded subset of X“ and is invariant, i.e. S(t)A = A for all t E R. Let u(t),
with t E R, be a solution lying on the attractor. From the variation of constants formula, for any 7 < [3 + 1

we get ||u(t)||x7 5 Mt“"‘°le‘“||u(0)||,\ru + jot Me‘“""l(t - s)““"fi’||h(u(s))||xa ds. Taking t = 1, the
right hand side above is bounded by a constant independent of u and then S(1)A = A is a bounded set of
X". Note that if (4.12) is proved, then we can get the bound on the attractor for the case 7 = E + 1, since
we have Au = —u¢ — h(u) and the right hand side is bounded in Xfl.

The proof of (4.12) is based on the proof of [21, Theorem 3.5.2], [21, Lemma, 3.5.1] and the invariance of the
attractor. Take u(t), with t E R, a solution lying on the attractor and consider the interval [t0,t1] = [t — 1, t]
for t E R. Proceeding as in [21, Theorem 3.5.2], using the bound on X7, (1 < 7 < [3 + 1, and that the
non—linearity is Lipschitz on bounded sets, we get that j(s) = h(u(s)) is bounded in X g and satisfies, for
to <s<s+h§t1,

8

||j(s+h) —j(3)||xt9 s hc1(s— toi—HM +c2 / (s —r)“"“”l|j(r+h) —j(r)||xa dr
to

and from here using GrOnwall’s lemma as in [21, pg 6], one gets |]j(s + h) — j(8)]|Xo 5 C3h(3 — tO)—1+7—° =
hK(s) where C], Cg, 03 are independent ofu and t. Note that fit; K(s) ds is bounded by an absolute constant,
and then, [21, Lemma 3.5.1] gives that on [t0,t1], for any 17 < [3 + 1

IIUt(8)IIn 5 ads — term—f“ + Ca (s — r)‘<"—"’K(r) dr
to

Taking s =t1 = t and changing variables r = to + z, and using t] — to = 1 one gets ||u¢(t)||,, 5 ca, for some
absolute constant cs, for all t and u on the attractorfl

Therefore, we get
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Theorem 4.3 The attractor of (4.7) in H1(Q,Rm) is a bounded set in Gal-Jim). Furthermore, for any
u E A one has

|u,-(.'r)| S Him-(m), for all a: E Q, i=1,...,m
with 6, cp(a:) as in (4.3) and (4.4).

Proof: We first prove that the attractor is bounded in C(fi,R’"). For this, note that the attractor, A, is
bounded in H1(Q, R”) and satisfies S(t)A = A for every t E R. Therefore, if N = 1 again H1(Q,R"‘) C
C(fi, Rm) gives the result. If N = 2, and choosing 7 > 1/2 in Proposition 4.2, we get the result.

On the other hand, if N = 3, for any solution u(t), t E R lying on the attractor of (4.7) one has that u,
is uniformly bounded in L2(fl, Rm) for t E R and then Proposition 4.1 and the fact that A is bounded in

H1(Q, R“) and invariant concludes. Now, from Corollary 4.1, 89 is an absorbing set in Y = X 1/ 200 (Q, R”)
and, again the invariance of A gives the resultfl

4.2.2 Non-gradient systems in the non-critical growth case
As can be seen from the proofs in the previous subsections we are essentially using [16, Theorems 3.4.6, 4.2.2]
that amount to proving, in suitable spaces, that orbits of bounded sets are bounded and point dissipativeness.
However, proving these properties for (1.1) in H1(Q, B”) when the system has not a gradient structure, turns
out to be a difficult exercise, specially if one does not want to impose very restrictive structure conditions
on the non—linearities. In general, the required a priori estimates when m > 1 are very involved, except for
the case of the previous subsection.

Therefore to skip this technical difficulty, we adopt an indirect argument based again on the variation
of constants formula and on the idea of dissipation in two spaces, [16]. The method relies on the following
abstract result.

Assume A is a sectorial operator with compact resolvent and consider the problem

at + Au + h(u) = 0 (4.13)

and assume that the map h is such that
h : X“ —> X"

is Lipschitz continuous on bounded subsets of X “0 with 0 < (10 — fl < 1. Therefore, if a > an still satisfies
0 5 a — [3 < 1, then h : X“ —) X5 is also Lipschitz continuous on bounded subsets of X“ and from Theorem
3.1, there exists locally defined solutions of the equation above, with initial data in X “0 and in X“.

Then the following result holds:

Theorem 4.4 Assume that solutions with initial data in X“° are globally defined and let {500 (t)} denote
the associated semigroup in X “0. Moreover, assume that {300 (t)} is point dissipative.

Then the semigroup {Sa(t)} in X“ is globally defined and bounded dissipative. Furthermore, there is a
global attractor for {Sa(t)} in X“.

Proof: First, note again that without loss of generality, we can assume that (2.7) holds for 6 > 0. We now
prove that the semigroup {Sa(t)} is globally defined. If uo E X“ H X “0 then, from the point dissipativeness,
{San (t)uo,t 2 0} is a bounded subset of X“° and therefore {h(Sa,, (t)uo)} is a bounded subset of X5. Thus,
omitting subscripts a, an wherever they are inessential, we have:

||5(t)uO|
t

Xe. s Me-“nuonp + / Mam-”(t — awe-f”uh(s<s)uo>nxads
0

which proves that the semigroup is globally defined on X “ since the right hand side is bounded for t 2 0.
Since N (no) := suptzfJ ||h(S(t)ug)|| X” is not necessarily a bounded function of no we may not yet conclude

that the semigroup {Sa(t)} is locally bounded; that is, for any bounded set B C X“ and T > 0 the set
{Sa(t)ug : 0 5 t 5 T, an E B} is a bounded subset of X“. In order to show this we use the following
argument.
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Let B be a bounded subset of X a. Note that B viewed as a subset of X “0 is a precompact set and from the
fact that (l,U0) —) Sao(t)ug from R+ ><X°‘0 to X"0 is continuous it follows that {S(t)uo : 0 5 t 5 T, ‘llo E B}
is a bounded subset of X “0. Using the variation of constants formula as before, gives that the right hand
side is uniformly bounded on 0 5 t 5 T for an E B and then we conclude that {Sa(t)} is locally bounded
and therefore compact.

To see that it is point dissipative we proceed as follows. Let B0 C X “0 be such that Bo attracts points
of X” under the semigroup {Sao(t),t 2 0}. Thus, for any an E X“ there is a to : t0(u0) such that
distxao (Sa°(t)uo,Bo) < 1 for t 2 to. Thus, for t 2 to, we have

t

S(t)u0 = e_A(‘~t°)S(t0)uo +/ e"A““”)h(S(s)ug)ds
to

and then
t

.

l|5(t)U0||xn 5 Mo — to)“°—°e"5“—‘°’||S(to>uo||xao + / Mam-Wt —s)4M“”Insomnia ds
to

131“ Since llh(5(3)uo)llxfl S supdiatxao(o,Bo)<1llh(v)llxl’ for all 3 Z to, we get

1imSUP||5(t)uo||X°S sup uho)
t—too

m
X13 / Me'6‘3_(°‘_m ds

diatxao(v,Bo)<1 0

and point dissipativeness follows. The rest follows from the results in [16].D

With this, we get

Theorem 4.5 Assuming (3. 7), (3.8) and (1.8), (1.9), (1.1) defines a global simigroup in Hl(Q, R”), which
has a global compact attractor. Moreover, the attractor is a bounded set in C(Q, R”) and for any u E A one
has

Iui(:v)| 5 Ham-(z), for all a: 6 (I, i = 1,...,m
with 0, <p(z) as in (4.3) and (4.4).

Proof: From Theorem 3.4 we can take on = 3/2, fl = —r/2 — 1/4, with r, s as in Lemma 3.7, and a =1/2.
Next, we prove the semigroup is globally defined and point dissipative. Let u(t) be a solution in X"0

defined on a maximal interval [0,tmaz). Arguing as in Proposition 4.1, we get that for N = 1,2, u(t) E
Gal-Jim) for any 0 < t < tmax. For N = 3 and again as in Proposition 4.1, we get that u(t) E X7
for 7 <mm and hence u(t) E H”(Q,Rm) for a <M. Using now Lemma 4.5, we get
u(t) 6 067,12”) for any 0 < t < 1mm. To see this, just note that we can choose a such that the fixed
point of the function j(o) = A0 — B, with A = p + 2, B = gp;_1’ i.e. Uf = 2—31—15, verifies a; < 0, since
s > 551—1; > £1?“

Then if to E (0,tmw), we have that u(to) E 29 for some 9 > 0, where 29 is as in (4.3). Thus, from
Lemma 4.3 we get that the sup norm of the solution remain bounded on to 5 t < tn,” and then from Lemma
4.1 the solution exist for all t Z 0 and the X °‘° norm also remains bounded for all t 2 0. Furthermore, as in
Corollary 4.1, we get that the semigroup is point dissipative. Consequently, Theorem 4.4, gives the existence
of the attractor in H1(Q, R“). The rest follows as in Theorem 4.3.1]

5 Alternative dissipativeness conditions
In this section we give alternative dissipativeness conditions to (1.8), and under these new conditions, we
prove the existence of a global attractor for (1.1) and give CUB—diffusion independent estimates for the
functions in the attractor. For this we will construct suitable “contracting regions”, similar to the regions
29 of the previous section.
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5.1 Contracting rectangles
We will assume that f and g now verify the following

/\Si + fi(3)
Si

> 0, and g'—‘() >0, for all |s,-| >g9 (5.1)

for every 1 < i < m. In other words, at the boundary of rectangles with faces parallel to 20 := 1151120
with 2°: :[— é? ,§°], and containing 2°, the vector fields /\3 + f(s) and g(s ) point outwards.

Note that this assumption is like (1.8), with c?,d?—— 0, but then the assumption on the eigenvalue
p1oblem (1.9) is not satisfied, since u—- 0is an eigenvalue.

We now introduce the notion of invariant regions as in [10, 37].

Definition 5.1 A set 2 C Rm is called a positively invariant region for the local solution of (121) if any
solution S(t)ug satisfying ug(rc) E 2, for every a: E ll is such that (S(t)u0)(:r) G 2, for every (t E Q and for
all t in the marimal interval of existence of the solution.

Our next result characterizes some of the invariant regions of the problem (1.1) (see also [4] for the case
9 = 0).

Theorem 5.1 Let fj, E]- > O, 1 5 j 5 m be such that fifiij’L') > 0 and 2,354) > 0 for all s E Rm with

sj ¢ [—§_j,£j] =: 2j. Then, the rectangle 2 = H3":12j is an invariant region for the local solution of (1.1).

Proof: If there is a solution v(:r,t) = (v1(:r, t), - - - ,vm(:1:,t)) of (1.1) such that v(a:,0) 6 2__for all a: e fl, that
does not stay in 2; = (—oo,§1] x R"'_1 for all t E [0,tmu), then there is a to and 9:0 6 Q such that

v1(z,t)< £1, for every 0 St < to, (E E Q, and U1((L’0,t0) = 61

Therefore, if we prove that at such a point, (U1)g(.’120,t0) < 0, then, 2; is invariant.
Observe that $0 ¢ I‘ since in this case it would be a maximum point for v1(-,t0) with negative normal

derivative, since g1(v) > 0 and this leads to a contradiction. Hence, 9:0 6 Q and in particular, at ($0,l0),
V301 = 0, Axvl S 0 and then Div(a1 V111) = alAvl + VaIVvl S 0.

Thus, at (11:0,t0),

N
. a

(v1), = D1v(a1Vv1) —§ Mi — Avl — f1(v)§ —Av1 — f1(v) < o
1:1 1

Thus, (—oo,£1] >< Rm_1 is an invariant region. In the same way we obtain that [—£-1,oo) x Rm—l is also
an invariant region. Repeating the argument for v,, i = 2, . . . ,m, and from the fact that the intersection of
invariant regions is still invariant, the proof is completedfl

Let f : R” —+ R” and g : Rm ——) Rm be 01 and 02 functions, respectively, satisfying (5.1). We take the
rectangle 20 : Hg12? C R” and define 2°: I1,T”_1[—§°—7',£? +r], r 2 0, then 20 = 2° and {22,1 2 0}
covers OR'". To simplify the notation, when dealing with these rectangles, we denote l,- '= —£? — r < 0 and
T, := E,- +T > 0.

{From (5.1), Theorem 5.1, and Lemma 4.1, we get, analogously to Corollary 4.1,

Corollary 5.1 With the above assumptions, all solutions of (1.1), exist fort Z 0, and the semigroup S(t)
is well defined for t 2 0. Moreover, for every bounded set B C Y, {S(t)B,t 2 O} is bounded in Y and
{S(t)B,t 2 1} is compact in Y.

We will show now that the set of functions in Y, with values in 2‘J is attracting, which, in turn, will show
the dissipativeness of S (t). For this, we will construct a suitable Liapunov functional, described below.

Let p20 : R’" —> m be defined by

mus) = inf{r z 0 : s e 22} (5.2)
and define on : Y —) 12+ by

Fgo(w) = sup{pzo(w(o:)) : x E 9}. (5.3)
It is easy to check that on is continuous on Y and Fgo(w) = 0 if and only ifw(:1:) e 20 for all a: E Q.
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Theorem 5.2 Let f, g and 22, T > 0, be as before. Suppose that u(t) is a solution of (1.1). Then, for any
T > 0 for which FEo(u(n,T)) = T > 0, there exists 7) > 0 such that

- T h —- F - T
lim SUI)

FE“ (U( i + )) 20(U( , ))

h—>0 h 5 —1]. (5-4)

Proof: If on(u(-,T)) = T > 0 and 29. = Hgdlhri], we have that li 5 u,-(:r,T) 5 Ti, for all a: 6 fl and
all 1 S i S m. If 5: E (l is such that u(rE,T) E 622, then u(:i:,T) is in one of the faces of 22, say the
right-hand j t“ face 6632); of 22, that is uj(a‘;,T) = rj for some j. Therefore, for any of these j’s, there exists
7) = 17(T) > 0 such that

-—Auj(:Ts,T) — fj(u(§:,T)) < —n.

Note that, (It cannot be on F since in this case i would be a maximum point for Uj(‘,7‘) and the normal
derivative at this point would be negative, since gj(u(:E,T)) > 0. Thus, at (if), Vuj = 0, Au,- 5 0 and
Div(a,-Vuj) = aJ-Auj + VajVuj 5 0 and then

Nau' . -6u~
3—5 = D1v(ajVuj) - glbifi — Auj _ fjl“) < ‘77’

so that uj(:i,T + h) < rj — 17h for small It. Also, by continuity, for the remaining set of indexes, we also have
ui(rE,T + h) < ri — 71h for small h. By reversing the argument we also have ui(a':,T + h) > I, + 17h for small
hand for alli=1,...,m.

By continuity, this holds for all a; in a neighborhood of rt. If KT : {as E Q,u(a:,T) e 822}, then KT is
compact, and by what we have just shown, there is an open set Q 3 U 3 K7 such that if m E U, and h is
small, u(:1:,T + h) e Z?T_n,,).

If a: G ll\U, then u(:r,T) is interior to 22, so there is a compact set Q contained in the interior of 22,
and an ho > 0 such that u(a:,T + h) E Q if |h| < ho for all a: E fi\U.

Thus, for sufficiently small h, u(:c,T + h) is in Elr—nh) for all a: E Q, and so

FED (u(-,T + h)) 5 T — nh.

Therefore,
FED (u('i T + h)) _ FEO (u()T))

h S ‘71-

and the result is provedfl
As an immediate consequence, we have

Corollary 5.2 The map on : Y —) [2+ is a Liapunov functional for (1.1) and

{daeyzI'«*Eo(<1;)=0}c{dusYzFr,o(¢>)=0}={d>eY:d>(ac)€2°,‘v’aéfflzM0°

Proof: The proof is obvious, since from the theorem, if on > 0, then it decreases strictlyfl
Note that Moo is not bounded in Y and therefore point dissipativeness does not follow from the corollary.

However, as in Theorem 4.1, we have

Theorem 5.3 Suppose that f,g : Rm _—) R” are C1 and C2, respectively, and satisfy (5.1). Then, the
problem (1.1) has a global attractor A in Y. Furthermore,

u(:r) E 20, for all a: E (l, and u E A. (5.5)

Proof: It follows from La Salle’s invariance principle and the previous corollary that for any no G Y, the
w—limit set w(u0) is contained in M00. Thus, given T > 0 there exists t, > 0 such that S (t)uo (m) E 22, for
all t 2 t,— and a: E Q. As in Theorem 4.1, we obtain

t

||S(t)ug||xa 5 Me‘m“")L(T) + M Pm |n|i / e"‘5““”(t — gym-mas, (5.6)
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where ||S(s)u0||y 5 L(r), Vs 2 t, and P(T) = SUPsezg {IQI- |f(s )|+ IF|2|g(9)|}. Letting first I, —+ co and

then T —-> 0, we obtain
00

lim sup ||S(t)u0||xa 5 M P(0) |Q|’l/ (“Km—filth, (5.7)
t—voo 0

and S (t) is point dissipative in Y. Again [16, Theorem 3.4.6], gives the existence of the attractor in 1".

Now, if u E A, there is a complete precompact orbit through u and sup,E R ||S(t)u||y < 00, which implies

sup FED(S(t)U) < oo.
teR

But, on(S(— t))u is increasing fort > O andIS bounded above, thus the limit 6—- limH- 00 FEo(S(t )u) exists.
If z E a(u), then Fgo(z )—_8, so also Fgo(S() )—— E t E R, and so F200: )—— 0. 'Ihus a(y ) C M90 and
from Theorem 6.4 it attracts S (t)u. But then for any T > 0, and for sufficiently negative 1.7, S(t)1 1(.r.) E 22,
for all a: e (2, and from Theorem 5.1, S(t)u(:1:) 6 22, for all T. 6 Q, for t 2 t,. in particular, with L = 0,
u(a‘) E 22, for all a: E Q. Since T > 0 is arbitrary, we get the resultfl

5.2 Contracting piecewise smooth convex regions
Now we construct different, smooth, contracting regions for (1.1). For this, we define, as in [37]

Definition 5.2 A smooth function V : Rm —) R is said non-degenerate eventually convex if there exists
To (and without loss of generality we can always assume that To = 0) such that for every 3 E Rm, with
V(s) > To, V8V(s) 76 0 and d2V(s)(77,n) 2 0 for every 1} E Rm.

Let V : Rm —) R be a non—degenerate eventually convex function such that V,- = {s e R“ : V(s) S T},
T 2 0 are bounded sets and verify

(As + f(s)) ~17'(s) > 0, and g(s) -17(s) > 0 (5.8)

for every 3 E 6VT = {s E Rm : V(s) = T} and T > 0, where D'(s) is the outward normal to BVT at 3. Note
that {VT,T 2 0} is an increasing family of sets that covers Rm and Val/(s) is an outward normal vector to
BVT.

First we prove the following theorem

Theorem 5.4 The convex set V,, T > 0, is an invariant region for the local solution of (1.1).

Proof: If there is a solution v(.1:,t) = (v1(a,t),---,vm(a,t)) of (1.1) with initial data v(:r,0) e V,— for all
a: E 9, that does not stay in V, for all t E [0,tmaz), then there is a to and to e if such that

V(‘U(.’E,t)) < T1 0 S t < to, (E E 6, and l/(‘U(.T0,t0)) = T.

Therefore, if we prove that at such a point, %V(v(zo, to)) < 0, then, V, is invariant.
Observe that an) 95 I‘ since in this case, if 7? denotes the unit outward normal to 80 at 3:0

0 5 V;V(v(zg,t0)) -fi = V5V(v(a'o,to)) -va(a:0,to) a = —V,V(v(m0,t0))g(v(z0,to)) < 0

where for the last inequality we used that V,V(s) is an outward normal to BVT and (5.8). But then 51:0 6 Q
is a point of maximum for V(v(',t0)), and then, at (amto), V1V(v) = V8V(v) - Dzv = 0 and A3V(v) 5 0,
but since V is convex outside V0 we have

0 z szw) = d2V(v)(Vv,Vv) + VV,(U) -Av 2 VV,,(v) - Av.

which, in turn, implies V8V(v) - Div (aVv) 5 0. Thus, at (3:0,t0)

—V(v )= vV(v)% _—v V(v)Div( aVv)— EBvV(v)- — - v V(v)(/\v+f(v)) 5
j=1
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5 —V3V(v) (Av + f(v)) <0
where for the last inequality we used again (5.8). Therefore, V, is invariant and the proof is completcdfl

As in previous sections, we obtain

Corollary 5.3 With the above assumptions, all solutions of (1.1), exist fort Z 0, and the. semigroup S(t)
is well defined for t _>_ 0. Moreover, for every bounded set B C Y, {S(t)B,t 2 O} is bounded in Y and
{S(t)B,t 2 1} is compact in Y.

We now show that, under the above conditions, the semigroup {S (t), t 2 0} is point dissipative. For
this, as in the previous section, we will construct a suitable Liapunov function.

Let f : R” —> R” and g : Rm —) R171 be C1 and 02 functions, respectively, satisfying (5.8) and
FV0 : Y —) RJr be defined by

Fv0(w) = sup{V(w(m)) : m 6 Q}. (5.9)

It is easy to check that Fvu is a continuous on Y and FVn (w) = 0 if and only if w(:r) 6 lb for all :r E Q.

Then, we prove

Theorem 5.5 Let f, g and VT, T > 0, be as before. Suppose that u(t) is a solution of (1.1). Then, for any
T > 0 for which Fvo(u(-,T)) = r > 0, there exists 17 > 0 such that

lim sup
FV0(“(',T + h)) - Fvo(u(-,T)) S —n. (5.10)

h—iO h

Proof: If Fvo(u(-,T)) = r > 0 and if rt 6 5 is such that u(:E,T) 6 6V,, then from (5.8), there exists
7; = n(r) > 0 such that

—(/\U(-i,T) + f(u(<i,T))) -V5V(U(E,T)) < —n-

Again, (E cannot be on F since in this case, i is a maximum point for V(u(-,T)) and if n’ is the unit outward
normal to an at 53, as before,

0 S VxV(v(5:,T)) -fi = —VsV(v(i,T)) 'g(v(i,T)) < 0

which is a contradiction. Thus, 1? E Q and V,V(u(5:,T)) = 0 and A,V(u(:i:,T)) 5 0. Consequently,
V,V(u) -Div (aVu) 5 O at (a‘:,T) and, as before,

av N
651i) : V,V(u) . BMW“) _ k; BkVal/(U) . 535; _ V,V(u) . (Au - f(u)) < —n,

so that l/(u(a‘:,T + h)) < 7' — 17h for small It. By continuity, this holds for all a: in a. neighborhood of in
If KT = {m : u(:c,T) E BVT}, then KT is compact, and by what we have just shown, there is an open set
9 D U 3 KT such that ifzr E U, and h is small, u(:r,T + h) E l/(T_,,h). If m E Q\U, then u(:v,T) is interior
to V7, so there exists a compact set Q contained in the interior of VT, and he > 0 such that u(:1:,T + h) E Q
if|h|<ho forallm€Q\U.

Thus, for sufficiently small h, u(1:,T + h) is in l/(T_,,,,) for all a: E Q, and so

FvD (u(-,T + h)) 5 T — 17h.

Therefore,
FVu(u("T + h)) — FVo(u('aT)) < _h _

and the result is provedfl
As an immediate consequence, we have

Corollary 5.4 The map Fvu : Y —) R+ is a Liapunov functional for (1.1) and

{¢€Y: FV,(¢)=o}c{¢eY: Fv0(¢)=0}:{¢€Y: ¢(z)€Vo, Vacefl}=Voo
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Note that Voo is not bounded in Y and therefore point (lissipaltiveness does not follow from the corollary.
However, as before, we have

Theorem 5.6 Suppose that f,g : Rm —) Rm are C1 and C72, respectively, and satisfy (5.8). Then, the
problem (1.1) has a global attractor A in X". Furthermore,

u(:1:) 6 V0, for alls: E Q, and u E A. (5.11)

The proof is as in the previous section, with V0, VT and V00 replacing 2°, 22 and Moe, respectively.

6 Appendix

6.1 The first eigenvalue of differential operators
We now collect some results on the spectrum of differential operators which are not necessarily selfarljoint,
see [32, 33, 23]. Let Q be a bounded domain in RN, and consider the elliptic operator L“, defined by

N
c _ ijL [U] — —i§1a1(:v)af:;zj +§b-(z)g— (6.1)

together with the boundary operator

d _
N

i 6a .B [u] : ge (”a—z,- + du, on r = an. (0.2)

where a” is symmetric and positively definite, e = (e1,. . . , e”) is a vector that points outwards to F = 69,
and all coefficients are real and bounded in Q.

For studying the spectrum of (LC, Bd) we are lead to the eigenvalue problem

L°[u] = ya, on Q
(P)°'d{ Bd[u] = 0, on F

Theorem 6.1 [32, 33]
Suppose that there exists in 6 02m) 0 C'1(Q), w > 0 in fl, such that, Bd[w] 2 0 on I‘. Then the

continuous and discrete spectrum of (L°,Bd) are contained in the half-plane

Rem) 2 inf <L1w]> .D (6.3)

If (L“, Ed) does not have residual spectrum, then the following theorem holds.

Theorem 6.2 [32, 33]
Suppose that there exists a function in satisfying the conditions of the preceding theorem. Then, if the

spectrum of (L°,Bd) is non—empty, there exists a real number in the spectrum a], such that the whole
spectrum is contained in the half—plane

Help) 2 m z inf (%‘”—]) g (6.4)

Theorem 6.3 [23]
If Q and all the coefficients of (L°,Bd) are smooth enough, for a sufficiently small, the resolvent R“ is

completely continuous in the sup norm, and all the conditions of the preceding Theorem are satisfied. There-
fore the spectrum is discrete, and thus a] is an eigenvalue. Moreover, there exists a positive eigenfunction
(in, associated to Ill-[1
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Let us suppose that all the coefficients of (P)c‘d are smooth enough. Acc0rding to the results above,
we define a(c, d) = m, which is an eigenvalue associated to a positive eigenfunction. We will say then that
u(c, d) is the first eigenvalue of (LC, Bd).

We will show below some properties of the function u(c,d).

Lemma 6.1 If there exists an eigenpair (,2,¢3) of (P)c,d, such that, (13 2 0 then [1 = u(c, d).

Proof: Taking w = (13 in the Theorem above, we have Re(u) 2 inf (Ldfl) = inf <%) : [1-D

Lemma 6.2 With the above notations, we have
i) For every c,d E R, u(c, d) = u(0,d) + c, and u(0,0) : 0.

ii) Given (11 > d2, then a(0,d1) > u(0,d2).

Proof:
i) The first claim is obvious. If e, d = 0 then we take in = 1 which is clearly a positive eigenfunction for the
eigenvalue u = 0 in (P)o,0 and the result follows.
ii) Let (1); be a positive eigenfunction associated with p(0,d2). We take 11; = (172, in (P)o,d,, and note that
Bdl[w] = (dl — d2)w 2 0. Hence, p(0,d1) 2 inf (421g) = u(0,d2). But p(0,d) is analytic function of d,
thus we get the resultfl

For the particular operator in former sections of this paper, we have

Lemma 6.3 If Lc is of the form L°[u] = ——Div(a(:1:)Vu) + cu and Bd[u] = 36??— + du, we have

_ . fa aIV<i>I2 + Cfn I<i>|2 + dfr |4>|2

Wheat) aw
and

MM) S if, lim u(0,d) = u”
d—mo

where u' is the first eigenvalue of L0 subjected to Dirichlet boundary conditions.

Proof: The first part is rather well known, [11]. Also, note that
2 2 2

M(0,d) = infM S ‘nf fn alvfil = -
¢em(o) IQ |¢| ¢€Hémi fa |¢|

Since u(0,d) is increasing and bounded, then the limit exists and 11mg.)co u(0, d) S u". Let dn converging to
00 and (tn 6 H1(Q), such that ||¢,,|| = 1, norm in L2(Q), and u(0,dn) = In al'i7¢>n|2+dn fr |<z§,,|2 5 it“. Thus,
{d>,,} is bounded in H1(Q) and, taking sub-sequences, if necessary, we can assume d)” —-) (15, weakly in H1(Q),
strongly in L2(Q) and 7015") —+ 7(¢) weakly in L2(l"). Therefore, ”ct” = 1 and since u(0, d”) is bounded we
get fr |¢,,|2 —> 0. Hence, (b E Hém). FYom lower semi-continuity, fo a|V¢|2 5 lim inf” fn alVd>n|2 and then
lim,,_,0° a(0,dn) 2 In aIVd>I2 2 p‘. Since the argument is independent of the sequence we take, we get the
resultfl

Note that, in terms of hypothesis (1.8) and (1.9), these results imply that for a given do E R” as before,
if c0 E Rm is (component-wise) large enough, the hypothesis is met, since one is pushing the Spectrum of
the operator to the right in the complex plane. However, the converse is not true. In fact if c0 E Rm is given
and some component is very negative, no matter how big d0 E It” is taken, the first eigenvalue of (1.9) can
not be made positive. This means that one can compensate possible wrong signs in the flux terms with a
suitable reaction term, but the converse is only true if the reaction term is not too big.
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6.2 La Salle’s invariance principle
In this subsection we state classical results in invariance theory, that have been used in previous sections.
The reader is referred to [21, Chap. 4, sec 4.3] and [16] for a more complete presentation.

Theorem 6.4 Assume S (t) is a semigroup in a complete metric space Y and suppose that no 6 Y is such
that {S(t)u0, t _>_ 0} lies in a compact set in Y. Then, the w-limit setw(ug) is nonempty, compact, invariant,
connected, and dist(S(t)u0,w(u0)) —) 0 as t —) +00.

Similarli, if there is a negative orbit through no and {S(t)un, t S 0} lies in a compact set in Y then, the
a—limit set, a(ug) is nonempty, compact, invariant, connected, and (tist(S(t)u0,a(uU)) —) (J as t —) —oo.D

Next, we recall the definition of Liapunov function.

Definition 6.1 With the above notations, a Liapunov function for S (t) is a continuous real valued function
V : Y —+ R such that

l' S l’
\I~'(¢,) =11msupM 5 0

t-—>O+ l

for all 4) G Y.

Then, we have

Theorem 6.5 Let V be a Liapunov function for S(t) on Y and define E = {d} E Y : V(d)) = 0] and M
as the maximal invariant subset of E. If {S(t)uo, t 2 0} lies in a compact set in Y, then S(t)uo —) M as
t —) +00.
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