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Abstract

We study a stochastic velocity tracking problem for the 2D-Navier—Stokes equations
perturbed by a multiplicative Gaussian noise. From a physical point of view, the
control acts through a boundary injection/suction device with uncertainty, modeled by
stochastic non-homogeneous Navier-slip boundary conditions. We show the existence
and uniqueness of the solution to the state equation, and prove the existence of an
optimal solution to the control problem.
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1 Introduction

Optimization problems of evolutionary systems under uncertainty are of major rel-
evance in technology, sciences and everyday life. The initial step in addressing the
problem relies on its mathematical formulation. Once the problem has been formu-
lated, appropriate theoretical arguments and computational methods are applied to
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study the existence and uniqueness of the solution, which will be ultimately deter-
mined or approximated.

In the literature, a wide range of optimization problems has been addressed.

We would like to mention the contribution [30] in applying the Multivariate Adap-
tive Regression Splines (MARS) model to systems of discretized stochastic differential
equations (describing behavioral reactions and human sentiments), in order to esti-
mate the relevant parameters in the equations that fit real-world historical data (see
also [47]). Later [38], the authors successful apply the Robust Optimization algorithms
including parametric uncertainties in MARS models, solving real market problems.

Furthermore, we must say that a strategic combination of statistical regression
and optimization methods can impact knowledge in Medical Sciences with strong
consequences in real life, referring to the Newroscience application, we mention [45]
and references therein.

Here we focus on a so-called continuous-time stochastic optimal control problem,
which is based on a dynamic law (typically a stochastic differential equation) that
governs the temporal evolution of the state process y that we aim to control. Then
practical control actions on the physical system are modeled by incorporating the
appropriate control variable « into the dynamic law. A key step in analyzing the control
problem is to show that an imput u will produce a single output y*; in mathematical
words this step corresponds to showing the well-posedness of the state equation. The
goal or desired performance corresponds to maximizing (or minimizing) an objective
(cost) functional J = J (¢, u, y*).

Important applications of optimal control theory can also be found in mathematical
finance [26, 36, 48]. Namely to solve investor allocation problems or Merton problems;
let us mention for instance the recent work [21] (and references therein) in the context of
continuous-time stochastic volatility, and [4,40] where the authors consider adjusted to
reality Hybrid Models with jumps and regime switches. We also address to the reader
the paper [5] concerning the optimal management of defined contribution pension
funds under the effect of inflation, mortality and uncertainty. In this framework, the
investor or the manager can be seen as a player who chooses the optimal strategy
to obtain the best profit. More envolved optimization problems arise when multiple
players (cooperating or competing with each other) choose their own strategies to
achieve their own optimal individual profits. Game theory provides the appropriate
framework to tackle such complex problems (see for instance [37, 39, 41, 42]).

It is worth to mention that continuous-time optimal control problems can be classi-
fied according to the control type: feedback or not feedback. A feedback control reads
u(t) = U(t, y(t)), where U(t, y) is a policy function defined on the state space. The
theory for finding an optimal policy function relies on studying the Hamilton-Jacobi-
Bellman (HJB) equation. If the state space is R?, the HIB equation is a deterministic
nonlinear partial differential equation or integro-partial differential equation on R¥.
When the evolutionary law is a stochastic partial differential equation, the state space
is infinite dimensional, and the study of a feedback control problem is a delicate issue.
Even the definition of the HIB equation is far from being well understood. We refer to
[10, 22, 34], where the authors proved the existence of e-optimal feedback controls.

We must emphasize that the difficulty of solving an optimal control problem feed-
back/not feedback strongly depends on the structure of the stochastic differential
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equation, which can be linear or nonlinear, finite or infinite dimensional. Further-
more, the noise can be of finite or infinite dimensional, continuous in time or with
jumps, requiring a specific analysis accordingly.

In the present article, the evolutionary law is a nonlinear stochastic partial differen-
tial equation that describes the evolution of a velocity field of a Newtonian fluid under
the action of stochastic random forces and filling a two-dimensional bounded domain
O  R2. The control actions are imposed on the boundary of the container and are
not of feedback type. We aim to show the well-posedness of the state equation and the
existence of the optimal solution. In forthcoming works we intend to apply Pontrya-
gin’s maximum principle to deduce first-order optimality conditions and second-order
sufficient optimality conditions.

More precisely, we consider the Navier—Stokes equations with non-homogeneous
Navier-slip boundary conditions

dy = WAy — (y-V)y — Vr)dt + G(t,y) dW;,
inO7r =(0,7T) x O,

divy =0, (1.1)
y'n=a, [2D(y)n+ay]-T=0b onl'y =(,7T) xT,
¥(0,x) = yo(x) in O,

where y = y(#, x) is the 2D-velocity random field, 7 = 7 (¢, X) is the pressure, v > 0
is the viscosity and yq is the initial condition that verifies

divyp =0 in O. (1.2)
Here

) =5 [Vy + @]

is the rate-of-strain tensor; n is the external unit normal to the boundary I" € C? of
the domain O and 7 is the tangent unit vector to I', such that (n, ) forms a standard
orientation in R?. The positive constant & is the so-called friction coefficient. The
quantity a corresponds to the inflow and outflow fluid through I', satisfying the
compatibility condition

/ a(t,x)dy =0 forany ¢ € [0, T]. (1.3)
r

This condition means that the quantity of inflow fluid should coincide with the quantity
of outflow fluid. The boundary functions a and b will be considered as the control
variables for the physical system (1.1). The term G(z, y) W, is a multiplicative white
noise.

The main goal of this paper is to control the solution of the system (1.1) by the
boundary condition (a, b), which is a predictable stochastic process belonging to the
space A of admissible controls to be defined in Sect.4. The cost functional is given
by

1
Hmhw=E/ Ew—mﬁwm+E/

Or I'r

— —|b|7 ) dydt, (1.4
(2W|+2H> ydt, (1.4)
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where y; € Ly(2 x Or) is a desired target field and Ay, A, > 0. We aim to control
the random velocity field y, defined as the solution of the Stochastic Navier—Stokes
equations, through minimization of the cost functional (1.4). More precisely, our goal
is to solve the following problem

minimize{J (a, b,y) : (a,b) € A and
P)| @b
y is the weak solution of the system (1.1) for (a, b) € A}.

Let us mention that boundary control of fluid flows is of main importance in several
branches of the industry, for instance, in the aviation industry. Extensive research has
been carried out concerning the implementation of injection-suction devices to control
the motion of the fluids (see [8, 9]). On the other hand, rotating flow is critically impor-
tant across a wide range of scientific, engineering and product applications, providing
design and modeling capability for diverse products such as jet engines, pumps, food
production and vacuum cleaners, as well as geophysical flows. The control problem
for deterministic Newtonian and non-Newtonian flows, has been widely studied in the
literature (see [13-15, 23, 28, 29, 44]). However, it is well known that the study of
turbulent flows, where small random disturbances produce strong macroscopic effects,
requires a statistical approach. Recently, special attention has been devoted to stochas-
tic optimal control problems, where control is exerted by a distributed mechanical force
(see [10, 16, 22, 43]). To the best of our knowledge, this is the first paper where the
boundary control problem is addressed for stochastic Navier—Stokes equations under
Navier-slip boundary conditions.

The plan of the present paper is as follows. In Sect.2, we present the general
setting, by introducing the appropriate functional spaces and some necessary classical
inequalities. Section 3 deals with the well-posedness of the state equations. In Sect. 4,
we show the existence of an optimal solution to the control problem.

2 General Setting

Let X be a real Banach space endowed with the norm ||-||x . We denote L, (0, T'; X)
as the space of X-valued measurable p—integrable functions defined on [0, T'] for
p=>1L

For p,r > 1,let L,(2, L, (0, T; X)) be the space of the processes v = v(w, t)
with values in X defined on 2 x [0, T'], adapted to the filtration {F;};c[0 7}, and
endowed with the norms

’ 1
) 4
VL, @.L0.1:x) = <E(/O vily dt)’)

and

1
14
VL, @.Lo0.1:x) = <E sup ||V||1)7(> if r = oo,
t€l0,7T]
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where E is the mathematical expectation with respect to the probability measure P.
As usual, in the notation for processes v = v(w, ), we generally omit the dependence
onw € Q.

We define the spaces

H={velLyO) :divv=0 inD'(0), v-n=0 in H '/>(I")},
V={veH (©):divv=0 ae.in®, v-n=0 in H/>(I")}.
We denote (-, -) as the inner product in Ly(O) and || - ||2 as the associated norm.

The norms in the spaces L ,(O) and H?(O) are denoted by || - ||, and || - || z». On the
space V, we consider the following inner product

(v,z)y =2 (D, Dz)+afv-z
r

and the corresponding norm ||v]ly = /(v, V)y.
Throughout the article, we often use the continuous embedding results

H'Y0,7) c C(0,T]), HYO)cC L. .1

Let us introduce the notation
Vo = / v dx. 2.2)
O

We notice that for any vector v € V we have vp = 0, since

/v/dx:/ div(vx,)dx:/x/(v-n)dyzo forj =1,2.
o o ' r

Using it and the results that can be found on the p. 62, 69 of [32], p. 125 of [35], and
on the p. 16-20 of [46], we formulate the next lemma.*

Lemma 2.1 For any v € H'(O) and any q > 2, the Gagliano-Nirenberg-Sobolev
inequality

IV = vollg < CIVIE11Vv]l; 2.3)
and the trace interpolation inequality
v = vollz,m < ClIVILY /vy~ 2.4)
are valid. Moreover, any v € V satisfies Korn's inequality
Ivilgr = Clivily, (2.5)

that is the norms || - || g1 and || - ||v are equivalent.
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Remark 2.2 'We should mention that throughout the article, we will represent by C a
generic constant that can assume different values from line to line. These constants C
will depend mainly of the physical constants v, «, the domain O, a given time 7 > 0.

Now, we state a formula that can be derived easily via integration by parts

—/Av~zdx=2/ DV~DZ—/2(n~DV)'Z, (2.6)
@ @ r

which holds for any v € H 2(O) and z € V. Let us assume that v satisfies Navier-slip
boundary condition (1.1), then we have

—/ Avozdx:(v,z)v—/b(z-r)dy. 2.7
@] r

In what follows we will frequently use
2
2V
uv <su "+ —, Ve >0, (2.8)
4e
that is a particular case of Young’s inequality

For a vector
m—times
——
h=(,....,.h,)e H" =H x ... x H

we introduce the norm and the absolute value of the inner product of h with a fixed
veHas

m m 1/2
Ihll, =) Ihglly and |<h,v)|=<2<hk,v)2) : (2.10)

k=1 k=1

Assume that the stochastic noise is represented by

m
G(t,y)aW, =Y _ Grty)anf,
k=1

where G(z,y) = (G, y),...,G™(t,y)) has suitable growth assumptions, as
defined in the following, and W, = (W!, ..., W;") is a standard R™-valued Wiener
process defined on a complete probability space (2, F, P) endowed with a filtration
{Ft}ter0.77- We assume that Fy contains every P-null subset of 2.

Let G(t,y) : [0, T] x H — H™ be Lipschitz on y and satisfy the linear growth

IG(t,v) — G(t,2)|5 < K |lv—zl3,
IG(, V)l < K (1+vll,), Vv,ze H, t[0,T] (2.11)
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for some positive constant K .
Let us define the space of functions H,(T') = {(a, b) : [|(@, b)||3(,r) < +o0}
with the norm

lla, D)llr, @y =llall _1 + [|all
w, 7

+1oll 1+ blliyy +110:011 1
» ) w, ()

H%(r H 2(T)

In this work, we consider the data a, b and ug belong to the following Banach spaces

(a,b) € Ly(22x (0,T); Hp(I')) for given p € (2, +00), wup € L2(2; H).
(2.12)

In addition, we assume that (a, b) is a pair of predictable stochastic processes.

3 State Equation

This section is devoted to the study of the state equation. We use the variatioal approach
to show the existence and the uniqueness of solution, and deduce appropriete estimates
to study the control problem.

Since, we are considering non-homogeneous boundary conditions, we first intro-
duce a suitable change of variables based on the solution of the non-homogeneous
linear Stokes equation, which allows to write the state in terms of a vector field satis-
fying a homogeneous Navier-slip boundary condition.

Lemma 3.1 Let (a, b) be a given pair of functions satisfying (2.12). Then there exists
a unique solution

ae Ly(Q H'((0.T) x 0)) N Ly(Q x (0, T); W) (O)) (3.1)
of the Stokes problem with the non-homogeneous Navier-slip boundary condition

—Aa+Vr =0, diva=0 in0O,

a-n=a, [2D@n+cwcal-t=>b onTl, G2

such that

lallwi o) +ld:allyo) = Cli@, D)lIx, @),  ae inx(0,T). (3.3)
In particular, we have

a e Ly(Q; C([0, TT; L2(0))) N La(2 x (0, T); C(O) N H'(O)).

Proof Let us introduce the function ¢ = VA, where h is the unique solution of the

system
—Ah=0 i
o 0in0, e ingx (.7
p = a on r,
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with fr h dy = 0. Theorem 1.10, p. 15 in [27] implies that the function ¢ satisfies
the estimates

llellwio) = Cpllall =1 lldellpio) = Clldall 1, (34
b w, 7 (D) w2 (I

where the constant Cj, depends on p,2 < p < o0.
Let us consider the following Stokes problem

—Ab+Vr =0, divb=0 inO,

b-n=0, [2D()n+ab]-7=5 onr, 2&M&xOT)

_1
withb = b —[2D(c)n+ac] -t € W, ”(I') by (3.4) and Lemma 2.4 in [2]. Using
Theorem 2.1 in [1], we have that there exists a unique solution b of this Stokes problem
such that

Ibllwio) < Collbll 1 . 11bllgioy < ClIdbI _y . (3.5)
W, P () W, 2(I)

Due to the regularity (2.12) and the estimates (3.4)—(3.5), we conclude that the system
(3.2) has the unique solutiona = b + ¢, satisfying the first estimate in (3.3). The second
one in (3.3) is a direct consequence of the embeedings W21 0,T) — C([0,T]) and

W3(O) = C(O), since 2 < p < +o0. O

With the help of the solution of the non-homogeneous Stokes equation, we introduce
the notion of solution to the state system (1.1).

Definition 3.2 Let the data (a,b) and ug satisfy the regularity (2.12), and a be
the corresponding solution of (3.2). A stochastic process y = u + a with u €
C(0,T]; HyNL,(0,T; V), P-ae.in2, isastrong (in the stochastic sense) solu-
tion of (1.1) with yg = ug + a(0) if P-a.e. in 2 the following equation holds

t
(y(t),fp)zfo [—v(y, w)v+/rvb(¢~r)dy—((y-v)y, ¢)]ds
t
+(yo,¢)+/0 (G(s,y(s),9) dW,, VYte[0,T], YoeV, (3.6)

where the stochastic integral is defined by

t m t
/0 G(s.¥()). @) dW;s = ) /O (G*5. 560 0) aWt,
k=1

The existence of solution for the system (1.1)—(1.2) will be shown by Galerkin’s
method. Since the injection operator [ : V — H is a compact operator, there exists a
basis {e;} C V of eigenfunctions verifying the property

(v,e))y =i (v,e;), VveV, iel, 3.7

@ Springer



Journal of Optimization Theory and Applications (2024) 203:1847-1879 1855

which is an orthonormal basis for H, and the corresponding sequence {A;} of eigen-
values verifies A; > 0,Vi € Nand A; — oo asi — o00. For the details we refer
to Theorem 1, p. 355, of [25]. Moreover the ellipticity of the equation (3.7) and the
regularity I' € C? imply that {e;} C C>(O)N V.

For any fixed n € N, we consider the subspace V,, = span{ey,...,e,} of V.
Taking into account the relation (2.7), the approximate finite dimensional problem is:
for P-a.e. in Q to find y, in the form

n
Yo =u,+a with u,(t)=> plt)e;, e[0Tl
j=1

as the solution of the following finite dimensional stochastic differential equation

d (Y. @) = [V n. @)y +v [ b(@-T)dy — ((Yn - V)Vn. @) | dt
+(G(t, y0), 9) dW,, Y1 e(0,T), YoV, (3.8)
u, (0) = uy, 0,

whereu, o = Z?:l (uo, e j) e; is the orthogonal projection of ug € H into the space
V,,. From the Parseval’s identity we infer that

|unof, < lluoll, and w,o— w stronglyin H. (3.9)

The equation (3.8) defines a system of n stochastic ordinary differential equations with
locally Lipschitz nonlinearities. Hence, there exists a local-in-time adapted solution
u, € C([0, T,,]; V,,) by classical results [31]. The next lemma will establish uniform
estimates, which guarantee that u,, is a global-in-time solution.

Lemma 3.3 Let the data (a, b) and uy satisfy the regularity (2.12). Then the system
(3.8) has a solution 'y, = u, + a, such that

u, e C([0, T]; HYNLy(0,T; V), P-ae. inf.
Moreover, there exists a positive constant Co, such that for the function

~Cot=Co [y @bl ds

&) =e

and any t € [0, T], the following estimate holds

P-a.e. in Q, (3.10)

t
E sup &3(s) [[u,(s)lI3 + vE /0 £3(s) lu, I3, ds

s€[0,1]
t
<C (IE llaoll3 + IE/ gg(s)A(s)ds) , (3.11)
0

where

A= l@, B)ll3q, ) + 1 € Li(2 x (0, 7)) (3.12)

and the positive constants Co and C are independent of the parameter n, which may
depend on the regularity of the boundary T and the physical constants v and «.
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Proof Let &y be the function defined by (3.10) with a constant Cy to be concretized
later on (see expression (3.15) below). For each n € N, let us set

t
g(t) = &) [, ()15 + 2v/0 () ()13 ds, 1 €0, T,

and consider the sequence {7y} yen of the stopping times defined by
Ty =inf{r >0: g@t) > N} AT,. (3.13)

Taking ¢ = e; foreachi = 1, ..., n in the equation (3.8) and using y, = u,, + a, we
obtain

d(u,,e)=[—v(u,+a,e)y+ v/ b(e; -T)dy
r
+ (—da— ((u, +a)-V) (u, +a),e)ldt + (G(,yn), €) dWV,.

Step 1. Estimate in the space H up to ty,. The Itd formula gives

d (@ e)?) =2 e) (v ey —viaey +v [ be vy
I
+ (—0;a— ((u, +a)-V) (u, +a), e)ldt
+2(uy, &) (G(t,¥n), &) dW, + (G (1, y2) , &) |* dt,

where the absolute value in the last term is defined by (2.10). Summing these equalities
overi =1,...,n, we obtain

d (I 13) +2v w1} dr = [—2v @ u)y + /F [~a, -2 +20bu, )} dy ] di
—2@a+ ((u, +a)-V)a, w,)dt
n
+ D 1G (t,ya) &) P dt +2(G(t,ya), uy) dW;
i=1

= Ndt + Ldt + Ldt + 2 (G(t, yn), u,) dW,. (3.14)

Considering Young’s inequality (2.8) for an appropriate € > 0, the inequalities (2.3)—
(2.5) and the regularities (3.1), (3.3), we estimate the terms /1, I> and /3. Namely

2
I = 2vljallv|ugllv + llall Lo lunll, oy + 2011 Ly a2y

C %

< —llal? ) lual3+ Codlally + 1617, ) + Sl
Vv Wp p ()
C v

= SAllull3 + Cvll@, Dl + 5 llually
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where A is defined by (3.12). A similar reasoning gives

B =2 (Il + llalleIVall2) Il + 21 Vallz llu,

v
< C (I3l + 1all2 g + IVal3 + 1) (1 + [lu,ll2) + 31,1

2 v 2
< CA(1 + [lw,]l3) + Ellunllv

and

n
=Y "1(G(t.yn).e) > < ClIG . yn) 5 < CA+lyall3)
i=1
< C(+ w15 + l1all3) < C(lluall5 + A),

where we used the assumption (2.11). Gathering the previous estimates, we obtain the
existence of a positive constant Co, such that

I + L+ I3 < 2CoA(|[u, |13 + 1). (3.15)

Taking the function &j as in (3.10), thanks to (3.14)- (3.15), the application of Itd’s
formula yields

E5(s) U (9113 + 2v /O E5(r) lunlly dr
~ w0112 — 2C /0 " (AW lunl3 dr
- fo E5 (I + I + I3)dr +2fos E5 () (G(r. yn), un) W
< unol5 - 2Co /0 "2 (AW lunld dr
+2C0 /O " 2(ACr 12 /O CE20) (GO, yu), u) W)

5 S
< Junol3 +2C0 fo E3(NAG)dr +2 fo E3(r) (G(r, yn), up) dWi.
Therefore, we can write

£2(5) llun ()13 + v /0 ") Il dr < [unol +C /0 (AW dr

+2/ E2(r) (G (r,¥n) , uy) AW
0
(3.16)
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Now, considering the sequence (zy) of the stopping times introduced in (3.13) and
using (2.11), the Burkholder-Davis-Gundy inequality gives

rl'\',At 4 ) %
sE([O £4(5) 1(G (5. )+ un)| ds)

1

At 5 2
Ey ) IG (s, yn)ll3 ds)

E sup

se[0, Ty At]

N
fo ) (G (r,yn) , up) dWr

n

<E sup So(s)lllln(s)”z(/(;N

se[0, Ty At]

P

2 2 NAT o 2
<eE sup E5()un(s)l5 + CE A &y () (lunll5 + A(s)) ds.

se[0,Ty At
For t € [0, T], we first take the supremun of the relation (3.16) for s € [0, Ty A t],

next we take the expectation and incorporate the previous estimate of the stochastic
term with ¢ = % Then considering (3.9), we deduce

1 2 2 WA 2 2
Esup SOl +HVE | 56wl ds

se[O,t]’{,/\t]

n
Ty N

r["v/\t
< E|uol} + CE /0 £2(s) A(s)ds + CE /0 £3 Ilu, |13 ds.

Hence, the function

AL
FO=E sup &)un(s)3 +2vE fo "85 % ds

se[0,Ty Al]

fulfills the Gronwall type inequality

t t
%f(t) S]Ellun(O)||%+CE/ Sg(S)A(S)dS-F/ f(s)ds,
0 0

which implies

2 2 rI’\',/\t 2 2
E sup  £2(s) [un(s)])3 + 2uE /O £2(5) luall% ds

se[O,t]’{,At]
1
< CE |l |3 + C]E/ E2(s)A(s) ds. (3.17)
0
Step 2. The limit transition as N — oo. From (3.17) we have

E sup g@s)=C

se[0, Ty AT]
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for some constant C independent of N and n. Let us fix n € N. Since u, €
C([0, T,]; Vi), we have g(ty) > N and

E sup  g(s) = E ( sup 1{1—}:]<T}g(5))

se[0,TyAT] se[0, Ty AT]

) (1{%@} g(z;g)) > NP (1} <T), (3.18)

which implies that P (r/’fl < T) — 0 as N — oo. This means that tjy — T in
probability as N — oo. Then, there exists a subsequence {‘C}'\’,k} of {ry} (which may
depend on n) such that

t,'\',k(w) — T forae.weQ ask — oo.
Since tl’\’,k < T, < T, we deduce that 7,, = T, hence y, = u, + a is a global-in-
time solution of the stochastic differential equation (3.8). In addition, for each fixed
n € N, the sequence {1:1’\‘,} is monotone on N, therefore we can apply the monotone

convergence theorem in order to pass to the limit in the inequality (3.17) as N — oo,
thereby deducing the estimate (3.11). O

In the next lemma, by assuming a better integrability for the initial data, we improve
the integrability properties for the solution y,, of problem (3.8).

Lemma 3.4 Let the data (a, b) and vy satisfy the regularity (2.12). In addition we
assume

(a,b) € La(2 x (0, T); Hp(T)),
ug € L4(2; H). (3.19)

Then, the solution 'y, = u, + a of problem (3.8) has the regularity
u, € C([0,T]; HYNL4(0,T; V), P-ae. ing,

such that

t 2
E sup &5(s) [uu(s)5 + 8v°E ( /O £3(s) ||un<s>||zvds)

s€[0,1]

t
<C (]E lluo I3 +1E/ gg‘B(s)ds>, t €0, T1, (3.20)
0

where the function & is defined in (3.10),
B =l(a, D)l + 1 € Li(Q x (0, 7)) (3.21)
and C is a positive constant, being independent of n.

@ Springer



1860 Journal of Optimization Theory and Applications (2024) 203:1847-1879

Proof Taking the square on both sides of the inequality (3.16) and the supremum on
s € [0, Ty A t] with 7y defined by (3.13), we infer that

2

T AL
sup  £5(s) lu, ()15 + v? (/0 ! s§<s>||un(s>||"’vds>

s€[0, Ty At]

o

s (Jmolt ez [

/0 £5(r) (G (r,y,)  uy) AW,

t
£5(s)B(s) ds)

2
+4  sup

se[0, Ty At]

’

where B is defined by (3.21). Therefore taking the expectation in this inequality and
applying the Burkholder-Davis-Gundy inequality

n

E sup |/s€:§(r)(G(rayn)yun)derzflE(/TN
0 0

sel0,Ty Ar]

&G (s ) w)[’ d5>

2 2 WA 2 2
=E sup § ”unH2/ § 1G G,y ds
0

se[0,Ty Al

4 4 WA 4 4
E sup so(s>|\un(s>u2+CIEfo () (I3 +B(®) ds,

s€[0, Ty AL]

=

N =

we obtain

n 2

1 4 4, 2 WAL 2

EE sup E() (s) ||lln(S)||2 + v°E 5;'() (s) lla, "V ds
s€[0,Ty ] 0

n
Ty N

‘[}'\'/At
< C(E [uoll3 + fo £3(s)B(s)ds + CE /0 E3(s) (1 + [Ju,]3) ds.

Using Gronwall’s inequality, we deduce that

n 2
‘[NAt
E  sup  &5(s) uu(s)5 + v’E ( /0 £3(s) ||un||2Vds) < CE |3

sel0,Ty At]

TN AL
+c/ " EdB)ds, Vie[0.T].  (3.22)
0

Arguing as in the proof of Lemma 3.3, there exists a monotone subsequence { r/’flk} of
{zy}, which converges to T a.e. w € , as k — oo. Thus, applying the monotone
convergence theorem, we can pass to the limit in (3.22) as k — 00, in order to deduce
the estimate (3.20). O
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Theorem 3.5 Let the data (a, b) and ag satisfy the regularity (2.12) and (3.19). Then
there exists, a unique strong solution y = u + a to the system (1.1)— (1.2), such that

ueC(0, T]; HYNL4(0,T; V), P-ae. inf,

and for any t € [0, T], the following estimates hold

t
E sup £2(s) [u(s)|3 + vE / £2(s) Iul? ds
s€[0,1] 0

t
=C (E lluol3 + IE/ ég(S)A(S)dS> , (3.23)
0

t 2
E sup £4(s) Ju()[l4 + v°E ( /O £2(s) ||u||2Vds)

s€[0,7]

t
=C <E lyoll3 + VZE/ Eé(S)B(S)dS> , (3.24)
0

where the functions &) and A, B are defined by (3.10) and (3.12), (3.21), respectively.
Here C is a positive constant that is independent of n.

Proof The proof is splitted into three steps.
Step 1. Convergence related to the projection operator. Let P, : V — V,, be the
orthogonal projection defined by

n n
Piv=7 Bj€ =) Bje; wihp;=(v¥),, Bj=(v.e), WeV,
j=1 j=1

where {€; = ﬁe j};;o: | is the orthonormal basis of V. By Parseval’s identity, for

any v € V we have

[ Pavll2 < lIVI2, [ PuVllv = [IVllv,
P,v — v stronglyin V. (3.25)

Considering an arbitrary z € L (2 x (0, T); V) for some s > 1, we have
[|Puzlly < llzlly and Pyz(w,t) — z(w,t) stronglyinV,

which are valid P-a.e. w € Q and a.e. t € (0, T). Hence, Lebesgue’s dominated
convergence theorem implies that for any z € L(2 x (0, T'); V), we have

P,z — z stronglyin Lg(Q2 x (0,7); V). (3.26)

Step 2. Passage to the limit in the weak sense.
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Let us define f(t) = Co (||(a, b)llgﬂp(r) + 1). Since

T
/ Jo(s)ds < C(w) < +oo forallw € Q\A, where P(A) =0
0

by (2.12), there exists a positive constant K (@), which depends only on w € Q\A
and satisfies

0 < K(w) < &) =e o 0@0d < | forallwe Q\A, 1e[0,T]. (3.27)
The estimates (3.11) and (3.20) give that

T
E sup 63 <C, E / léoun |3 di < C,
t€[0,T] 0

2

T
E sup &, (0|3 < C, E( / ll&ou, 13 dr) <C (3.28)
t€[0,T] 0

for some constant C that is independent of the index n. These uniform estimates imply

<C, VneN, (3.29)

Lr(2x(0,T); V')

HE& ¥n-V)yn
where V’ denotes the topological dual of the space V. The uniform estimates (3.28)
ensures the existence of a suitable subsequence u,,, which is indexed by the same index

n to simplify the notation, and a function u, such that

§ou, — &ou  weakly in Ly(€2 x (0, T); V)NL4(2, L2(0, T; V)),
&ou, — &u  *-weakly in Lo(2, Loo(0, T; H))NL4(2, Loo(0, T; H)). (3.30)
Moreover, we have
& Pyu — &ou  strongly in Lo(2 x (0, T); V) N La(2, L2(0, T; V)) (3.31)
by (3.26). The limit function u satisfies the estimates (3.23), (3.24) by the lower
semicontinuity of integral in L, and L4 spaces.
Considering (2.11) and (3.29), there exist some operators B*(¢) and G*(¢) such

that

£0G(1,y,) — &G (1) weakly in Lo(Q2 x (0, T); H™),
E2 (Yo - V)yn — ESB*(t) weaklyin La(S2 x (0, T); V'). (3.32)

Since y,, solves the equation (3.8), then using It6’s formula, we infer that

d (égyn,q)) =&V (Yn @)y + ”/Fb("’ ) dy — ((Yn - V)Yn, @)

— 2f0(t) (Yn, @)1 dt + &5 (G(t,y2), @) AW,
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that is, the following integral equation holds

(é&(l)yn(t),«i) = (¥n0.9) =/0 EF [V (¥a(8). @)y +V/rb(S)(¢ -1)dy
= ((Yu(s) - V)Yu (), @) —2fo(s) (Yu(s), @)1ds

t
+/ £2(5) (G(s,yn), @) dW;, Vit €[0,T], P-ae.in Q. (3.33)
0

Denoting

t
hi(0) = G000 — [ GOG6.v) W,
the following differential equation holds
9
3 (hy (1), @) = & (O[—v (ya (1), @)y + V/Fb(l)(fﬂ D) dy — ((ya @) - VIyn(1), @)
—2fo(®) (yo(t), )], P-ae.in, Vtel0,T]. (3.34)

We notice that due to the properties of the stochastic integral and the assumption
(2.11), we have

t
h, (0—h(1) =5 (1)y(1) - / £ (9)G* (1) dW; weakly in Ly(Q x (0, T); H'(0)).
0

Now, we pass to the limit in the equation (3.33) in the distributional sense. Namely
multiplying the equation (3.34) by the test funtion 6(¢)n(w), with 6 € C*([0, T])
with compact support and n € L2(£2), and passing to the limit, we derive
T T
E/ (h(1). 9) 01y = —E/ 20—y (¥(1). 9y + u/ b(t)(p - ) dy
0 0 r

— (B*(1), @) — 2fo(1) (y(t), @)16n dt.
Therefore 3 € L,(Q x (0, T); (H'(0))"). Since h € Ly(2 x (0, T); H'(0)), we
inferthath € L,(2; C([0, T]; L2(O)) by the Aubin-Lions embeeding result [3], [46].

Taking into account the continuity property of the stochastic integral, we conclude that
g2y € Ly(Q; C([0, T1; L2(0)). In addition

g2ya—&ly  in C,([0, T1, L2(R) x L2(0)),

where the index @ means that we are considering L, (£2) x L2(O) endowed with the
weak topology. Hence, we have

E[(80y0).9)n] - E[(£0yn.0)n]. vic0.71. (333
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Now, we multiply the equation (3.33) by an arbitrary n € L»(£2) and take the
expectation, we derive

E (8050, 9) = (vn0. )}
t
=En{/0 Sﬁ[—v(yn,q))v +V/rb(<ﬂ-r)dy —((Yn - V)Yn, @)
t
~2fo (yn, @)1d1 + fo £ (G(s,¥n), 9) dws} .

Applying (3.30)—(3.32) and (3.35), we pass to the limit n — oo in this equality and
deduce

13
En{(80y.0) - 6o.9)| =Ex {/ v o +v [ bo oy
0 r
t
~(0) =20+ [ 8 (6700 o).

Since n € L,(2) is arbitrary, the following equation holds

t
(é&(t)y(t),rp) — (Yo, 9) = {/0 El-v(y. @)y +v/Fb(<p -T)dy
t
—(B*,9) = fo(y. @)ld1 +/O &3 (G*, ¢) dWS} (3.36)
for any ¢ € [0, T] and P-a.e. in 2, that is

4(50.0) =gy .01y +v [ b0 mrdy ~ (8. 0)

—2fo (y. @)1dt + & (G*. @) dW; and y(0) = yo.
Moreover if we use Itd’s formula
dv.0) =d[&° w0 | =8 w.0d(&2) +5724[8 5.0,
we derive that the limit function y in the form y = u + a with
uely(0,T;HYNLy(0,T;V), P-ae.in2, ae.on(0,7),
satisfies P-a.e. in €2 the stochastic differential equation
dy. @) =[-v{y. @y + V/Fb(q) 1) dy — (B*(t), @) 1dt
+ (G*(t), ) dW,, Vte€[0,T], VoeV, (3.37)

and y(0) = yo.
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Step 3. Deduction of strong convergence as n — 00. In order to prove that the
limit process y satisfies the equation (3.6), we adapt the methods in [10]. Writing
y =u+a,y, = u, + a and taking the difference of the equations (3.8) and (3.37)
withg =e¢; € V,,i =1,...,n, we deduce

d(Ppu—uy, e)= [_V (Ppu—uy, e)y + ((yn -V)y. — B*(1), ei)] dt
(Gt y) — G (). &) AW, i=1.....n.  (339)

Then the Itd’s formula yields

d(Pyu—u,, €)* =2 (Pu—u,, e)
X [—v(Pou—u,, &)y + ((ya - VIYu — B* (1), &)] dt
—2(Pyu—uy, &) (G, y,) — G*(1), &) dW,
+1(G(t, yn) — G*(1), &) |* dt.

Summing overi = 1, ..., n, we derive
d (11 Pwo = 0| 13) + 2011 Pyw = wy e = 2((¥n - V)ya — B*(0), Pau = wy) d

+) (G y) — G (1), &) I dt

i=1
=2(G(t,yn) — G*(t), Pyu—uy,) dW,.
(3.39)

Standard computations give

Yn - V)yn — B*(t) ={—((u, +a) - V)(Pou—u,) — ((Pou—uy) - V)(P,u+a))}
+(Pou—u) - V)(Pou+a)+ ((u+a)-V)(P,u—u)
+{(y-V)y = B*®)} = {Ao1 + Aop} + A1 + Az + As.

In addition, using (2.3), (2.4), (3.3) and Theorem 4.47, p. 210, of [24], we show the
existence of a constant C,, verifying the relation

Io =] ({Ao1 + Aoz}, Pou—uy,) |
= ‘/ a((Pnu - un) : 1_)2 dV‘ + |(((Pnu - un) : V)(Pnu"f‘ a)v Pnu - un)|
r

< llall Loy | Paw = wa 17,1y + | P + ally [ Pyu — u, |13
< (lallLo) + lallgr + I Pully) | Pyu — w5 | Pyu — u, 1y
< Call@@, DIy, py + ) Pt = w3+ v (| Pyt — w5 - (3.40)
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On the other hand, Holder’s inequality gives

I = | (A, Pou—u,) | < C[|Pyu —ull4|[V(Pu+ a)|l2|[ Pau —uyll4
< Cl|Pyu —ullg([[ufly + [lal|g1) (| Paulls + [[w,]l4) (3.41)

and

I = [ (A2, Phu—w,) | < Cllu+a|l4|[V(Pu —w)|[a]| Pyu — u,lg
= Cl|Pyu —ully([lufls + [[alla) (|| Prulla+][w,[|4). (3.42)

The last term A3 will be considered later on.
Denoting

G, =G(,y,), G=G(,y), G =G*(), (3.43)

we have

n n
D G y) —G* (), &) P =Y _1(Gy — G*, e)|* = | PaGy — P.G*|3.

i=1 i=1
The standard relation x> = (x — y)?> — y? 4+ 2xy allows to write

| PG, — P,G*||3 = || P,G, — P,G|3 — | P,G — P,G*|3
- 2(P,G, - P,G*, P,G — P,G").

From (2.11) and (3.25), we have
1P.Gn — PGl < 11G, — G5 < K Ilu, —ul3,

then for the fixed constant C3 = 2K it follows that

n
Y G, yu) = G* (1), €)1* = |1 PaGy — PG* |3
i=1
2 k12
< K|u, —ull5 =P, G- P,G"|5
+2(PuGy — PG*, P,G — P,G*)
< C3lluy — Pyull3 + C | Pyu—ull3 — | P,G — P,G*[I3
+ 2(P, Gy — PnG*, P,G — PnG*). (3.44)

The positive constants C; and C3 in (3.40) and (3.44) are independent of .

We notice that with the help of the convergence results (3.26), (3.30)—(3.32), and
performing a suitable limit trfansition in the equation (3.39), as n — oo, we can
verify that all terms on the right-hand side of the equality (3.39) containing P,u —u
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will vanish; however, terms that contain P,u — u, will remain. Fortunately, these
terms can be eliminated by introducing the auxiliary function

Et)=e hfwas (3.45)

with f() = C3 + max(3Co, C2)(1 + (@, D)3, ) + lull})-

Applying Itd’s formula to the equality (3.39) and using the definition (3.45) of E
we obtain

dE D] Pyu —u,|[3) 4+ 20E(@)|| Pyu — u, |3 di
< 2E()((yn - V)Yn — B*(1), Pyu —wy,) dt
+EO Y 1(G.yn) — G (1), &) [ dt
i=1
—25(1) (G(t, yu) — G*(1), Pyu —w,) dW; — C3&(t)|| Pyu — u,||3 dt
— CED (1@, D3, ry + Tl Pyu — wy][3 dr.

Writing this equation in the integral form, taking the expectation, and applying the
estimates (3.40), (3.44), we deduce that

EE 0] P — uy)]3) +E /O FOIPG - PG ds
+v1E/0tE<s>||Pnu—un||"‘Vds < ZEfOZE(s)h ds
+2E/0t £(s) b ds +2]E/Ot§(s) (A3, Pyu —uy,) ds
—i—CE/OtE(s) | Pyu— ull3 ds

1
+ 2E/ £(s)(P,G, — P,G*, P,G — P,G") ds
0

=Nh+h+h+Js+Js fort e (0,7).

Next, we will show that the right-hand side of this inequality tends to zero as n — oo.
Considering the estimate (3.41) and using & < ég on (0, T'), then we deduce that

T 1/2
J1<C (E/ 5 11Pyu—ullF(lully + llall41) ds)
0
12

T
x (E/O 53(||u||v+||a||H1)(||Pnu||i+||un||ﬁ>ds)
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Using (2.3) for g = 4, we have

T
E/O £511Pyu — ull3(llully + |lall ;1) ds

T
< (E sup s&nPnu—un%/ Er(lully + llall?,)) ds)'/?
s€[0,7] 0

T T
x (E/O s&||Pnu—u||2vds)1/2sc<E/0 211 Pyu —ul3 ds)!/?

by the estimates (3.23)—(3.24). Applying similar calculations we can show that there
exists a constant C, such that

T
IE/O g5 (Iully + [lall ) (1Pl + [u,]13) ds < C,

that is

1/4

T
J<C (]E/ 1Py —ul} ds>
0

For the term J>, using the estimate (3.42), we can show that

T 1/2
stc(ﬂzf g2l Py —ull? ds) -
0

Therefore we get that the terms J;, i = 1, 2, converge to zero as n — oo by (3.31).
The convergences of (3.30) and (3.31) show that

& (Pyu—u,) —0 weaklyin Ly(2 x (0,T),V) asn — oo.

The operator £ A3 = &3 ((y - V)y — B*) belongs to L»(Q x (0, T); V') by (3.29)
and (3.32), thus

T
J3 = ZIE/ EG)((y- V)Y — B*, PLu—u,)ds — 0 asn — oo.
0
Due to (3.31), we have
T~
Js = CIE/ E(s) | Pau —ull5ds — 0.
0

Due to the convergence results (3.26), (3.30), (3.31), (3.32) and (3.43), we obtain

&Py (Gn —G*) =0  weakly in Ly(Q2 x (0, T), H™),
&P, (G -G — G —-G* strongly in Ly(2 x (0, T), H™), (3.46)
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that implies
TN
Js = ZE/ §()(P,Gy — P,G*, Po(G—G"))ds > 0 asn — oo.
0

After combining all the convergence results, we obtain the following strong conver-
gences

t
lim E (E0)l1Pu) —u,013) =0, lim E[ E®)IPu— |} ds =0
n—oo n—oo 0
for ¢t € (0, T), which combined with (3.31), imply

t
Tlim E(E0llw ) —u0l3) =0, lm E /0 E©)lluy — ul[} ds =0,

(3.47)
In addition, considering (2.11), we conclude
t ~
B[ E0I66.y - 6 @l =0,
Since E is strictly positive, we infer that
G(t,y) =G"(t) ae.inQ x (0,T). (3.48)

From (3.32) and (3.47), it follows that g(t)(y -V)y = E(t)B*(t) ae. in Q x (0,7),
that implies

(y-V)y=B*"() ae.inQ x (0, T). (3.49)

Considering the identities (3.48), ( 3.49), the equation (3.36) reads

t
@), ) — (o, @) =/0 [—v(y, )y +V/Fb(¢~t)dy — (- Vy, <p)} ds
t
+/ (G(s,y), @) dW;, P-ae.in2, te(0,7T).
0

The uniqueness of the solution y follows from the stability result established in the
next theorem. O

Let us denote by ¢ = ¢; — ¢, the diference of two given functions ¢y, ¢s.

Theorem 3.6 Let us consider y; =u; + aj, y» = up + ay with

u,up € C(0, T]; HYNL4(0,T; V), P -ae.in$2,
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two solutions of (1.1), satisfying the estimates (3.23), (3.24) with two corresponding
boundary conditions a1, by, az, by and the initial conditions

yi,0o=up0+ai0), yzo=uo+az0).

Then there exist a strictly positive function f1(t) € L1(0, T) P -a.e.in Q, depending
only on the data, such that the following estimate

t
E sup £2(s) IF(s)II3 + 2v /O ELS I ds

s€[0,7]

t
< CE[Fol} +E / E21@. D)y ds)  (3.50)
0
is valid with the function & defined as

£1(t) = e~ 0 1O pish fi € 110, T) P-ae. in Q. (3.51)

Proof The proof follows the same reasoning as the proof of Theorem 3.5. O

4 Solution to the Control Problem

This section studies the existence of an optimal solution to the optimal control problem
(P). We intend to control the solution of the system (1.1) by boundary values (a, b),
which belongs to the space A of admissible controls defined as a compact subset
of Ly(2 x (0, T); Hp(I')) verifying an exponential integrability condition. More
precisely, we assume that there exists a constant A > 0 such that

Ee 4Cof0 [I(a, b)HHP(r) )\" V((l,b) c A (41)

Remark 4.1 We notice that given a control pair (a, b) € A, the corresponding statey =
u+ a defined as the solution of the state equation (3.6) belongs to L (2 x (0, T) x O).
Namely, considering the auxiliar function &y introduced in (3.10), and the estimates
(3.23), (3.24), Holder’s inequality gives

1
EC sup u)3) = € sup [leomu®l$? (E (&))" < o0

r€[0,T] 1€[0,T]

Therefore, the cost functional (1.4) is well defined for every (a, b) € A.

Now, we write one of the main result of the article, which establishes the existence
of a solution for the optimal control problem (P).

Theorem 4.1 Assume that (a, b) and yq verify the regularity (2.12), (3.19), such that
(a, b) belongs to the space A. Then there exists at least one solution for the optimal
control problem (P).
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Proof Let us consider a minimizing sequence
(ans bn, ) € A x La(Q Loo(0, T3 L2(0)) N L2(0, T3 H'(O)))
of the cost functional J, namely
J(an, by, yp) > d =inf(P) asn — oo

and y, is the weak solution of the system (1.1) for the sequence (a,, b,) € A.

d(yn,p) = [—v(yn,fﬂ)v +V[an(<ﬂ"[)d)/ — ((yn - V)an¢):| dt

+ (G(t,¥n),9) AWy, VYo eV, P-ae.inQ, Vie(0,7),
u,(0) =ug € H, “4.2)

Due to the compactness of .4, there exists a subsequence, still indexed by n, such that

(an, by) — (a,b) stronglyin L(2 x (0, T); H,(I)). 4.3)

From Theorem 4.9., p. 94, of [11], there exists a subsequence of (a,, b,), still denoted
by (a,, b,), and a function h € Lo (2 x (0, T')) such that

@, D)r, @) < h, lan, b)lm, ) <h, VneN, ae.inQx (0,7). (44)
Considering the function & = h(¢), let us introduce the following weight

E4(1) = e~ COUFLg 20X p_y e in Q. (4.5)

If we replace a, b, a by a,, by, a,, respectively in the relations (3.2), (3.3), then,

taking into account the estimates (3.23), (3.24), we conclude that the sequence u,, =
Yn — a,, n € N, satisfies the estimates

t
E sup £2(s) [uy(s)[2 + VE f £2(s) luall% ds < C,
s€[0,1] 0

1
E s%p]s;,%s) I, ()15 + 8V E( /0 E7 () lu, ()3 ds)> < C (4.6)
s€[0,r

for any ¢ € [0, T'], where the constants C are independent of n. Therefore there exists
a subsequence, still indexed by #n, such that

Enup—Epu weakly in L (€25 L2(0, T; V),
&nu,—&pu *-weakly in Lg(2, Loo(0, T; H)) fors =2and4. (4.7)

In addition, the following uniform estimate holds

H&i ¥n - V)Y <C, VneN. 4.8)

Ly(2x(0,T): V)
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Hence there exist operators B* and G* such that

E2 (u - V) ya—E7B* (1) weaklyin Ly(S2 x (0,7); V'),
E,G(2, yn)AEhG*(t) weakly in Lo (2 x (0, T); H™). “4.9)

Arguments already used in Step 2 of the proof of Theorem 3.5 allow to pass to the
limit equation (4.2) in the distributional sense, as n — oo, to obtain

d(y,¢)=[-v(y, @y + v/rb(q) -7)dy — (B*(1), ) ldt
+ (G*(t), ¢) dW,, P-ae.inQ, Vie(0,7),
u0) =uy € H, Vo eV. (4.10)

Writingy = u+a,y, = u, +a, and doing the difference between (4.2) and (4.10)
with ¢ = e;,i € N, we deduce

d@ =) =[~va-u ey +v [ G- dy
r
~ G —an. ) - v@—a. ey

(- Vova = B (). ¢1) |t
— (Gt yn) = G*(1). &) AW, 4.11)

+

which holds for any element of the basis {e;} .
By applying Itd’s formula, the equation (4.11) gives
du—u,, e)* =2u—u,e) [—v (u—uy,, e)y +v / (b—Dbp)(e-T)dy
r

—(0(@a—ay),e) —v(@a—a,e)y
+ (- Vva = B (1), &) ]
— 2 —u,, &) (Gt yn) — G*(1), &) dW,
+1(G.ya) = G* (). &) P dr.

Summing over the index i € N, we derive
d(lu —u,|13) +2v|lu — w,| [y dt = 2((yn - V)yn — B*(1),u —w,) dt

+2v/<b b=y -T)dy
I

—(k(a—ay),u—u,) —v(@—a,,u— u,,)v]dt
+D 16 y) — G (1), &) I dt

i=1

—2(G(t, y») — G*(t),u —u,) dW;. (4.12)
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We write

V- V)Yn — B*(t) = {(—((u, +a,) - V)@ —1u,) — (u—u,) - V)(u+a)}
— ((uy +a,) - V)(a, —a) + ((a, —a) - V)(u+a)
+{ - Vy - B* 1)}
= By + B + B> + Bs.

With the help of (2.3), (2.4), (3.3) and (4.6), we deduce the following estimates

Iy =](Bp,u—u,)| < I/Fan((u—un)-t)zdyl
+]((u—u,) -V)(u+a),u—u,)l,
V

= CllG@n, b,y + 1@ D)1,y + i)l — w13 + 2 1w — w1y

V
< Cy(h* + [ull})lu — w,ll3 + 2 la —u, 1%, (4.13)

where the function % in (4.13) is given by (4.4).
Setting

G, =G(t,y,), G=G(t,y), G*=G*() (4.14)

and using the same arguments as in the deductions of (3.44) by taking C3 = 2K, we
infer that

IG(t, y.) — G*(1)II5 < C3 lluy —ull3 + Clla, —al3 — |G — G*|13
+2(G, — G*, G — G™). (4.15)

The positive constants C; and C3 in (4.13) and (4.15) are independent of n, and they
may depend on the data.
Let us consider the function

E) = e i T® 4 with 7o) = [C3 + max(3Co, C2)(1 + hz)] . (4.16)

Now, by applying It6’s formula to the equality (4.12), the definition (4.16) of E, we
obtain
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~ 3va~ ~
dE@)Ju—u,|l3) + %S(t)llll — ||y dit < 2E(D)((Yn - V)Yn — B*(1), u —u,) dt

+2v /F E(N)(b —by)((w—wy) - 7)dy +EDOIG(, y2) — G* (D)3 dr

—2E(1) (G(t.yn) — G* (1), u —w,) dW; + CED)II(@n. bn) — (@, b) |13, )
— GRE@)|lu—u,|3dr — C2E@) (W + [[ull})][u — u, |3 dr. 4.17)

Therefore, writing the inequality (4.17) in the integral form, taking the expectation,
and incorporating the estimates (4.13), (4.15 ), we infer that

t t
E@(r)nu(r)—un(z>||§)+E/0 s(s)nG—G*n%deE/O E®)lu—wyl1} ds
t
< sz/ f’s‘<s><b b ((u = up) - 7) dyds
0 JI
t t
+2E/0 §<s>|<31,u—un>|ds+21E/0 £(5) (Bau — up) | ds
r r 5
+2E/0 E(s) (B3, u—uy) ds +CE/0 5@l (an. bn) = (@ D)3y, ) ds

t
+2E/ £(5)(Gy — G*, G — G*) ds
0

=J+NIh+h+I3+Js+J5 fort € (0, 7). (4.18)

In the following, we show that the right-hand side of this inequality tends to zero as
n — oo. The Holder inequality, (2.12), (3.3) and & < 5}% yield

Jo=[2v / E(s)(b — by)((u —uy) - T) dyds]|
I
t
Vv o~
< Cli(an, bn) — (a, D)Ly @x0.1):H, 1)) T E]Efo E(s) u —u,ll} ds.

Considering the estimate (4.6) and using thatg < S,% on (0, T), we deduce that

T T
Jlle/ s£(<(un+an>-vxan—a>,un—u)scdaf la, — a3, 1ds)!/?
0 0

T T
X [(Ef &l lun I3 llu, — ull3ds)'? + (E/ Enllanl3, o Il — wli3ds)!/?]
0 0
= Cll(an, bn) — (a, D) Ly @x0.1):H, () = 0 asn — oo,
where we used the following uniform estimates with respect to the parameter n
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T
4 2 2
]E/ &y llullzllu, —ullzds
0

<(E 4y 02 a2y E ’ 2 _ d 24
< (E sup §lulzllu, —ull3)2 x EC| §;lulylu, —ulvds)”)
1€[0,T] 0

4 4\ T 2 2 !
= CE sup & (Il + I 13))* (E(fo & (I} + i} ) doy»? < C.

t€l0,

and

T
4 2 2
B[l o o, — ulids

1 T 1
< CE sup st (ol + IulE))E x B[ 1@ bl a7} < C.
1€[0,T] 0

For the term J>, using Holder’s inequality, (4.1), (4.3) and (4.6), we can show that

T
stE/ 7 (((a, —a) - V)(u+a),u, —u)
0
T ) 1
<CE n — ~.ds)?
< CCE [ty —al o,

T
1
x (B sup &2[u, — u||§/ (213 + 1@ b)IB, ) do)®

1€[0,7] 0
< Cli(an, bn) — (@, D)l Ly@x©0.7):H, () — O

Therefore, the terms Jy, J> converge to zero as n — 00.
The convergence (4.7) shows that

& (u—u,)—0 weaklyin Lr(2 x (0,7T), V).

The operator £2 B3 = &2 ((y - V)y — B*) belongs to Ly (2 x (0, T); V') by (4.8), thus
(4.9) implies

T
Jy = Z]E/ E@s)((y-V)y) — B*,u—u,)ds — 0.
0

The term

t
Js=CE /O £ @n. ba) — (@, By, ds
= Cll(an, bp) — (a, D) Ly 2x(0,1):H, (1)) = 0 asn — oo.
Due to the convergence results (4.9) and (4.14), we obtain

£ (G, — G*) =0 weakly in Lr(Q x (0, T), H™), (4.19)
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which implies
T/\
Js = 2IE/ £(5)(G, —G*,G—G"ds — 0.
0

Gathering the convergence results for J;,i = 0, ..., 5, and passing to the limit in
the inequality (4.18), we deduce the following strong convergences

t
Jlim E (0l - w,0)13) =0, nlggoEfo E@)llu—uy[[fds =0

(4.20)
for ¢t € (0, T). In addition, we obtain
tA
E[O E®)IG(, y) — G (s)lds = 0,
then
G(t,y) =G*"(t) a.e.in Q x (0, T). 4.21)

On the other hand, from (4.9) and (4.20), we infer that ’S\(t)(y -V)y = /E\(t)B*(t)
a.e.in Q x (0, T), that implies

(y-V)y =B*(t) ae.inQ x (0, 7). (4.22)

Considering the identifications (4.21)—(4.22), the equation (4.10) reads

t
y®), @) — (Yo, 9) =/0 [—V(y,w)erV/rb(wr)dy—(B*(s),q))} ds
t
+/ (G*(s), @) dW;, P-ae.inQ, 1€(0,7T),
0

for any ¢ € V. Therefore y is the solution of the state equation, corresponding to the
control pair (a, b).
Taking into account the lower semicontinuity of the cost functional, the strong
convergence (4.20) and Remark 4.1, we infer that
J(a,b,y) < lim J(an, by, yn),
n—o00
which implies

J(a,b,y) = inf(P),

hence the triplet (a, b, y) is a solution to the control problem (P). O
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5 Conclusion and Discussion

This work adresses an optimal control problem for the evolution of a viscous incom-
pressible Newtonian fluid filling a two-dimensional bounded domain, under the action
of random forces modeled by a multiplicative Gaussian noise. We prove the existence
and uniqueness of the solution to the stochastic state equation and establish the exis-
tence of an optimal control. The control is exerted at the boundary through the physical
non-homogeneous Navier-slip boundary conditions.

Let us emphasise that the studies in the literature [12, 17-20] turn out that the
non-homogeneous Navier-slip boundary conditions are compatible with the inviscid
limit transition of the viscous state, then we expect that our approach will be relevant
to control the evolution of turbulent flows typically associated with high Reynolds
number (or small viscosity).

We should mention that the most results in the literature on the optimal control
of fluid flows are of deterministic nature. The control of a stochastic system is much
more involved and there are few results available in the literature. We refer the articles
[6, 7, 10, 33], where the authors solved tracking control problems in 2D and 3D,
respectively. In these works, the control variables act in the interior of the domain.
Recently in [49], the authors studied a stochastic boundary control problem for the
deterministic steady Navier—Stokes equations, where the stochastic control is imposed
on the boundary by a stochastic non-homogeneous Dirichlet boundary condition.

In a forthcoming paper, we intend to deduce the first-order necessary optimality
conditions and analyse the second-order sufficient conditions, which are important for
implementing numerical methods to determine the optimal boundary control.
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