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We study distributed and boundary integral expressions of FEulerian and Fréchet
shape derivatives for several classes of nonsmooth domains such as open sets,
Lipschitz domains, polygons and curvilinear polygons, semiconvex and convex
domains. For general shape functionals, we establish relations between distributed
Eulerian and Fréchet shape derivatives in tensor form for Lipschitz domains, and
infer two types of boundary expressions for Lipschitz and C!'-domains. We then
focus on the particular case of the Dirichlet energy, for which we compute first
and second order distributed shape derivatives in tensor form. Depending on the
type of nonsmooth domain, different boundary expressions can be derived from the
distributed expressions. This requires a careful study of the regularity of the solution
to the Dirichlet Laplacian in nonsmooth domains. These results are applied to obtain
a matricial expression of the second order shape derivative for polygons.
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RESUME

Nous étudions les expressions intégrales distribuées et les expressions intégrales
de bord des dérivées de forme eulériennes et de Fréchet pour plusieurs classes
de domaines non réguliers tels que les domaines ouverts, Lipschitz, convexes et
semi-convexes, ainsi que les polygones et les polygones curvilinéaires. Dans le
cas de fonctionnelles de forme générales, nous montrons certaines relations entre
les expressions tensorielles des dérivées de forme distribuées eulériennes et de
Fréchet pour les domaines Lipschitz, et nous en déduisons deux types d’expressions
intégrales de bord dans le cas des domaines Lipschitz et C!. Par la suite, nous
nous concentrons sur le cas particulier de 1’énergie de Dirichlet, pour laquelle nous
calculons les expressions tensorielles des dérivées de forme distribuées de premier et
de second ordre. En fonction du type de domaine non régulier, différentes expressions
intégrales de bord peuvent étre obtenues a partir des expressions distribuées, ce
qui requiert une étude minutieuse de la régularité de la solution du laplacien avec
conditions aux limites de Dirichlet dans les domaines non réguliers. Nous appliquons
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ensuite ces résultats pour obtenir une expression matricielle de la dérivée seconde
de forme dans le cas particulier des polygones.
© 2019 Elsevier Masson SAS. All rights reserved.

1. Introduction

The generic name “shape derivative”, a key tool in shape optimization, may refer to different types of
derivatives. It usually refers either to Eulerian semiderivatives, using the speed method to define domain
perturbations; see [19,59], or to Fréchet derivatives, obtained using the method of perturbation of identity;
see [19,35,57]. It is well-known that they yield the same expression for the first order derivative, but different
expressions for second order derivatives. Both approaches are relevant for applications, and are usually
treated independently in the literature. In this paper, they are investigated simultaneously in order to
discuss their relations in the context of distributed expressions, and we refer to them as Eulerian and
Fréchet shape derivatives.

In both cases, the question of the structure of first and second order shape derivatives has been studied
in details for smooth domains. Zolésio’s structure theorem [19] states that the first order shape derivative is
a boundary distribution which depends only on normal perturbations of the boundary. Consequently, one
usually strives to write shape derivatives in this canonical form. The structure of the second order Eulerian
shape derivative has been studied by Delfour and Zolésio [17-19] as well as Bucur and Zolésio [7], and the
structure of Fréchet derivatives by Novruzi and Pierre in [53].

Studies on the existence and structure of shape derivatives in nonsmooth domains have also been pub-
lished. Their general structure in arbitrary nonsmooth domains has been studied in [18]. The structure of
the Eulerian shape derivative in domains with cracks or with singularities due to mixed boundary conditions
has been studied in [27-30], and the shape sensitivity analysis for the Laplace-Beltrami operator formulated
on a two-dimensional manifold with a fracture in [26]. The structure of the second order Eulerian shape
derivative in domains with cracks has been studied in [46]. Also, Lamboley and Pierre have shown that the
standard structure of the Fréchet shape derivative can be extended to sets of finite perimeter; see [42,43].
Continuity properties of shape derivatives around nonsmooth domains have also been studied in [44,45],
which are applied to obtain qualitative properties of optimal shapes for shape optimization problems under
convexity constraints.

Shape functionals are usually defined as integrals on some manifold @ C R¢ of dimension ¢ < d, with
or without boundary. In a first step, the shape derivative is obtained as an integral on ) involving the
perturbation field 8 and its derivative D6. Since this expression of the shape derivative involves D@, the
terminology weak form of the shape derivative is sometimes used. One can then apply an appropriate
tangential divergence theorem on 2 which yields an expression involving integrals on {2 and on its boundary
011, if 0N) is not empty, and where the integrands depend only on 6 and not on Df. We then refer to
such an expression as the strong form of the shape derivative. In shape optimization, €2 is usually either
a d-dimensional open set, or the boundary of such a set, i.e. a manifold without boundary of dimension
d — 1. In the former case, the weak form of the shape derivative is an integral on 2, and is commonly
called distributed shape derivative, domain expression or volumetric form of the shape derivative, while the
strong form is an integral on 92, which is actually the structure theorem’s canonical boundary expression of
the shape derivative. The distributed expression is well-known, see for instance [16,20,26,34] and references
therein, but is usually considered a less attractive option than the structure theorem’s boundary expression,
and is often a mere intermediate step towards the calculation of this boundary expression. However, the
usefulness of volume expressions in the context of finite element analysis is known; see the discussions in [19,
Chapter 1, Section 5] and [34, Section 3.3.7]. In particular, their utilization via a so-called domain method
for finite elements has been pioneered in [34] and in [16] for optimization of triangular meshing.
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A revival of interest for numerical applications of domain integral expressions of shape derivatives has
been observed recently, with applications in elasticity [24,47,52,61], electromagnetism [31,36], automatic dif-
ferentiation [55], inverse problems [1-3,32,49], Steklov-Poincaré type metrics [56], reproducing kernel Hilbert
spaces [22], and moving mesh methods [54]. This interest revival has been sparked by recent developments. In
[4], it was shown that the discretization and the shape differentiation processes commute for the distributed
expression but not for the boundary expression, meaning that the discretized boundary expression does
not generally yield the same expression as the shape derivative computed in the discrete setting. In [34,37],
the authors observe that distributed shape derivatives often offer better numerical accuracy than boundary
representations. From a numerical point of view, the distributed expression is often easier to implement
than the boundary expression; see for instance [47,49] where it is used for a compact implementation of the
level set method.

In this paper, we study the existence and properties of distributed and boundary expressions of first and
second order Fréchet and Eulerian shape derivatives around nonsmooth domains. Although their general
structure in arbitrary nonsmooth domains has been studied in [18], a detailed analysis of the structure for
specific classes of nonsmooth domains of interest is scarce. Also, we note that there are very few contribu-
tions dedicated to second order distributed shape derivatives around nonsmooth domains in the literature.
Significant recent results on this topic include [55], where automatic differentiation for second order dis-
tributed shape derivatives is studied, and [45] where first and second order Fréchet shape derivatives around
nonsmooth domains are studied for functionals depending on second order elliptic PDEs, with a particu-
lar emphasis on Lipschitz, convex and semiconvex domains. These specific classes of nonsmooth domains
are also the focus of the present paper, along with the cases of curvilinear polygons and polygons which
we investigate in details. We also rederive a few known formulae in C* and C**-domains for comparison
purposes.

Our methodology relies on two key ideas from the literature that are used to study shape derivatives
for nonsmooth domains and parameters. The first is to employ volume rather than boundary integrals as
was done in [5,30,34,45,48,49,60]. The other crucial element is to avoid using the shape derivative of the
state function, which can be done in several ways. In this paper we use the material derivative of the state
function as in [29,35,45]; other approaches include Lagrangian-type methods such as the averaged adjoint
method [48,49,60], a dual formulation of the shape functional as in [5], or using a variational approach as
in [38,39].

Another key feature of the paper is the representation of shape derivatives using tensor expressions.
This tensor form plays an important role in continuum mechanics, with the energy-momentum tensor
introduced by Eshelby [23,52]; see also [5,6] for shape functionals defined as minima of integral functionals.
The systematic study of properties of tensor representations for shape derivatives was initiated in [48,49,60],
where it was shown that these tensor expressions are convenient for numerical and theoretical purposes, for
instance to swiftly compute the corresponding boundary expressions. Here we continue this investigation
and we analyse in particular these tensor representations for second order shape derivatives. We start
by establishing general relations between Fréchet and Eulerian distributed first and second order shape
derivatives written in tensor form. Then, we obtain two types of boundary expressions derived from the
tensor expressions, for Lipschitz and C'-domains. We also show an extension result, which gives flexibility
for choosing the tensors in the distributed shape derivatives.

The key ingredient to get the boundary expression from the distributed expression is the applicability
of the divergence theorem in nonsmooth domains. For general shape functionals, one needs to assume
some regularity for the tensors involved in the distributed shape derivatives in order to obtain boundary
expressions. For shape functionals depending on a specific boundary value problem (BVP), the validation of
these regularity assumptions ultimately depends on the regularity of the solution to the BVP. In this paper
we study the specific case of the Dirichlet energy, for which sharp regularity results for Lipschitz, convex,
semiconvex and polygonal domains are available. In the case of polygons for instance, we strongly rely on the
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theory of corner singularities; see [10,13]. In a similar way, sharp regularity results for Poisson-type equations
were an essential element used in [45] to prove continuity results around nonsmooth domains for the first
and second shape derivatives with respect to Sobolev norms of the boundary-traces of the displacements.
For the Dirichlet energy, we establish a range of formulae for second order shape derivatives, depending on
the domain regularity. First, distributed second order shape derivatives are given in the general setting of
open sets. Then, several types of boundary expressions are provided, either based on the shape derivative of
the solution to the BVP or on its material derivative, which requires lower domain regularity assumptions.

Beyond the case study of the Dirichlet Laplacian, the goal of this paper is to show a general methodology
for calculating a range of boundary expressions derived from the distributed expression, depending on
the available domain regularity. Another motivation is to provide a method for computing second order
shape derivatives for polygons, which is useful for applications although it has seldom been discussed in the
literature; see however [1-3], where the shape derivative in polygons is computed for the inverse conductivity
problem and used for a numerical algorithm. We illustrate this method by providing a matricial expression
for the second order Fréchet shape derivative for polygons.

The paper is organized as follows. In Section 2, we introduce some notations and recall various basic
definitions and results about domain regularity and shape derivatives. In Section 3, several results about
tensor representations of first and second order distributed shape derivatives are given. In Section 4, we
illustrate the results of Section 3 with the help of the volume functional. In Section 5 we recall several
useful regularity results for the Dirichlet Laplacian in nonsmooth domains. The first and second order
distributed Eulerian and Fréchet shape derivatives for the Dirichlet energy are investigated in Sections 6
and 7; respectively. In Section 8, we present several possible boundary expressions for first and second order
shape derivatives based on the material or shape derivatives of the solution to the Dirichlet problem. In
Section 9, we obtain a matricial expression for the second order Fréchet shape derivative of the Dirichlet
energy in the class of polygons.

2. Preliminaries

In this section we introduce notations, recall some definitions of domain regularity and function spaces,
and give some useful formulae for tensor calculus. We also give tangential divergence theorems in smooth
and polygonal domains that are key for computing boundary expressions of shape derivatives.

Definition 1 (Lipschitz domains). An open, bounded set Q C R? d > 2, is called a bounded Lipschitz
domain if for every xg € 95, there exists 1,,1; > 0, a (d — 1)-plane P C R¢ passing through z¢, a choice v
of the unit normal to P, and an open set

C =C(zo, Pv,ne,m) :={2" +tv |2’ € P|l2' —xo| <na |t] < i}y
called a local coordinate cylinder near xy (with axis along v), such that

CNQ=Cn{a +tv|a' € Pt> )}
CNo=Cn{z' +tv|2' € Pt=y()}
CNQ)=0cn{z' +tv |2 €Pt<p)}

for some Lipschitz function ¢ : P — R satisfying ¢(z¢) = 0 and |p(2’)| < n:/2 if |2" — 20| < 1.

In other words, a bounded domain is Lipschitz if it is locally representable as the graph of a Lipschitz
function. It is well-known that the surface measure do is well-defined on 992 and there exists an outward
pointing normal vector n at almost every point on 9; see [25, Section 4.2, p. 127].
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In a similar way, domains of class C* or C¥® are domains which are locally representable as the graph of
a CF or C*® function, respectively. Let n be the outward unit normal vector to €, when it is well-defined.
When € is of class C2, denote 7 a C! and unitary extension of n to a neighbourhood of Q2. When Q C R?,
T denotes the tangent vector (choosing an orientation for 0€2).

Definition 2 (Curvilinear polygons). For k > 2, a bounded open subset 2 C R? is said to be a C* curvilinear

polygon, or more precisely a C* curvilinear m-gon, if it is Lipschitz, simply connected, and has a piecewise
k _

C" boundary 9 = |J;¢; Ly

define the vertex, or corner a; as the common endpoint a; :=I'; NT'; 11, for ¢ € I. The corner angle «; at a;

Ty, I:={1,2,...,m}, m > 3, where I'; is a C* open arc. Denoting I',,,;1 := 'y, we

is the angle between the tangents to T, and ;41 at a;, measured from the interior of 2. We assume that
0 < a; < 2mand «; # 7 for all i € I. We also denote

_ N . + N .

77 (a;) : zwlzlf,geri 7(z), and 77 (a;): m%ail,lxnell—‘prl 7(x),
where 7(z) is the tangent vector to 9Q at a point & € 9N\ {a;}ics. In a similar way, we define n~(a;) and
n¥(a;). When T; is a segment for all i € I, then the curvilinear polygon  is called a polygon, or more
precisely a m-gon.

Note that domains with cracks or with cusps are excluded in Definition 2 since 2 is assumed to be
Lipschitz.

Definition 3 (Semiconvez sets). A bounded open subset Q C R? is said to be semiconvex if it is Lipschitz
and satisfies a uniform exterior ball condition in the following sense: there exists r > 0 such that for any
x € 0N, there exists y € R? with B(y,r) N Q = {z}.

A domain is semiconvex if it is locally representable as the graph of a semiconvex function, where a
function f : C — R is said semiconvex on a convex subset C' of R if there exists M € R such that
r € Cw f(x)+ M|z|? is convex.

Let 2 be an open bounded subset of R?, then W*?(Q), s > 0, denotes the usual Sobolev-Slobodeckij
spaces, and H*(£2), with s > 0, denotes Sobolev spaces of fractional order based on L*(Q2). We will also need
the Bessel potential spaces H*P(2), s > 0, 1 < p < 0o, to describe known regularity results, in particular
those of [40]. Note that in [40], the notation L2(Q) is used for Bessel potential spaces instead of H®P ().
When 2 is Lipschitz and bounded, we have H*?(Q) = W*2(Q) = H*(Q) for s > 0; see [8, Section 1.1.1].
We also have H¥?(Q) = WkP(Q) for 1 < p < oo and k € N for Q Lipschitz and bounded; see [40, Section
2, (2.2)].

Let P(D) be the subset of open sets compactly contained in D, where D C R? is assumed to be open
and bounded.

Notations. For sufficiently smooth Q C R, vector-valued functions a,b: R — R? and second order tensors
S: RY — R4 and T : R? — R4 whose entries are denoted by S;j and T;;, the double dot product of S
and T is defined as S: T = ijzl Si;Tij, and the outer product a @b is defined as the second order tensor
with entries [a ® bl;; = a;b;. We use the following notations:

o 1, for the identity matriz in R4*9.

o Id: x> x for the identity in R?.

e a®b:= %(a ®Rb+b®a) for the symmetric outer product of a and b.
e Dra:= Da— (Da)n ®n for the tangential derivative on 0.

e divra:=diva — (Da)n - n for the tangential divergence on OSQ.
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e Vra:=Va— (n®n)Va for the tangential gradient on OS).

o div(S) is defined as the vector of the divergence of the rows of S.

o ap:=a-n and ar :=a — a,n.

H = dg’%l" is the mean curvature of 0S).

o L(Uy,Uy) is the space of linear maps from vector space Uy to vector space Uy.

Remark 1. In the shape optimization literature, the notation H is sometimes used for the additive curvature
H :=divpn = (d — 1)H, which is the sum of the principal curvatures. Indeed, when integrating by parts
on submanifolds of R?, the additive curvature appears naturally rather than the mean curvature. Note that
the additive curvature is sometimes also called “mean curvature”, therefore one should be careful about the
precise definition of the curvature in shape derivative formulae. See [19, Chapter 2, Section 3.3] for a more
detailed discussion.

Lemma 1 (Tensor calculus). For sufficiently smooth f : RY — R, vector-valued functions a,b,c,d : R — R4
and second order tensor S : R — R¥™?, we have

. div(STa) =S : Da + a - div(S),
.S:(a®b)=a-Sb=STa-b=S8T:(b®a),

. S(a®b)=Sa®b and (a ®b)S =a® STh,

(a®b)ec = (c-b)a,

(a®b): (c@d)=(a-c)(b-d)=(c®b): (a®d) =c-(a®d)b,
. div(a ®b) = (divb)a + (Da)b and div(f1;) = V.

S N N

Lemma 2. Assume 0,¢& € CL(D,R?), Q € P(D) is C2. Then we have
Db, -n= DO -n=Vrb, & — Drn&, -0, on 0N. (1)

When Q C R? is a C? curvilinear m-gon and 02 = |J,; Ty, we obtain (1) on each T; instead of O9.

iel
Proof. We have DO - n = Drb€ - n+ &,D0n - n and consequently
DOE, - n = Drb&, - n. (2)

Since € R? is C* for k > 2, Drn is well-defined and we have V(0 -n) - &, = Drné&, - 0 + Drb&, - n, which
yields, using (2),

DO¢, -n = Drb&, -n=Vrb,-& — Drné&, - 6. (3)
We also have
Drn&, -0 = Drngs - 0y + 0, Drné, - . (4)

Using the unitary and C' extension 7 of n, we have -7 = 1 and D" = 0 in a neighbourhood of <.
Thus, we get

Drné&; -n=Dn& -n— (Din®@n)é, -n=¢&; - Di'n—¢&, - (n® Dian)n = =&, - (Dian -n)n = 0 on 052,

which yields (1) using (3) and (4).

Please cite this article in press as: A. Laurain, Distributed and boundary expressions of first and second order shape derivatives
in nonsmooth domains, J. Math. Pures Appl. (2019), https://doi.org/10.1016/j.matpur.2019.09.002




MATPUR:3143

A. Laurain / J. Math. Pures Appl. ese (sese) eee—see 7

When Q C R? is a C* curvilinear m-gon with k > 2, Drn is well-defined on each I';. Considering a
unitary and C! extension 7 of n in a tubular neighbourhood of I';, we can follow the same reasoning and
we obtain (1) on each T';. O

Remark 2. The bilinear form (&;,6;) — —Drné, - 6, appearing in Lemma 2, where &, (z), 0, (z) are vectors
in the tangent space of 9 at x € 012, is the second fundamental form of 9f2, and is known to be symmetric.

Theorem 1 (Tangential divergence theorem). Let Q C R? be a domain of class C*, k > 2, and F €
W1(0Q, R?), then we get

/divF(F) —aé(d — 1)HF -n.

[219]

Proof. See [19, Chapter 9, Section 5.5]. O
Theorem 2 (Tangential divergence theorem for curvilinear polygons). Let Q@ C R? be a C* curvilinear m-gon,

k > 2, with 00 = UieIF_i‘ Let F € WHHT;, R?) N C%(T;,R?), and denote a; :=T; NTi11 and ag := a,.
Then for i € I we have

/divF(F) = /HF 4 F(a;) -7 (a;) — F(ai—1) - 71 (a;_1).

Proof. The result follows from [58, Section 7.2] and [19, Chapter 9, Section 5.5]. O
2.1. FEulerian shape derivatives

In this section, we recall basic notions about first and second order Eulerian shape derivatives. We define
fork>0and 0 < a <1,

Cho(D,RY) := {0 € C**(D,R%) | 6 has compact support in D},

and C*(D,RY), C2°(D,RY) in a similar way. Consider a vector field § € C21(D, R?) and the associated flow
TP : D — D, t €[0,t0] defined for each zy € D as T{ (zo) := x(t), where z : [0,%y] — R solves

&(t) = 0(x(t)) forte[0,t0], x(0)=xo. (5)
For Q € P(D), we consider the family of perturbed domains
Q=T (Q). (6)

We are now ready to give the definition of the Eulerian shape derivative. In the literature, it is usually
simply called shape derivative, but in this paper we add the prefix Fulerian in order to distinguish it from
the Fréchet derivative.

Definition 4 (Eulerian shape derivative). Let J : P(D) — R be a shape functional.

(i) The Eulerian semiderivative of .J at Q in direction § € C%*(D, RY) is defined by, when the limit exists,

o J() = J(Q)
D J(@)(0) = lim

(7)
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(ii) J is said to be shape differentiable at € if it has a Eulerian semiderivative at 2 for all § € C>°*(D, R%)
and the mapping

DgJ(Q):C®(D,RY) = R, 6 — DgJ(Q)(0)
is linear and continuous, in which case DgJ(€2)(0) is called the Eulerian shape derivative at €.

Definition 5 (Second order Eulerian shape derivative). Let J : P(D) — R be a shape functional, and assume
that for all ¢ € [0, o], DJ(TF(Q))(0) exists at T°(2) in direction 8 € CO1(D, RY).

(i) The second order Eulerian semiderivative of J at € in direction § € C%1(D, R?) is defined by, when the
limit exists,

2 o DRJ(TF(2))(6) — DeJ(2)(6)
D3I (2)(0.€) = lim t .

(8)

(ii) J is said to be twice shape differentiable at € if it has a second order Eulerian semiderivative at €2 for
all 9, ¢ € C°(D,R?) and the mapping

DiJ(Q) - [€Z(D, R = R, (0,€) = DEJ(2)(0,€)

is bilinear and continuous, in which case D%.J(Q)(6,€) is called the second order Eulerian shape deriva-
tive at ).

Remark 3. Alternatively, one can also view the second order Eulerian shape derivative as

DRI = 7 (I aE@m)

2.2. Fréchet shape derivatives

To define Fréchet derivatives, we use the notations of [53]. Let © be the space of vector fields from
C*(D,RY), equipped with the usual C*-norm. Let

If € O}, then Id +0 is a C*-diffeomorphism. For Q2 € P(D), we define Qy := (Id +6)(2) and introduce the
functional

J0) = J(Q), V0ecOl

When it exists, we define the Fréchet shape derivative of order ¢ of J(2) as the Fréchet derivative of order
q of J at 0, and we denote it D%..7(0). We also introduce

Oy :={Q € P(D) | Q of class C*}.

For 2 € O and 0 € O}, Qy is also of class C*.
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2.8. Structure of shape derivatives

For the Eulerian shape derivative we have the following well-known structure proven by Zolésio.

Theorem 3 (Structure theorem). Let © be open with OQ compact and of class C¥*1, k> 0. Assume J has a
Eulerian shape derivative at 0 and DgJ(Q) is continuous for the C*(D,R%)-topology. Then, there exists a
linear and continuous functional lg : C*(0Q) — R such that for all § € CF(D,R%),

DpJ(Q)(0) = le()sq - n). (9)
Proof. See [19, pp. 480-481]. O
For the first and second order Fréchet shape derivatives, we have the following result from [53].

Theorem 4. Let k > 1.

1. Assume € Opy1 and J is differentiable at 0 in ©p. Then there exists a continuous linear map
lpa: Ck(09Q) + R such that for any 0 € Oy:

DpJ(0)(0) = lp,1(6n)- (10)

2. Assume Q € Opyo and J is twice differentiable at 0 in Oy. Then, there exists a continuous bilinear
symmetric map lro : [CK(0N)]? — R such that for any 0,€ € Og11:

D%j((n(e,f) = lF,Q(anvgn) + lF,l(_Dan‘r : 97 - DFefr cn— DF€HT ' n) (]-]-)
Alternatively, we can also write
D%J(O)(&f) = ZF,Q(envfn) + lF,l(DanT : 97’ - vFen . fr - Vr‘fn . 97—> (12)

Proof. The structures (10) and (11) are proven in [53, Theorem 2.1]. The structure (12) is given in [53,
Remark 2.10], where (12) is obtained from (11) in the following way: using Lemma 2 and Remark 2, we
have

Df‘egr n = vl"en : ff - Dl"né.r . 07‘7
DFfer n= van . 97’ - DFnQT . 57' = van . 97’ - 97’ ' Dl‘ngfv

and (12) follows. O

On one hand, when both Eulerian and Fréchet first order shape derivatives exist, then one can verify
that they have the same expressions, i.e.

DpJ(0)(0) = DeJ (Q)(0), (13)

and consequently g = [ 1. On the other hand, it is well-known that the second order Eulerian and Fréchet
shape derivatives are different and consequently do not have the same structure. In particular, the second
order Fréchet shape derivative is a symmetric bilinear form whereas the Eulerian is not symmetric. In fact,
it can be shown that they are related by:

Dy J(Q)(0,€) = D7.J(0)(6,8) + DrpJ (0)(D6F), (14)
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see for instance [53] or [19, Chapter 9, Section 6.5], where the authors also observe that D¢ is the first
half of the Lie bracket [0, ] := DO — DEO. Combining (14) and the structure of the second order Fréchet
shape derivative of Theorem 4, we can also write a structure theorem for the second order Eulerian shape
derivative. The structures of these second order shape derivatives have been analysed in C*-domains, k > 2,
in [7,17] and [53]. The structures of the first and second Eulerian shape derivatives for nonsmooth domains
have also been studied in [18, Theorem 3.2] and in [18, Theorem 4.2], respectively; see also [19, Chapter 9,
Section 6]. In [18,19], the nonautonomous case where 6 also depends on ¢ is investigated. In this paper we
only consider the autonomous case for simplicity.

3. Tensor representations of shape derivatives

Although the structure theorems of Section 2.3 state that the shape derivatives are boundary distribu-
tions, it can be useful to express them as domain integrals for several reasons, as discussed in the introduction.
One important property shown in [4] is that the discretization and shape differentiation processes commute
for the distributed expression but not for the boundary expression, which makes the former convenient for
numerical applications. Other useful properties are the improved numerical accuracy offered by distributed
shape derivatives [37], and the simplified implementation of level set methods [47,49]. Also, it was shown
in [48,49,60] that systematically expressing distributed shape derivatives using a tensor representation has
several advantages for numerical and theoretical purposes. In particular it allows to swiftly compute the
corresponding boundary expression when the domain is sufficiently regular. Although the systematic study
of tensor representation of distributed shape derivatives was initiated in [48,49,60] in a general framework,
a detailed analysis for specific classes of nonsmooth domains is still missing. In this paper we investigate
this approach in more details and extend it to the study of second order distributed shape derivatives.

From a theoretical point of view, the main advantage of distributed expressions over boundary expressions
is their availability for domains with lower regularity. More precisely, an important issue is to determine the
minimal domain regularity for which boundary and distributed expressions exist. In this section, we first
investigate this question for general shape functionals, and show that for Lipschitz domains, the existence
of boundary expressions is determined by the regularity of the tensors appearing in the distributed shape
derivative. In order to determine the minimal domain regularity required to obtain this tensor regularity,
one needs to study the properties of the underlying BVP. Thus, in the next sections we investigate this issue
for the specific case of the Dirichlet energy.

Our methodology consists in starting from the tensor representation as in [49], and then to prove the
existence of boundary expressions by gradually increasing the domain regularity. In doing so, an important
realization is that several types of “intermediary” boundary expressions may be obtained, which do not
correspond to the structure theorem’s canonical form, but can nevertheless be useful for certain applications
thanks to their availability for low domain regularity. Note that in [49], the tensor representation is analysed
for transmission problems, but in the present paper we chose not to treat this case in order to simplify the
presentation. Nevertheless, we point out that the generalization to transmission problems is straightforward.

Definition 6 (Tensor representation). Let Q@ € P(D) and assume J : P(D) — R has a Eulerian shape
derivative at ). The Eulerian shape derivative of J admits a tensor representation of order 1 if there
exist a first-order tensor S € L'(Q,R?%) and a second order tensor S; € L!(€, R%*9) such that for all
0 € CL(D,RY),

DpJ(Q)(6) :/81:D9+So-9. (15)
Q

The following proposition is similar to [49, Proposition 4.3], but with weaker regularity assumptions.
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Proposition 1. Assume Q € P(D), 6§ € C(D,R%), and J has a Eulerian shape derivative at Q0 with the
tensor representation (15). If S; € WH(Q, R¥*?), then

diV(Sl) = So m Q, (16)
and
Dy J(Q)(6) = / div(STo). (17)

If in addition Q) is Lipschitz, then we have the boundary expression

Dy J(Q)(6) = / (Sin) - 6. (18)

o0

Moreover, if Q is of class C', we obtain the boundary expression

DpJ(Q)(0) = /(sm 1) 0. (19)
o0

Proof. In view of [49, Theorem 2.2], if # has compact support in € then the shape derivative vanishes. Thus,
using Lemma 1(1) and S; € WhH(Q, R¥*9), we get

DgJ(Q)(8) = /51 :DO+Sp-0 = /div(sIe) +6-(So—divS;) =0 foralld € CHQRY).  (20)
Q Q

Since @ has compact support in 2, we can extend ST6 and 6 - (S — divS;) by zero on B, where B is a
sufficiently large open ball which contains 2. We keep the same notation for the extensions for simplicity.
Since the extension satisfies ST0 € W (B, R?), using the divergence theorem in B we get

/div(sIa) +6-(Sp—divSy) = /div(sIe) +6-(So —divSy)
Q B

= /(S—lre) n+/9 . (S() —diVS1)
oB B

= /9- (Sp —divS;) =0, for all § € C1(©2, RY),
Q

which proves (16). Then, using (16) in (20) with 6 € C(D, R?) instead of § € CL(Q, R?), we get (17). Further,
applying a divergence theorem in Lipschitz domains to (17), see for instance [25, Section 4.3, Theorem 1],
we get (18).

Now, in view of (18) we have that DgJ(f2) is continuous for the C°(D, R%)-topology. Thus, if  is of
class C!', we can apply Theorem 3 with & = 0. With Q of class C!, we also have n € C°(9Q, R%) and
Ol00 - n € CO(0N). Let 0 € CO(D,R?) be an extension to D of O,n € C°(AQ, R?), then using Theorem 3 we
obtain

DpJ(Q)(0) = e(0jpq -n) = lE(§|asz -n) = DpJ(Q)(0)

:/(sm)-é:/(sm)~(0nn):/(Sm-n)ﬂm

o0 o0 o0
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which yields expression (19). O

Even if Definition 6 and Proposition 1 are written for the Eulerian shape derivative for convenience, the
results are also valid for the Fréchet shape derivative, if it exists, in view of (13).

The main difference between the boundary expressions (18) and (19) is that the shape derivative in
(18) may depend on the tangential part 6., whereas the shape derivative in (19) only depends on 6,,. In
[43, Theorem 1.3], a general structure theorem is proven, which shows that the shape derivative can be
written as [z (0 - n) even when (2 is only a set of finite perimeter, which is in particular valid for Lipschitz
sets. However, the linear form [y is in general not a boundary integral if 2 is only Lipschitz. For instance,
for piecewise smooth boundaries in two dimensions, the shape derivative of the perimeter contains Dirac
measures at the vertices of 9; see [43, Proposition 2.6]. However, since the perimeter is a boundary integral
it leads to a shape derivative which can not be represented using the domain expression (15). Therefore, it is
not excluded that expression (19) could also be valid for Lipschitz domains, in the case of shape derivatives
which have a distributed expression of the form (15).

Also, expression (19) corresponds to the canonical structure Ig (6 - n) of Theorem 3 whereas (18) does
not. In this respect, (18) can be considered an “intermediary” boundary expression, but may nevertheless be
useful, for instance for piecewise smooth boundaries. Note that in [5, Theorem 3.7], a boundary expression
of the type (18) is obtained for shape functionals defined as minima of integral functionals, for Lipschitz
domains.

Now we discuss an extension result for the boundary expression of the shape derivative which is an
immediate consequence of (18).

Proposition 2. Assume Q2 € P(D) is Lipschitz, 0 € C1(D,RY), DpJ(Q)(0) has the tensor representation (15)
with S, € WHH(Q, R9), and let S; € WHH(Q, R¥¥9). Then S; satisfies

Sin=Sin on o0 (21)

if and only if

with Sg := div(S).
Proof. Assume §1 satisfies (21). Then, in view of assumption §1 € WHH(Q,R¥*4) and Proposition 1, we

have, using (21) and the divergence theorem,

DEJ<Q)(9>:/(sln)-ez/<§1n>.e=/div(§10)=/§1 . DO+ 8, -0,

o0 oN

which yields (22). The fact that Sy := div(§1) is a consequence of Proposition 1 using the tensor represen-
tation (22).
Reciprocally, assume S; satisfies (22) and that Sy := div(S;). Then we have

DEJ(Q)(G):/Sl:D9+So-9:/§1:D9+§0~9. (23)
Q Q

Using (23) and (18), we get for all § € C}(D, R%) that
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/((s1 —S)n)-0=0,

o0

which yields (21). O

Proposition 2 essentially states that the tensor representation (15) is not unique, and that different
choices of tensor representation must satisfy the boundary condition (21). Proposition 2 can also be seen as
an extension result in the sense that S; and §1 are two different extensions of the same boundary expression
(21). From a practical perspective, Proposition 2 can be used to seek an alternative tensor §1 which is easier
to implement than S;; see Sections 6.1 and 8.3 for concrete examples. Note that the second order distributed
shape derivative can be calculated using §1 instead of S;, but in practice this does not seem to simplify
the calculations; see the examples in Sections 6.1 and 8.3. We also observe in these examples that natural
choices of alternative tensors §1 often require more regularity for the solution of the BVP.

Proposition 3 (Second order Eulerian and Fréchet shape derivatives). Assume Q € P(D) and 0,§ €
C2(D,R%). Assume J(Q) has a Eulerian shape derivative with the tensor representation (15) and S; €
WEH(Q, R and J(Q) has a second order Eulerian shape derivative with the tensor representation

D3I(9)(6,€) = / S2P() : De + 52 (9) - ¢, (24)
Q

where S2F(0) € WH1(Q, R and Sg’E(H) € LY(Q,RY). Assuming J() has a second order Fréchet shape
derivative, then it admits the tensor representation

DRI0)0.6) = [ $17(0): De+ 857 0)-¢ = [ S1F(©) Do+ 8ET ). (25)
Q Q
with S77(0) € WHH(Q, R, S27(9) = div(ST"(9)) € L'(Q,R?), and
s¥(9) .= s¥F(9) — DI'S,, (26)
S2F(6) == S2F(h) — div(DO'Sy). (27)
Now, we assume in addition that € is Lipschitz. Then, we have the boundary expression

DLI(Q)(6,€) = / (S2E(0)m) - €. (28)

o0

Moreover, the second order Fréchet shape derivative has the boundary expression

DET0)0.6) =[S Om) ¢ = [ -o. (29)
oN o0
If in addition Q is of class C', we get the boundary expression

D2I(9)(6.¢) = / (S2E(B)n - n),. (30)

o0
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Proof. Assume Q € P(D). In view of (14), using that DpJ(0) = DgJ(£2) and (17) we calculate

D3I (0)(6,€) = DEJ(2)(6,€) — DpJ (0)(DEE)
= / STE(0): DE+SPF(0) - € — / div(STDe¢).

Q Q
Then, using Lemma 1(1), we get
DRI0)(0,6) = [ ST7(6): D¢+ 857(6)- ¢ ~ [ ISy De+ € div(DOTS)
Q Q

which yields (25), also considering the regularity of S; and the fact that D%.7(0) is a symmetric bilinear
form.

Now, we assume in addition that  is Lipschitz. Expressions (28) and (30) follow immediately from the
fact that D%.J(2)(,&) is the Eulerian shape derivative of DgJ(£2)(6) according to Definition 5, so we can
apply Proposition 1 to (24). To obtain (29), we write, using (25) and div(S>¥'(0)) = S(ZJ’F(Q)7

2 7(0)(0,€) = / S27(0) : DE + 827 (6) - € = / div(S27 (6)7€),
Q

Q
and apply the divergence theorem [25, Section 4.3, Theorem 1], which gives the desired result. O
Remark 4. We may also write (27) as
S3F(0) == 82" (9) — D?*0S, — DA'S,, (31)
where the meaning of D?0S; needs to be clarified. Here, the second derivative D260 : R¢ — L(R?, £L(R4, R?))

is a trilinear form and we use the notation D?6¢ for the bilinear form D?0¢ : x +— D?0(x)(&(x),-,-) €
L(R%, R%). We also have

y 1 D20¢ = Z Sting——— 89 : (ZDQQ s{z>,
i,5,k=1

where SL» is the i-th column of ST. For simplicity, let us adopt the notation
d
D*0S; := Y D?9;S],. (32)

Using these notations, we have D(D0¢) = D?0¢ + DODE. Then, a direct calculation shows that

d

00; 0S
T 11k
DINED SRS o LT

1,5,k=1 1,5,k

= D?0S, - £ 4+ div(S,) - DO¢ = 172951 E4+DOTSy - €,

which yields (31).
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We conclude this section by observing that expression (30) shows that D%.J(Q)(6,£) depends only on
&, and not on &, which was expected since the second order Eulerian shape derivative is itself defined as
a Eulerian semiderivative (see Definition 5), and hence should also satisfy the structure (9). In fact, (30)
corresponds to a known structure of the second order Eulerian shape derivative; see [19, Chapter 9, Theorem
6.4] and [7]. On the other hand, the second order Fréchet shape derivative D%7(0)(6,£) does not in general
depend only on &, but also on &,, as can be seen from the general structure (11).

In the next sections, we apply the results of Section 3 to the particular cases of the volume and the
Dirichlet energy.

4. Shape derivatives of the volume

The case of the volume is relatively simple, since it does not involve the solution of a partial differential
equation, but nevertheless instructive, as it exhibits the main mechanisms to compute the second order
Eulerian and Fréchet shape derivatives for piecewise smooth domains. It is also useful for applications, since
volume constraints are common in shape optimization, and the second order shape derivatives have an
interesting structure due to Dirac measures appearing at the vertices. For Q € (D), denote by V() the
volume of  and V(0) := V(Qy) for § € O}. We have the following result for Eulerian shape derivatives.

Proposition 4 (Eulerian shape derivatives of the volume). Assume Q € P(D), 0 € C3(D,R%) and ¢ €
CHD,R%). Then

DEV(Q)(G) = /81 : D0, (33)
Q

DEV(©)(0,€) = / S2(9) : De + S2E(9) - ¢, (34)
Q

where Sy = 14, S2#(0) = (S1 : DO)I; = div(0)1, and Sg¥ (0) = V div(6).
If in addition ) is Lipschitz, we get

DgV(Q)(0) = [ bn, (35)
!
DRV@)(6.6) = [ (o). (36)
aQ
If in addition Q is C%, we have

o0

If Q C R? is a C? curvilinear m-gon, we have

DLV()(0,) = / HEnbn + DO -0y — Vi, - 0,

ilei

m

+ Y 1€ nT)O0-77) = (€00 T)](ai),

i=1

where a;,i € I are the vertices of 2.
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Proof. Using the change of variables x — T?(z) we get

V(Q,) = /1 = /detDTf.
Q

QS

Hence, we get DgV (Q2)(0) = [, div(#) and then (33). Further, (35) follows from (18).
In view of Definition 5, the second order Eulerian shape derivative is given by

@0, - 5 (Devaian®) =5 | [ uios

[t=0

T () [t=0

:di /Id : DO o TF det DT

[t=0

/ (D?0¢ + divEDO) = / D201, : €+ (14 : DO)(1, : DE),
Q

where D?01; := Z?:l D29i1:1r7i, using the notation (32). We compute

d
D01, :=» D*0,14; = Zv (0:8:) = V div(0),

which yields (34). Expression (36) follows immediately from (34) and (28).
Now assume that 2 is C2. From (36) we have, using the definition of divr,

D4V (Q)(0,¢) = /(d1v9 /gn divr 6 + Dén - n&,.
o0
Using divr(£,0) = Vré&, - 0, + &, divr 0, we get
0

Since €2 is C2, and in view if (35), we obtain (37) using Theorem 1.
If © € R? is a C? curvilinear m-gon, then we first write the boundary expression (35) as a sum of integrals
on T';, then we perform the same calculation as in the C*-case on each I';. This yields the formula

)(6,€) = Z/dm ) — V&, - 0. + DOn - nk,.
= 1F
Then, using Theorem 2 on each I'; and using the notation ag := a,,, we get
> [awveien) = [#e.0.+ Z (€00 7)) ~ (6w )@ 7)) (i),
= 1F 1= 1F

which yields (38). O
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Expression (36) can be found in [18, Example 4.1]. Expression (37) corresponds for instance to the
first expression in [19, Chapter 9, Section 6.1 (6.3)]. In [59, Proposition 3.15], a formula similar to (38) is
obtained for the first order Eulerian shape derivative of a boundary integral. The notable difference between
formulae (37) and (38) is the appearance of the Dirac measures at the vertices a;. Note also that formula

(36), despite being valid for Lipschitz domains and therefore also for curvilinear polygons, does not involve
Dirac measures.

Proposition 5 (Fréchet shape derivatives of the volume). Assume Q € P(D), 0,¢ € C3(D,R?). Then

DV(O)(6.€) = [ 837(60): DE = [ 817 (6): Do, (39)
Q Q

with 827 (0) = (S1 : DO)I; — DOT = div(0)I; — DO and div(ST* (0)) = 0.
If in addition Q) is Lipschitz we have

D2V(0)(6,€) = / ((div@)n — DOTn) - €. (40)
o0
If in addition Q is C?, we have
D2V(0)(6, ) = / (d = 1)HEnbr + DpV(O)([Drnés - 0 — Vi - 02 — Vi - £]0). (41)
oQ
If Q C R? is a C? curvilinear m-gon, we have

D%V(O)(Q,S) = ZMZH(O'Z) : g(az) + Z/H@nen + Dan‘r : e‘r - Van : 07’ - vf‘en . §T7 (42)

i=1 =1
where a;,i € I are the vertices of Q, and M; :==[n~ @ 7~ —n" @ 7%](a;) is a symmetric matriz.

Proof. The distributed expression (39) follows immediately from (34) and Proposition 3. We obtain using
Proposition 3 and S; = I; that

div(S>F(9)) = 82T (0) = S ¥ (0) — div(DOTS,) = V div(h) — V div(h) = 0.
If in addition € is Lipschitz, then boundary expression (40) follows from (29).

Now assume that € is C2. From (40) we have, using the definition of divr and Lemma 2,

D2V(0)(6,¢) = / (div)n — DO™n) - € = / (dive — DO n -n)é, — & - DO
onN oN

= /fn diVF 0 — VFQTL : 57’ + Dl—‘nfr : 97’-
o0

Using the property divp(€,0) = V&, - 0, + &, divr 0, we get

D%V(O)(Q, 5) = /dlvf(gne) + DfngT . 07’ - Van : 97— - vfen : §T'
o0
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Since € is C?, we obtain (41) using Theorem 1.
If O C R? is a C? curvilinear m-gon, then proceeding in the same way as in the proof of Proposition 4,
we obtain

D2V(0)(6,¢) = Z/’anen + Drn&; -0, —Vré&, -0, —Vrb, - &
i:lFi

+Y M€ nT)(0 7)) = (€ nh)E-7)](ar).

=1

Applying Lemma 1(5), we have
(€ n)O-77) = (€ n")O0-m9)(a:) =& (0~ @77 —nT @7F)0](a;) = Mif(a;) - §(ar).

To show that M; is symmetric, let {e1,ea} be an orthonormal basis of R?, and denote by A by := %(bl ®
by — by ® by) the wedge product of two vectors by, by of R2. Since {7~,n~} are orthonormal, we have
det[n~,77] = —1, and in the same way det[n™,7"] = —1. Then we compute

M;y— M =[n @1 —17"@n")—n"@r" —rTonD)(a;) =2[(n~ AT~ —nT ATT)](a;)
=2(det[n™, 7] — det[n™, 7F])(a;)e1 A ea =0,

showing that M; is indeed symmetric. O

Expression (41) is the known formula encountered in the literature for the second order Fréchet derivative
of the volume for C2-domains; see for instance [53, Proposition 5.1]. In (41), the structure (12) of the second
order Fréchet shape derivative is apparent. We also observe that (42) shares similarities with the usual
formula for the Fréchet derivative of the perimeter functional (in particular the curvature term H), which
was expected since the first order shape derivative of the volume can be written as a boundary integral;
compare with the Fréchet derivative of the perimeter computed in [43, Example 2.5 and Proposition 2.6].
However, a notable difference with the derivative of the perimeter is the presence of the normal vectors
n~(a;) and n*(a;) in M;.

When € is C2, we can also directly compute (41) from (37) using the decomposition (14), which in this
case reads

DEV(Q)(8,€) = DEV(0)(9,€) + DpV(0)(DYE). (43)

Indeed using (37), (43) and

DpV(0)(D6E) = /D9§ -n = /(DGn ‘n)pn + Vrby - & — Drné, - 0,
a0 Elo)

we get (41).

Propositions 4 and 5 show that a range of explicit boundary expressions for the second order shape
derivative can be obtained, starting from the distributed shape derivative which is valid for open sets
in the case of the volume functional. Observe that in the proofs of Propositions 4 and 5, the strategy to
obtain the canonical structure of the boundary expressions for smooth domains consists in manipulating the
intermediate boundary expression so that divp(&,0) appears, and then applying the tangential divergence
theorem. In the case of curvilinear polygons, the strategy is the same, but the tangential divergence theorem
is applied on each T';, which yields the terms at the vertices a; in (38) and (42). This general methodology
can also be used for functionals depending on the solution of a BVP, as will be seen in Sections 6 and 7.
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5. Regularity results for the Dirichlet problem in nonsmooth domains

In the next sections we will study shape derivatives when the functional depends on the solution of a
BVP. We focus on the Laplacian with homogeneous Dirichlet conditions due in part to its simplicity, but
mainly in view of the existence of many fine regularity results for domains €2 with low regularity, such
as Lipschitz, convex, semiconvex and polygonal domains. In a similar fashion, sharp regularity results for
second order elliptic PDEs were a key element used in [45] to prove continuity results for shape derivatives
around these types of nonsmooth domains. Here, this allows us to explore several possible expressions of
the shape derivatives for this problem, depending on the regularity of 2. In this section we gather known
regularity results for the Dirichlet problem in nonsmooth domains that will be useful to compute shape
derivatives in the next sections.

For Q € P(D) and f € H'(D), let u € H}(2) be the solution of the Dirichlet problem

/vu.vv = /fv, Yo € H}(Q), (44)
Q Q
and define the shape functional
1 2
Q

Note that J(€) is the opposite of the Dirichlet energy associated with (44). It is well-known that if  is
smooth, the regularity of the solution u of (44) depends only on the regularity of f, i.e. if f € H*(Q2), then
we have u € H52(Q). However, when  is not smooth, the regularity of u also depends on the regularity of
Q). There exists a vast literature on this topic for elliptic problems. In the present paper, we are interested
in four particular classes of nonsmooth domains: (i) 2 Lipschitz, (ii)  semiconvex, (iii) Q convex, (iv) Q is
a polygon or a curvilinear polygon. In the latter case, singularities depending on the interior angles appear
at the vertices. These singularities have been studied extensively for elliptic operators; see [11,13-15,41,50].
In this section and for the rest of the paper, we will only consider the case of polygons with straight sides,
for which regularity results in LP are available; see Theorems 5 and 6. These regularity results in LP will be
useful to derive certain expressions of the shape derivatives further.

Following Definition 2, recall that the vertices of a m-gon Q C R? are denoted a; and the interior angles
0 < a; <27, o # m, for i € I. Let (r;,9;) be local polar coordinates with origin a; and such that the
internal angle «; is spanned by the half-lines ¢; = 0 and ¥; = «;. We introduce the notations & := max;e; «;
and also p := 24/(2& — ) if @ > 7/2 and p = oo if & < 7/2. Let also x;(r;) be a smooth cutoff function
equal to 1 in a neighbourhood of the vertex a; and 0 at all other vertices of €.

We start with a Theorem on W?2P-regularity which is a particular case of [33, Theorem 4.4.3.7], where
general boundary conditions are treated. Here, we restrict ourselves to the case of Dirichlet boundary

conditions.

Theorem 5. Let Q2 C R? be a m-gon. Let 1 < p < oo be such that k; := 2c;(p — 1)/(pr) is non-integer for
alli € I. Let u be the solution of (44) with f € LP(Q2). Then, there exist coefficients c; i such that

u:ur—&—Zwi, (45)

with u, € W2P(Q) and
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w; = Xi(rs) Z Ci,k”’i%r sin (k:;gz) . (46)
1<k<ki, v
keEN
The relevance of Theorem 5 for our purposes is the following. If the sum in (46) is void, then we get
u = u, € W?P(Q). To get a void sum, we need max;cr k; = 2c;(p — 1)/(pm) < 1, thus we deduce the
range p € (1,p) for which we have u € W2P(Q). Note that within this range, the condition of Theorem 5
requesting k; to be non-integer for all ¢ € I is satisfied since max;cy k; < 1.
We have the following regularity results for the solution u of (44).

Theorem 6. Assume f € H' (D) and Q € P(D).

We have u € Hj ().

If Q is Lipschitz, we have u € H3/2(Q).

If Q is semiconvex, we have u € H*(Q).

If Q is a m-gon with corner angles 0 < a; < 2w, i € I, then p € (4/3,00) and u € W2P(Q) for all
p € (1,p). Moreover, p € (4/3,2) if Q is a nonconvex m-gon.

= W=

Proof. Item (1) is a standard result, see for instance [35, Proposition 3.1.20]. For (2), we refer to [40, Theorem
B, p. 163]. For (3), we can apply [51, Theorem 5.5] since f € H'(D). Regarding (4), p € (4/3,00) is clear
in view of the definition of p, and we can apply Theorem 5 since f € H'(D) C LP(Q) for all p € (1,00).
Then, for p € (1,p) the sum in (46) is void and the regularity of u follows. When {2 is a nonconvex m-gon,
we have & > 7 which implies p € (4/3,2). O

We will also need the following result which can be found in [10, Theorem 2.3].

Theorem 7. Let Q C R? be a m-gon. Let u be the solution of (44) with f € HS1(Q), s > 0. Then, there
exist coefficients c; x such that

U = Uy + Wy, (47)
iel
with u,. € H5(Q) and
wi = xi(r) Y cia®ia(ri, i), (48)
0<A<s,
AEA;
where A; = {Z—",k € Z*} and
2 sin(M;) if A ¢ NN,
ia(ri, i) =19 ) 1 Y U (49)
7 (log(ri) sin(AJ;) + J; cos(A;)) — - (—525) if A e NN,

where (;,y;) = (r; cos ¥, r;sindy;).

Note that Theorem 5 treats the case of LP-regularity, whereas Theorem 7 deals with the case of higher
L?-regularity. The cases covered by the two theorems have a small intersection, indeed if we take p = 2 and
Q convex in Theorem 5, we get that the sum in (46) is empty and u, € W22(Q). In Theorem 7, we get the
same result by choosing € convex and s = 1, indeed in this case it is easy to see that the sum in (48) is
void since A € A; would have to be strictly greater than 1 but we also require A < s = 1.
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We immediately deduce from Theorem 7 the following regularity result which will be convenient to
describe the regularity of D?u further.

Corollary 1. Let Q C R? be a m-gon and f € H>"1(Q), s > 0. Then u € H'T5(Q) for every s < 7/a.

Proof. Take s < w/& in Theorem 7. Then, in the sum appearing in (48), we have for all i € I that A € A;
implies A > 7/a; > /&, but since we also require A < s < 7/&, the sum in (48) is void for all ¢ € I and we
get u=u, € H'*5(Q). O

Theorem 8. Let Q@ C R? be a conver m-gon. Let u be the solution of (44) with f € H*71(Q), s =3/2+§
and 0 < § < 1/2, then Vu € C°(Q) and D?ulsq € LY(0Q).

Proof. In view of Corollary 1 we have u € H?() with ¢ > 2. Thus, Vu € H9~1(Q) c C°(Q). Then, applying
Theorem 7 we get u, € H/2T9(Q). Since Q is a convex m-gon, we have 7/a; > 1 for all i € I and therefore
for any ¢ € I there is at most one term in the sum in (48), corresponding to A = 7/a;. If 7/a; > s = 3/2+4,
then the sum in (48) is empty, but the following reasoning is still valid by taking ¢; » = 0. In view of (47)
we have

D*u=D?u, + Y Dw;, (50)
il

with D?u, € H*7}(Q). Since s — 1 = 1/2 + ¢ > 1/2, according to [21] we can take the trace of D?*u, on
99 and we have D?u,|sq € H(0). In view of (48) and (49), the singular terms in w; are of the type ra: .
Indeed, the case A € IN in (49) does not occur since we require 0 < A < s < 2 in (48), and the case A =1
would imply «; = 7 or a; = 2w, which are excluded. Thus, the singular terms in D?w; are of the type
roi 2. We have 9§ = Uier T;, where I'; are open segments, and =~ —2 > —1 since ) is a convex m-gon.
Thus, D?w; (T';) and D?w;|r Tis1 € LY(T;y1). Finally, con51der1ng the regularity of D?u, and D%w;,
in view of (50) we have shown that D?ulgq € L1(02). O

6. First order shape derivatives of the Dirichlet energy

For 0 € CX(D,R%), consider the flow TY as defined in Section 2.1, the perturbed domain Q4 := T?(12),
and define uy the solution of the perturbed problem

/Vus Vs = /fvs, Y, € Hi(Q).
Qs

Using the change of variable = + T?(z), the shape functional evaluated on the perturbed domain is

1 1
=3 / (Vug|? = 3 /A(S)Vus -Vu®, (51)
Q. o)

with u® := us o T? and A(s) := (det DT?)(DT?)~1(DT?)~T. After the change of variables = — T?(z) we
obtain the variational equation

/ A(5)Vu® - Vo = / Fls)o, o e HY(Q), (52)
Q

Q
with F(s) := foT?det DTY. Adapting the results from [19, Theorem 4.1, p. 482] and [60, Lemma 2.16], we
can show that s — A(s) belongs to C1([0,t0]; CO(D, R4*?)) and s — F(s) to C*([0, to]; L?(D)). When (Q is of
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class C*, k > 1, it is shown in [59, Proposition 2.82] that s~!(u® — u) converges strongly to () in Hg (),
where (0) is the so-called material derivative of u® solution of

Va(d) - Vo=— [ AO)Vu-Vo+ [ F'(Ov,  Yve HI(Q), (53)
/ [romees ]
with
A'() = ‘fl‘:( 0) = =D — DOT + (div )1, (54)
F0) = %(0) — div(f6). (55)

Expression (53) is obtained by differentiating (52) with respect to s. The proof of [59, Proposition 2.82]
extends straightforwardly to the case where () is open.

Proposition 6. Assume Q € P(D), f € HY(D) and 0 € C1(D,R?). The distributed expression of the shape
derivative of J(2) is given by

DpJ(Q)(6) :/s1 : DO+ Sy - 6, (56)
Q

with S1 € LY (Q,R*™*4), Sg € L1 (2, R?) and
1
S = <—§|Vu|2+uf> I+ Vu® Vu, Sp = div(S;) = uV /. (57)

If, in addition, Q C R® is semiconvex, or if Q € R? is a m-gon, then we obtain the boundary expression

D J()(6) = / '8"2“|29n. (58)
o0

Proof. Taking the derivative with respect to s of expression (51) at s = 0 yields

DgJ(Q)(0) = %/A’ YWVu - Vu+/Vu
) o)

Then, using (53) with v = u we get

DpJ(Q)(0) = f% / A(0)Vu - Vu + / F(0)u.
Q Q

Using (54)-(55) and rearranging the terms using div(d) = Iy : D8 and DO : (Vu ® Vu) = DOVu - Vu, we
obtain (56). An explicit calculation using Lemma 1(6) shows that So = div(Sy).

If © is semiconvex, then in view of Theorem 6(3) we have u € H?(f2), since f € H'(D). Thus, we have
D%y € L2(Q, R, |Vu|? € LY(Q) and V|Vu|? = 2D?uVu € L}(Q,RY). Proceeding in a similar way for
the other terms of Sy, we get S; € W(Q, R?*?), and we can apply (18) from Proposition 1 to get

DpJ(Q)(0) = /(sm) 0. (59)
219}
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Using u = 0 on 92 we have Vu = (d,u)n almost everywhere on 99, which yields (58) after a simple
calculation using (57).

When Q C R? is a m-gon, we have in view of Theorem 5 and Theorem 6(4) that u € W2P(Q) for all
p € (1,p), with p > 4/3. Using Sobolev embeddings, we have that Vu € W'P(Q,R?) ¢ L*(2,R?), thus
|Vu|? € L2(Q). Since D?u € LP(Q, R?*?) for all p € (1,p), we have in particular D*u € L*/3(Q, R?*2) and
we get V|Vu|? = 2D?uVu € L' (2, R?). This yields |Vu|> € W1(Q). Proceeding in a similar way for the
other terms of Si, we obtain S; € Wh(Q, R%*?%), and we can apply (18) from Proposition 1 to get (59)
and then (58). O

Remark 5. In Proposition 6, we have obtained the boundary expression of the shape derivative for semicon-
vex and polygonal domains. When 2 is only Lipschitz, it is not clear whether or not the shape derivative can
be written as a boundary integral. Indeed, in [9, Corollary 3.2] Costabel constructs a C!'-domain for which
the solution u of the Dirichlet Laplacian does not belong to H3/2T9(Q) for all § > 0, even for f € C=(9Q).
Thus, the regularity result v € H3/%(Q) of Theorem 6(2) is sharp in the class of Lipschitz domains. Also, in
[40, Proposition 3.2., pp. 176], Jerison and Kenig have built a C'-domain for which the trace of a function
g € H3/22(R?) on 9 does not have a tangential derivative in L?(9Q). Thus, it is not clear if the trace of
|Vu| is in L2(09) for the solution u of (44), and we cannot conclude that S; given by (57) has a trace in
L'(0€) when  is only Lipschitz.

6.1. Alternative expressions of the distributed shape derivative
In this section we investigate alternative tensor representations for (57) in the spirit of Proposition 2.

Assume Q € P(D) is semiconvex, then u € H?(Q) in view of Theorem 6(3). In view of (58), a natural choice
for §1 is

which yields, using Lemma 1(6),
Q s (Q L. 2 1 2 2
So = div(Sy) = 3 div(|Vul|*Iy) = §V(|Vu| ) = D*uVu.

‘We have indeed

Sin = n=3Sin on 99,

therefore S; satisfies condition (21) of Proposition 2. Using u € H?(L), we get So € LY(Q,RY) and S, €
W1(©, R4*4). Thus, we obtain the following alternative expression of the distributed shape derivative (56):

DpJ(Q)(6) = /§1 :DO+Sy-0 = /div(éIe) = %/div(|Vu\20). (60)
Q Q Q

We observe that expression (60) is simpler than (56) but requires more regularity for €2, due to the presence
of D%y in Sy.
Another admissible S; would be
§1 _ Vu Q; Vu7

Please cite this article in press as: A. Laurain, Distributed and boundary expressions of first and second order shape derivatives
in nonsmooth domains, J. Math. Pures Appl. (2019), https://doi.org/10.1016/j.matpur.2019.09.002




MATPUR:3143
24 A. Laurain / J. Math. Pures Appl. sse (ssvs) eee—see

which also satisfies the conditions of Proposition 2. This choice yields, using Lemma 1(6) and assuming €

semiconvex,

a a 1 A D? — D?
So = div(S;) = 5 div(Vu ® Vau) = UVIH; uVu _ fVuz uVu LLO,RY),

Note that this also requires more regularity for Q than (57) due to the presence of D?u.
Another interesting choice which combines the two alternatives given above is

~ 1 ~ ~
S, = 75|Vu|21d +Vu®Vu,  Sy=div(S;)=—fVu.

Indeed, this alternative is quite similar to (57), but is slightly simpler, and does not involve D?u as in the
other alternatives.

7. Second order distributed shape derivatives of the Dirichlet energy
The shape derivative u'(0) of u is defined as (see [59])
u'(0) :=(f) — Vu- 0. (61)
We have the following regularity results for the material and shape derivatives of u.
Theorem 9. Assume Q2 € P(D), 0 € C2(D,R?) and f € H'(D).

1. We have u(0) € H ().

2. If Q is semiconvez, we have u(0) € H*(Q) and u'(0) € H* ().

3. If Q is a m-gon with corner angles 0 < o; < 2w, i € I, then p € (4/3,00) and u(0) € WP(Q) for all
pe€(1,p) if p <2 and for all p € (1,2] if p > 2.

Proof. (1) For © open we have u € H}(Q2) due to Theorem 6(1). Thus, in view of (53) we have

/vu(e) - Vo = (div(A"(0)Vu)), v) g-1(0), 11 () + /div(f@)v7 Yo € HY (D). (62)
Q Q

Using [35, Proposition 3.1.20] we obtain @(6) € Hg ().

(2) If Q is semiconvex, then Theorem 6(3) yields u € H?(Q2). Thus, for v € H}(Q) we have (A’(8)Vu)v €
Wh(Q,R4*?), and we can apply the divergence theorem (see [25, Section 4.3, Theorem 1]) on the right-hand
side of (53), which yields

/Vd(@) Vo = /(div(f@) + div(A(0)Vu))v, Vv € H} (). (63)
) Q

Since 6 € C2(D,R%), we get A'(9) € CH(D,R**9). Thus, div(f6) + div(A’(#)Vu) € L%(Q) and in view of
(63) and [51, Theorem 5.5] we get u(f) € H?(S2). The regularity of the shape derivative u'(6) is then an
immediate consequence of definition (61) and the regularity of u and ().

(3) Since f € HY(D) C LP(D) for all p € (1,00), applying Theorem 5 the solution u of (44) belongs
to W2P(Q) for all p € (1,p). Thus div(f8) + div(A’(9)Vu) € LP(Q) for all p € (1,p) if p < 2 and for all
p € (1,2] if p > 2. Applying Theorem 5 again, this proves item (3). O
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7.1. Second order distributed Fulerian shape derivative

Assume Q € P(D), f € H*(D), 0 € C2(D,RY) and ¢ € C}(D,R?). In view of definition (8) we have, using
the notation €, := T (),

d

DEI(0.9 - (5D TE@)0))

|t=0

d
Q

[t=0

Using the change of variables x — Tf(:}:), we get

1
K—§B<t>vut Vut +ulfo Tf) I+ (DTS TVu! @ (DTS)"TVul| : DO o TS det DTF
+ /[usf o TE] -0 o TF det DT,
Q

where B(t) := (DTF)~Y(DT*)~T and Sy, S; are defined in (57). In a similar way as we proceeded for the
function s — A(s) in the proof of Proposition 6, we can show that the function ¢ — B(t) belongs to
CH([0, to]; CO(D, R4*4)). We have also seen that t — f o TF det DTF belongs to C1([0,to]; L2(D)), and in a
similar way we have that ¢ — Vf o T¢ det DT belongs to C([0,to]; L%(D, R%)), as Vf € H'(D,R?). Since
t — u! has the derivative @(¢) in H}(2), then ¢ — Vu! has the derivative Va(¢) in L2(Q, R?). Gathering
these results and taking the derivative of DgJ(TF(2))(0) with respect to ¢, we obtain

D2J(Q)(6,¢) = / (—2DETVu © Vu+ Vu @ Vudive + 2Va(E) © Vu) : DY
Q

+/81 : D20¢ + [u(E)Vf +uD?f€ +udivEVf] -0+ Sg - DOE
o)
1, 1. 2 . :
+/ <—§B (&)Vu-Vu— 3 div(§)|Vul® — Vu(E) - Vu) div(0)
O

+ / (@(E)f +uV ] -€ + uf div()) div(0),

Q

where

dB

B(€) = “2(0) = D¢ - DET. (64)

Using Lemma 1(2), we compute

2(Vi(€) ® Vu) : DI — Va(€) - Vudivd = DIVu - Vi(€) + Vu - DIVa(E) — Va(€) - Vudive
= —A(0)Vu- Va(€). (65)
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Using 4(€)fdiv(0) + w(§)VSf - 0 = div(f0)u(§) and (65), and gathering the terms involving div(§) in
D%J(Q)(0,€), we obtain

B'(&)Vu-Vu + uVf - g) div(6)

+ / —(2DE™Vu ® Vu) : DO — A'(0)Vu - Va(€) + div(f0)u(€)
Q
/81 . D20¢ + uD2f€ -0+ So - DOE + (S1 : DO+ Sg - 0) div(€).
Q

Note that D%.J(2)(6, €) is also a first-order shape derivative with respect to £, so we can apply Proposition 1,
but we need first to write D%.J(2)(6,€) in the tensor form (15) with 6 replaced by &. In particular, we need
to transform the terms depending on @(€) in D%.J(2)(6, &) as they do not depend explicitly on ¢. Choosing
the test function v = 4(€) in (53) we get

/V”[L(@) V() = f/A’(G)Vu -Vu(€) + /div(f&)u(f).
Q Q Q
In a similar way, we also have the equation
/ Vi(€) - Vi(0) = / A(€)Vu - Val0) + / div(f€)i(0). (66)
Q Q Q
Using these formulae allows us to replace @(£) with @(6) in D%.J(Q)(6,&). Using (64), we obtain
D%J(2)(6,¢) = /(Dgw -Vu+uVf-§&)div(d)
Q

+ / —(2DETVu © Vu) : DO — A'(€)Vu - Va(0) + div(f€)u(0)

+/s1 : D*0¢ + uD?f€ -0 + Sg - DOE + (Sy : DO + Sy - 0) div(&).
Q

Using Lemma 1(2), we also have
—A'(&)Vu - Vi(0) = (2Vu() ® Vu) : DE — Vi(h) - Vudiv(€)
and

—(2DE"Vu © Vu) : DI = —(DE"Vu @ Vu + Vu ® DETVu) : DO
= —DE"Vu - DOVu — Vu : DIDETVu
= —Vu-DEDOVU — Vu - DEDOTVu
= —(Vu® DOVu + Vu ® DO"Vu) : D¢
= —[(Vu ® Vu)(D0 + DO")] : DE.

Then, using DEVu - Vu(div ) = (Vu @ Vu)((div 0)1,) : DE we get
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DEVu - Vudiv(d) — (2DETVu © Vau) : DO = (Vu @ Vu)A'(0) : DE.
Gathering the previous results, we can now write the tensor expression for D%.J(2)(6, £).

Proposition 7 (Second order distributed Eulerian shape derivative). Assume Q € P(D), f € H?*(D), 6 €
C2(D,R%) and ¢ € CL(D,R?). The second order distributed Eulerian shape derivative is given by

DRI(@)(0.€) = [ S17(6): De+S57(0) ¢, (67)
Q
where
SEE(9) = [-Va(0) - Vu+u(8) f + Sy : DO+ Sg - ]I + 2V (6) © Vu + (Vu @ Vu)A'(6),  (68)
SEE(0) = (w(0) + udive)Vf +uD?f0 + D*0S, + DS, (69)

with D208, defined in (32), ST(0) € L' (0, R>Y) and ST (0) € LY(Q,RY). If, in addition, Q C R? is
semiconver or if Q C R? is a polygon, we get the additional reqularity S?’E(H) € Whi(Q,Rxd),

Proof. The regularity of 7% () and Sg’E(G) when Q is open follows from the regularity of v and u(6) in
Theorems 6 and 9, respectively, and from the expressions (68)-(69).

When (2 is semiconvex, we have in view of Theorems 6 and 9 that both Vi(#) and Vu belong to H'(£2),
which yields V() - Vu € Wh1(Q). Proceeding in a similar way for the other terms of S77(6), we obtain
the desired result.

When Q C R? is a polygon, we can take p = 4/3 in Theorem 6(4) and Theorem 9(3) which yields
u € W24/3(Q) and 1(0) € W24/3(Q). Using Sobolev embeddings we have that Va(6), Vu € Wh4/3(Q, R?)
LA(Q,RY), thus Vu - V() € L*(Q). Since D?u(f), D>u € LY3(Q,R¥*?), we get D>*uVu(f) € L'(Q,RY)
and D?0(0)Vu € L*(Q,RY). This yields V(Vu - Vi()) = D>uVu(0) + D?*u(0)Vu € L' (2, R?), and in turn
Vi(0) - Vu € WHH(RQ). Proceeding in a similar way for the other terms of S7'¥(6), we obtain the desired
regularity. O

7.2. Second order distributed Fréchet shape derivative
Using Proposition 7, we obtain the following result.

Proposition 8 (Second order distributed Fréchet shape derivative). Assume Q € P(D), f € H*(D) and
0,¢ € C3(D,RY). The second order distributed Fréchet shape derivative is given by

DRI0)0.6) = [ S27(0): DE+ 857 0)-¢ = [ S17(€) Do+ 8FT) -, (70)
Q Q
where
SP(0) = [-Va() - Vu+ (0 f + Sy : DO+ Sq - 0]Ig + 2Vi(0) © Vu + (Vu @ Vu)A'(0) — DOTS,,
S3F(6) = (u(8) + udive)Vf +uD?f6,

with 827 (0) € L*(Q, R4*) and Sg’F(G) € LY(Q,R?). If, in addition, Q C R? is semiconvez or if Q C R?
is a polygon, we get the additional reqularity S%’F(O) € Whi(Q,R¥*4),
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Alternatively, we can also write the second order distributed Fréchet shape derivative using the following
symmetric expression:

D27(0)(0.€) = / K(6.€), (71)

Q
with
K(6,8) :=Vu(0) - V(&) +Sp - (0divE +£divl) + Sy : (DOdivE + DEdivh)
1
+ <§|Vu2 - uf) (divédive 4+ DT - DE)
— (DODE 4 DEDO + DEDOT)Vu, - Vu + uD? f6 - €.
Proof. For the proof of existence of the second order Fréchet derivative, we refer to [35, Section 5.3.5]. The
proof of (70) is a direct consequence of Proposition 7, Proposition 3, (57), and of the fact that D%.7(0) is
a symmetric bilinear form.
To prove (71), we compute
(Vu @ Vu)A'(0) : D¢ = (Vu® Vu) : DEAivO — (Vu ® Vu)(DO+ DOT) : D¢
1
=S, :DEdive + <§|Vu|2 - uf> divédive — (Vu® (DOTVu + DOVu)) : DE
1
=S;: DEdive + <§|Vu|2 — uf) divédivd — DEDOTVu - Vu — DEDOVu - Vau, (72)
and also
1
—DO'S, : D¢ = <§|Vu2 — uf) DO : DE — DO (Vu ® Vu) : DE
1
= <§|Vu2 — uf) DO : D¢ — DODEVY - Vu. (73)

Then, observing that udivOV f - £ =Sy - £divd, and using (66), (72) and (73) in (70), we obtain

D27(0)(,€) = / V() - Vi) + (Sy : DO+ Sy - 0) div e
Q
+ / S;: DEdive + (%|Vu|2 — uf) divédivd — DEDOTVu - Vu — DEDOV Y - Vu
Q
+/ <%|Vu|2 uf> DOT : DE — DODEVU - Vu+ Sq - Edivl +uD?f6 - €,
Q

which yields (71). O

The purpose of (71) is to provide a formula which is clearly symmetric. We will use this formula for the
calculation of the second order shape derivative for polygons.

Remark 6. One could legitimately wonder if the tensors S5 (6), ST (6) of Proposition 7 and 83 (0), ST (6)

of Proposition 8 could be written using the shape derivative u/(6) defined in (61) instead of the material
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derivative (). Formally, this can be done by substituting () by u'(6) +Vu - 6 in the tensors expressions.
However, we have 4(6) = u/(0) + Vu -6 € H'(Q) when  is only open, whereas u’(f) and Vu - 6 are both
only in L2(€). Thus, by doing so one would work with more singular functions, even if these singularities
are artificial since they cancel each other, so this defeats the purpose of the distributed expressions. In
fact, the main purpose of writing D%.J(Q2)(6,£) using «/(#) is to find the canonical boundary structure (9)
or (10), (11) in the case of the Fréchet shape derivatives, so the substitution is unnecessary if we aim at
a distributed expression. This artificial singularity is a standard problem when working with the shape
derivative u’(#); see for instance [45, Section 3.1] where the same issue is discussed in the context of shape
derivative estimates with respect to Sobolev norms of boundary displacements.

8. Boundary expressions of second order shape derivatives

In Section 7, we have obtained second order distributed shape derivatives for open sets. Assuming more
regularity, we obtain in this section several types of boundary expressions for second order shape derivatives.
In particular, we obtain boundary expressions based on the material derivative (6), which require less
domain regularity than the usual expressions based on the shape derivative u/(6).

8.1. Boundary expressions for the second order Eulerian shape derivative

Proposition 9. Assume f € H?(D), § € C2(D,R%), ¢ € CL(D,RY) and Q C R is semiconver or Q C R? is
a polygon. The second order Fulerian shape derivative has the following boundary expression based on the
material derivative u(6):

D2I(Q)(0,¢) = / <8nu8nu(9)  |Oyul2DOn - + %|3nu|2 div 9> e (74)
o0

Proof. If O ¢ R? is semiconvex or  C R? is a polygon, we get in view of Proposition 7 that S%’E(ﬁ) €
Wh(Q,R4*4). Thus, we can apply (18) from Proposition 1 and we get

DLI(Q)(6,€) = / (S2E(0)m) - €. (75)

o0
Using u = 0, 4(f) = 0, and Vu = d,un, Vi(0) = 9,u(0)n on 99, we have in view of (68)
1
ST (O)n = (_anu(e)anu + |Vul?Dén - n — §|8nu|2 div(e)) n
+ 20, 1(0)0pu(n © n)n + |Opul*(n @ n) A’ (0)n

1
= (—anu(e)anu + §|8nu|2 div(0) + 20,7(0)0,u — |0nul* Don - n) n  on 0F,

and using (75) this yields (74). O

Proposition 10. Assume f € H?(D), 6 € C3(D,R%), ¢ € CLH(D,RY), and Q C R? is a convex polygon. The
second order Eulerian shape derivative has the following boundary expression based on the shape derivative

u'(6):

D2J(Q)(8,€) = / ((anu’(e) + D?un - 0)0,u + %\anuﬁ div 9) n. (76)
o0
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Proof. By definition we have u/(6) = 4(0) — Vu - 0, thus
V' (0) = Va(0) — V(Vu - 0) = Va(d) — D*ub — DO Vu. (77)

Since € is convex, Theorem 9 and Theorem 8 yield Vi(6) € H*(Q), Vu € C°(Q) and D?%ulsq € L*(99Q).
Thus, we can take the trace of (77) on 9Q and we get

V' (0) = Vi(h) — D*ub — DOTVu € L*(9Q).
Using Vu = d,un on 0f), we get
Ot (0) = 0,,0(0) — D*un - — DOn - ndpu € L'(09Q).

Considering that d,u € L>(d), we can substitute 9,,4(0) with d,u’(0) + D?*un - 6 + Dln - nd,u in (74),
which yields (76). O

Roughly speaking, Propositions 9 and 10 indicate that D%.J(£2)(6,€) can be written in boundary form
for any polygon using the material derivative 4(6), but only for convex polygons using the shape derivative.
Indeed, the regularity of u/(#) is determined by Vu, and the singularity of u becomes too strong as soon as
the domain 2 has a re-entrant corner. However, this lack of regularity of «/(6) is rather artificial, since the
singularities of d,u’(f) and D?un - @ in (76) actually cancel each other and their sum is more regular, as
can be seen from (77); see Remark 6.

Note that in view of the definition (8), D%.J(2)(6,€) can also be seen as the first order Eulerian shape
derivative of DgJ(2)(0) in direction £. Then, it is interesting to observe that when considered as first order
shape derivatives in direction &, expressions (74) and (76) have a structure of the type Ig(&aq -n) as in (9),
even though 2 does not have the regularity required in Theorem 3.

8.2. Boundary expressions for the second order Fréchet shape derivative

Proposition 11. Assume f € H%(D), 0,¢ € C2(D,R%), and Q C R? is semiconvez or Q C R? is a m-gon. The
second order Fréchet shape derivative has the following boundary expression based on the material derivative

a(6):

D27(0)(6,€) = / <3nu8nu(9) + %|8nu|2 div(6) — g|8nu|2D9n - n) € — M(D@Tn) & (18)
o

If in addition Q C R? is a convex m-gon with OQ = Ur, T;, then we have the following boundary expression
based on the shape derivative u'(6):

oQ i:lFi 2

Proof. When Q C R? is semiconvex or Q C R? is a m-gon, we have due to Proposition 3 the following
boundary expression for the second order Fréchet shape derivative:

D27(0)(0.€) = / (S27 (O)n) - € = / (S2E(0)n) - € — (DOTSym) - €
o0

89 (80)

— D3LI(Q)(6,€) - / (D67S1n) - €.

o0
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In view of (57) and Vu = dpun on 99, we have DOTSin = £]0,ul>?DO"n a.e. on 9. Using (74) and
E=& +&n in (80), we get (78).

Now, assume that Q C R? is a convex m-gon. Using (76), (80), splitting the integral containing div 6 as
a sum of integrals on I'; and then using div8 = divr 0 + DOn - n, we get

D%.7(0)(8,€) :/((8 u'(0) + D?*un - 0)0,u §n+Z/ |Onul? divp(0)&, —f|3 ul>(DOn) - ;. (81)

a0 i=1p,

Using Theorem 8, we have on I';, for all i € I:

1 v ’ v 2
§d1Vp(|Vu|2fn ) = [Vel &, divp 0+ &, = vp(|w| )-0 | | ——Vré&, -0
(82)
_ |0n Ul 2 |On Ul -
&, divy 0 + 0,ué, (D*un - 0 — D*un - nb,,) + Vré, -0 in L (),
where we have used Vu = (9,u)n and
Vr([Vul?) = (I; — n @ n)V(|Vu|?) = 2D*uVu — 2(D*uVu - n)n.
Now, we use (82) in (81) and we get
D37 (0)(0,¢) = / Ot/ (0)Opusn + D*un - ndyubnéy,
o0
(83)

On, u2 Opul?
+Z/ divp (| Vul?€,6) — 19" rén - 97%(139%).57.

le

Using Lemma 2 and the expression of the first-order shape derivative (58), and also using that Drn = 0 on
I'; since 2 is a m~-gon, we obtain

DRI 0)0,6) = [ (0! )0+ Dun - nd,ub,) &,

[219]

+Z/ dive(|Val2€,0) — 12t “' Ot (T, - 0, + Vb, - £1).

1= lF
To get (79), we use Theorem 2 which yields
/ dive([Vul26,0) = [[Vul?(€ -n)(0 7)) (ar) — [[Val2(€ - n*)(@ - 7)) (@) + / HIVu20,6,.
I'; X

In view of Theorem 8, we have Vu € C°(Q). We have Vu(a;) 77 (a;) = 0 and Vu(a;) -7 (a;) = 0 due to the
Dirichlet boundary conditions. Since 77 (a;) and 77 (a;) are not colinear, we get Vu(a;) =0 for 1 <i < m.
Considering also that the curvature H is zero on each I'; since € is a m-gon, this leads to

/divr(|Vu|2§n6) o,
1—",

which proves the result. O
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Remark 7. In [42, Theorem 0.2], the structure of the second order shape derivative when € is an optimal
shape (i.e. when the first-order shape derivative vanishes) is given when € is a set of finite perimeter. The
author observes that when the shape is not optimal, it is difficult to know what the structure of the second

order shape derivative is, since in the smooth case it includes terms requiring more regularity such as Drn;
see (11)-(12).

In the smooth case, the term D?un - n appearing in (79) is further transformed using the formula
D?un -n = —f — (d — 1)Hd,u in order to remove the second derivative of u. For convex polygons, this
substitution is still possible as will be seen in Corollary 2, but one needs to be cautious due to the low
regularity of u and €.

Corollary 2. Assume f € H?(D), 0,¢ € C2(D,R?), and Q C R? is a convex m-gon. Then, the second order
Fréchet shape derivative is given by

m 2
D%‘j(o)(ev 5) = / (anul(e)anu — foyu Qn) &n — Z/ @(VFSR -0, +Vrb, - 57-) (85)

o0 i=1 r;

Proof. For ¢ > 0 sufficiently small, define the open rectangle I'; := {z + én | z € I';,|0| < €}. Note that n
is constant on I';. In view of Corollary 1, we have u € H*>*°(Q), with 0 < § < 7/& — 1, and consequently
D?u € H%(Q). Then, we observe that the unitary extension # of n in I': N Q is actually constant, thus
D =0 and div(n) = 0 in I'¢ N Q. Thus, we compute
div(Vu — (R @ 7)Vu) — D(Vu — (A @ 7)Vu)i - 0
= Au— D*u(i ® ) — D*uii - s + D((Vu - 2)A)n - 7
= Au—2D%*ui -4 (R @ V(Vu - 7))n -7 = Au — D?un -7 in HO(TS N Q).

)
(

Taking the trace on I'; using Theorem 8, and using the fact that u = 0 on 0 we get

0= AFU = divr(VFu)
= div(Vu — (R ® 7)Vu) — D(Vu — (i @ 2)Vu)i - 7t = Au — D*un -n in L}(T}).

Thus, we have obtained D?un -n = Au = —f in L'(9Q). Substituting in (79), we obtain (85). O

Note that with the assumptions of Corollary 2, since f € H?(D) we have f € C°(D) by Sobolev embed-
ding, and this yields the higher regularity D?un -n = —f in C°(99).

Now we compute the Fréchet derivative in the smooth case, written in the canonical form (12) of the
structure theorem.

Proposition 12. Assume Q C R? is of class C*', f € H*(D) and 0,¢ € C2(D,R?). Then, the second order
Fréchet shape derivative is given by

D27(0)(6,€) = / <8nu'(9)3nu o6, — %|8nu\2(d - 1)7-[9n> €,
80 (86)

+ DFJ(O>([DFH€T . 97’ - Vrfn . 07’ - vf‘en . 5‘/‘]”)
Proof. In view of [33, Theorem 2.5.1.1], we have u € H3(Q). This yields D?ulpa € HY?(99) and

Ot (0)|ag, € HY?(0Q). Since 0, ¢ € C2(D,R?%) and Q is of class C>!, we have n of class C'', and combining
these results we get |Vu|?¢,0 € WH1(9Q, R?). Applying Theorem 1 we obtain
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/divr(|Vu|2§n9) = /(d— DH|Vul?0,&,. (87)
o0 o0

Now, using that n is of class C1'!, the sum of the integrals on T'; in (84) can be written as an integral on
090. Also, compared to (84) we have an additional term Drn&. -6, which was vanishing in (84) since  was
a polygon. Thus, from (87) and (84) we obtain

D27(0)(0,¢) = / <6nu’(0)8nu + %|8nu|2(d — 1)Hb,, + D?un - n@nu9n> &
9 (88)

+ DpJ(0)([Drné; - 0 — V&, -0 — Vb, - & n).
Since Q is C%! and u € H?(Q), using [35, Proposition 5.4.12], and u = 0 on 99Q we get
D?*un-n = Au— Aru — (d — 1)Hopu = —f — (d — 1)HOpu. (89)
Using (89) in (88) we get (86). O

Apart from the curvature and the Drn terms which both vanish when  is a polygon, expression (85)
is similar to (86). However, the proof of Proposition 11 shows that additional terms actually appear at the
vertices of the polygon, but for this particular functional they vanish due to |[Vu|?(a;) = 0. Thus, in general
one can expect second shape derivatives for polygons to have additional terms at the vertices a;, as in the
case of the volume; see (42).

Expression (86) corresponds to the structure (12), even though € is only assumed to be C*!, while
Theorem 4 requires C3-regularity. Although written in a different way, (86) is equal to well-known formulae
in the literature, see for instance [53, (5.21)] or [12, Lemma 2.2]. It is not difficult to see that the first integral
on the right-hand side of (88) coincides with the formula [53, (5.21)], considering first that one needs to
divide [53, (5.21)] by a factor 2 to get the same functional, and then that in (88), we have

/ Dt (0)D,u, = / O () (€) = / A (0 (€) — Yl (€) - Vil (6)
o0 Q

o0
= / —Vu/(€) - Vi () = / —0nu' (§)u' (0),
Q

o0
where we have used the fact that the shape derivative /() satisfies —Au/(f) = 0in Q and u/(9) =
—0pu 6, on 09, see for instance [59, Section 3.1].

8.8. Alternative second order distributed Eulerian shape derivative

The search for a simpler alternative to 27 () in (68) is guided by the boundary expression (74), which
suggests the following natural alternative tensor form.

Proposition 13. Assume Q2 € P(D) is semiconvez and 0,¢ € C2(D,R%), Then, the second order distributed
Eulerian shape derivative has the alternative form

DI@)0.6) = [ $T(0): D¢+ SEE () ¢, (90)
Q

with
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2.E [Vul?

S3E () = <V11(9) -Vu + — div 9) I, — Vu® DOVu,

S (9) = div(S27(0)) = D*uVa() + D*a(0)Vu + D*uVu div(h)

[Vl

M

2
V div 6§ — div(DOVu)Vu — D*uDOVu,

and STF(0) € WH1(Q, RIxd),

Proof. We compute, using Vu(0) = 9,u(0) n and Vu = d,un on 99, and in view of (74),

— 2
S2E(O)n = (vu(a) -Vu + @ div 9) n— (Vu ® DOVu)n

= (anuanu(e) —|8,ul?Dén - n + %|8nu|2 div 9) n=S82%@)n ondQ,

so that (21) is satisfied. Since {2 is semiconvex, we have u,u(f) € H*(Q) in view of Theorem 6(3) and
Theorem 9(2), therefore S27(9) € WH1(Q, R¥*9), also using that § € C2(D,R%). Thus, we can apply
Proposition 2 and we get (90). Finally, using Lemma 1(6), it is straightforward to compute S/(Q)’\E(F)) =
div(s>E(6)). O

In the same way as for the first order shape derivative, we observe that the tensor S2(6) has a simpler
expression than S%’E(H) given in (68), but requires more regularity for Q due to the presence of D?u and

D?4(6) in Sg’E(G), so there is a trade-off between simplicity and regularity with this alternative.
9. Second order shape derivative in matricial form for polygons
9.1. Second order distributed Fréchet shape derivatives for Lipschitz perturbations

In the previous sections we have shown how the expression of the second order Fréchet shape derivative
can be deduced from the expression of the second order Eulerian shape derivative using Proposition 3.
However, a limitation of this approach is that the second order Eulerian shape derivative requires more
regularity for one of the perturbation fields than the second order Fréchet shape derivative. This difference
is apparent for instance in (69), where S2'¥ () depends on D20, whereas its Fréchet counterpart S27(6)
only depends on D, see (70). This is also apparent in the case of the volume functional, compare the
results of Propositions 4 and 5. This difference corresponds in fact to the term Dp7(0)(D0€) in (14) which
generates the terms depending on D26.

Therefore, this approach is not appropriate in the case of perturbation fields in W1, i.e. for Lipschitz
vector fields. However, domain perturbations using Lipschitz vector fields are necessary when working in
the class of polygons. In this case, employing only the Fréchet shape derivative seems preferable. In the case
of the Dirichlet energy, it is known that W1>°(D,R?) > 0 +— J(0) is of class C¥ in a neighbourhood of 0
for Q open and f € H*(D); see [35, Corollary 5.3.8] and also [45, Theorem 3.13] in the case f € W™ (D)
and for a general elliptic PDE. In order to directly compute the distributed expression of the second order
Fréchet shape derivative in this case, we can use the following expression

T0) = J(Q) = %/|Vua|2 _ %/A(@)we V., (91)
Qp Q
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with u? := ug o (Id +0) and A(f) := (det(Id +6))(Id +D8)~*(Id +D§)~T. We also have the following varia-
tional formulation for u?:

/A(H)Vug Vo = /]:(9)1), Vv € Hy(Q), (92)
Q Q

with F(6) := f o (Id +6) det(Id +0). Differentiating (91) twice with respect to § € W1>°(D, R?) and using
(92), we obtain the same expression (70) for the second order Fréchet shape derivative. Note that the
calculations for differentiating (91) twice with respect to 6 are similar to the calculations in Section 7.1.
Eventually, this shows that (70) is also valid for §,& € W1°(D,R?). A similar calculation based on volume
integrals and the material derivative of u has actually been used in [45] to prove estimates for Fréchet
shape derivatives of functionals depending on the solution of a general linear elliptic PDE, see in particular
[45, Section 3.1] for the case of the Dirichlet energy. We also observe that some of the regularity results
of Theorem 9(2) and Theorem 9(3) are not valid anymore for § € W1°°(D,R?). In this case we can only
say that @(6) € H}(Q). Therefore we only have ST (0) € L'(Q, R%*?) and Sg'7(9) € L' (2, R?) in (70) for
0,6 € WHo°(D,R?) even when ( is a polygon.

9.2. Lipschitz perturbations for polygonal domains

Let Q € P(D) be a m-gon with m > 3 vertices; see Definition 2. Let 7 be a triangulation of €2, then
it is known that T consists of m — 2 triangles. For all ¢ € I, there exists a piecewise linear hat function
¢; € WHe°(D) with compact support in D, satisfying ¢;(a;) = 1 and ¢;(a;) = 0 for all j # i, and linear on
each I';, i € I. Such a function ¢; can be obtained in the following way. Let 7; be the subset of triangles
of 7 which contains the vertex a;. Then on each . € T, ¢i|7 is chosen as a linear function satisfying
wi(a;) =1 and p; = 0 at the other vertices of . Then for € T \ T;, we take ¢;(z) =0 for all x € F.
Finally, choosing an appropriate polygon ) such that Q ¢ Q and Q has compact support in D and taking
vi=0o0n D)\ Q, we can find a piecewise linear Pi6s using a similar construction, so that ¢; € W1°°(D)
and @; has compact support in D. In this way, ¢; satisfies the desired conditions.

Let 6; € R?, i € I, be given vectors which represent the perturbations of the vertices a; € R?, and let us
choose a specific vector field

0:=> 0ip; € WH(D,R?), (93)
i=1

then 6 satisfies 6(a;) = 0; for all ¢ € I, and since ¢; is linear on T'; for all ¢ € I, we have that (Id +6)(Q) is
also a m-gon if max;ey ||0;]|oo is sufficiently small. In a similar way, we also define

£:=Y & € Wh(D,R?). (94)
j=1
Using the transformations Id +6 and Id +£, we are able to compute the second order Fréchet shape derivative
in matricial form.

9.3. Material derivative-based second order Fréchet shape derivative in matricial form

In this section, we compute the second order Fréchet shape derivative in matricial form using the dis-
tributed expression (70), which is based on the material derivative. In this way, we obtain a formula which
is valid for all m-gons. We defer the rather tedious calculations to the Appendix. Although Proposition 8
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requires that 6,¢ € C2(D,R?), the result is also valid for 6, € W1°°(D,R?) in view of the discussion in
Section 9.1. Thus, we can substitute expressions (93) and (94) in (70), and we obtain

DEI(0)(6,6) = > M0, - &, (95)
i,j=1
with IM;; € R?*? given by

M;; = /DUjDUl-T +0i(Ve; ®80) +¢;(So ® Vi) + Ve; ® S1Ve; +81Vp; @ Vi,
o)

1
+/ <2|Vu|2 - uf) (2Vp; © V,) + ucpicij2f
Q

+ / —(Vo; - Vu) (Ve @ Vu) — (Vi - Vu) (Vu @ V,) — (Vi - Ve,)(Vu @ Vu),
Q

where U; € Hi (9, R?) is the solution of, for i € I,

/DUin =
Q

Note that we have the property () =Y., 0; - U;.

/—(V(pi ® Vu)Vu + 2(Vu © Vo)V, + /vV(goif), Vv € H} ().
o)

Q

Definition 7. Let M € R?™*2™ be a block matrix whose blocks are, for 1 < 4,j < m,
[M@jl)(zz‘l) M<2j1>(2i>} M.
- 1]
Mepei-ny M !
and let © € R?>™ and Z € R?™ be block vectors such that for 1 < 4,5 < m, we have

O2i_1 Hoj—1
{@21'}_9“ {H ]_Ej'

:gj

Then, we can show the following result.

Lemma 3. Let M, 0,E be given in Definition 7, and M;; defined in (95), then M is symmetric and

MO-E= " M;; - ;.
i,j=1

Proof. Indeed, we have

2m 2m

MO -E=>"3 " My0,5,.

p=1qg=1

The sum over p is divided into two sums using the indices p = 25 — 1 and p = 27, for j € I, and the sum
over q using the indices ¢ = 2i — 1 and ¢ = 21, for ¢ € I. This yields
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MO == Z M2j-1)(2i-1)O2i-1825j-1 + M(2;-1)(2)O2iZ2;1
ij=1
+ Z M (25)(2i-1)O2i-1Z2; + M (2j)(2:)O2:Z2; = Z IM;;0; - &;.

i,j=1 4,J=1

In view of the definition of IM;;, it is straightforward to verify that M;; = (IM;;)" for all 1 < i, j < m. Since
M is a block matrix whose blocks are the IM;;, this proves the symmetry of M. O

Thus, we have obtained the following result.

Proposition 14. Let Q C R? be a m-gon, M, 0, Z be given in Definition 7, and 6,¢ be defined in (93), (94).
Then, the second order Fréchet shape derivative is given in matricial form by

[

D%J(0)(0,€) = MO -
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Appendix A

In this section we compute the matrix IM;; appearing in (95) of Section 9.3. We start with a few useful
formulae.

Lemma 4. Let A € R¥? and 6 defined in (93), then we have
i=1 i=1

=1 i=1

div(f0) = Vf-0+ fdivo=> 0;- (@ Vf+ V) =Y 0 V(pif),
=1

=1
DOVu- Vo= [(6; @ V:)Vu] - Vo =Y (6 - Vv)(Vep; - V),
=1 1=1
DOTVu- Vo =Y (6;- Vu)(Ve; - Vv).
i=1

In view of (53) we have using Lemma 4 and Lemma 1(4),

Q/Vd(@) Vv =— /A'(G)Vu Vo + /div(f@)v

Q Q
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[
_MS

Il
—

0; - / (Vu - Vo)Ve, + (Ve - Vu)Vo + (Ve; - Vo)Vu + /vV(apif)
Q

K2

>0

1=

)

i / (Vi @ Vu)Vu + 2(Vu © Vo)V, + /vV(cpif) , Yo € H&(Q)
Q Q

_

Introduce functions U; € H{ (9, R?), i € I, such that @() = >_1", 6;-U;. Since Vi(6)-Vo = Y7 | 6;-DU; Vv,
the equations for U, i € I, are

/DUZ‘V’U = /—(Vgoi ® Vu)Vu + 2(Vu © Vo)V, + /vV(goif), Vv € H} (). (96)
)

Note that (96) can also be written as two independent BVPs.
Considering expression (71) of D%7(0)(6,&), we compute first

F(0,¢) =Ly + Lo+ L3+ Ly + Ls + Lg,
with
Ly == Va(h) - Va(€), Ly :=Sg - (Adive 4 £dive)
Lz :=S; : (DA div ¢ + DEdiv), Ly = <%Vu2 - uf> (divédive + DO : DE)
Ls := —(DODE + DEDO + DEDOT)Vu - Vu, Lg :=uD?f6 - €.

First of all we have
= ZMl,ijai &5 (97)
i=1
with M ;; := DU;DU;". Using Lemma 1(5) and Lemma 4 we get

So-0divE= Y ¢i(So-6:)(& - Vei) = D & - pi(Ve; ®So)6i.

ij=1 ij=1
Thus, using the symmetry of the terms in Lo we get
m
Ly = Z Mo ;;0; - &5,
i,j=1

with Ma;; = ¢;(Ve; ® So) + ¢;(So ® Vi;). Then, using Lemma 1(5) and Lemma 4, we get

S1:DOdivE = Z (0 - S1Vi) (& - Vpj) = Z & - (V; ®81Ve;)b;
ij=1 ij=1

Thus, using the symmetry of the terms in L3 we get

L3 = Z M3 50; - &

4,j=1
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with Ms;; :== V; ® S1Ve; +S1Vy; @ Vi;. Then, using Lemma 1(5) and Lemma 4 we compute

divedive = > (0:- Vi) (& - Vi) = > &+ (Vip; ® V)i,
i,j=1 ,5=1

DOT:DE=> (Vi ®0:): (§® V)= > & (Vi ® Vip;)b;.
ij=1 ij=1

This yleldb L4 = Zm M4,ij9i . é.ja with M4,ij = (%|VU‘2 — uf) (Vgpz (39 V(P] + V(p] (39 Vgpz) Then, we

i,j=1
compute
DEVu-DOTVu =Y (0; - Vu)(Vepi - DEVU) = > (0; - Vu)(&; - Vepi) (Vep; - V)
i=1 i,j=1

3 & (Ve - Vi) (Vi @ V)b,

2,j=1

In a similar way we have

DOVu-DEVu =Y & - [(Ve; - Vu)(Vu @ Vi;)bi],

,j=1

DOTVu-DEVu= Y & [(Vei - Ve;)(Vu® Vu)b,].

4,j=1

This yields L5 = Em M57ij91‘ . fj, with

4,j=1

Ms;; = —(Ve; - Vu)(Ve; @ Vu) — (V; - Vu) (Vu ® Vi) — (Vi - Vi) (Vu @ Vu).

)

Then, we compute Lg = Z;nj:l Ms,i;0; - €5, where Mg ;; = up;p; D?f. Thus, we have obtained

DEI(0)(0,6) =L+ Lo+ Ly + La+ Ls + Lg = »_ M;;0; - &,

ij=1
with
6
Mij = Z/Mk’ij S R2*2, (98)
k=19
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