





Lemma 2.2: Let a and b be two elements of the unital ring R, with b invertible.
‘ Let be given a positive integer n, a set of rational integers k = {k;} # {0}, and a
polynomial .
Pala,b,k) = Y kiTi(a),

=0
where T(a) = bab~d.
Let o' = ba—ab, s = E;;j ki, and pi(a,b) = b7? E}"H_, 8;Ti(a') + (ki +
si41)T¥(@) + Timh kiTi(a), 0<i<n. Then po(a,b)=pi(a,8)=...=pa(a,b).

Remark: We observe that

n-1

pofa,b) = [E 8;s1Ti(d") + aoab] bl

=0
Proof: Let us show that p; = p;_;. We have

pi = pica = ~b7 8T (a") + (ki + 8:41)T(a) = (ki1 + )T (a) + ki T (a)
= —b'5,T"(a") + 8, T(a) — ;T (a)
= —b18;T(a’) + 8i(T*(a) — T""'(a)) =0, since by definition
Ti(a) - T*~*(a) = b~'T'(a"). |

Given an element z inaring R we define inductively, forevery y in R [y,2z]® =y,

[V, zl=y'=yz—zy, andforevery i2>0 [Vt 3]“.”) = [[yi z](i)’ 3]'

Lemma 2.3: Let R be a unital ring containing an infinite field K in its center. Let =z
and y be two elements of R such that, for infinitely many p in K p+z is invertible, and

let us suppose that there are a positive integer n, aset k= {k; €Z |1 <j <n}# {0}
as in Lemma 2.2 such that )

pn{ys2+ ) =0, for infinitely many p in K. Then [y,z]™ =0.
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Proof: We will prove by induction on n that [y, 2] =0.

(i) n=1. Then
Abab~' + Ba =0 for a =y, and for infinitely many b=z 4 . This means that
Aba + Bab = A(z + )y + By(z + p) =0 holds for infinite u's. Then
(Azy + Byz) + (Ay + By)u = 0 implies that

(A+By=0
Azy + Byz = 0.

Hence
B=-4
A(zy —yz) =0.

Since the relations is nontrivial A # 0, and so
[v,2] =0

(ii) Induction step. Let us assume that the hypothesis is true for polynomials with
t1<n-1.

We have that

n—1

Po(a,b) = [ Z 8i41T9(a") + s0ab]d~?,
. i=0
and po(y,z + p) =0 for infinitely many g in K, if and only if
n-1
Pola,b) = [ E sj41a'bn=D~d 4 aoab"] b

j=0

iszerofor a=y, b=z + p and infinitely many x in K. But the only contribution to
the coefficient of u™ is sy, and therefore sy =0. Hence

n—1

Po(a,b) = [Zs,-.HT’(a')] b1

j=0
is a relation that holds for the pairs @' = [y,z] and b=z + p, for infinitely many g in
K. By the induction hypothesis

[f5, 219, 19 = =4 = -



3. Semigroup laws

Let G be a group and let us denote by (G the center of G.

Theorem 3.1: Let K be an infinite field of characteristic p > 0, and let G be a group
generated by torsion elements. If U(KG) satisfies a semigroup law, then the subgroup of
G generated by p’-elements (torsion elements if p=0) is central.
Proof: Let g™ = h! =1 be two torsion elements such that p J£. Let u and A be
two elements of K such that u™ #1# A4 Then

A-pg) =Q+pg+...+p™"g" ") [ (1= 4™) _

A+ h)T =211 = A h o (1) EEDREY) /(1207
are elements of U(KG).

Let us plug
a,=1—p(A+h)'g(A+h)""*

in (*), Lemma 2.1. Since we have a polynomial identity in g their first degree coefficients
are equal. This implies that the nontrivial relation

2":(.'. —j.)bab— =0

=1

is verified for infinitely many pairs a=g, b=h+ A, A in K. By Lemma 2.3
lo, 5}™ = 0.

Now we consider two cases:
@p>0
It is easy to verify that

lo, A = 3 (~1)/Cipighn=~.

Choose an integer r such that s =p" 2 n. Then

l9, B} =0 = gh* - b*,
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and since p and £ are relatively prime it follows that gh = hg, thatis h € (G.
@@p=0

Let p; and p; be two distinct rational prime integers. It is clear that [9,R]™ =0
in (Z/piZ)G, i = 1,2, and so, by what has been proved before, there are integers ¢,
and t,, such that the elements h?t' and A"’ are in the centralizer of g in G.

But rp' +sp¥? =1, for convenient integers r and s, andso A = (k':l Yy (h’;’ )

commutes with g, that is & € (G. - |

Proposition 3.2: Let K be an infinite field of characteristic p> 0, let G be a group
' such that KG is algebraic over K, and let us assume that U(KG) satisfies a semigroup

law. Then there exists a positive integer n such that

U(KG)" C (U(KG).

Proof: First we observe that G is torsion. Otherwise, let z be a nontorsion element
of G. Then {zf|i € Z} is linearly independent over K, in contradiction with the
hypothesis that KG is algebraic over K.

Next we note that if

f(X)=X"+a;X""+...+a,_1X+a, 3o

is the minimal polynomial of u € KG over K, then u isinvertible if and only if a, # 0.
Now, let u € KG be a unit.
We claim that u+ ) is a unit for infinitely many ) in K..

Indeed, let
hX)=fX =2 =X"+uX"" +...4 b1 X + b

Then A(X) is the minimal polynomial of u+ X over K, and the constant term of h(X)
is
h(0) = f(-A) =b,.
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Since f(X) has at most r rootsin K and K is infinite, we have infinitely many
choices for A in K such that b, #0. This proves the claim.

Let u€ KG, andlet g€ G besuchthat g™ =1. Let A and p be elcments of
K such that u+ )\ and 1—pg are units. Then, arguing as in Theorem 3.1, we conclude
that there exists a positive integer n, depending only of the identity, such that

wg=gu’.
This implies that U(KG)?" C (U(KG). |

Before stating the next theorem, let us remember that a group G is called p-abelian
if the commutator subgroup G’ of G is a finite p-group. A ring R is called m-Engel,
for a positive integer m, ifforany ¢ and y in R we have that [y,z](™ =0.

For a group G and a subgroup H of G we define inductively, for ¢ > 1,

(H,G) = (H, 1G) and (H, (i41)G) = ((H, (»G),G), the subgroup generated by
(z,y) = zyz~'y~!, with z in (H, (7G) and y in G. .

Theorem 3.3: Let K be an infinite field of characteristic p > 0, andlet G be a locally
finite p-group. Then are equivalent:
(i) U(KG) satisfies a semigroup law;
(ii) G is nilpotent, the FC-subgroup ¢ of G is p-abelian, and [G : ¢] < oo;
(iii) there exists a positive integer m such that KG is Lie m-Engel;
(iv) there exists a positive integer n, such that U(KG) satisfies the identity

" - i
zi z2 =zz] .

Proof: (i) = (ii). Since G is locally finite KG is algebraic over K. By Proposition
3.2 there exists a positive integer n such that
U(RGY" € (U(KG).

6



Let z,y and z be elements of KG and let us denote by A(G,G') the kernel of
the canonical map KG — K(G/G'). Considering, instead of G, the subgroup generated
by the supports of z, y and z, we can assume that G is a finite p-group. Then
A(G,G') is nilpotent and zy—yz belongsto A(G,G'). Hence 1+zy-—yz € UKG),
and by the first part

(1+zy —yz)"z =z(14zy- yz)’-.

By [2], Theorem V.2.14 we have [G: ¢] < 0o and |¢'| < oo.

We claim that G is nilpotent.

This argument is due to Sehgal [4], Theorem V.6.1, and we reproduce it here for sake
of completeness.

To begin with, we note that G acts as a finite p-group of automorphisms of ¢'.
Applying [4], Lemma V4.1 to G/¢" and A = ¢'[/¢", we obtain that

((¢',G),...,G)=(¢', ,.G) S ¢".
Repeating this procedure with ¢", 4", etc., we eventually obtain that (¢', ,G) = 1.
This means that ¢' C (,G, the r—th term of the upper central series of G. So, we can
assume that ¢' = 1. :
Therefore, with this simplification, we have an abelian normal subgroup A=¢ of G
_such that, G/A is a finite p-group, and G?" C (G. We are allowed to simplify further
factoring by the central subgroup A?". Hence A‘;' =1, and by [4], Lemma V.4.1, there
exists a positive integer ¢ such that

(4, G)=1,

that is, A C (G. Therefore G is nilpotent.
(ii) = (iii). This follows by [4], Theorem V.6.1.
(iii) = (iv). Since KG is Lie n-Engel, forevery z and y in K
[1,2]®7) = ya?” ~ 2"y =0.
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In particular
U(KGY" C(U(KG).

Therefore, for every zj,z3 in U(KG), we have

z} z3==z32] .

(iv) = (i). Obvious. N

Corollary 3.4: Let K be an infinite field of characteristic p. Let G be a torsion group
such that, if p > 0 then theset S, of p—e]emenﬁ of G forms a locally finite group.
Then U(KG) satisfies a semigroup law if and only if
(i) p=0 and G is abelian;
(ii) p>0 and G is nilpotent, S, C (G, the FC-subgroup ¢ of S, is p-abelian
and Sp/¢ is finite.

At this point a very natural question arises: If G is torsion and K is infinite can
we recover the characterization of nilpotence of U(KG), given in [4]?

The answer is yes, and we will present it here. First we need
Definition: Let G be a group. We say that G is T-nilpotent if, given any sequence
(zi)ien of elements of G, there exists a positive integer n, depending on the sequence,
su-cb that

((z0y21), - . .,I.“) =1.

Proposition 3.5: Let K be a field of characteristic p > 0, and let G be a group
possessing a ceatral element h of order p. Then U(KG) T-nilpotent implies that, for
every g € G, [¢:C4(g)] < co. Here Cy(g) denotes the centralizer of g in ¢ - the
FC-subgroup of G.

Proof: Let us assume that there exists an element g in G such that [¢: Cy(g)] = oo,
and let 5= Y720 At We construct inductively sequences {g; | g; € ¢}, and {b; | b; =
(9i,9) € ¢}, such that



€) gns1 € Cy {g15---19n, b1,y---,ba} and
(i) n(1-81)...(1=b,)#0 forall n.

Certainly, we can choose g; € ¢ such that b =(g;,g) and n(1 —b)#0. Indeed,

since ¢ = U;erhiCy(g), # I =00, for i #£j we have

high! # h,-gh;', which implies that

highi'g™" = (hi, ) # (h.9) = highi*g™",
Since we have an infinite number of conjugates we have an infinite number of choices for
(hi,g) € ¢. Moreover, the right anihilator of a nonzero element of KG has only a finite
number of elements of the form ¢ -1, g€ G.

Suppose now that the elements g¢1,93,...,9, With the required properties have al-
ready been chosen. Then gib; € ¢, 1 < 4, j < n, and by Poincare's Theorem
H = Cy{gibj | 1 £ ¢, j < n} has finite index in ¢, and [H : Cy(g)] = co. The
latter equality is true, otherwise [¢: Cy(g)] < [¢: Cu(g)] = [¢: H][H : Cu(g)] < o0, in
contradiction with the way.in which g was chosen. Therefore the set {(h,g) | h € H} is
infinite, and there exists an element g.41 € H such that 1 —bp41 =1 — (gnt1,9) does

not lie in the right anihilator of (1 —b;)...(1 — b,). Now we prove by induction that
(1+n9,91) = (1 +19)g1(1 — ng)g;™ = 1+ 7(1 - by)g,
(1 +n9,91,92) = (1+n(1 — b1)g,92) = 1+ (1 — & )(1 — b)g, and
(1 +19,915-.5,00) =141 = b)...(1 = by)g.

But these are never 1, contradicting the T-nilpotent of U(KG). o

Corollary 3.6. Let K be an infinite field of characteristic p, and let G be a torsion
group. Then U(KG) is nilpotent if and only if
(i) G is abelian, if G has no p—elements;
(ii) G is nilpotent and p—-abelian, if G has p—elements.
Proof: (i) Follows from Collary 3.4.



(ii) Let us assume that U(KXG) is nilpotent and G has a p-element. Then G is

a nilpotent group with a central p-element. Moreover G = S, X Sy, the direct product

of a p-group by a p’-group. By Corollary 3.4 S, C (G, and it is enough to show that

S, is p-abelian. From Corollary 3.4 [S,: ¢] < 0o, andif S, # ¢ by Proposition 3.5 we
have that [S, : 4] = o0, a contradiction.

For sufficiency see [4), Theorem V1.3.1. | n

Finally, some words about the existence of free subsemigroups in U(KG). It is now
easy to show:
Theorem 3.7: Let K be an uncountable field of characteristic p, and jet G bea
group generated by p™—elements. Then, either G contains a subsemigroup on two free

generators or G is abelian.

Theorem 3.8: Let G be a locally finite p—group and let K be an uncountable field of
characteristic p. Then, either U(KG) contains a subsemigroup on two free generators
or U(KG)/CU(KG) is torsion.

Sketch of Proof: Let us see, for example, how to give a proof for Theorem 3.7. Let
g™ = h! =1 be two p’-generators of G. Let g and A be two elements of K such
that u™ #1# A"t If U(KG) does not contain subsemigroups on two free generators
then, by Lemma 2.1 and the Pigeon-Hole Principle, there exists a sequence of integers
(n,i1y-.+38ny Jis---yJn) such that, the relation (*) holds for

a, = (A+R)" (1—pg)(A+R)™,

and uncountably many g and A. The proof now proceeds as in Theorem 3.1. |
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