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1. Introduction 

A. Mandel 

J.Z. Gon~vea 

Let KG be the group ring of the group G over the field K, and let U(KG) be 

its group of units. We say that · U(KG) satisfies a semigroup law if w1(a,b) = w2(a, b) 

holds in U(KG), where w1 and w2 a.re distinct words in the free subsemigroup freely 

generated by a and b. 

It would be interesting to establish when U(KG) satisfies a semigroup law, but this 

seems very difficult. Some special cases are known. For example, a nilpotent group satisfies 

a semigroup law, and conditions under which U(KG) is nilpotent are given in Sehgal [4]. 

In this note we study when U (KG) satisfies a semi group law, for G torsion and 

K infinite. Without much addition~ effort we give sufficient conditions for U(KG) to 

contain a subsemigroup on two free generators. . 

Our main inspiration comes Crom Makar-Limanov [1]. 

2. Some Lemmas 

Lemma 2.1: Let G be a group and let a and 6 be hro elements of G. For each 

nonnegative integer !c let ai = b1 ab-.t. Then 

(i) if G does .not contain subsemigroups on hro free generators the elements a1r satisfy 

a relation of the form 

i1 i,_ _ _jl j. 
"1 ••• a"' - Cit ••• a,.. ' 

w.here m > 1, iJ: and i1t are equal to O or 1, and i1c - j, is not always equal to 0. 

(ii) i! G satislies a ,semigroup Jaw then this relation can be brought to the form(*). 

Proof: See (3), Lemma 4.8. 
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Lemma 2.2: Let a and I, be hm elements of the unitaJ ring R, with I, .inveruble. 

Let be given a positive .integer n, a set of rational .integers k = {k;} 'I= {O}, and a 

polynomial 

where Ti(o) = biab-i. 

II 

Pn(o,b,k) = Lk;Ti(a), 
;.o 

Let a' = ba - ab, •; = Er., k., and Pi(a, b) = 6-1 Ej ... i+J a;Ti(a') + (lei + 
a;+i)Ti{a)+ E;:1k;Ti(a), 0 :Si :Sn. T.ben 11o(a,6) =Pt(a,6) = ... = Pn(a,6). 

Remark: We observe that 

11-1 

Po(o,b) = [E•;+1Ti(a')+aoob]b-1. 
;-o 

Proofs Let us show that p; = Pi-i• We have 

p; - Pi-1 = -b-1 a;Ti(a') + (k; + a;+i)r(o)- (k;-1 + a;)Ti-1(a) + k;-1°r-1(a) 

= -11-1 a;T'(a') + a;Ti(a) - a;r-1(a) 

= -b-1.s;Ti(a') + a;(Ti(a)-Ti-l(a)) = O, since by definition 

T;(a) - r-1(0) = 1,-1T;(a'). ■ 

Given an element z in a ring R we define inductively, for every If in R [Jf, :r]<0> = If, 
[Jf,.:i:) = •/ = yz - Xlf, and for every i ~ 0 [11,z]Ci+l) = [111,:r]<i),z]. 

Lemma 2,3: Let R be a urutal ring containing an inlinite lield K in its center. Let x 

and 11 be two elements of R such that, for infinitely many µ in K µ+:r is invertible, and 

let us suppose that there are a positive integer n, a set k = {k; E Z I l :S j :Sn}#:- {O} 

as in Lemma 2.2 sucb that 

Pn(Jf,:r + µ) = 0, for inlinitely manyµ in K. Then [Jf,:r]<n) = O. 
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Proof: We will prove by induction on n that [y, z](n} = O. 

(i) n = 1. Then 
~ 

Abab-1 + Ba = 0 for a = s,, and for infinitely many b = z + µ. This means that 

Aba +Bab= A(z + µ)11 + B11(:i: + µ) = 0 holds for infinite µ'•· Theo 

(Azp + Bpz) + (Ay + B11)µ = 0 implies that 

Hence 

{
(A+B)y =O 
Azy+Bpz=O. 

{
B=-A 
A(zr, - s,z) = O. 

Since the relations is nontrivial A -::/- 0, and so 

[t,,:i:) = 0 

{ii) Induction step. Let us assume that the hypothesis is true for polynomials with 

i~n-1. 

We have that 
•-1 

Po(a, b) = [ E•;+1Tj(a') + aoab)r1
1 

i=O 
and Po(Y,Z + µ) = 0 for infinitely many µ in K, if and only if 

11-1 

pg(a,b) = [ L •;+1lla1b<11
-

1>-; + a0ab"]b-1 

j=O 

... 

is zero for a= ti, b =:,; + µ and infinitely many µ in K. But the only contribution to 

the coefficient of µ" is a0 , and therefore ao = 0. Hence 
•-1 

Po(a, b) = [ L •;+1Ti(a')] 1,-1 

;-o 
is a relation that holds £or the pai"B a'= [s,,z] and b =:,; + p., for infinitely many p. in 

K. By the induction hypothesis 

• 
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3. Semigroup laws 

Let G be a group and let us denote by (G the center of G. 

Theorem 3.1: Le, K be an infmjte field of cbaracteristic p ~ 0, and let G be a group 

generated by torsion elements. If U(KG) satisfies a semigroup Jaw, then ,he BUbgroup of 

G generated by p'-elements (torsion element., up= 0) is central. 

Proof: Let g"' = h' = 1 be two torsion elements such that p J l. Let µ and " be 

two elements of K such that µm :/: 1 :/: >i-1• Then 

(1- f'9rl = (1 + µg + ... + ,,m-lgm-1) I (1- µ"') 

p + h)-1 = ,\-1(1 - ,\-Jh + ... + (-l)t-1,\-(t-l)ht-1) / {I - l-t) 

are elements of U(KG). 

Let ua plug 

in (*), Lemma 2.1. Since we have a polynomial identity in µ their first degree coefficients 

are equal. This implies that the nontrivial :relation 

" E<i. - ;.wa,,-• = o 

is verified for infinitely many pai:rs a = g, b = h + .\, ,\ in K. By Lemma 2.3 

(g, hJCn) = 0. 

Now we consider two cases: 

(i) p > 0 

It is easy to verify that 

ti 

(g,h}(n) = E(-1}1C!high"-•. 
i=O 

Choose an intege:r r such that a = pr '2:: n. Then 

4 



and since p and l are relatively prime it follows that gh = hg, that is he (G. 

(ii) p = 0 

Let Pl and Pl be two distinct rational prime integers. It is clear that (g,h](n) = 0 

in (Z/piZ)G, i = 1,2, and so, by what baa been proved before, there are integers i 1 

and t2, such that the elements h':
1 

and hP~
1 

are in the centralizer of g in G. 
C C . •1 •2 But rp1
1 + api' = 1, for convenient integers r and a, and so h = (h1, t (h'1 )• 

commutes with g, that is h e (G. • 
Proposition 3.2: Let K be ari infinite field of characteristi(? p > O, let G be a group 

such that KG is algebraic over K, and let us assume that U(KG) satisfies a semigroup 

Ja.w. Then there exists a positive integer n such that 

U(KG)'. ~ (U(KG). 

Proof: First we observe that G is torsion. Otherwise, let z be a nontorsion element 

of G. Then {zi Ii e Z} is linearly independent o-ver K, in contradiction with the 

hypothesis that KG is algebraic over K. 

Next we note that if 

is the minimal polynomial of u EKG over K, then u ia invertible if and only if Cir :f, 0. 

Now, let u E KG be a unit. 

We claim that u + A is a unit for infinitely many A in K • . 

Indeed, let 

Then h(X) is the minimal polynomial of u+A over K, and the constantterm of h(X) 

is 
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Since /(X) has at most r roots in K and K is infinite, we have infinitely many 

choices for ,\ in K such that 6r 'f' 0. This proves the claim. 

Let u e KG, and let g e G be such that g• = 1. Let ,\ and µ be elements of 

K such that u + .\ and 1-µg are units. Then, arguing as in Theorem 3.1, we conclude 

that there exists a positive integer n, depending only of the identity, such that 

This implies that U(KG)1• ~ (U(KG). • 
Before stating the next theorem, let us remember that a group G is called ~abellan 

if the commutator subgroup G' of G is a finite p-group. A ring R is called m-Engel, 

· for a positive integer m, if for any :i: and II in R we have that [y,:i:]C"') = 0. 

For a group G and a subgroup H of G we define inductively, for i ~ 1, 

(H,G) = (H, 1G) and (H, (i+t)G) = ((H, ( ■-)G),G), the subgroup generated by 

(:i:,y) = :i:y:i:-111-1, with :i: in (H, < ■->G) and 11 in G • . 

Theorem 3.3: Let K be an infinite field of characteristic p > 0, and let G be a localJy 

finite ~group. Then are equivalent: 

(i) U(KG) satisfies a semigroup Jaw; 

(ii) G is nilpotent, the PC-subgroup ~ of G is ~abelian~ and (G : ~] < oo; 

(iii) there exists a positive integer m sucb that KG is Lie m-Engel; 

(iv) there exists a positive integer n, sucb that U(KG) satisfies the identity 

Proof: (i) :::} (ii). Since G is locally finite KG is algebraic over K. By Proposition 

3.2 there exists a positive integer n such that 

U(KG)'• ~ CU(KG). 
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Let . z,JI and z be elements of KG and let us denote by A(G,G') the kernel of 

A the canonical map KG-, K(G/G'). Considering, instead of G, the subgroup generated 

by the supports of z, JI and z, we can assume that G is a finite p-group. Then 

A(G~G') is nilpotent and z11-11z belongs to A(G,G'). Hence 1 +z11-11z E U(KG), 

and by the first part 

(1 + ZJ/ - lf:t)'" z = z(l + z11 -11z)'". 

By [2}, Theorem V.2.14 we have [G : ,p) < 00 and WI < 00. 

We claim that G is nilpotent. 

This argument is due to Sehgal [4}, Theorem V.6.1, and we reproduce it here for sake 

of completeness. 

To begin with, we note that G acts as a finite p-group of automorphisms of ,p'. 
Applying [4], Lemma. V.4.1 to GN" and A= ,p' N", we obtain that 

Repeating this procedure with ,p", ,p"', etc., we eventually obtain that { ef,', rG) = 1. 

This means that 4>' ~ CrG, the r-th term of the upper central series of G. So, we can 

assume that ef,' = 1. 

Therefore, with this simplification, we have an abelian normal subgroup A = 4> of G 

8Ucli that, G/A is a finite p--group, and G'" s; (G. We are allowed to simplify further 

factoring by the central subgroup AP". Hence AP" = 1, and by [4], Lemma V.4.1, there 

exists a positive integer t such that 

(A, ,G) = 1, 

that is, A~ (,G. Therefore G is nilpotent. 

(ii) * (iii). This follows by (4), Theorem V.6.1. 

{iii)* (iv). Since KG is Lien-Engel, for every z and JI in K 
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" 
In particular · 

Therefore, for every z1,z2 in U(KG), we have 

(iv) => (i). Obvious. 

Corollary 3.4: Let K be an mfinite field of characteristic p. Let G be a torsion group 

such that, if p > 0 then the set S., of p-dements of G forms a locally finite group. 

Then U(KG) satisfies a semigroup law if and only if 

(i) p = 0 and G is abelian; 

(ii) p > 0 and G is nilpotent, S11, ~ (G, the FC-subgroup q, of S., is p-abelian 

and S,,Jq, is finite. 

At this point a very natural question arises: If G is torsion and K is mfinite C&Jl 

we recover the characterization of ailpotence of U(KG), given in {4}? 

The answer is yes, and we will present it here. First m need 

Definition: Let G be a group. We say that G is T-ailpotent if, given any sequence -

{z;);eN of elements of G, there exists a positive integer n, depending on the sequence, 

such that 

Proposition 3.5: Let K be a field of characteristic p > O, and let G be a group 

possessing a central element h of order p. Then U(KG) T-ailpotent implies that, for 

every g E G, (4>: C•(g)] < oo. Here c.(g) denotes the centralizer'of g in q,- the 

FC-subgroup of G. 

Proof: Let us assume that there exists an element g in G such that [q,: c.(g)] = 00, 

and let 'I= Er:: hi. We construct inductively sequences {g; I g; E 4>}, and {b; I b; = 
(g;,g) E 4>}, such that 
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(i) 9a+l EC• {gi, ... ,g,., bi, .. . ,b,.} and 

•· (ii) q(l - b1) ••. (1- 6,.) 'F O for all n. 

Certainly, we can choose 91 E, such that bi = (g1,g) and '1{1- b1) =# 0. Indeed, 

since ,p = UiEJh;C.(g), #I= oo, for i 'F j we have 

h;gh11 ,# h;gh'j1, which implies that 

h,gh"j"1g-1 = (h,,g) 'F (h;,g) = h;gh'j1g-1
• 

Since we have an infinite number of conjugates we have an infinite number of choices £or . 
(h,,g) E ,>. Moreover, the right anihilator of a nonzero element of KG has only a finite 

number of elements of the form g -1, g e G. 

Suppose now that the elements g1, g2, ••• , g,. with the required properties have al­

ready been chosen. Then g., b; E <J,, 1 :5 i, j :5 n, and by Poincare's Theorem 

H = C91 {g;,b; I 1 :5 i, j $ n} has finite index in ,>, and (H: Cn(g)) = oo. The 

latter equality is true, otherwise (ip: C•(g)] :5 l•: Cn(g)) = (ip: H][H: Cn(g)] < oo,. in 

contradiction with the way in which g was chosen. Therefore the set {(h,g) I h EH} is 

umnite, and there exists an element 9•+1 EH such that 1 - l>n+1 = i - (g,.+i,9) does 

not lie in the right anihila.tor of '1{1- b1 ) ••• (1 - 6.). Now we prove by induction that 

(1 + qg,g1) = (1 + '79)91(1 - q9)911 = 1 + q(l - bi)g, 

(1 + qg,gi,g2) = (1 + '1(1 - 61)91 92) = 1 + '1(1 - 61)(1 - l,z)g, and 

{l + '79,91t·••,9n) = l + '7(1-bi) ... (1- 6.)g. 

But these are never 1, contradicting the T-nilpotent of U(KG). ■ 

Corollary 3.6. Let K be an in/injte field of characteristic p, and let G be a torsion 

group. T.hen U(KG) is nilpotent if and only if: 

(j) G is abelian, if G .has .no p-elements; 

(ii) G is nilpotent and p-abelian, if G bas p-dements. 

Proof: (i) Follows from Collary 3.4. 
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(ii) Let us assume that U(KG) is nilpotent and G has a p-element. Then G is 

a nilpotent group with a central p-element. Moreover G = S, X S,,, the dired product 

o£ a p-group by a p'-group. By Corollary 3.4 s,. ~ (G, and it is enough to show that 

S, is irabclian. From Corollary 3.4 (S,: ;) < oo, and if S, y:; by Proposition 3.5 we 

have that (S,: 4>] = oo, a contradiction. 

For sufficiency see (4), Theorem VI.3.1. ■ 

Finally, some words about the existence of free subsemigroupa in U(K G). It is now 

easy to show: 

Theorem 3.'1: Let K be an uncountable lield of cnaruteristic p, and let G be a 

group generated by p'-elements. Then, either G contains a aubsemigroup on two free 

generators or G is abelian. 

Theorem 3.8: Let G be a locally finite p-group and let K be an uncountable field of 

characteristic p. Then, either U(KG) contains a subsemigroup on two free generators 

or U(KG}/(U(KG) is torsion. 

Sketch of Proof: Let us see, for example, how to give a proof for Theorem 3.7. Let 

g"' = h1 = 1 be two p'-generators of G. Let µ and ,\ be two elements of K such 

that µrn ,:f:. 1 ,:f:. A-t. If U(KG) does not contain subsemigroups on two free generators 

then, by Lemma 2.1 and the Pigeon-Hole Principle, there exists a sequence o£ integers 

(n, ii, ... , i,., j;, ... ,j,.) such that, the relation(•) holds for 

and UDcountably many µ and A. The proof now proceeds as in Theorem 3.1. ■ 
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