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§6. Generalization (with Applications) of §3 

Lemma 6.1. Let E be a lts, P and Q continuous projections of E, such that 

PQ = QP. Then, 

a) PQ is a continuous projection of E such that Ker(PQ) = (Ker P) + (Ker Q), 

lm(PQ) =.(Im P) n (Im Q); 

b) R = I - (I - P)(I - Q) is a continuous projection of E such that Im R = 

(Im P) + (Im _Q); moreover, Im R is topologically isomorphic to the product of 

the 111bspaces Im P and (Im Q) n (Ker P) of E; 

c) if P1,••·,P,. are continuous projection of E such that P;P; = P;P; for 

i, j = 1, ... , n, then S • I - 11~1 ( I - P;) is a continuous projec;tion of E such 

~ Im S = E:'-,1 Im P;, and oae may find linear subspaces ~ of Im P; such 

that Im S is topologically isomcrphic to the product IT:'-1 F;. If, in this cue, 
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Dm is a sequence of subsets of Im S containing Osuch that Dm + Dm C Dm+l 

for all m, and if none of the Dm is a 0-nghb in Im S, then there is some i ~ n 

such that Dm n Im P; is not a 0-nghb in Im P; for all m (because Dm n F. is 

not. a 0-nghb in F; for all m ). 

Part b) of the above lemma gives a clue ho~· to ·generalize the context of §3. 

Let E be alts, K a. compact metric subspace of a topological Hausdorff space Z, 

'R. a class of dosed subsets of K, and for each RE 'R., PR : E --+ E a continuous 

projection, such that: 

(6.2) 

i) ? E 'R., K E 'R., P• = 0, Px = I 

ii) if R, S E 'R., then Rn S E 'R. and PRnS = PRPs = PsPR 

iv J if R E 'R. and diam R > 0, there exists n E IN and R 1 , ••• , Rn E 'R. such 
that R = U7=i R; and diam R; $ ½ diam R for i = 1, ... , n. 

v) if q E K, then either q is an isolated point of K, or there exists 
m E IN and S1, ... , Sm e 'R. such that K = LJ:1 S; and q is 
a frontier point ( considered in Z) of each S;, i = 1, ... , m 

Remark that, by iv), if q is an isolated point of K, then {q} E 'R.. 

Suppose that G is a linear subspace of E, such that 

(6.3) PR(G) CG, for all RE 'R.. 

Then, we will denote GR = PR( G). Of course, if R and R; are as in ( 6.2) iii), then 

GR = E:'.:1 GR., and GR is topologically isomorphic to a product of the type rr::..1 H;, 

with H; c Glli for each i (by Lemma 6.1 c)). 

Let .A be the class of finite unions of elements of 'R.. H A E .A, with .A = U:.1 R., 

we define: 
• 

(6.4): . P,.. ~ I- Il(I .::_PR.)-
i•l 
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It is easy to verify, applying (6.2) ii) and iii), that the definition (6.4) does not depend 

on the particular representation of A as a finite union of elements of 'R.. It is evident 

that, if A= U:,1 A., with A. E .A, then A E .A and PA = I - fl:1 (/ - PAJ· It is 

not difficult to verify that, jf A,B e .A, then A nB e .A and PAnB = PAPB = PsPA. 

If (6.3) holds, it follows from Lemma 6.1 c) that PA(G) CG £or all A E .A. 
• 

Let us denote by M the interior of M ( considered in Z). 

Lemma 6.5. Let E be a Its, K a compact metric subspace of a topological Hausdorff' 

space Z, 'R. a class of closed subsets of K, PR: E-+ E, RE 'R., continuous projections 

of E, satisfying (6.2). Let .A be the class of finite unions of elements of 'R. and assume 

definitions (6.4). Suppose that {l is an open fm Z) subset of K, _R.. and S,. two 
. . . 

increasing sequences of elements of .A such that {l = UR,. = U R.= US,. = U S., 

and that {PA : A e .A} is equicontinuous. Then, a) for each z E E, there exists 

lim,._00 Pa.. (x) if and only if there exists limn-oo Ps. (z ), and in this case the limits are 

equal, and will be denoted by Po(x); b) if there exists Po(z) for all z e E , then Po 

is a continuous projection of E, which commutes with PA, for all A E .A, and which 

has the following properties: 

i) if A E .A and A C 0, then PAPo = PA; 

ii) if A E .A and {l C A, then PAPo = Po; 

iii) if 9 is another open (in Z) subset of K for which P, is defined on all E, and 

9 c 0, then P,Pn = PnP, = P • . 

Suppose now that we also have: 

{ 

i) {PA : A e .A} is equicontinuoua 

(6-6) ii) for each q e K 
0

an.d t > o, there exists Re 'R. 

· such that q eR and diam R < £. 

Then, every open (in Z) subset {l of K may be written as the union of an increasing 

• 
sequence R. of elements of .A, such that {l = UR.. = u R.. Hence, by Lemma 6.5 a), 
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we m~ define Po = limn-ao Pn.. on a linear subspace of E. 

As a matter of fact, in several concrete examples w~ ~ll no_t need Lemma 6.5 a) in 

order to define P. for · R E ·n,: because there will exist a canonical increasing sequenc.e 
R 

• 0 

or family of subsets of R whose interiors cover R, hence we may define P. as the limit 
R 

of such sequenc.e or family, without needing to know whether the limit is independent of 

the sequence or family chosen. 

Usually, (6.6) i) is very restrictive, and it will_ be enough to have: 

{ 

i) {PR: RE 'R.) is equicontinous 

(6-6') ii) if RE 'R., there exists an increasing sequcr,ce Rn E 'R, 
0 0 

such that UR,, = U Rn=R 

_Suppose now that 

(6.7) for each RE 'R., P. is defined on all E. 
R 

0 

By Lemma 6.5 b), P. commutes with p,._ for all A EA, p,._p. = p,._ if A CR 
R R 

0 

and p,._p. = P. if Re A. 
R R 

Suppose that G is a linear subspace of E such that, besides (6.3), also satisfies 

(6.3') P.(G) CG for all RE 'R,. 
R 

We denote then G. = P. (G) and GaR = (PR - P. )(G) = PaR(G), and PaR = 
R R R 

PR-P •. 
R 

In the case E = Il{E0 : o EK}, where Ea are Its, and RE 'R., we shall consider 

as the canonical PR the projections PR : E-+ E defined by PR(2:) = II, with s,,. = 2:0 

if a e R and s,,. = 0 if o ¢ R. It is easy to see that (6.2) iii) holds, and (6.2) i) and 

ii) also bold, provided ~' K and Rn S belong to 'R., henc.e condition (6.2) reduces to 

ihe ieq~emerit that · ; and : K belong to 'R., · that · 'R. is stable by fini~e intersections, 

and that iv) and v) of (6.2) hold. Moreover, (6.6) i) alw~s holds, and if we assume (6.6) 

ii) then Pn is defined on all E for every open (in Z) subset of K, so in particular (6.7) 

is verified. In that case, Pn(2:) = JI, with Yo= 2:0 if o E !l and J/o = 0 otherwise. 
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The following Propositions 6.8 and 6.9 are the analogues (with similar proofs) of 

Proposition 3. 7 and 3.8 to this new context. 

Proposition 6.8. Let E be a Its, G a linear subspace of E, K a compact metric 

subspace of a topological Hausdorff' space Z, 1l a class of closed subsets of K and, for 

each REX, let PR: E -+.E be a continuous projection of E. Let Dm be a sequence. 

of balanced subsets of G such that' D,,. + Dm . C. Dm+I for every m, but such that none 

of the Dm is a 0-nghb in G. 

a) If (6.2) and {6.3) hold, then there is q E K such that either 

or' 

i) q is an isolated point of [( (hence {q} EX) and Dm n Gh} is not a 0-nghb 

i;D Gh} for any m 

ii) there is a strictly decreasing sequence K,. E X, with lim,.__,(aiam K,.) = 0, 

such that {q} = nK,., q belongs to the frontier of each Ka (in Z) and 

Dm n GI<• is not a 0-ngbb in GI<•, for any m and n. 

b) H (6.2), {6.3), (6.6'), (6. 7) and (6.3') hold (assuming definition {6.4)), if for each 

isolated point q EK there is some m E :Iv such that Dm n G{tl is a 0-nghb in 

G{r} and if, for each R E 1l there is 10me m E Iv such that Dm n GaR is a 

0-nghb in GaR, then, there is p E K and a decreasing sequence K. E X, with 

fun,._00 {diam K,.) = 0, such that p E 8K,. for all n and D,,. n G. is not a 
K. 

0-nghb in G. for any m and n. 
K. 

Proposition 6.9. Let E be a lts, G a linear subspace of E, K a compact metric 

subspace of a topological Hausdorff' space Z, 1l a class of closed subsets of K, PR : 

E -+ E continuous projections for all R E 1l, satisfying (6.2), (6.3), (6.6'), (6.7) and 

(6.3') (assuming definition (6.4)), and let F be a linear subspace of E such that G CF 
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and such that 

V z EE, V RE 'R.,if PA(z) E G for all A E ...( 
(6.10) • 

such that A cR, then P.(z) e F. 
R 

If 2:n is a sequence with property /00 in E, then B(/00,zn) CF in each of the 

following cases: 

a) there exists p E K and a decreasing sequence K. E 'R. such that 

lim,._...,(d.iam K,.) = 0, {p} = nKn, p E 8K1 (hence p E 8Kn for all n) 

and Zn E G. for all n; 
K. 

b) there exists R E 'R. and an increasing sequence An E ...( such that UAn = 
• 0 

U A,.=R and z,. E (P. - PA.)(G) for all n. ·, 
R 

It is useful to remark that, if R E 'R. is such that there is an increasing sequence 
0 0 

S,. E 'R. such that R= US,.= US,. and z E E, then PA(z) E G for all A E .A such 

• that A CR if and only if Ps.(z) e G for all n .and if and only if Ps(x) E G for all 
0 

SE 'R. such that S CR. 

Theorem 6.11. a) Suppose that either: 1) E is a metrizable complete Its or 2) 

E = D{E0 : er EK}. Let K be a compact metric subspace of a topological Hausdorff 

space Z, 'R. a class of closed subsets of K, PR : E -+ E continuous projections for all 

R E 'R., satisfying (6.2), (6.6') and (6.7) (assuming definition (6.4)); in the second case, 

we assume that PR are the canonical PR, Suppose also that G and F are linear 

subspaces of E, with G CF, such that G satisfies (6.3), (6.3'), (6.10) and also: 

(6.12) G is dense in F. 

(6.13) G{tl and GaR are u-BL (resp. BL, resp. barrelled) for every isolated 

point q e K and for every R E R. 

Then, F is u-BL (resp. BL, resp. barrelled). 



b) H, furthermore, G = F and 

(6.13') Gld and Gu are u-ultrab. BL (resp. ultrab. BL, resp. ultrab.) 

for every isolated point q E K and for every R e n, 

then, F is u-ultrab. BL (resp. ultrab. BL, resp. ultrab:). 
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Proof. Similar to that of Theorem 3.11, utilizing Proof 6.8 and 6.9 a) instead of Prop. 

3.7 and 3.8. ■· 

The Theorems 3.11' and 3.11" (as well as Corol. 3.23') are secondary results and we 

leave to the reader the formulation of the corresponding statements in the present context. 

We turn our attention to the analogue of Theorem 3.21, which needs the analogues of 

Definition.3.16 and Proposition 3.17. 

Definition 6.14. Let E be Its, G a linear subspace of E, K a compact metric 

subspace of a topological Hausdorff space Z, n a class of closed subsets of K and 

PR : E -+ E continuous projections for each R e n, satisfying (6.2), (6.3), (6.6'), (6.7) 

and (6.3') (assuming definition (6.4)). If :r EE and RE 'R., we say that :r is of type 
0 

G in R if PA(:r) E G for all. A EA such that A CR. We denote by F(G) the 

7l-closure of G in E, which is defined to he the set of all :r e E for whir.h there is 

a finite number Ri, . .. , R,. of elements of n which cover K , such that PaRi(:r) E G 

for i = 1, 2, ... , n, and such that, for each R., i = 1, . .. , n, : is of type G in ~ ­

One may also define the a-7l-closure i'°(G) of G in E for each ordinal number o, 

and define the total 'R-closure of G in E. 

Proposition 6.15. Assume the conditions of DefinitioniH2·hold; and that F(G) is the 

'R-closure of G in E. Then: 

i) F(G) is a linear subspace of E, such that G c F(G) 
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ii) G is dense in F(G) 

iii) F(G) satisfies (6.10) 

iv) F(G) is the smallest linear subspace of E containing G, for which (6.10) holds. 

Theorem 6.16. Le\ E be a ks, K a compact metric subspace of a topological Hausdorff 

space Z, 'R. a class of closed subspaces of K, PR : E - E continuous projections for 

each R e 'R., G a linear subspace of E satisfying (6.2), {6.3), {6.61
), (6.7) and (6.3') 

(assuming Definition (6.4)), F(G) the 'R.-closure of G in E and suppose that 

G{t) and G8R are ultrabomological for every isolated point 

q E K and for every R E 'R.. 

Then, F(G) (or, more generally, F 0 (G) for each ordinal number er) is ultra..­

bornological in each of the following cases: 

l) E is metrizable complete (and lcs); 

2) E = II {Eo : o E K}, where the E 0 are Jes and the PR are the canonical PR. 

Proof. Similar to that of Theorem 3.21, utilizing respectively Proposition 6.9 b ), Theorem 

6.11 and Proposition 6.15 insteacl of Proposition 3.8, Theorem 3.11 and Proposition 3.17. 

In order to show that G is dense in F( G)•, take z E F( G), and let R1 , •. • , R,,. E 'R. 

be the sets given by Definition 6.14. It is enough to show that P. (z) belongs to the 
R. 

closure of G in F(G)• for i = 1, .. . ,m. 

The claim corresponding to that of Theorem 3.21 is: there is u, E G, an increasing 

• • 
sequence An E .A, such that UAn = U An=R; and a sequence z,. E (P. - PA.)(G) 

R. 

such that: 

i) P. (z) = w + E:.1 z,.; 
.R; 

ii) the sequence z,. = 2":r:,. has property l°° in E 

iii) B{l°°,zn) isaBanachdiskof E''. 
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Applications to subspaces of C(la, b) x (c, d), X) 

Let Z = JR.2 , K ,,;, (a, 6) x (c, d] and 'R. the set of all rectangles (o, .8) x b, 6), 

with a $ o < .8 :5 b, c $ -y < 6 :5 d. Let X be a Banach space and E = l°"(K, X). 

If .>. E Ja, 6), we define S>. : E -+ E by (S>./}(:c, 11) = /(:c, 11) if :t E (a,>.] and 

(S>./)(x, y) = /(>., y) if :c E (>., bJ, and we define S. : E -+ E as the null mapping. 

I£ µ e )c, d), we define S" : E-+ E by (S"/)(:c,11) = /(:,y) if JI E (c,µ) md 

(S" f)(x, y) = f(x, µ) jf II E (µ,d], and we define sc: E-+ E as the null mapping. It 

is easy to see that each pair of elements of { S >. : ). E (a, bl} U { S".: µ E (c, d]} commutes. 

If R = (o,.8) x b,6], we define PR : E-+ E by PR= (S1- Sa)(S6 -S.,). 

One can easily verify (6.2); the space Z assures that (6.2) v) bolds for 'R., even at 

the vertices of K . Although each S>. and each 5" bas norm $ 1, we can only say that 

IIPRII :5 4, so that (6.6') holds, hut (6.6) i) is probably false. Remark that (6.7) is not 

satisfied by E; if one consideni E1 = G((a, b) x (c, d], X), the space of regulated functions 

in two variables, then (6.7) is satisfied on Ei. Consider also Eh= C((a, b] x (c,d],X) and 

E3 = Co([a, b] x (c, d],X), the last one being the space of continuous functions f : K ...... X 

such that f(x,y) = 0 if :c = a or y = c. We have (E3 )aR = {O} for all RE 'R., 

hence (6.13}, (6.13') and (6.13") are automatically satisfied by a subspace G of E 3 , and 

PR= P •. Then, Theorem 6.11 reduces to: 
R 

Theorem 6.17. Let E = Co((a,b] x (c,d],X), G and F linear subspaces of E such 

that G CF, and G is dense in F. Let 'R. be the set of all rectangles (o,.8) x (-y,6) 

contained in K and suppoee that 

(6.3) PR(G) CG for all Re 'R. 

(6.10) • 
V x e E. V Re 'R., if Ps(x) e G for all Se 'R. such that S cR, 

then PR(x) e F . 
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Then, F is u-BL. If, moreover, G = F, then F is u-ultrab. BL. Assuming 

only (6.3), then the 'R.-closure F( G) of G in E is ultrabomological, as also are the 

er - 'R.-closure of G in E and the total closure of G in E . 

If / : K -+ X is integrable, we put f(s,t) = JR/, where R = la,s] x lc,t]. 

Applying Theorem 6.17, one gets as in §4 the following 

Example 6.18. The space 

F1 = {f: f : K-+ X is Kunweil-integrable} 

is u-ultrab. BL. 

We leave to the reader the construction of• other ultrabornological spaces. 




