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§6. Generalization (with Applications) of §3

Lemma 6.1. Let E bea lts, P and @ contimous projections of E, such that
PQ = QP. Then,
a) PQ is a continuous projection of E such that Ker(PQ) = (Ker P)+ (Ker Q),
Im(PQ) =.(Im P)N(Im Q);
b) R=1I- (I - P)I- Q) is a continuous projection of E such that Im R =
(Im P) + (Im Q); moreaver, Im R is topologically isomorphic to the product of
the subspaces Im P and (Im Q)N (Ker P) of E;
c)if P,...,P, are continuous projection of E such that P,P; = P;P; for
i,j=1,...,n, then S=7J-]]" (- P,) is a continuous projection of E such
that Im S =3""  Im P;, and one may find linear subspaces F; of Im P; such
that Im § is topologically isomarphic to the product []%., Fi. K, in this case,
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D, is a sequence of subsets of Im S containing 0 such that D,, + Dy, C Dy
for all m, and if none of the D,, is a 0-nghb in Im S, then thereis some i <n
such that D,,NIm P; is not a O-nghb in Im P; for all m (because D, NF; is
not a O-nghdb in F; for all m). '

Part b) of the above leu:lma gives a clue hd\n"lto'gme-ralize the context of §3.

Let E bealts, K a compact metric subspace of a topological Hausdorff space Z,

R a class of closed subsets of K, and for each R€ R, Pr: E — E a continuous
projection, such that:

=

i)$eR, KER, Py=0, Py =1
ii)ifR,SER, then RNS € R and Prns = PprPs = PsPy

)i RER, Ry,...,Rn € Rand R=Jo, Ri, then Pg = I - [I".,(J - Pr,)
(62)  ivjif Re R and diam R > 0, there exists n € IV and Ry, ..., Ra € R such
that R =J;_, Ri and diam R; < ! diam Rfori=1,...,n.

v) if g € K, then either g is an isolated point of K, or there exists
meIN and S5y,...,5n € Rsuch that K =JI., S; and ¢ is

i=1

\ a frontier point (considered in Z) of each S;, i=1,...,m

Remark that, by iv), if ¢ is an isolated point of K, then {g} € R.
Suppose that G is a linear subspace of E, such that

(6.3) Pr(G)C G, forall ReR.

Then, we will denote G® = Pp(G). Of course,if R and R; are as in (6.2) iii), then
GE=Y" G, and G® is topologically isomorphic to a product of the type []i, Hi,
with H; C G for each ¢ (by Lemma 6.1 c)).

Let A be the class of finite unions of elements of R. If A € A, with A=, R;,
we define: '

" L]
64) Py=I1-T[(I=Pr)
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It is easy to verify, applying (6.2) ii) and iii), that the definition (6.4) does not depend
on the particular representation of A as a finite union of elements of R. It is evident
that,if A==, A, with A; €A, then A€ A and Py=I—J[2,(I-Pa) ltis
not difficult to verify that,if 4,B € A, then ANB €A and Psnp = PsPp = PgPy.
H (6.3) holds, it follows from Lemma 6.1 c) that P,(G) C G forall A€ A.

Let us denote by M the interior of M (considered in Z).

Lemma 6.5. Let E bealts, K a compact metric subspace of a topological Hausdorff
space Z, R aclass of closed subsetsof K, Pgp: E — E, R € R, continuous projections
of E, satisfying (6.2). Let A be the class of finite unions of elements of R and assume
definitions (6.4). Suppose that @ is an open (in Z) subset of K, Ra and S. two
increasing sequences of elements of A such that © = UR, = U Bu= US, = U S,
and that {P,: A € A} is equicontinvous. Then, a)for each z € E, there exists
lim, e Pr_(z) if and only if there exists limp—q Ps,(z), and in this case the limits are
equal, and will be denoted by Pp(z); b) if there exists Pg(z) for all z € E, then Py
is a continnous projection of E, which commutes with P4, for all A € A, and which
has the following properties:
i)if A€ A and ACQ, then PyPy = Py;
ii)if A€ A and Q2 C A, then PyPp = Py;
iti) if @ is another open (in Z) subset of K for which P, is defined on all E, and
6 CQ, then PyPp = FPoPy=PF,.
Suppose now that we also have:
i) {P4 : A € A} is equicontinuous
(6.6) i) for each g € K and & > 0, there exists R€ R
- such that ¢ €R and diam R <.

Then, every open (in Z) subset 2 of K may be written as the union of an increasing

sequence R, of elements of A, such that Q =UR, =U }.L Hence, by Lemma 6.5 a),
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we may define Py =limn—.o Pr, on a linear subspace of E.

Asea matn;.:r of f_act, in several concrete examples we will not need Lemma 6.5 a) in
order to define sz for R &R, because there will exist a canonical increasing sequence
or family of subsets of .'F,l whose interiors cover }“i, hence we may define P;z as the limit
of such sequence or family, without needing to know whether the limit is independent of
the sequence or family c.hpseﬁ.

Usually, (6.6) i) is very restrictive, and it will be enough to have:

i) {Pr : R € R} is equicontinous
(66) { §i)if R € R, there exists an increasing sequerce R, € R
such that U R, = U R.=R
Suppose now that

6.7 for each R € R, Pﬁ is defined on all E.

By Lemma 6.5 b), P, commutes with Px forall A €4, PoP, =Py ¥ ACR
and P,P. = P. if RC A.
R R

Suppose that G is a linear subspace of E such that, besides {6.3), also satisfies
(6.3) Pit(G) CG foral ReR.

We denote then Gft = P&(G) and Gar = (Pr — P&)(G) = Psp(G), and Psp =
Pr - Pk‘

In the case E=1{E,:a € K}, where E, arelts,and R€ R, we shall consider
as the canonical Py the projections Pg: E — E defined by Pa(z) =y, with yo = za
if a€R and yo =0 if a@ R It is easy to see that (6.2) 1ii) holds, and (6.2) i) and
ii) also hold, provided ¢, K and RNS belong to R, hence condition (6.2) reduces to
the requirement that ¢ and’ K belong to R, that R is stable by finite intersections,
and that iv) and v) of (6.2) hold. Moreover, (6.6) i) always holds, and if we assume (6.6)
ii) then Py is definedon all E for every open (in Z) subset of K, so in particular (6.7)
is verified. In that case, Pp(z) =y, with yo =z if a €9 and y, =0 otherwise.
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The following Propositions 6.8 and 6.9 are the analogues (with similar proofs) of

F"roposition 3.7 and 3.8 to this new context.

Proposition 6.8. Let E be alts, G a linear subspace of E, K a compact metric
subspace of a topological Hausdorff space Z, R a class of closed subsets of K and, for
each Re€ R, let Pp:E — E be a continuous projection of E. Let D, be a sequence-
of balanced subsets of G> such that D, +D,,.‘C‘D,,.+1 for every m, but such that none
of the D, isa 0-nghbin G.

a) If (6.2) and (6.3) hold, then thereis g € K such that either

i) ¢ is an isolated point of K (hence {g} € R) and Dm NGI} is not a O-nghb
in G19} forany m
or
ii) there is a strictly decreasing sequence K, € R, with lm,_(diam K,) =0,
such that {q} = NK., g belongs to the frontier of each K, (in Z) and
D, NGX= isnot a O-nghbin GX=, forany m and n.

b) ¥ (6.2), (6.3), (6.6"), (6.7) and (6.3') hald (assuming definition (6.4)), if for each
isolated point ¢ € K there is some m € IN such that D, N G1?} is a O-nghb in
G'9) and if, for each R € R there is some m € N such that D, NGpr isa
O-nghb in Gpapg, then, thereis p € K and a decreasing sequence K, € R, with
limp..oo (diam K,a) = 0, such that p € 8K, forall n and Dn N Gl-‘ isnot a

[ Y

0-nghb in G‘.( forany m and n.

Proposition 6.9. Let E be alts, G & linear subspace of E, K a compact metric
subspace of a topological Hausdorff space Z, R a class of closed subsets of K, Pr:
E = E continuous projections for all R € R, satisfying (6.2), (6.3), (6.6"), (6.7) and
(6.3") (assuming definition (6.4)), and let F be a linear subspace of E such that GC F
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and such that

Vz€E,VRER,fPa(z) €Glorall A€ A
(610) such that A CR, then Py(z) € F.
If z, is a sequence with property £* in E, then B(£*°,z,) C F in each of the
following cases:
a) there exists p € K and a decreasing sequence K, € R such that
bim, .oo(diam K,) = 0, {p} = NK,, p € 3K; (hence p € 8K, for all n)
and z, € G’-C- for all n; ' B :
b) there exists R € R and an increasing sequence A, € A such that UA, =
UA,=R and z, €(P, — P4, )(G) forall n. -

" It is useful to remark that, if R € R is such that there is an increasing sequence
S.€R such that R=US,=US, and z € E, then Py(z) € G forall A€ A such
that A Cloi if and only if Ps,(z) € G for all n and if and only if Ps(z) € G for all
S€R suchthat SCR

Theorem 6.11. a) Suppose that either: 1) E is a metrizable complete lts or  2)
E=T{E,:a € K}). Let K be a compact metric subspace of a topological Hausdorff
space Z,R a class of closed subsets of K, Pr: E — E continuous projections for all
R € R, satisfying (6.2), (6.6") and (6.7) (assuming definition (6.4)); in the second case,
we assume that Pg are the canonical Pg. Suppose also that G and F are linear
subspaces of E, with G C F, such that G satisfies (6.3), (6.3'), (6.10) and also:

(612) G isdensein F.

(6.13) Git} and Gsgp are u-BL (resp. BL, resp. barrelled) for every isolated
point ¢ € K and for every RE€R.
Then, F is u-BL (resp. BL, resp. barrelled).
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b) If, furthermore, G =F and
(5.'13') G19) and Gsi are u-ultrab. BL (resp. ultrab. BL, resp. ultrab.)

for every isolated point ¢ € K and for every RE€ R,
then, F is u—ultrab. BL (resp. ultrab. BL, resp. ultrab:).

Proof. Similar to that of Theorem 3.11, utilizing Proof 6.8 and 6.9 a) instead of Prop.
3.7 and 3.8. u

The Theorems 3.11° and 3.11” (as well as Corol. 3.23") are secondary results and we
leave to the reader the formulation of the corresponding statements in the present context.
We turn our attention to the analogue of Theorem 3.21, which needs the analogues of
Definition 3.16 and Proposition 3.17.

Definition 6.14. Let E be lts, G a linear subspace of E, K a compact metric
subspace of a topological Hausdorff space Z, R a class of closed subsets of K and
Pgp: E - E continuous projections for each R € R, satisfying (6.2), (6.3), (6.6%), (6.7)
and (6.3") (assuming definition (6.4)). If z € E and R & R, we say that z is of type
G in Rif Py(z) € G forall A € A such that A CR. We denote by F(G) the
R—closure of G in E, which is defined to be the set of all £ € E for which there is
a finite number R;,...,R, of elements of R which cover K, such that Pyp(z) € G
for i =1,2,...,n, and such that, foreach R;, i=1,...,n, z isof type G in R;.
One may also define the a—R—closure F*(G) of G in E for each ordinal number a,
and define the total R—closure of G in E.

Proposition 6.15. Assume the conditions of Definition-6.12-hold; and that F(G) is the
R—closureof G in E. Then:

i) F(G) is a linear subspace of E, such that G C F(G)
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i) G is densein F(G)
i) F(G) satisfies (6.10)

iv) F(G) is the smallest linear subspace of E containing G, for which (6.10) holds.

Theorem 6.16. Let E bealcs, K acompact metric subspace of a topological Hausdorff
space Z, R a class of closed subspaces of K, Pr: E — E continuous projections for
each ReR, G alinear subspac;: of E satisfying (6.2), (6.3), (6.6"), (6.7) and (6.3)
(assuming Definition (6.4)), F(G) the R-closure of G in E and suppose that

(6.13") GY9) and Gpp are ultrabornological for every isolated point
g€ K and for every Re R.

Then, F(G) (or, more generally, F®(G) for each ordinal number a) is ultra-
bornological in each of the following cases:

1) E is metrizable complete (and lcs);

2) E=[]{E.: a € K}, where the E, are les and the Py are the canonical Pp.

Proof. Similar to that of Theorem 3.21, utilizing respectively Proposition 6.9 b), Theorem
6.11 and Proposition 6.15 instead of Proposition 3.8, Theorem 3.11 and Proposition 3.17.

In order to show that G is densein F(G)*, take z € F(G), andlet R,,...,Rm €R
be the sets given by Definition 6.14. It is enough to show that Pk‘_ (z) belongs to the
closureof G in F(G)* for i=1,...,m.

The claim corresponding to that of Theorem 3.21 is: there is w € G, an increasing
sequence A, € A, such that UA, =U ;l..=;?..- and a sequence z, € (PIT!; - P4 )G)
such that:

i) Pk‘_(:) =w+ T on Zai
ii) the sequence zn = 2"z has property £ in E
iii) B(€>,z,) is a Banach disk of E".
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Applications to subspaces of C([a,}] x [¢,d], X)

Let Z = R K =[a,8xfed] and R the set of all rectangles [a,f] x [1,8),
with a<a<fB<b ¢c<y<é<d Let X bea Banach space and E = £7(K, X).
If )€ )ab), we define Sy:E — E by (Saf)(z,y) = f(z,y) § z € [a,A] and
(Saf)z,y) = f(Ay) if z € [)\b, and we define S, : E — E as the oull mapping.
I p€led), wedefine S*¥: E— E by (S*f)z,y) = f(z,y) i y € [c,p] 4nd
($*f)(z,vy) = f(z,n) if y€ [p,d], and we define §°: E — E as the null mapping. It
is easy to see that each pair of elements of {Sx: )€ [a,8]}U{S* : p € [c,d]} commutes.
¥ R=|a,B) x[7,8], wedefine Pp: E— E by Pg= (S? —5.)(8% - 57).

One can easily verify (6.2); the space Z assures that (6.2) v) holds for R, even at
the vertices of K. Although each S) and each S§* has porm <1, we can only say that
|Prll € 4, so that (6.6") holds, but (6.6) i) is probably false. Remark that (6.7) is not
satisfied by E; if one considers E; = G([a,b] x[¢,d], X), the space of regulated functions
in two variables, then (6.7) is satisfied on E;. Consider also Ez = C([a, b]x ¢, d], X) and
E; = Co(la, b} x[c,d], X), the last one being the space of continuous functions f: K — X
such that f(z,y) =0 if z=a or y=c Wehave (E;)ogr = {0} forall Re€ R,
hence (6.13), (6.13’) and (6.13”) are automatically satisfied by a subspace G of Ej, and
Pp = P}.l. Then, Theorem 6.11 reduces to:

Theorem 6.17. Let E = Cy([a,b] x [¢,d]},X), G and F linear subspaces of E such
that GC F, and G isdensein F. Let R be the set of all rectangles [a, f] x [7,9]
contained in K and suppose that

(6.3) Pr(G)C G forall RER

(610) VzeE VYRER, if Ps(z)€G forall S€R suchthat §CR,
then Pg(z) € F.
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Then, F is u-BL. I, moreover, G = F, then F is u-uitrab. BL. Assuming
only (6.3), then the R-—closure F(G) of G in E is ultrabornological, as also are the
a— R—closureof G in E and the total closure of G in E.

¥ f:K — X is integrable, we put f-(s,t) = [ f, where R = [qa,5] x [¢,1].
Applying Theorem 6.17, one gets as in §4 the following

Example 6.18. The space
I."", ={f:f: KX is Kurzweil-integrable}

is u-ultrab. BL.

We leave to the reader the construction of other ultrabornological spaces.





