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ABSTRACT
A novel formulation for marine propellers based on adap-

tations from wing lifting-line theory is presented; the method is
capable of simulating propellers with skewed and raked blades.
It also incorporates the influence of viscosity on thrust and torque
from hydrofoil data through a nonlinear scheme that changes the
location of the control points iteratively. Several convergence
studies are conducted to verify the different aspects of the nu-
merical implementation and the results indicate satisfactory con-
vergence rates for Kaplan, KCA, and B-Troost propellers. It is
expected that the method accurately describes thrust, torque, and
efficiency under the moderately loaded propeller assumption.

KEYWORDS: Propeller Lifting-Line, Propeller Analysis,
Propeller Design, Vortex Step Method

∗Address all correspondence to this author.

NOMENCLATURE
c Blade section chord.
Cc Hydrofoil axial force coefficient.
Cn Hydrofoil normal force coefficient.
Cnα

Hydrofoil normal force slope ∂cn
∂α

.
D Propeller diameter.
DP Pressure Drag due to the hub.
~eaP Propeller axial unit vector.
~enP Propeller normal unit vector.
KT Propeller thrust coefficient.
KQ Propeller torque coefficient.
N Number of dicretizations for each blade.
NB Number of blades.
~R Vector radius of a given control point or vortex edge.
Rh Hub radius.

1 Copyright c© 2018 by ASME



R0 Core radius of the Rankine Vortex.
~RIm Vector radius of an image vortex.
Re Reynolds number.
~r Vector from trailing vortex edge to a point in space.
~un Normal-to-the-blade-planform unit vector.
~va axial component of the induced velocity.
~VHS Velocity induced by a horseshoe.
~VInd Overall induced velocity over a control point.
~V∞ Free-stream velocity
~VP Overall velocity on a control point.
~VV S Velocity induced by a vortex segment.
~Vt Tangential velocity of a control point.
~vt tangential component of the induced velocity.
~VTV Velocity due to the trailing vortices.
W∞ Normal component of the overall velocity ~VP.
x Chordwise location of the control point
αe f f Effective angle of attack.
αL0 Zero lift angle of attack.
β Pitch angle at a given control point.
βInd Induced pitch angle at a given control point.
βW Pitch angle at a trailing vortex.
~δl Spatial vector along a given bound segment.
δA Planform area of a given blade section.
Γ Circulation distribution.
Ω Relaxation factor.
~ω Propeller rotational speed.
ρ Free-stream density.
θ Angle between ~VTV and ~δl .
b∗ Superscript denoting the ∗th blade.
i Subscript denoting ith control point.
j Subscript denoting jth horseshoe vortex.
k∗ Subscript denoting the kth

∗ segment of the horseshoe vortex.

INTRODUCTION
In the last years, the increased knowledge in the emission es-

timates for greenhouse gases from ships made the International
Maritime Organization (IMO) adopt an Energy Efficiency De-
sign Index (EEDI) for the design of ships. Within this con-
text, ship design requires the design of efficient performance
propellers too, a complex process that demands the use of sev-
eral auxiliary tools; while many are available, there is usually a
compromise between detail and cost, which makes each of them
more adequate for a specific phase: Systematic series, although
fast, are limited in flexibility; lifting-line (LL) tools are generally
limited to potential flows and simple geometries (that can trans-
formed to more complex ones with lifting-surface coupling); and
commercial CFD software are capable of simulating complex
flows and geometries, but at a rather high computational cost.

The propeller LL (PLL) started concomitantly with the wing
LL (WLL) theory of Lanchester and Prandtl; it was initially lim-
ited to infinite-bladed propellers as a means to circumvent the in-
fluence of the complex helical wake. Only in 1936, Kawada [1]
managed to calculate the velocities induced by this geometry,
enabling the PLL to be used with a finite number of blades.
While Kawada represented the blades by lines of constant vor-
ticity, Lerbs [2] extended such representation to varying strength
bound vortex lines that, to satisfy Kelvins Circulation Theorem,
shed sheets of trailing vortices onto the free-stream. His formu-
lation is similar to the classical WLL of Lanchester and Prandtl.

As the results of the PLL were not sufficiently accurate,
Morgan et al. obtained correction factors based on the results
of the lifting-surface (LS) theory from Cheng and Kerwin and
Leopold [3]. These correction factors improved the results ob-
tained by the PLL methods.

The Massachussets Institute of Technology conducted much
research related to the formulation of Lerbs and the work of Ker-
win that later coalesced into a numerical tool: OpenProp [4] is a
PLL software (with corrections from LS) for the design and anal-
ysis of marine propellers and horizontal-axis turbines with many
capabilities. Although having design and analysis capabilities,
a generalized model for rotors with rake and skew is a planned
enhancement.

Similar to Openprop, IndFact [5], a PLL program based on
Lerbs formulation and Morgans LS corrections, was developed
by the Maritime Research Institute Netherlands (MARIN). Ac-
cording to the developers, the accuracy of IndFact is within a
few percent. No open information is provided about the tool for
the case of nonsymmetrical wake and geometries with rake and
skew.

The formulation of Lerbs, although suitable for preliminary
design, is limited to the case of potential flows over blades with
no rake and skew, and even under these circumstances, the results
must be improved with corrections from lifting-surface theory.
Even though viscosity can be incorporated on torque [6], its ef-
fects on thrust are not accounted. On the other hand, advances in
WLL were such that most of the mentioned limitations have been
overcome [7–10]. Therefore, the current paper presents a novel
PLL formulation that allows for the analysis of skewed and/or
raked propellers; moreover, it considers the influence of viscos-
ity on thrust and torque by way of incorporating real hydrofoil
data through a nonlinear formulation. The final purpose is to
have a more robust, yet still fast, propeller lifting-line formula-
tion, capable of simulating complex geometries and the influence
of viscosity, and setting aside the need for lifting-surface correc-
tions.

FORMULATION
Divided into linear and nonlinear formulations, the present

Propeller lifting-line method is inspired on the works of Epps [4],
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FIGURE 1. Representation of the propeller blade by a series of HSVs.
The bold black lines are part of the HSVs that are over the planform,
while the dashed lines represent part of the trailing vortices that are shed
following a helical path.

FIGURE 2. Blade discretization. From left to right: KCA (CHCP
clustering), Kaplan (EHEP clustering), and B-Troost (CHCP cluster-
ing). The figure shows: the leading and trailing edges; the bound vor-
tices and parts of the trailing vortices that remain over the planform; and
the control points.

Katz & Plotkin [7], Kerwin [6], Phillips & Snyder [8], and Souza
[9], and it is an adaptation of modern wing lifting-line methods.
Considerations about the wake and the hub are also presented.

Linear Formulation
In the current model, a propeller blade b j and its wake are

represented by a series of N horseshoe vortices (HSV) as in Fig.
1; The HSVs bound segments lay over the blade c

4 line, and part
of the wake remains over its planform (Fig. 2), while the other
part is shed following a helical path.

While there is no analytical expression to the induced ve-
locity of such HSV, the complex geometry can be approximated
by a series of straight vortex segments, so as the number of
straight segments increases the solution tends to the theoretical
one (Fig. 3).

The velocity of the segment j, with vertices k j and k j+1 and

FIGURE 3. Approximation of the proposed HSV by a series of
straight vortex segments.

circulation Γ
b j
j , on a point i from blade bi can be analitically cal-

culated with the aid of Eqn. (1) [7, 8]:

~V
V S

bib j
i j,k jk j+1

=
Γ

b j
j

4π

(
r

bib j
i j,k j

+ r
bib j
i j,k j+1

)(
~r

bib j
i j,k j
×~rbib j

i j,k j+1

)
r

bib j
i j,k j

r
bib j
i j,k j+1

(
r

bib j
i j,k j

r
bib j
i j,k j+1 +~r

bib j
i j,k j
·~rbib j

i j,k j+1

)
(1)

such that the velocity of the entire horseshoe over i is given by the
sum of all the individual contributions, according to the principle
of superposition:

~V
HS

bib j
i j

=
1

4π

NS

∑
k j=1

~V
V S

bib j
i j,k jk j+1

=
Γ

b j
j

4π
~v

bib j
i j (2)

~v
bib j
i j =

NS

∑
k j=1

(
r

bib j
i j,k j

+ r
bib j
i j,k j+1

)(
~r

bib j
i j,k j
×~rbib j

i j,k j+1

)
r

bib j
i j,k j

r
bib j
i j,k j+1

(
r

bib j
i j,k j

r
bib j
i j,k j+1 +~r

bib j
i j,k j
·~rbib j

i j,k j+1

) (3)

If the propeller rotates at speed ~ω and has NB blades, the
total velocity at i is the superposition of the N×NB HSV contri-
butions, the free-stream ~V∞, and the tangential velocity ~V

t
bi
i

:

~V
P

bi
i
=~V∞ +~V

t
bi
i
+

NB

∑
b j=1

N

∑
j=1

~V
HS

bib j
i j

(4)

~V
t
bi
i
= ~ω×~Rbi

i (5)

i is initially placed over the hydrofoil 3
4 c, and a zero-normal-

component is imposed at the overall velocity on this location
(condition known as Pistolesi Boundary Condition - PBC [11]):

3 Copyright c© 2018 by ASME



~u
n
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i
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P
bi
i
= 0→
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∑
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bi
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)
(6)

~u
n

bi
i

is the normal-to-the-planform unit vector at i. Equation (6)

can be more conveniently written using Eqn. (2):

NB

∑
b j=1

N

∑
j=1

m
bib j
i j Γ

b j
j =−4π×W
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bi
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(7)
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W
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bi
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i
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(
~V∞ +~V

t
bi
i

)

Since Eqn. (7) must be satisfied at the N control points of
each of the NB blades, a system of N×NB equations is obtained
for the propeller. Such system can be assembled in a matrix form:

MP~ΓP =−~W∞P (8)

m
bib j
i j are the elements of MP; note that MP consists of in-

fluence sub-matrices Mbi,bj , which account for the influence of
blade b j on blade bi:

MP =

 M1,1 · · · M1,NB

... Mbi,bj
...

MNB,1 · · · MNB,NB

 (9)

Similarly, the circulation and free-stream arrays are assem-
bled from these quantities of each of the blades:

~ΓP =



Γ1
1
...

Γ1
N

Γ2
1
...

Γ
NB
N


, ~W∞P =



W
∞1

1
...

W
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N
W

∞2
1

...
W

∞
NB
N


(10)

Thus, the circulation distribution for all blades can be ob-
tained at once by solving Eqn. (8). The Hydrodynamic forces
(and corresponding coefficients) are calculated considering the
influence of only the trailing vortices [7]:

~V
TV

bi
i
=~V∞ +~V

t
bi
i
+

NB

∑
b j=1

N

∑
j=1

~V
HS

bib j
i j
−~V

V S
bib j

i j, Ns
2

Ns
2 +1

 . (11)

In addtion to Prandtl’s hypothesis (the section lift at each wing
section is equivalent to that of a similar section of an infinite wing
having the same characteristics) [8], the hydrodynamic potential
force at each control point is calculated with the application of
the three dimensional version of Kutta-Joukowski theorem:

∆~Fbi
i = ρΓ

bi
i
~V

TV
bi
i
×~δ

l
bi
i
→

|∆~Fbi
i |= ρ|Γbi

i ||~VTV
bi
i
||~δ

l
bi
i
|sinθ

bi
i (12)

An equivalence between the definition of the 2-D normal
force coefficient Cn and the Eqn. (12), an expression in term of
Γ

bi
i is obtained:

C
nPot

bi
i
=

ρΓ
bi
i |~δl

bi
i
|sinθ

bi
i

1
2 ρ|~V

TV
bi
i
|δAbi

i

. (13)

which can be interpreted as a ‘potential normal section force co-
efficient’.

Propeller Wake Model
Before presenting the changes for the nonlinear scheme, it is

important to address the wake model.
Epps [12] showed that, for the case of a propeller with in-

finite blade number, Lerbs’ wake model [2] was not consis-
tent with the analytical expressions for the induced velocities.
The author then proposed an improved wake model that agrees
with the theoretical results and also improves the numerical con-
sistency and robustness of the lifting-line algorithms; while in
the classical wake model only one trailing vortex springs from
each bound interior vortex point, in Epps’ improved model two
trailing vortices are shed from each bound segment. The HSV
adopted by Epps is similar to the one of the present model and
corroborates such choice. Therefore, the wake pitch angle β

w
bi
i,k∗

is obtained using Epps’ assumption of a constant hydrodynamic
pitch for each HSV:
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FIGURE 4. A propeller blade section and some of its important pa-
rameters.

|~Rbi
i,k∗ | tan

(
β

w
bi
i,k∗

(
~Rbi

i,k∗

))
= |~Rbi

i | tan
(

β
bi
Indi

(
~Rbi

i

))
(14)

for a control point i (of blade bi) and corresponding bound vortex
with index k∗ (∗ = i, i+ 1). The pitch angle at the control point
β

bi
i is calculated according to Eqn. (15) [6]:

β
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(
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
~V∞+

NB
∑

b j=1

N
∑

j=1
~V

HS
bib j
i j

·~enP~V∞+
NB
∑

b j=1

N
∑

j=1
~V

HS
bib j
i j

·~eaP+|~V
t
bi
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|

 (15)

Equation (15) per se introduces nonlinearities in the problem
as β

bi
Indi varies with the induced velocities (which, in turn, depend

on ~ΓP). For the linear formulation ~V
Ind

bi
i
=

NB
∑

b j=1

N
∑
j=1

~V
HS

bib j
i j

is as-

sumed to be zero (i.e., β
bi
Indi = β

bi
i , as in Fig. 4). ~eaP and~enP are

the unit vectors in the axial and normal directions of the global
(propeller) reference frame.

Propeller Hub
The hub significantly influences the circulation distribution

of the blade from the root until approximately half the span
[6, 12]. Although more sophisticated methods can have satisfac-
torily accurate hub-models, the models available in the lifting-
line formulations are rather simple. The model of Kerwin [6]
was chosen in the present model; assuming that the hub has ra-
dius Rh, the radius of the image vortex ~R

Im
bi
i,k∗

is function of Rh

and ~Rbi
i :

FIGURE 5. Scheme for the nonlinear formulation. Changing the con-
trol points locations changes the slope of the curve Cnα

accordingly.

~R
Im

bi
i,k∗

=
R2

h

|~Rbi
i,k∗ |

~Rbi
i,k∗

|~Rbi
i,k∗ |

(16)

Note that the introduction of the hub model does not add un-
knowns to the problem since the image vortices have the same
circulation of their ‘real’ counterparts. Finally the concentrated
vortex that appears at the center of the hub is modelled as a Rank-
ine vortex with a finite viscous core radius R0 [13]; then, the re-
sulting pressure drag can be easily computed:

DP =
ρ

16π

(
log

Rh

R0
+3
)
(NBΓh)

2 (17)

Although R0 must be estimated, variations from its precise
value are not significant, as DP depends on the natural logarithm
of this quantity. Finally, the pressure drag must be accounted in
the net propeller thrust.

Nonlinear Formulation
The present nonlinear scheme, used to incorporate real hy-

drofoil data on the PLL, is inspired on the work of Souza [9]
(which is based on the work of Pepper & van Dam [14]) and it
is an adaptation from the lifting-line theory for wings; viscosity
is incorporated by moving the control points over the planform
blade surface and imposing the PBC at the new locations. This
process effectively changes the coefficients m

bib j
i j of MP and, in

practice, approximates the slope of the curve Cn×α (Cnα
) to the

slope of the curve CnV is×α , CnαV is (Fig. 5).
The PBC was derived under the assumption of flat-plate air-

foils [11], whose slopes Cnα
are 2π; if the blade sections are such

5 Copyright c© 2018 by ASME



that Cnα
6= 2π , the chordwise control points (CP) locations x

cp
bi
i

must be changed:

x
cp

bi
i
=

3
4

Cnα i

2π
ci (18)

the normal and spanwise location must be changed accordingly
so as to ensure the CPs remain over the blade planform. The
linear process is repeated to obtain new estimates for C

nPot
bi
i

, a

crucial step to ensure that PBC is satisfied. Next, the effective
angles of attack are calculated considering the zero lift angles of
attack αL0i :

α
e f f

bi
i
=

C
nPot

bi
i

Cnα i

−αL0i (19)

The viscous effects are introduced by real hydrofoil data,
as function of α

e f f
bi
i

and section Reynolds number, Rebi
i . These

data are generally obtained from experiments or numerical sim-
ulations:

C
nVis

bi
i
=CnVis

(
α

e f f
bi
i
,Rebi

i

)
. (20)

C
nVis

bi
i

are then compared with C
nPot

bi
i

to check whether the

differences are within a desirable tolerance. If a given conver-
gence criterion is not satisfied, viscous forms of Cnα i, CnαVis i are
calculated from C

nVis
bi
i

:

CnαVis i =
C

nVis
bi
i

α
e f f

bi
i
−αL0i

(21)

Equation (21) assumes that CnαVis i is linear; hence, the for-
mulation is only suitable before stall region. Finally, Cnα i are
updated according to Eqn. (22):

Cnα i = ΩCnα i +(1−Ω)CnαVis i (22)

in which Ω is an under relaxation factor that typically assumes
the value of 0.8. The nonlinear process repeats until convergence
is achieved. Note that the sectional viscous axial force coefficient

Cc is obtained through the same 2-D data; this coefficient, how-
ever, is not used on the iterative process, but only on the post-
processing calculations, and it is related to the hydrofoil viscous
drag contribution on the overall thrust and torque: for inviscid
cases, Cc = 0

Post Processing Calculations
The propeller thrust and torque coefficients (KT and KQ) are

obtained from the values of Cn and Cc of each section. For each
of these values, a corresponding transformation, in terms of the
angle β

bi
Indi must be performed.

KT =

NB
∑

bi=1

N
∑

i=1
|~V

TV
bi
i
|2δAi

[
C

n
bi
i

cos
(

β
bi
Indi

)
−Cci sin

(
β

bi
Indi

)]
2ρn2D4

KQ =

N
∑

i=1
~V

TV
bi
i
|2|~Rbi

i |δAi

[
Cni sin

(
β

bi
Indi

)
+Cci cos

(
β

bi
Indi

)]
2n2D5

(23)

with D the propeller diameter and n its rotation speed (RPM). As
expected, the viscous drag increases the overall torque whilst it
decreases the thrust.

Flowchart of the formulation
The flowchart of Fig. 6 illustrates the method described. The

red lines are the path for the linear formulation, while the bold
black ones the path for the nonlinear formulation:

RESULTS
For the ASME V&V 20 Committee [15], code and solution

verifications must be performed to any numerical method in or-
der to ensure its reliability. In this paper, verifications are done
by systematically refining the discretization and either observ-
ing the behavior of the numerical solution, or comparing it with
theoretical results, when available. For propellers, unfortunately,
there are not many benchmarks available, what makes compari-
son with theoretical data more difficult; therefore, the majority of
the following studies will verify the dependency of the solution
on the mesh.

Solution Convergence Analysis
The error estimation is done through classical Richardson

Extrapolation method. To perform the convergence analysis for
the blades, systematic grid refinement is necessary; the coarsest
blade discretization has 80 elements, whereas the finest has 452.
The number of HSVs is consecutively increased by a ratio of
approximately

√
2, value recommended by the committee [15].

The number of elements is represented by a refinement ratio r
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Begin

MP, ~WP

~ΓP, β , CnPot

Linear
form?

KT , KQ

End

Cnα

xp,yp,zp

αe f f

CnVis

tol met ?CnαVis

Yes

No

No

Yes

FIGURE 6. Flowchart of the PLL indicating the interaction between
the linear and nonlinear formulations.

(according to Eqn. 24): r = 1 for the finest grid and r = 0 for an
extrapolation in which the number of HSVs, N, tends to infinity.

r =
hN

hNMax

(24)

the variable hN is a ‘representative grid size’ and, for the present
formulation, it assumes the definition of Eqn. (25):

hN =
∑

N
i=1|~δli |

N
. (25)

The behavior of the solution that is in the convergence re-
gion takes the form of Eqn. (26), in which fext is the extrapolated
value, p the order of convergence, and C a constant. From this
expression, a fitting curve is plotted against r.

f (hN) = fext +Chp
N (26)

Therefore, the relative error is evaluated simply by calculat-

FIGURE 7. Schematics for the LVD convergence analysis.

ing the difference

Ehr = | fext − f (hN)|/| fext | Eha = | fext − f (hN)| (27)

while the uncertainty unum is estimated through a Grid Conver-
gence Index (Eqns. 28 and 29):

GCI =
FS×| f (hNmax)− f

(
h(Nmax−1)

)
|[

hNmax
h(Nmax−1)

]p
−1

(28)

unumr = GCI/(k× fext) unuma = GCI/k (29)

The assigned values for Fs and k are 1.25 and 1.1, respec-
tively, so that a conservative value for unum can be estimated.
In the current model, the wake can be refined by two ways: ei-
ther increasing the number of straight segments per loop (called
Loop-Vortex Density - LVD) or increasing the number of loops;
prior to the HSVs mesh convergence analysis, a wake model con-
vergence study is presented.

Wake Model: Loop-Vortex Density Although no an-
alytic result exists for the velocity induced by a single helical
loop, the convergence behavior of the induced velocity is verified
as the loop-vortex density is increased (Fig. 7). The helix pitch
angle β is approximately 17◦ and its radius rhel = 0.150 m. The
probe is situated at (0,0,0); the poorest simulation (r ≈ 22.5)
has 72 straight segments and the finest (r = 1) has 1630. Finally,
δli is considered the length of each segment. Figure 8 shows the
trend as a percentage of the extrapolated value.

p is found to be approximately 2, indicating second-order
asymptotic convergence; moreover, numerical uncertainty is be-
low 0.01%, so it is expected an insignificant influence from
this uncertainty in the entire model uncertainty. For N = 102
(r ≈ 16.0), the difference from the extrapolated value is under
0.01%. Therefore, it is expected that the velocity of a single he-
lical loop can be accurately represented by N ≥ 102.

Wake Model: Asymptotic behavior With a suffi-
ciently accurate value for the LVD, the number of helical loops

7 Copyright c© 2018 by ASME
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FIGURE 8. Convergence behavior of the LVD as the number of
straight segments increases.

FIGURE 9. Schematics for the LVD convergence analysis.

NH is gradually increased from 1 to 10 in order to evaluate the
behavior of the induced velocity (Fig. 9); for this particular case,
a different definition of hN is used, since it is meaningless to de-
fine a mesh characteristic length:

hNH =
1

NH
(30)

Again, p is approximately 2, indicating a second-order
asymptotic behavior for the increase in the number of loops as
well. For the maximum number of loops, asymptotic behavior is
already observed: increasing NH further does not have any sub-
stantial influence. Moreover, for r = 2 (NH = 5), the difference
from the extrapolated value is within 0.05%, which is already
satisfactory.

Wake Model: Wrench Formulas Wrench [17] pre-
sented analytical expressions for the velocities induced by helical
HSVs having radii R along a radial distance Rc. The Wrench for-
mulas are functions of NB and the β . The present wake model is
compared to such expressions.

Figure 11 is obtained fixing NB to 5 and varying the pitch

0 2 4 6 8 10
r (h

N
H

/h
N

HMax

)

87.5

90

92.5

95

97.5

100

V
 (

%
)

Numerical
Fitting curve

FIGURE 10. Convergence behavior of the increase in the number of
loops to represent the propeller wake.
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FIGURE 11. Comparison between numerical results and the Wrench
formulas for NB = 5 and several β .

angle from 10◦ to 60◦. On the other hand, Fig. 12 is obtained
fixing β = 30◦ and varying NB from 2 to 7. With NH = 5
and LV D = 102, the numerical wake accurately reproduces the
Wrench formulas.

Propeller Lifting-line Sequentially, the convergence of
the blade discretization is studied. 3-Bladed Kaplan, KCA 312,
and B-Troost propellers are used for the analysis. The type of
discretization is also investigated, since there is evidence about
the influence of clustering on convergence rate [8]; two cluster-
ing schemes were evaluated: Equal distribution for both HSVs
and CPs (EHEP) [7] and sinusoidal distribution for both HSVs
and CPs (CHCP) [8]. Figure 2 illustrates both the blades pro-
jected outlines and the clusterings. All combinations were stud-
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FIGURE 12. Comparison between numerical results and the Wrench
formulas for β = 30◦ and several NB.

ied and the convergence of KT was analyzed for both linear and
nonlinear formulations.

For the linear formulation, only the convergence of the KCA
312 propeller is presented (Fig. 13) since the results of the other
two were either similar or better; the EHEP had no satisfactory
convergence rate (p ≈ 0.88), and the CHCP presented negligi-
ble variations of KT : although no fitting curve was obtained, the
reason was not a convergence issue, but rather Richardson Ex-
trapolation was not a suitable verification procedure for the case.

In the nonlinear formulation, Cn and Cc data from the
NACA0012 airfoil (obtained from XFOIL [18]) were used and
the numerical tolerance (in terms of absolute and relative differ-
ences for Cn) was set to 1× 10−4. The convergence of the B-
Troost propeller is presented (Fig. 14); Similarly, the EHEP pre-
sented the a convergence rate of p ≈ 0.88, and the CHCP again
had negligible variations of KT ; therefore, both the nonlinear for-
mulation and the real airfoil data incorporated seem not to affect
the order of convergence of the model.

CONCLUSION
This paper presents a novel propeller lifting-line model ca-

pable of simulating raked and/or skewed bladed propellers and
of incorporating the influence of viscosity (from real hydrofoil
coefficients) on thrust and torque. The latter is done through a
nonlinear formulation that also accounts for the variations of the
wake pitch angles according to the induced velocities. The model
ensures that the Pistolesi Boundary Condition is satisfied over the
control points. In terms of verification of the method, conver-
gence analyses for the wake show that the model has an order of
convergence close to 2. Moreover, the results from the Wrench
Formulas are accurately reproduced. For the convergence analy-
sis of the blade discretization, in the case of the linear formula-
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FIGURE 13. KT versus r convergence analysis for the linear formu-
lation.
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FIGURE 14. KT versus r convergence analysis for the nonlinear for-
mulation. numerical NACA0012 airfoil data was used [18].

tion, the EHEP clustering presented an order of convergence of
approximately 0.88, while the CHCP discretization did not re-
turn any convergence rate. The results for the CHCP, however,
seem significantly better; this indicates that Richardson Extrap-
olation was probably not suitable to the analysis of this cluster-
ing scheme. For the nonlinear formulation, a similar trend was
observed, indicating the suitability on the incorporation of the
adaptive wake and the viscous effects.

The results obtained are substantial as they corroborate the
broadening of the application range to PLL methods. As a future
work, the authors intend to validate the model against experimen-
tal data for propellers, both under open water and nonsymmetric
wake conditions (as it is the case of effective wakes left by hulls);
the final purpose is to couple the PLL method with a commercial
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CFD software in order to simulate hull-propeller assemblies in a
robust, yet faster than in full CFD methods, manner.
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