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1. 

Introduction 

The problem of existence of non-orientable minimal sur­

faces has been an interesting problem in minimal surfaces
1

theory, 

since the discovery of the classical Henneberg
1

s surface (1875) 

([4],[5],[14]). Very recently, Meeks (1981) gave the first 

example of a non-or~e~table regular complete minimal surface in 

m3 of total curvature -6 n([10]). 

In this paper, a general theory has been set up through 

the orientable double coverings and the orientable minimal 

surface theory. The Chern-Osserman's theorem ([2]), the 

Gackstatter 1 s formula ([3]) and the Hoffman-Osserman's represen­

tation theorem for genus zero surfaces ([6]) have been extended and 

developed to non-orientable cases. 

· Through this general set up, some existence conditions 

have been proved and quite a few examples of complete regular 

non-orientable minimal surfaces in both R3 and ffin have been 

constructed. Further, genus one complete regular non-orientable 

m~nimal surfaces with higher total c~rvatures have Also been studied in details 

The results in this paper are based on the author
1

s 

doctoral dissertation under the direction of Professor Chi Cheng 

Chen. It is a pleasure to express my gratitude to him for his 

inspiring g~idance. 
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§1. Orientable minimal surfaces in Rn. 

In this section we review some fundamental results for 

the orient able minimal surfaces in ffin which are applied in this 

·work. Details can be found in [1], [6], [12]. 

We consider surfaces in ffin defined by maps X: M --+ ffin 

where Mis a two-dimensional manifold. Locally if X( ~, n ) = 

= (x1(~,n), •.. ,xn(~,n)) is a local parametrization and ¢k( ,;: ) = 

2ax = 

( 1. 1 ) 

t,; +in , then: 

G = <ax;an,ax;an>, <,> inner product in ffin. 

( 1. 2) 
n 
L I¢ k I 2 

= E+G 
k=1 

( 1.3) ¢k is analytic in ~ and only if xk is harmonic in (t,;,n) 

(1.4) ( s ,n) are isothermal porameters 

(that is, E = G = A2 , F = 0) 

if and only if 

Let (s,n) be isothermal parameters; the surface is 

regular if and only if 

n 
(1.5) 2 i¢kl 2 

= 2A
2 ~ 0 

k=1 
and the indu ► ed metric is given by 



3. 

The laplacian 

the mean curvature vector. 

A regular surface Sin ffin is said minimal if H = O and 

from (1.7), S is a minimal surface if and only if the coordinate 

functions are harmonic. 

An orientable, regular, connected minimal surface 1n 

~n admits an integral representation 

(1.8) X(p) = (x 1(p), .•. ,xn(p)), xk(p) = ReJP a k ,1 ;;; k$ n,p
0
,p E M 

Po 

where the 1-forms ak are analytic, globally defined on Mand 

can be expressed locally, in isothermal parameters, as 

ak = ~k(~)d~ , ~k( ~) = axk/3 ; -i3xk/ an. The forms a k are called 

the Weierstrass forms. 

The generalized Gauss map of an orientable minimal 

surface in ffin is the map G: M--+ G2 defined by G(p) = TM 
,n p 

where G2 ,m is the Grassmannian of oriented planes in Rn and 

TPM is the oriented tangent plane to Mat p. 

The _Grassmannian G2 ,n can be identified with the hyper­

quadric Qn_ 2 in the complex projective space [pn- 1 defined by 



Q 2 = { [ 21 , ••• , z ] n- n 
n 1 n 2 

[P - / 1 zk = O}, associating a positive 
k=1 

4. 

orthogonal base {u ,v}, lul =lvl of a r,lane IT E G2 to the -n 
element [ u+1v] of Qn _2. Then, the generalized Gauss map can be 

vie\'/ed as 

and G 1s antiholomorphic if and only if Mis minimal. 

Further, a generalized Weierstrass representation 

formula has been given by Hoffman-Osserman [6]~ 

( 1 • 9 ) X ( p ) = Re r i ( 1 
Po 

n-2 2 n-2 2 
I sk,i(1 + I sk),2s1, ... ,2s 2)w, p0, p EM 

k=1 k=1 n-

where s1, ... , sn_·2 are rneromorphic functions, w = fds analytic 

1-form and the regularity condition is vp = µP,µP the order of 

zero of w at p, vp the maximum order of pole at p of s1, ... ,sn-Z' 
n-2 2 l sk for each p in M. 
k=1 

When n=3, the generalized Weierstrass representation 

coincides with the classical Weierstrass' representation 

(1.10) X(p) = Rer ~(1-g2 (1;) , 1(1+g2 (1;)) , 2g( r; ))dr; 
Po 

where the function g is a meromorphic function with the property 

that cr- 1og = N, with cr: s2(1)-+- (t the stereographic projetion 

and N: M2 - S2 (1) the classical Gauss map. 

When n=4 there is an alternative representation: 

(1.11) 
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(11) the differentials ak = ¢k(s)ds are either regular or have 

a pole at each pj 

(iii) the Gauss map G = [(¢ 1 , ••• ,¢n)J has a pole of order mj ~ 2 

at each pJ., with m. the maximum order of pole of ¢1 ... ,¢ at p. 
J n J 

(1v) the Gauss map extends analytically to Mand its image, 

counting the multiplicities has area -C(S) 

Proposition 1.2. - Let S be a complete regular minimal surface 

in IR n . The total curvature of S i s C ( S) = ., 2 TTffi , m = 0 , 1 , ... , oo, and 

(1.15) C(S) ~ 2rr(x(M)-r) (Chern-Osserman's inequality), 

where X(M) is the Euler characteristic of r~ and r the number of 

boundary comronents. 

If the total curvature is finite, then 

(1) when n=3, mis even, and m/2 = degree(g), g the function 

in (1.10). 

( i i ) when n = 4 , m =n 1 + n 2 , n j = degree ( g j ) , j = 1 , 2 , g j the fun ct i on s 

in (1.11). 

(111) with the notations of theorem 1 .1, and Y the nenus of M 

(1.16)' 
r 

m - I m. = 2Y -2 
j = 1 J 

Gackstatter [3] has proved a relation between the total 

curvature of a complete minimal surface, its topological 

strucuture and the dimension of the smallest affine subspace 

containing S, which is called the dimension of S: 
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where 91,9 2 are meromorphic functions, w=fds an analytic 1-form. 

The functions g1 and g2 are related to s 1 ,s 2 in (1.9) by 

g1 
= s1+is 2 , g2=-s 1+1s 2; we can still obtain g1 and g2 by 

gj = FjoG , j=1,2, with G the generalised Gauss map and F=(F 1 ,F 2), 

" " F: Q2 - [ x [ the biholomorphic and isometric equivalence 

"' "' 
between Q2 and [ x [ which extends the maps 

(1.12) 

The total curvature of a regular, orientable minimal 

surface S defined by X: M - Rn is given by 

(1.13) C(S) = f KdA 
M 

where K is the gaussian curvature of the surface. It's known 

([2]) that C(S) = -A(S), where A(S) is the area of the Gaussian 

image in [pn- 1 with respect to the Fubini-Study metric 

(1.14) ds 2 = 

Some important theorems about complete regular minimal 

surfaces have been proved by Chern-Osserman ([ 2 ]) : 

Theorem 1.1: - If the total curvature of a complete regular 

minimal surface is finite, then: 

(i) Mis conformally equivalent to a compact Riemann surface H 

punctured at a finite number of points p1, .•• ,Pr . 
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Theorem 1.3. ([3]) - Let S be a regular complete minimal surface 

of f1n1te total curvature -2nm which lies fully in mn. Then 

(1.17) 2m ~ 4Y + r + n - 3 

A technical instrument to construct example of complete 

regular minimal surfaces of finite total curvature, with genus 

zero has been provided by Hoffman-Osserman ([6]): 

Theorem 1.4. - Let M denote the complex plane minus (r-·1) points {z
0

,z
1 

• 

... ,z 2}. Let X: M --+ mn be defined by r-

X(p) = Re JP ¢( r;;)dr;; , Po ,p E M 
Po 

(1.17) 

If the complex vector¢ is of the form 

¢(r;;) = F (r;;)(p1(r;;), ... ,pn(r;;)) 

with F(d 
r-2 "k 

= 1/ rr (r;;-zk) , pj(r;;) satisfying 
k=O 

( 1) each p. 
J 

is a polynomial, 

( 11 ) the maximum degree of the p. i s m . ' 
J J 

( i 1 i) the Pjs · have no common factor ' n 
( i V) I Pj( r;) - 0 , 

j=1 
r-2 

the v~s satisfy "k ~ 2, }: "k s m~1 , and, finally, given any 
k=O 

closed curve Y inM, Ref. ¢(r;;)dr;; = 0, then, (1.17) defines a 
y 

complete regular min1mal surface in mn of genus zero, connectivity 

rand total curvature -2nm. 
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Conversely, given a complete regular minimal surface S 

in IRn of genus zero, connectivity rand total curvature -2TTm, 

there exist points 2 0 , •.. ,z 2 and functions F, p. satisfying the 
r- J 

cQnditions above such that Sis given by (1 .17). 

§2. Non-orientable minimal surfaces in ~n 

For the non-orientable surfaces we always consider the 

two-sheeted orientable covering of the surface, that is, if Mis 
-

a non-orientable connected surface, let TI: M - M be the 
- - -

oriented two-sheeted · covering of M : and I: M -M the 

correspondent involution (i.e., I~ Id, i 2 
= Id) The existence of 

- -isothermal parameters on M gives Ma conformal structure such that 
-
I is antiholcmorphic. 

We call the double surface associated to a non-orientable 

surface S given by X: M-+ IRn the surface S given by X: M - IRn 
-such that X o TI = X , with TI: M - M the two-sheeted covering of M. 

For the non-orientable minimal surfaces we establish a 

representation theorem: 

Theorem 2.1. - Let S be a non-orientable regular connected minimal 

surface in IR". 

defined by X: M 

( 2 • 1 ) 

The double surface Sis a minimal surface in IRn 

n 
- IR , 

- Ip -X(p) = Re cj,(r,;)dr,; , Po, p € M 
Po 
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9. 

-
with a= ¢(~)d~ such that I*a = a (that i s , 

-
I *a = k 

-
Reciprocally, if S is a regular orientable connected 

minimal surface in mn given by (2.1) and if there exists an 
- -anti-holo morphic involution I: M -➔ M without fixed points such 

that I* a = a, then S is the double surface of a regular non­

-orientable minimal surface in mn. 

-
Proof: - Initially, we know that the local properties of S are 

those of S. - n The map X: M· -+ m gives a double surface, therefore, 

X(I(p)) = (XO IT)(I(p)) = X(IT(p)) = X(p) -
' lJp E M • 

Comparing the integrals: 

J
Y(p) 

X(l(p)) = Re a= 

Po 

We can rewrite the integrals: 

P Y(po) 

Rejp a= X(p) , Vp E M 
Po 

ReJ · a= Re[j a+ 
Po Po 

( p -
+ Re J I *a 

Po 

and the last equality, from the fact of X(I(p 0)) = X(p 0)) = O 

gives: 

( 2. 2) fP jp -ReJ a= Re I*a 
Po Po 

-
The involution I is ant1-holomorphic, thus, 

i•ak ·= l*(ik(~)ds ) = ik(I(s))·~(I(s))as , , 

If, locally, ¢k(dds = uk(d + i vk(d, a k=fk( ~)ds, fk(~) = rk( s )+isk(d, 
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dz;= d; + 1dn, from (1.3), in a neighborhood of pO, 

and in this neighborhood uk = rk , sk=-Vk , that is, fk =¢ k and 

I*ak = ak . Hence, I*a = a . 

For the reciprocal, given a regular minimal surface 

defined by (2.1) and the antiholornorphic involution I such that 

I*a = a, we have: 
I(p) Jl(p 0l I(p) 

- - ReJ a j_ a] 
-

X(I(p)) 
' ' x(p) 

= = Re I a + = XO + ' 
p E M 

Po Po I(pO) 

Taking p = I(q) in X(l(p)) = x0 + X(p) 

X(q) = x(i(I(q)) = x
0 

+ x(I(q)) = 2x 0 + X(q). 

Thus, x
O 

= O , X(I(p)) = X(p) and X: M -+ fin is the double 

surface associated to a non-orientable minimal surface S given by 

X: M/- --.fin. 
A 

We now investigate the consequences of the condition 

-I*a = a with respect to the various forms of representations for 

m1nimal surfaces in fin. We have: 
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Corolary 2.2. (Meeks, [10]). Let f,g be the functions of the 

Weierstrass' representation (1.10) of an orientable regular 
~ 

connected minimal surface Sin ffi 3 • The surface S is the double 

surface of a non-orientable minimal surface in ffi 3 if and only if 

(1) g(I(p)) = -1/ g(p), Vp E M 

( 2. 3) 

(i1) I*(w) = -g 2 w, w = f(z)dz 

f o r s om e a n t i h o 1 om o r p h i c i n v o l u t i o n Y : M --+- M v, i t h o u t f i x e d p o i n t s . 

Proof: - (i) follows from ooN = g, N the classical Gauss map and 

o the stereographic projection, and from the geometrical property: 

N(I(p)) = -N(p) 

~ 
(ii) follows immediately from (i) and I*w 3 = w3 

The reciprocal can be easjly verified. 

Corolary 2.3. - Let S be an orientable regular connected minimal 

surface in m4 defined by X: M -+ m4 in ( 1. 11). Then, S is the 

double surface of a non~orientable minimal surface in m4 if and 
~ 

only if for some anti-holomorphic involution I on M without fixed 

( 1) , k= 1,2 

( 2. 4) 

-(11) I*w = g
1

.g 2 .w , w = f(z)dz 
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Proof: - The generalized Gauss map of S, G: M - Q2 satisfies, 

in homogeneous coordinates, [G(I(p))J = [G(p)]. The functions 

g 1 , g 2 a r e o b t a i n e d b y F j o G .. t j = 1 , 2 , F = ( F 1 , F 2 ) t h e f u n c t i o n o f 

(1.12); then (i) follows from the fact that FjoT = -1/Fj , 

-r: 02 -+ 02, T([z1 ,z2,Z3,Z4]) = [z, ,z2,Z3,Z4], From I*ak = ak , 

k=1,2 we have (ii). The reciprocal, can also be easily verified. 

~ 

Corolary 2.4. - Let S be an orientable regular connected minimal 

surface in IRn defined by X: M -- IRn in (1.9). 
-

The surface S is 

the double surface of a non-orientable minimal surface if and only 

if 

- - - -
( i 1) ' PE M, I: M --+M an 

anti-holomorphic involution without fixed points. 

Proof: - From I*(ak+ 2) = ak+ 2 
Jc 

tely; (ii) follows from Iaj = 

, 1 ~ k S n-2, (i) follows immedia­

ci. , j=1,2. 
J 

We next prove that some special minimal surfaces in IRn 

can not be double surfaces; these special surfaces are surfaces 
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in m2m which are holomorphic curves in [m with respect to some 

orthogonal complex structure in m2m([6], p. 36) and the 

associated surfaces to a double surface. 

Proposition 2.5. - If~ is a regular minimal surface 1n m
2

m which 

is a complex analytic curve with respect to some orthogonal complex 

2m ~ 
structure on IR , then S cr.1.nnot be a double surface of a non-orien-

table minimal surface in m2m. 

~ 
~ 

Proof: - If s ; s a complex analytic curve, s can be given by 

~ M --+ m.2m ~ (x1+ix2' ... ,x2m-1+ix2m) 
X : ' 

X = (x1,···,x2m) such that 

i s analytic. By the Cauchy-Riemann equations, the generalized 
~ 

Gauss map is ¢ = (¢
1
,-i¢

1
, ... ,¢ 2m_ 1,-i¢2m_ 1) and S will be a double 

surface if and only if I*¢=~' that is, 

I*(¢
2

j_
1

(z;)dz;) = ¢
2
j_ 1

(z;)dz; and l*(-i<l> 2j_ 1(z;)dz;) = i.¢ 2j_ 1(z;)dz;, 

1 ~ j ~ m ; then, ¢
2

j_
1 

= 0 , contradicting the regularity 

condition. 

Proposition 2.6. - The associated surfaces of an orientable double 

minimal surface can not be double surfaces. 

Proof: - If the double surface is given by Y: M2
--+- mn , the 

associated surfaces are given by 

"' 
Y = Y cos a + Y s i na 

a 
0 ~ a < TI 

"' 
with Y the harmonic conjugate of Y . 
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" 
Using the Cauchy-Riemann equations for Y + iY , the 

generalized Gauss map of the associated surfaces can be written: 

. . -i a 
¢ = ¢cos a - 1 ¢ s 1 n a = e ¢ 

a 

The surfaces Ya will be double surfaces if and only if 

I*(¢ ds) = ¢ ds, that is, e-ial*(<P(s)ds) = eia<P(s)ds. With the 
a a ---

hypothesis I*(¢(s)ds) = ¢(s)ds , this last equation implies 

e21 a = 1 , that is, a= 0 (mod n). 

In the following study, the double surface S associated 

to a non-orientable minimal surface Swill always be connected, 

complete and of finite total curvature. 

Proposition 2.7. - Let S be a complete regular minimal double 
~ ~ n 

surface of finite total curvature defined by X: M - IR . Then: 

(1) Mis conformally equivalent to a compact Riemann surface 

-
M of genus Y, punctured at a finite number of points 

{P 1, •.. ,pr,q 1, ... qr}, with I(pj) = qj, 1 ~ j s r, Y(oj) 

~ 
the extension of I top. 

J 

( i 1 ) If m and m are the orders of pole of <P = (¢1,···,<Pn)' 
' p. q . 

J J 

at p. and qj respectively, then, mp. = m ' 
1 ~ j ~ r 

J 
q . 

J J 

( 11 i) 
~ i(i(p) If p and q are ends of M related by = q) ' and locally, 
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m a. 00 

¢P(z) = I J + lb zk aj,bk € (t n 
---r 

j = 1 ZJ k=0 k 

m At 00 

k 
¢q(w) = 1 7:+ l Bkw At,Bk € (t n 

' 
then, 

£=1 w k=0 

the complex subspaces generated by {a 1, .. ,,am} and fA 1, ... ,Am} 

are the same. 

( i V) a 1 'A 1 € IRn 
' a 1 = A1 

( V) If we denote aj the corresponding a 1 ; n the development 
1 r . 

<Pp. ' 
1 ~ j ~ r ' 

then 1 aJ = 0. 
. 1 1 

J J= 

-
Proof: - From Chern-Osserman 1 s theorem we have M conformally 

of 

equivalent to a compact Riemann surface M punctured at r points; 

-let p E M - M be one of these points, q=I(p), and V c [ a 

coordinate neighborhood with z(p) = 0,where ¢p has a pole of order 

mp , and ¢P(z) = 2ax;az , z € v. 

If W c [ is a neighborhood of w=0, f: W ~ V anti-

- I 

-holomorphic, f(0)=0 , f (0) ~ 0 , then Xof parametrizes locally 

q=l(p), and 

( 2. 5) 

Therefore, ¢q has a pole of order mp at w=0, since af/aw = ar;aw 

1s holomorphic and does not vanish in W. 

(111) follow~ immediately from (2.5), 
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To verify (iv) and (v), we recall that 

Re (f ( ,;) d s • 0 f o r Y c 1 o s e d c u r v e i n M • L e t y P , y q b e s; mp 1 e 

closed oriented curves around p and q; respectively, with I(yp) = -Yq· 

Then l ¢(s)ds = 2nia 1 , l ¢(s)ds = 2niA
1 

and a 1 ,A 1 E mn the 
Yp Yq 

equality a1=A
1 

follows from the non-orientable condition 

I* ( <l>ds) = cfids . 

We now take simple closed curves B.,Y. around pj,q.=I(p.), 
J J J J 

respectively, for 1 ~ j ~ r. such that l( B. ) = -Y. , 1 ~ j ~ rand 
J J 

{Bj,Yj , 1 ~ j ~ r} being the oriented boundary of M' M; thus: 

= j d(¢ds) = 
M' 

0 . 

Calculating the integrals: = -2ni.?a1 , and (v) follows.& 
J 

The total curvature of a non-orientable minimal surface 

Smay be defined as 

( 2. 6) C(S) = + C(S) 

With this definition, we have: 

Proposition 2;8. - The total curvature of a non-orientable regular 

complete minimal surface in ffin is 

C(S) = -2nm, m=0,1, ••• , 00 • 
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Proof: - From the proposition 2.7., if C(S) > -oo the double 

-surface S , p. and q. 
J J 

with the some order of pole m .• 
J 

~ 
From propositions 1 .2., the double surface S has total 

curvature c = -2nm , with m satisfying 

m - 2 
r -Im. = 2y .. 2 

j = 1 J 

Thus, mis even and C(S) = C(S)/2 = -2n,m , If the total 

curvature is infinite, C(S) = C(S) = -00 • 

As a consequence of proposition 2.7 we can prove that 

Chern-Osserman's inequality for non-orientable minimal surfaces 

is analogous to the orientable case. 

Proposition 2.9: - Let S be a non-orientable regular complete 

minimal surface in IRn, with rends given by X: M2 -+ IRn ; then 

( 2. 8) C(S) S 2TT(X(M)-r), 

with X(M) the Euler characteristic of M. 

Proof: - The total curvature of the double surface S associated 

to Sis given by C(S) ~ 2TT(X(M)-r). 

From r = 2r (proposition 1.7), X(M) = 2.X(M) 

and C(S) = 2C(S) we have C(S) ~ 2n(X(M)-r) 



The dimension of a non-orientable minimal surfaces 

is the dimension of the double surface S associated to s. 

The non-orientable version of Gackstatter's theorem 

(theorem 1 .3) is: 

18. 

Theorem 2.10. - The dimension of a non - orientable regular complete 

minimal surface in fin, with finite total curvature c = -2 nm, 

rends and genus y satisfies: 

(2.10) 

Proof. -

dimension 

{a1 ,A1,Re 

<1> ( z) = 
P· J 

<1> (z) = q. 
J 

From 

of 

aj 
\). ' 

J 

aj 
m. 

J 
m. 

z J 

Aj 
m . 

J 
m. 

z J 

dim S s 2m - 2Y - r+3 

Gackstatter's theorem the 

the real subspace generated 

Im aj 
\). ' 

J 

+ ••• 

+ , •• 

Re Aj 
\). ' 

J 

aj 
1 

Im Aj 
\). ' 

J 

t ----i-- t 

2 s \). 

J 

00 

~ 
dimension of s i s 

by 

s m. ' 
J 

s j s r} 

From proposition 2.7., (iii) to (v) , we have: 

r 
dim S s (r-1) + 2 I (m.-1) 

j = 1 J 

the 

' with 

Using (2.7), with m=2m, and the fact that Y = Y-1 , 

we have dim S s 2m-2Y-r+3. , 
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An upper bound for the total curvature is obtained from 

the following proposition: 

Proposition 2.11. - The total curvature of a non-orientable 

regular complete minimal in ffin is at most -4 TI . 

Proof: - From (2.10) and the fact that dim S ? 3, y ~ 1 ,r ~ 1, then, 

2m ~ 2Y+r ~ 3. Therefore, 2m ~ 4 and c = -2Tim ~ -4TI. 

A characterization of the complete minimal surfaces of 

finite total curvature and genus one can be set up combining 

theorem 2.1 and the Hoffman-Osserman 's theorem (theorem 1.4). 

~ 
Theorem 2.12. - Let M be the complex plane minus 2r-1 points 

{O,z 1, ... zr_ 1, -1/z 1, ... ,-1/zr_ 1}. If the complex vector ¢ ( 1;; ) is of 

the form cp{i;;) = F(i;;)(p1(1;;), ... ,pn(d), with 

F ( i;;) = 

p. ( l:) 
J 

satisfying 

( i) Pj ( d is a polynomial 

( 1 i) the maximum degree of o. 
'J 

is 2m 

( i 11) the p '. s 
J 

have no common factor 

( i V ) 

( V) 



r-1 
and vks satisfy I vk = m+1 , vk ~ 2 , 0 ~ k ~ r-1 and 

k=O 

Ref cp = 
y 

0, Vy: simrle closed curve em M, then X(p) = Ref P cp(s)dr; 
Po 

20. 

defines a double minimal surface associated to a non-orientable 

regular complete minimal surface in mn of genus one, rends and 

total curvature -2nm. 

Conversely, every genus one non-orientable minimal 

surface in !Rn admits a representation mentioned above. 

Proof: - The double surface associated to a genus one non-orientable 

minimal surface is conformally equivalent to the complex plane 

minus 2r points with the involution I: [--+ [ given by I(z)=-1/z, 

that is, M = cr - {O,z 1, ... ,zr_ 1,-1/z 1, ... ,-1/zr- 1}. From Hoffman-

-Osserman's result, cf>= F(p 1, ••• ,pn), Pj polynomials satisfying (i) 

to (iv). 

The map X: M ~ !Rn defines a double surface if and 

only 1f l*(cpj(r;)dr;) = cpj(r;)dr;, 1 ~ j ~ n ; from this fact and 

r-1 
(2.7), we have I vk = m+1 and (v). 

k=D 
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§3 . Genus one non-orientable complete minimal surfaces in mn 

First, we observe that 

Th eor em 3.1. - Let S be a non orientable regular complete minim al 

surface of finite total curvature -4 ~. 

Then, S is a minimal immersion of the projective plan e 

minus one point and lies fully in m4 ; and an~ two such minim al 

surfaces a r e similar 

Proof: - From Chern-Osserman's inequality (2.8), using 

X(M) = 2-Y-r , we have -4 TT s 2TT (2- Y-2r) and Y+2r ~ 4. We then 

have the possibilities: 

(i) Y=L r=1 which, from (2.10), implies dim S ~ 4 

(ii) Y=2, r =1 , which, from (2.10), implies dim S s 2. 

Excludin g (ii), if Y=1, r =1, the order of pole at the 

end is, by (2.7), m1=3. 

The double surface of (i) has genus zero and two ends, 

thus, by theorem 2.12, it can be given by 

with the functions ¢j( ~) 

satisfying: 
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( i ) the maximum degree of th e I i s 4 . p j s 

n 2 
(ii) . I P j ( d - 0 

J =1 

( i i i ) Re f ¢. (d = 0 ' y simple closed curve ; n !C-{O} 

J y J 

( i V) - 4 ( - ) Pj ( d 1 j - z: p. -1/ Z: = ' 
~ ~ n 

J 

4 3 2 
Setting p.(d = a. z: +b. z: +c- Z: +d. 1:;; +e. , from (iv) we 

J J J J J J 

have a. =-e . ,b. = d. , c. =-c .. Calculating 
J J J J J J 

f ~j( z: ) = 2ni.cj, for any simple closed curve y around z=O and 

y 

the condition (iii) is equivalent to Im c . = 0 , 1 ~ j ~ r. 
J 

4 3 
Therefore, pJ.(d = a.z: + b.1:;; 

- 2 
+ b . s 

J 
- 1 < . < - aj, = J = r. 

J J 

The polinomials satisfy (ii) if and only if !a~ =Ib~ = o j J j J ' 

n 
1 a. b. = 

j = 1 J J 

Calling A1 

these la s t conditions are equivalent to {A1 ,A 2 ,B 1 ,B 2}ortho gonal, 

II A
1

11 = IIA
2

11 = II B
1

11 = II B2 11, and A = (1,i,0,0), B = (0,0,1,i) 

qive a solution. 

Any two immersions X,Y may be obtained by considering 

4 3 - 4 
pol1nom1als pj( c) = aj c + bj c + bj c - aj and qj( c)=aj c +bj c

3
+ 

+ bj z: _ aj respectively such that {A1 ,A 2 ,B 1 ,B 2} , 

{A I A I B, 
8

, } orthogonal vectors in IRn with 
1' 2' 1' 2 , are 

= II 8
1

11 = II 0J = A, II A111 =II A211 = II 8 111 =
8

211 = µ 

Therefore, there exists a real orthogonal matrix M such that 

A! = ..!!._ MAi , 8 i = f M8j , j=1,2 , and = -f MX + x0 • 
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Immediately, we have Meeks's theorem: 

Corollary 3.2. - The total curvature of non-orientable regular 

complete minimal surfaces in m3 
is at most -6n . 

The total curvature of an orientable minimal surface in 

R3 is of the form c(S) = -4nx. (degree g), with g the meromorphic 

function of the Weierstrass representation (1 .10); thus, for 

non-orientable minimal surfaces, 

( 3 . 1 ) 
C(S) = -2n(degree g) 

with g: M - [ the function of the Weierstrass representation of 

the double surface S , which is a rational function when it has 

finite degree and the genus of Mis zero. 

The next result is very important for the construction 

of examples: 

Proposition 3.3. _ Let g be a rational complex function satisfying 

g(-1/z) = -1/g(z}. Then, the degree of g is odd and g is of the form 

_!IL a . ) 
11 ( 2 J 

g ( z) 
z a. j = 1 

= C ' m 1 
-rr(z + - ) 

j = 1 a . 
J 

roof: _ Being a rational function, let 

m 
1T(z-a.) 
. 1 J 
J= 

g(z) 

m 
with lcl11la. I 

j = 1 J 
= 1 . 



24. 

where the factors appears with multiplicities. 

The condition g(-1/z) = -1/g(z) is equivalent to 

( 3. 2) 

We can easily conclude that m=n, and (3.2) can be rewritten as: 

m 
The polynomial Tf(bkz+1)(z-bk) vanish at z=bk; then, 

k=1 

-
for any j, k. Therefore, aj = -1/bk and this relation occurs 

with the same multiplicity, that is: 

m 

( 3. 3) 
- - lT(b.z.+1)(2-5 . ) 

j=1 J J J • 

From (3.3) , (-1)a+mlcl 2 -frla- 1
2 

= -1 , and degree a is 
j = 1 J 

odd. 

Proposition 3.4. _ The total curvature of a non-orientable regular 

complete minimal surface in rn 3 
of genus one is of the form 

c(S) = -2n m, m odd, m ~ 3. 

Proof: _ This follows immediately from proposition 3.3. 

Meeks [6] has proved that there exists unique non­

-orientable regular complete minimal surface in rn
3 

of total 

curvature _
6

n . we extend Meeks's surface in the sense of 
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Theorem 3.5. - There exists a non-orientable regular complete 

minimal surface in rn 3 of genus one, one end and total curvature 

c = -2nm, for any m odd, m ~ 3. 

Proof: - With straightforward 
2 

the functions f(z) = i(z+}L, 
zm+ 

calculations, one can show that 

g(z) 
= zm- 1(z-1) . z+ 1 are the functions 

of the Weierstrass's Representation of a double minimal surfaces 

that is, the map 

X(p) = Re 
2

(1-g , i(1+g ) ,2g)ds, p0 ,P E [ - {O} 
J

P f 2 2 

Po 
satisfies (i) to (v) of theorem 2.12. The surfaces obtained are 

regular and complete. A 

Remarks: 

1. If n=3 the surface of theor. 3.5. 1s exactly the 

Meeks'surface. 

2. The surface is an infinite Moebius'band with (m-1)/2 

twists and the image of lzl=1 is a circle centered at (0,-2/(m-1) ,0) 

With radius 2/(m-1) covered (m-1) times. 

3. 
The normals to the surface along lzl=1 have the 

third component N j = r.e(z)I I I · 
3 lzl=1 z =1 

' 
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The Chern-Osserman's inequality for non-orientable 

minimal surfaces of total curvature -6TI gives us the relation 

Y+2r S 5; hence, if y=1, we may have r=1 or r=2, Meeks has 

proved that the case r=2, c=-67T cannot occur. We will give an 

alternative proof of this fact in theor. 3.11. Using Meeks' 

result, we have: 

Proposition 3.6. - The total curvature of a non-orientable 

regular complete minimal surface in ffi 3 of genus one and two ends 

is at most -10TI. 

For c=-10TI , we have: 

Theorem 3.7. - There exists a non-orientable regular complete 

minimal surface in ffi 3 of genus one, two ends and total curvature 

-10TT • 

Proof: _ The double surface associated to such a surface will be 

an orientable surface of genus zero, four ends with total 

curvature -20TT , and, by theorem 2.12, it may be given by 

- -
X: t - {0,1,-1} - DP , I: a: -+- (t,I(z)=-1/z 

Let f(z} = a(b 2z2-1) 2/z 2(z-1)
4

(z+1)
4 

and g(z) = 

= ab2z3(z2-b2);(b2z2-1); f and g are the functions of the 

Weierstrass'representation of a double minimal surface if and 

only if (corol 2.2): 
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( 3 . 4 ) 

The completeness and regularity can be easily verified. 

To choose a , a and b such that 

Ref iJ# (1-g ' (z), i(l -i- g'(z)), 2g(z))dz = ii 
y 

for any closed curve yin rr - {0,1 ,-1}, we observ e that, 

by Ca uchy's Integral Formula, 

(3.5) f 
Yo 

p.{l,;}d ?;; 
J = 21T ip 1.(0), 

J 

-YO simple clo s ed curve around z=O , and 

( 3. 6) 

Y1 simple closed curve around z=1. 

The polynomials pj{ s ), j =1 ,2,3, obtained from the choice 

off and g are: 

P1(z) = az 10 -2ab 2 z8 +ab 4
Z

6 +ab
4

Z
4
+2ab

2
z

2
+a 

P2{z) = i[-az 10 +2 ab2 z 8 -ab 4 z 6 +ab
4

Z
4

~2ab
2

z
2

~aJ 

P3{z) = aa b2 [b 2 z 7 -(1+lbl 2 )z
5
+b

2
z

3
] 

and the integrals (3.5) are null for j =1,2,3. 

Calling Rj = p]'(l)-12pj(1)+57pj(l)-105pj(1), j =1,2,3, 

we have: 



R1 = -105(a-a) + 30(ab 2 -ab 2
) + 3(a5i+-ab1+) 

R2 = i[-105(a+a) + 30(ab 2 +ab 2
) + 3(abt++ab

4
)] 

Thus, Re[2 rr iR./3!.16] = 0, j =1,2 if 
J 

-105a+30ab 2 +3abi+ = O or3b 4+30b 2 ~105 = 0 

-
For each b, a = -1/b 2 , a=i satisfy (3.4) and 

~ JP f X(p) = Re T (1-9 2
, i(1+9 2 ),2g) 

Po 
gives the double surface. 

28. 

We investigate the problem of the regular minimal 

surfaces in JR 3 of finite total curvature, genus one and three ends, 

and, we obtair.: 

Theorem 3.8. _ There exists a non-orientable regular,complete minimal 

surface in JR3 of genus one, three ends and total curvature -14 rr . 

Proof: - we construct the double surface S defined by 

.... X: [-{0,1,-1,i,-i} _.. JR 3 with the functions f and g of the 

Weierstrass'representation (1.10) given by g(z)=ab
4
z

3

(z
4
-bi+)/(b

4
z
4
-1) 

and f(z) =a (b4z1+_
1

)2;z 2(z 2- 1)3(z 2+1) 3
• The functions f and g satisfy 

(2.3) if and only if 

( 3 • 7 ) 

-- 8 
= 1 , a= aa 2 b 

With some calculations, we have: 



( 3 . 8 ) J 
P.(2)d2 [ P.(z) ]' 

J = 2ni J - 2niP'.(0) 

22(24-1)3 . ~- 1 )3- 2=0 
= 

J 

Yo 

\..fhe r e Yo l S a s imnl c clo se d curv e around Z=D 

( 3. 9) f 
P.(z) 2ni [ P.(z) r 

J dz = T 2 J 3 2 3 

y z2( 24,., 1)3 
2 (zt1) (2 +1) _z=1 

1 

= ~ [ p JI~ ( 1 ) 1 3 p I ( 1 ) 4 5 ( ) 
tr..o - j + pj 1 J ' 

Y1 simple c losed curve around 2=1 ; 

Pj(2)dz 

z2(z4+1)3 

= ~ • ; [ p I~ ( i ) + 1 3 i p '. ( ; ) ~ 4 5 p • ( i ) ] 
I r..o J J J > 

Yi simple closed curve around z= i 

29. 

, 

= 

The polynomial s Pj obtained from f and g are, using (3.7), 

P (z) - 14 - 4 10 - 8 8 - b8 6 2 b-4 4 
1 = -a z +2 a b z +ab z - a z - a z +a 

P (z) - 14 - 4 10 , - 8 8 - 8 6 2 b~4 4 · 
2 = a z ~2a b z +a b z +ab z ~ a z +a 

we can eas11Y verify that the real part of the integrals 

(3.8) ar e null for any j, j =1,2,3, 
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j + l j l -45Pj(i)] Ca 1 1 i n g R J. = P J•~ ( 1 ) - 1 3 P J'. ( 1 ) + 4 5 , R J~ = i [ p" ( i ) 13 · p , ( · ) 

thus 
' 

R1 = 45( a-a )-10( ab4- ab4)-3( ab
8

- ab
8

) 

R2 = i[4 ( - -4 4 -8 8 5 a+a )-10( ab +ab )-3( ab +ab )] 

R3 = aab4[12(b4+b4)+4(1+lbl8)] 

Ri 
1 = i[45( -) (- 4 -4) ( -8 · - 8 - a+a ~10 ab +ab -3 ab +ab)] 

Ri 
2 = [45( a -a)-10( a64-ab 4)-3(a6

8
- ab

8
)J 

Ri 
3 = -aab 4[12(b 4+5 4)+4(1+lbl

8
)J 

and the R d Ri . an . 
J J 

are real if b satisfies: 

Choosing a = 1/b4 and a=1 the conditions (3.7) are 

verified. The completeness and regularity can be easily seen. ~ 

In IR4, exploring the properties of the functions g1 , 92 

of the representation (1.11), we have 

Theorem 3.9: _ For any integer m, m ~ 2, there exists a non­

-orientable regular complete minimal surface Sin m
4 

of genus 

one end and total curvature ~2nm, 

one, 
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Proof: - The double surface S associated to S has total curvature 

- 4 TT m = - 2 TT in ' rn = 2 m ' gen u s 2 e ro a n d t w O en d s . we s et the 

functions f,g1'g
2 

in the representation (1.11) by f(z)azm-l , 

k k2 
91(2) = E:

1
/2 1 , 9

2
(2) = s

2
/2 , with m = 2m = k1+k 2 , k1,k 2 odd, 

k1,k2 ~ , and M = tt-{O}. 

The functions f,g
1
g

2 
are the functions in the represen­

tation (1 .11) of a complete regular double surface if and only 

if they satisfy (i) and (ii) (corolary 2,3), that is, 

(3.11) 

To verify that Ref ¢(s)ds=0, for any closed curve in 
y 

rr-{0} , we observe that: 

f(1+9192) 
m.-1 / m+1 

<P 1 ( r;) = = 2 + E1E2 2 

if(1-.g1g2) 
. ( m,, 1 I m+ 1 ) 

<P2(r;) = = l Z ., E:1£2 2 

f(91"' 92) ( E 1 Z 
k2 k1 )/ m+1 

¢3 ( r;) = = ., f;22 z 

k2 k 1 m+ 1 

=-if(g,+92) = -i(E:12 + E,,2 · )/z 
'-

<P4 ( r;) 

and rewriting k, am-n, k2am-i-n 'n ~ 1, we have l$j a 0, ja1, ••• , 4 

th us, the double surface Sis defined by 

[-{O}. 
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The dimension of a non-orientable regular complete 

minimal s urface in mn of finite total curvature has an upper 

bound dim S s 2m-2 y-r+3, given by Theorem 2.10, with y: genus 

of S r : n u m b e r o f e n d s , c = - 2 ,rm the total curvature. As y ~ 1 , 

. t 

r·, 1 th , en: 

is sharp for 

dim S ~ 2m. We will show that this upper bound 

y= 1 , r =1. In fact, we have: 

Theor em 3.10. _ For any integer m, m ~ 2 , there exists a 

no s . m2m f 
n-orientable regular complete minimal surface ,n ~ o genus 

one, one end and total curvature -2 ,rm that lies fully in m
2
m . 

Proof: - The double surface s associated to S, by theorem 2. 1 2 

i s given 
~ -mn X(p) = ReJP ¢(dd s with 

by X: [-{0} ' 
Po 

p j ( s ) 
cpj(i:) = Pj ( d satisfying ( i ) to ( V ) • 

l; m+ 1 ' 
· (v) ,·s equivalent to: 

Particularly, condition 

(3.12) (- 1 )m+1 ~2mpj(- 1/ ~) = pj(d 

. · j 2m-1 j 2m 

Taking p/t;) = •l + •~ z; + ••• + •2m-1 1; + •2m ' 
i n 

(3.12): mf-1 J. 2n1 J·-2m-1 j ) 
( -1 ) ( a ;; _ + +a 

0.., a1 s ... 2m 

Then, there are two possibilities: 
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( a ) ( m+ 1 ) even 
( b ) ( m+ 1 ) odd 

aj = 
-j aj -j 

0 a2m 0 = -a2m 

aj = 
-j aj -j 

1 a 2m-1 
= a 

1 2m-1 

j . -j 
aj . aj 

a = m-1 a 
= 

m+1 
m-1 m+1 

aj = 
-j 

aj -aj 
a m m 

= m m 

The integrals J ¢ .( ½)d ½ , y closed curve in [-{O } should have 
y J 

null real part; therefore, Re{2 1T i.aj} = 0 , 1 ~ j ~ n, that is m 

m , • J • n. Comparing with the last condition in (a) Imaj = 0 1 < . < 

or (b), we have a~= 0 , 1 ~ j ~ n. 

To determine solutions in ffin , we should find the 

complex t ( 1 n) O < k < 1 h th t h vec ors Ak = ak''"'ak , • - m- sue a t e 
C n 2 _ 
orresponding polynomials satisfy Ip.( ½) = 0 • 

j = 1 J 

It is easy to verify that A0 = (1,i ,o, ... ,0), 

A1 = (0,0,1,i,O, ... ,O) ... ,A 
1 

= (0, ... ,0,1,i) give a solution in 
2 m-

t m ; f ( mis even and Ao = (1,i,0, ... ,0), A2 = 0,0,1,i,0, ... ,0), 

Am _ 2 = ( O , o , ... , o , ll, i /l , o , o ) , Am_ 1 = ( 0 , 0 , ... , 0 , 1 , i ) g i ve a s o 1 u t i 
O 

n 

if mis odd. 

for m=3 
' 

For the problem with two ends, we have dim S ~ 

we obtain 

2m-1 · ' 



Theorem 3.11: - There does not exist a non-orientable regular 

complete minimal surface in JR 3 of total curvature -6 TT , with 

genus one and two ends, but there are examples in IR
4 

and JR
5

. 
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Proof: - The double surface can be defined by X: M -+ IRn , with 

X(p) = Rer $ ( S)d S , $j( i; ) = r/ S)fs
2

( s -1)
2

{ s+1/ 

Po 

Pj( Z:.: ) satisfying (i) to (v) in theorem 2.12. 

6 5 4 3 2 
Let p . ( z:.; ) = a . z:.; +b . I'.; +c .I'.; +d .I'.; +e . I'.; + fJ. l'.;+gJ. 

the condition 

J J J J J J 

(v) is - b f -equivalent to a.=g., .=-., c.=e. 
n J J J J J J 

other hand l p~( z:_; ) = o is equivalent to: 

j = 1 J 

, d.=-d· . 
J J 

On the 

\'a~ =O \'a.b. =0 \'(b ~+ 2a.c.)=0, I(a.d.+b.c.)=0, 
~J '~JJ ,f J JJ J. JJ JJ 

J J J 

( 3 . 13) I(c~+2b.d.+2a.c.)=0 , ?(-ajbj+bjCj+cjdj) =O 
j J JJ JJ J 

l (-Id -1 2 +2 I a - I 2 +2 I b - I 2 +2 I c j I 2 ) = O 
j J J J 

Calculating: 

f $ j{ 1; )d 1; • 2ni rj(O) = -2nibj , y
0 

simple closed curve around z=O 

Yo 

Yo simple closed curve around z=D 

l/j( l; )d i; = 2ni(pj(1)-3pj(1)/4 = ni[3(aj-aj)+4bj+(crCj)J/2 , 

Y1 simple closed curve around z=1. 

We h J for any closed curve yin 
ave Re ¢. ( z:.; )d z:.; = 0 

y J 
t-(0,1,-1) if and only if bj IR,(cj-Cj) = -

3
(aj-aj)' 

::; j ::; n. 



35. 

Let A = (a
1 

, ... ,an) , B = (b 1 , ... ,bn) , C = (c 1 , ... ,en) 

D = (d
1

, ... ,dn). In terms of the real and imaginary parts let 

A = A "A 3·A D ·o 
,+1 2' B=B1, C = c,- l 2, = l 2. 

Using these decompo-

sition s, the relations (3.13) can be rewritten as: 

(3.14) 

<A2 ,D2> 

<A1 ,D2> 

I C 1 I 2 -

<C1 ,C2 > 

<B 1 ,C 1> 

= 

= 

<B
1 
,c 1 > 

0 

= 0 

= 0 

9IA2l 2 = -2<A 1 ,C 1>+ 6. I A2 I 2 

= - <B1 ,D2> = 0 

= -3 <A2 ,D 2> 

<C1 ,0 2> = 0 

2[21A, I' + 1c, I' + 9IA2J
2 J = Jo21' + 21

8
1 I' 

Comparing, in (3.14): 1s,I ' = -6IA2l' - 2<A,,C1> • Jc,I ' = 

:::: 15IA
2

j 2 _ 2<A
1

,c
1
>, we have 

(3.15) 

From A D B C > = -3 <A2,D2 > , 
< 2' 2> = < 1' 1 

= 0 
(3.16) 



and, from last equation of (3.14), 

10212 = 64IA2l2 

sumarizing (3 14) . to (3.17) we obtain 

(3.17) 

IA1 I = IA2I <A1 ,Al = 0 

< B A 1 ' 1 > = < B 1 'A 2> = 0 

I B 1 I 2 = - 6 I A 1 12 - 2< A 1 'C 1 > 

< C 1 ' A 2> = < C 1 , B 1 > = < C 1 , D 2> = 0 

lc,1 2 = ls1l 2 + 21IA2!2 

< D 2 , A 1 > = < D 2 , A 2> = < D 2 , B 1 > = 0 

1021 = BIA2I 

36. 

C 1 = a A l , w i t h a= - 3 ;. t h i s i s i n comp a t i b 1 e w i t h 

lc,1 , = 21IA
2

1•- Therefore, there does not exist example in JR'. 

Em [ 4 we have the solution A = (1,i,0,0) , B =ii, 

- ,-3i,0,2 13), D = (O,O,Bi,0) that gives a double surface 
C == ( 3 

in IR4 

Em [S, A = (1,i,D,0,0), B = (0,0,12,0,0), 

C ::: ( 4 - ,-3i ,O,O,li) , D = (0,0,0,8i,0) are solutions that give 

u e surface in JR • A a do bl 5 
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We have already prove that there exists a non-orientable 

minimal surface in ffi 3 of genus one, two ends and total curvature 

-lOn. Using the some technique in the last theorem, we have 

Theorem 3.12. - There exists a complete minimal immersion of the 

projective plane punctured at two points in m
9 

with total curvature 

-1 0 TI . 

X ( p) 

theorem 2.12, the double surface is given by 

= Re JP ¢(l;;)dl;; , where ¢j(l;;) 

Po 
{;;3([;;-1)3([;;+1)3 

' i f 

we choose the order of the poles of ¢(l;;)dl;; at the ends to be 3. 

The polynomials p.(c) satisfy the condition (v) in theo. 

2 12 J 10 9 8 7 6 5 4 
• if and only if p.( l;; ) = a. l;; +b. z:; +c. l;; +d.l;; +e.l;; +fJ.l;; +eJ.l;; 

J J J J J J 

-d.~ 3+c- r 2 b- R f 0 J j .., - j z: +aj , e j = 

Calculating: f ~j( c )d c= -2 ni(3aj+Cj) , y 0 simple closed 

Yo -

curve around z=O ; J. ~. (c)d c=• i [24 (aj'aj )+ 15(brbj )+8(cj'C}+3(drd}-f j]/8 • 

Y1 J 

Y1: simple closed curve around z=1. Then, the integrals have null 

real part if and only if 

, 1 d imaginary parts, we write: 
In terms of the rea an 



A= (a
1 

, ... ,an) = A
1
+iA

2 
= (a ,i o. ,O, ... ,0) 

B = (b,, ... ,bn) = s,+iB2 = (o,o, B,,i B2,•")0) 

C = ( c 1 , .•. , c n) = C 
1 
-3 i A

2 
= ( O, -3 i a , 0, 0 , Y, 0, ... , 0) 

0 = (d
1

, ... ,dn) = o
1
+io

2 
= (o,o,o,o,o, o1,i o2,o,o) 

E = ( e 1 ' •.. 'en ) = E 1 + i E 2 = ( 0 , ... , 0 , 0 , µ 1 , i µ2) 

F = (f
1 

, ... ,fn) = i(30B
2

+6o
2

) = (o,o,o,30 iB2,o,6i o2,o,o) 

38. 

a nd A,B,C,D,E e F satisfy the condition ipj - 0 , if and only if 
J 

( 1 ) 

( 2 ) 

( 3 ) 

I 

I 
I 

a~ 
J 

= 0 

a.b. = 0 
J J 

(b ~+2 a.c.) =0 
J J J 

( 4 ) l (a.d.+b.c.) = 0 
.) J J J 

(S) l (c ~+2a .e .+2 b.d.) = 0 
J J J J J 

( 6 ) L (a.f.-tb.e-+c.d-) = 0 
J J J J J J 

(l) L (d ~+2a.e,-t2b,f,+2cJ.eJ.) = 0 
J J J J J 

( 8) 

( 9) 

( 1 0 ) 

( 11 ) 

i • e . 

= 0 



Y=3 
' 

6cx2 = B2-B2 
2 l 

Y2 = 9cx2 

Choosing 

0 1 =19TI 

39. 
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