


Introduction

The problem of existence of non-orientable minimal sur-
faces has been an interesting problem in minimal surfaces'theory,
since the discovery of the classical Henneberg's surface (1875)

([41,[51,[141). Very recently, Meeks (1981) gave the first

example of a non-orientable regular complete minima1 surface in

R® of total curvature -6m([10]).

In this paper, a general theory has been set up through {
the orientable double coverings and the orientable minimal
surface theory. The Chern-Osserman's theorem ([2]), the

Gackstatter's formula ([3]) and the Hoffman-0Osserman's represen-

tation theorem for genus zero surfaces ([61) have been extended and

developed to non-orientable cases.

Through this general set up, SOME existence conditions

have been proved and quite a few examples of complete regular

n
non-orientable minimal surfaces in both R® and R have been

constructed. Further, genus One complete regular non-orientable

minimal surfaces with higher total curvatures have also been studied in details

The results in this paper are based on the author's

doctoral dissertation under the direction of Professor Chi Cheng

Chen. It is a pleasure to express my gratitude to him for his

inspiring guidance.
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§1. Orientable minimal surfaces in RrR".

In this section we review some fundamental results for
the orientable minimal surfaces in R" which are applied in this

‘work. Details can be found in F1l, [83y L181.

We consider surfaces in Rn defined by maps X: M —= Rr"

where M is a two-dimensional manifold. Locally if X(&,n) =
" (X1(E,n),u.,xn(£,n)) is a local parametrization and ¢, (¢) =

293X = axk/ag-iaxk/an, £ = £+in , then: |

1 2
(1.1) Y ¢¢ = E-G-2iF ,
k=1 K

m
n

<OX/3E,0%X/0E>, F = <dX/9n,dX/3E>

<3X/9n,dX/an>, <,> inner product in R".

oD
n

n
(1.2) T [o]% -
ko1 I kl +G

S ¢, is analytic in £ and only if x, 1is harmonic in (&,n)

(1.4) (£,n) are isothermal parameters if and only if

n o~—13

(that is, E = G = G , F 80)
Let (£,n) be isothermal parameters; the surface 1is

reqgular if and only if

n
(1.5) § {0, ]° - 222 = 0
k=1
and the induced metric is given by

(1.6) ds? = A2(dg2 + dn’) = \2|de|?




The laplacian

(1.7) aX = 2280 , & = 327362 4 32702 | 8% = (Bxy,..,bx ), H

the mean curvature vector.

=
A regular surface S in R" is said minimal if H = 0 and
from (1.7), S is a minimal surface if and only if the coordinate

functions are harmonic.

An orientable, regular, connected minimal surface in

n

R" admits an integral representation

VAN

p
(1.8) X() = (xy(p) e sk (P)) + % () = Re a1

<
) k-n,po,p eM
Po

where the 1-forms a, are analytic, globally defined on M and

can be expressed locally, in isothermal parameters, as

a, = ¢k(C)dC i ¢k(C) - 3xk/3£-18xk/3n. The forms o  are called

the Weierstrass forms.

The generalized Gauss map of an orientable minimal

surface in R" is the map G: M — Gy | defined by G(p) = TpM g

where G2 a4 is the Grassmannian of oriented planes in R" and

TpM is the oriented tangent plane to M at p.

The Grassmannian G, . can be identified with the hyper-

n-1

quadric Qn_2 in the complex projective space CP defined by



4,
n
Qn-2 = {[21,“.,zn] cp" /kz1z§ = 0}, associating a positive
orthogonal base {U,Vv}, |U|=|V| of a plane 7 ¢ G, , to the

element [U+iv] of Qn—2’ Then, the generalized Gauss map can be

viewed as

6(z) = [34(z)sues8, ()]
and G is antiholomorphic if and only if M is minimal.

Further, a generalized Wejerstrass representation

formula has been given by Hoffman-Osserman [6].

n-2 2 n-2 2

Py :
gl |<Z1§k’1(1 “ kZ1Ck)’2C1’""2Cn—2)w’ Pgs=R “af

(1.9) X(p) = ReJ
Po

whereg1,".,;n;2 are meromorphic functions, w = fdz analytic

p’“p the order of
zero of w at p, vp the maximum order of pole at p ofC1,".,C
n-2 2

k21ck for each p in M.

1-form and the regularity condition is Vp = M

N=2?

When n=3, the generalized Weierstrass representation

coincides with the classical Weierstrass' reoresentation

p
(1.10) X(p) = Ref f’5’51(1-92(1;) , 101+9%(2)) , 29(2))de
Po
where the function g is a meromorphic function with the property

that 0'109 = N, with o: 52(1) — € the stereographic projetion

and N: M2 — S2(1) the classical Gauss map.

When n=4 there is an alternative representation:

(1.11) X(p) = ReIz (1+q192 ’ 1(1'9192): 91'92’ 'i(g1+92)w ’ PO s Pe M ’
) 0



g,

(11) the differentials o, = ¢k(g)d; are either regular or have

a pole at each Pj

(11i) the Gauss map G = [(¢1’""¢n)] has a pole of order my 2 2

at each Py with m; the maximum order of pole of §q e s by at Py

(1v) ‘the Gauss map extends analytically to M and its image,

counting the multiplicities has area -C(S)

Proposition 1.2. - Let S be a complete regular minimal surface

in R" . The total curvature of S is c(s) = ~2mm, m=0,1,..,», and

(1.15)  €(S) < 2m(x(M)-r) (Chern-Osserman’s inequality),
where X(M) is the Euler characteristic of 1t and r the number of

boundaryv components.

1f the total curvature is finite, then
(1) when n=3, m is even, and m/2 = degree(g), g the function

in (1.10).

(11) when n=4, m=n,+n,, ny = degree(gj), j=1,2,9j the functions

18 TV 0
(141) with the notations of theorem 1.1, and Y the cenus of M

(1.16) m - m, = 2Y-2

Gackstatter [3] has proved a relation between the total
curvature of a complete minimal surface, its topological
strucuture and the dimension of the smallest affine subspace

containing S, which is called the dimensfon of S




6.

where g,,9, are meromorphic functions, w=fdz an analytic 1-form.

The functions g, and g, are related to z,,%, in (1.9) by

9 c1+1;2, 92=-c1+1cz; we can still obtain 9 and 9, by

n

93

F: 02 e E X & the biholomorphic and isometric equivalence

FjoG , j=1,2, with G the generalised Gauss map and F=(F1,F ),

between 02 and € x E which extends the maps

z3'+1'z4 —234124

F([Z 329 329,2 ]) = ( v s T ) - L -1z # 0
PrEge el a®g z,-12, z,-12, 1 2
(1.12)

F'1(w1,w2) - [(1+w1w2), 1(1-w1w2), Wq=Wo -1(w1+w2)]

The total curvature of a regular, orientable minimal

surface S defined by X: M — R" is given by

(1,19} c(s) =I KdA
M
where K is the gaussian curvature of the surface. It's known

([2]) that C(S) = -A(S), where A(S) is the area of the Gaussian

n-1

image in CP with respect to the Fubini-Study metric

} 2
(1.14) ds? = zlf_“_d_}L

|2
Some important theorems about complete regular minimal

surfaces have been proved by Chern-Osserman (E&T);

Theorem 1.1: - 1f the total curvature of a complete regular

minimal surface is finite, then:

(1) M is conformally equivalent to a compact Riemann surface M

punctured at a finite number of points PgseesPp o




Theorem 1.3. ([3]) - Let S be a regular complete minimal surface

of finite total curvature -2mm which lies fully 1in R". Then
(1.17) et 40 pf Wt L9

A technical instrument to construct example of complete
regular minimal surfaces of finite total curvature, with genus

zero has been provided by Hoffman-Osserman ([6]):

Theorem 1.4. - Let M denote the complex plane nﬁnus(k41);m1nts{zo,z

1'
wsZ. ot.Let X: M —> R" be defined by

P
(1.17) X(p) = Re|  o(c)dz , pg.p e M
Po

If the complex vector ¢ is of the form

¢(z) = F (2)(py(2),usp,(T))

r-2 Vi
with F(z) = 1/ 1 (c-zk)

: pj(c) satisfying
k=0

(1) each p; is a polynomial,

(11) the maximum degree of the P; is mys

(i11) the pjsrwveno common factor ,

gty
(iv) Tpjle) =0,
R

r-2 :

the v's satisfv v, 22, J v, s m+! , and, finally, given any

k k k=0 k

closed curve Y inM, Ref.¢(c)dc = 0, then , (1.17) defines a

'Y

complete regular minimal surface in R" of genus zero, connectivity

r and total curvature -2mm.



Conversely, given a complete regular minimal surface S
in R" of genus zero, connectivity r and total curvature -2mm,
there exist points ZgseesZp o and functions F, P; satisfying the

conditions above such that S is given by (1.17),

§2. Non-orientable minijmal surfaces in R"

For the non-orientable surfaces we always consider the
two-sheeted orientable covering of the surface, that is, if M is

"a non-orientable connected surface, let I: M — M be the

oriented two-sheeted - coverinag of M and I: M — M the

correspondent involution (i.e., T = i TZ = Id) The existence of

-

isothermal parameters on M gives M a conformal structure such that

I is antiholemorphic.

We call the double surface associated to a non-orientable

surface S given by X: M — R" the surface S given by i: M — R"
such that X o m = X , with T: M — M the two-sheeted covering of M.

For the non-orjentable minimal surfaces we establish a

representation theorem:

Theorem 2.1. - Let S be a non-orientable regular connected minimal

surface in R". The double surface S is a minimal surface in R"

defined by X: # — R" ,

P

(2.1) - R(p) = Re[ B()de L pgu b e

Po



Conversely, given a complete regular minimal surface S

in R" of genus zero, connectivity r and total curvature -2mm,

there exist points ZgseesZp o and functions F, P satisfying the

éqnd1t1ons above such that S is given by (1.17).

§2. Non-orientable minimal surfaces in R"

For the non-orientable surfaces we always consider the
two-sheeted orientable covering of the surface, that is, if M is

"a non-orientable connected surface, let T: M — M be the

oriented two-sheeted - coverina of M rand I: M — M the

correspondent involution (i.e., 1= 1d, 32 = Id) The existence of

-~

isothermal parameters on M gives M a conformal structure such that

I is antiholemorphic.

We call the double surface associated to a non-orientable

surface S given by X: M — R" the surface S given by X: M — R"

such that X o m = X o WIth B M — M the two-sheeted covering of M.

For the non-orientable minimal surfaces we establish a

representation theorem:

Theorem 2.1. - Let S be a non-orientable regular connected minimal

surface in R". The double surface S is a minimal surface in R"

defined by X: ¥ — R" ,

- 2 p =
{2.13 . X(p) = Ref ¢(z)dg Pgs Pe M

Po



g.

with a = #(z)dz such that I*a = & (that is, f*ak = &k , 1sksn).
Reciprocally, if § is a regular orjentabie connected

minimal surface in R" given by (2.1) and if there exists an

anti-holomorphic involution I: M — ﬁ without fixed points such

that I*a = a, then S is the double surface of a regular non-

p ; | n
-orientable minimal surface in R,

Proof: - Initially, we know that the local properties of S are

those of S. The map X: M — R" gives a double surface, therefore,

-~ o~

X(I(p)) = (X o M(I(p)) = X(m(p)) = X(p) , ¥p € M .

Comparing the integrals:

M 1(p) p & i
X(1(p)) = ReI % Re[ o= X(p) , ¥p e M

Po Po
We can rewrite the jntegrals:
p Ipg) 1(p) o, e
ReJ o = Re[I o + I ol = X(I(po)) + RE{ I*q
Po Po ) Py

and the last equality, from the fact of i(f(po)) = X(pg)) = 0

gives:
p
(2.2) Re[ o = ReI I*q

The involution I is anti-holomorphic, thus,

oy = TH(@ (0)dz) = § (T(£))-8(T(e))dz ~, 1 sk sn

If, ]9ca11y, 5k(C)dC = uk(C) "" 'i Vk(C)yak=fk(C)dC ’ fk(C) = rk(C)‘*']Sk(C)’
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dz = d§ + idn, from (1.3), in a neighborhood of pg,

p p
I ukdg 50y dn =I i dE + Sk dn
Po Po

and in this neighborhood u i that is, fk=$k and

1R

QI x

1*a, =

Thkw =
K Hence, I1*a =

oy -

For the reciprocal, given a reqular minimal surface
defined by (2.1) and the antiholomorphic fnyolution I such that

{*o = a, we have:
Prg 1(p) I(pg) 1(p)

X(I1(p)) = ReI o = Re[I o + I~ al = X, + X(p) , peM
Po Po I(PO)

Taking p = 1(q) in X(I(p)) = Xg + X(p)

-~ .~

X(q) = X(I1(1(q)) = X, + X(1(q)) = 2Xg + X(q).

Thus, X, = 0 , X(T(p)) = X(p) and X: M — R" is the double

0
surface associated to a non-orientable minimal surface S given by

X ﬁ/~ — R" . 1)

We now investigate the consequences of the condition

I*a = a with respect to the various forms of representations for

minimal surfaces in R". We have:
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Corolary 2.2. (Meeks, [10]). Let f,g be the functions of the

Weierstrass' representation (1.10) of an orientable regular
connected minimal surface S in R®., The surface S is the double

surface of a non-orientable minimal surface in R® if and only if

(1) g(T(p)) = -1/ g(p) , ¥p e M
(2.3)
(41)  T*(w) = -g2w , w = f(z)dz

for some antiholomorphic involution T: M — M without fixed points.

Proof: - (1) follows from golN = g N the classical Gauss map and

o the stereographic projection, and from the geometrical property:

N(T(p)) = -N(p)
(313 follows immediately from (i) and f*w3 = Q3 3

The reciprocal can be easjly verified. A

Corolary 2.3. - Let S be an orientable regular connected minimal
4 4

surface in R" defined by X: M — R" in (1.11). Then, S is the

double surface of a non-orijentable minimal surface in R4 if and

only if for some anti-holomorphic involution I on M without fixed

points,

—————

(2.4)

(11) I*w = 9peGp.W , W = f(z)dz
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Proof: - The generalized Gauss map of S, G: M — Q, satisfies,

e

in homogeneous coordinates, [G(I(p))] = [G(p)]. The functions
94,9, are obtained by FjoC T 1 % S (F1,F2) the function of
(1.12); then (i) follows from the fact that F,oT = -1/?j £

L Q2 — QZ’ T([Z1,22,23,Z4]) & [21,22,23,24]. From I*O'k e ak N
k=1,2 we have (ii). The reciprocal, can also be easily verified.

A

Corolary 2.4, - Let $ be an orjentable regular connected minimal

surface in R" defined by X: M — R" 4in (1.9). The surface S is
the double surface of a non-orientable minimal surface if and only

if

(1) T*(ckw) = T W, 1 sks n-2 , w=fdz

& it & -

(11) ki1tk(I(P)).Ck(p) ot . pe B, 13 M — M an

anti-holomorphic involution without fixed points.

Proof: - From I*(ak;z) = G0 o 1 € k £ n-2, (i) follows immedia-
—k

tely; (i1) follows from loy = ag . 3=1,2. A

We next prove that some special minimal surfaces in R"

can not be double surfaces; these special surfaces are surfaces
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in mZm which are holomorphic curves in ¢™ with respect to some
orthogonal complex structure in Rzm([6], p. 36) and the
associated surfaces to a double surface,

2m

Proposition 2.5. - If S is a regular minimal surface fn R™" which

is a complex analytic curve with respect to some orthogonal complex

structure on mzm, then S cannot be a double surface of a non-orien-

table minimal surface in Rzm.

-~

Proof: - If S is a complex analytic curve, S can be given by

Nz =+ BEW j0F 2 (x1,u.,x2m) such that (x1+ix2,.",x2m_1%1x2m)

is analytic. By the Cauchy-Riemann equations, the generalized

Gauss map is ¢ (¢1"i¢1’”"¢2m-1’"1¢2m-1) and S will be a double
surface if and only if I*¢ = ¢, that is,

T*(¢2j_1(c)dc) = $,5._1(z)de and f*(-i¢2j_1(c)dc) = 1.8, 4(2)de,

1 3 sSm; then, ¢2j-1 = 0 , contradicting the regularity

condition. , A

Proposition 2.6. - The associated surfaces of an orientable double

minimal surface can not be double surfaces.

Proof: - If the double surface is given by Y: M* — R" , the

associated surfaces are given by
Ya = Ycosa + Y sina B L a.< R

with Y the harmonic conjugate of Y .,
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Using the Cauchy-Riemann equations for Y + i? , the

generalized Gauss map of the associated surfaces can be written:
9, = $c08 0 - i ¢sin a = e ¢

The surfaces y, will be double surfaces if and only if
1*(¢ dg) = o dz, that fis, e 19T#(4(z)dg) = e'%(z)dg. With the
hypothesis I*(¢(g)dg) = ¢(;)EZ , this last equation implies

e21a =1, that is, o = 0 (mod m). A

In the following study, the double surface S associated
to a non-orientable minimal surface S will always be connected,

complete and of finite total curvature.

Proposition 2.7. - Let S be a complete regular minimal double

surface of finite total curvature defined by X: M —+ R" . Then:

(1) # is conformally equivalent to a compact Riemann surface

-~

M of genus Y, punctured at a finite number of points

{p1"“!pr’q1:"-qr} ’ with i'(p‘]) = Q. 1 §j e e T(DJ)

J,

the extension of I to pj

(1) 1f m, andm, are the orders of pole of ¢ = (¢,,..,0),
\ J
at p, and q; respectively, then, My, = m S B T B

J il

(111) If p and q are ends of M related by I(I(p) = q), and locally,




15,

LY B d T b, 2K P
¢ (2) = —  + Z s 10y €
P s ol ol J*ok
m A ©
) k n
o (w) = ¥ —+ }Bw , A B ¢ ¢ , then,
q iyt corg@oih 27k

the complex subspaces generated by {a1,".,am} and {K1,".,Km}
are the same.
: n
(iv) a1,A1 eR" , ay = A1
(v) If we denote a% the corresponding a, in the development of

PE
b a e ) & My then 2 a% =0,
j i=1

Proof: - From Chern-0sserman's theorem we have M conformally
equivalent to a compact Riemann surface M punctured at * points;
let p e M - M be one of these points, q=1(p), and V = € a
coordinate neighborhood with z(p) = 0,where by has a pole of order

mp , and ¢p(z) B 23X/az e ¥,

If We € is a neighborhood of w=0 , f: W —> V anti-

-holomorphic, f(0)=0 , f (0) = 0 , then Xof parametrizes locally

q=T(P), and

(2.5) ¢q(w)=2%é=2-5%(Xof)(w)=2

b=
2l

~

Therefore, ¢q has a pole of order mp at w=0, since 3f/d0w = 3F/0w

is holomorphic and does not vanish in W.

(111) follows immediately from (2.5).
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To verify (iv) and (v), we recall that

ReL?(c)dg 0y Tor Yrclosed gurvellin M, SLgt Yp s <Yy be simple

closed oriented curves around p and q; respectively, witrl'f(yp) = -yq,
Then L'¢(C)dc = 2Tia, , I o(z)deg = 2711'A1 and a,,A, € R" ; the
Y
p q

equality a,=A, follows from the non-orientable condition

e
1*(¢dz) = $dT .

J=I(pJ)’

r and

We now take simple closed curves Bj,Yj around PysQ

respectively, for 1 £ j € r such that T(Bj) #.%¥g 0 1 & 4 &

J
{Bj,yj s 1 £ <r} being the oriented boundary of M M; thus:

i P5-1%

1f odz + J ¢dg = I ¢dC = f d(¢dz) = 0

J ' '
. 0 M
% Y M

Calculating the integrals: ZZWi.a{ = -2“1.2a2 , and (v) follows.&
J J

The total curvature of a non-orientable minimal surface

S may be defined as
(2.6) c(s) = 4 C($)

With this definition, we have:

Proposition 2.8. ~ The total curvature of a non-orfientable regular

complete minimal surface in R" is

C(S) = "27Tm ’ m=0,1,...,°° .
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Proof: - From the proposition 2.7., if C(S) > -» the double

-~

surface S has r = 2r ends, o T(qj), e S i el

j and qj

with the some order of pole mj

From propositions 1.2., the double surface S has total

curvature ¢ = -2mm , with m satisfying
m~2 ym, = 2Y-2

Thus, m is even and C(S) = C(§)/2 = ~27,m , 1f the total

curvature 1is infinite, C(S) = C(S) = -= , A

As a consequence of proposition 2.7 we can prove that

Chern-0Osserman's inequality for non-orfentable minimal surfaces

is analogous to the orientable case.

Proposition 2.9: - Let S be a non-orientable regular complete

minimal surface in Rn, with r ends given by X: M2 — RrR" ; then

(2.8) c(s) s 2m(X(M)-r),

with X(M) the Euler characteristic of M.

Proof: - The total curvature of the double surface S associated

to S 1s given by C(5) s 2m(x(M)-F).

From 7 = 2r (proposition 1.7), X(M) = 2.X(M)
and C(S) = 2C(S) we have C(S) s 2m(X(M)-r) A
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The dimension of a non-orientable minimal surface S

is the dimension of the double surface S associated to S.

The non-orientable version of Gackstatter's theorem

(theorem 1.3) is:

Theorem 2.10. - The dimension of a non-orfentable regular complete

minimal surface in Rn, with finite total curvature c -2mm,

r ends and genus y satisfies:
(2.10) dim S < 2m - 2Y - r+3

Proof. - From Gackstatter's theorem the dimensjon of S is the

dimension of the real subspace generated by

ol M Real ,mal ,Redd Al 25 v s m, 155 s, with
J J J J
j :

¢p}2) i d w o Tl by 2

j g k=0 :
5 J i o

¢qj(z) o R e kZO B, Z l'sdsar

Z

From proposition 2.7., (ii1) to (v) , we have:
)
dim S g (r-1) + 2 ) (m.=1)
LA
Using (2.7), with fi=2m, and the fact that Y = y-1 ,

we have dim S = 2m=-2Y-r+3. A
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An upper bound for the total curvature is obtained from

the following proposition:

Proposition 2.11. - The total curvature of a non-orjentable

reaular complete minimal in R" is at most -4m.

Proof: - From (2.10) and the fact that dim S 23, y 2 1,r 2 1, then,

2m 2 2Y+r 2 3. Therefore, 2m 2 4 and ¢ = -2mm £ -4, A
A characterization of the complete minimal surfaces of
finite total curvature and genus one can be set up combining

theorem 2.1 and the Hoffman-0Osserman's theorem (theorem 1.4),

Theorem 2,12, - Let M be the complex plane minus 2r-1 points

{0,242 4, '1/21’""'1/2r-1}' If the complex vector ¢(z) is of

the form ¢(z) = F(c)(p1(c),".,pﬁ(c)), with

F(z) = ;
Vo r-1 v v
0 k 1 k
4  (t-z,) "@G+ =)
;Eq k Zy
PJ(C) satisfying
(1) pj(c) is a polynomial
(1) ‘the maximum degree of p, is 2m
(111) the pjs have no common factor
-
(IR pj = 0
j=1 ,
(v) (0™ g p (-1/8) = py(E), 1 sgsm,
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r-1
and v's satisfy Y v, =m+l , v, 22 , 0 <k £ r-1 and
k Lok k

- . p
ReJ & = 0, ¥y: simple closed curve em M, then X(p) = ReI ¢(z)de
i po
defines a double minimal surface associated to a non-orientable

regular complete minimal surface in R" of genus one, r ends and
total curvature -2mm.

Conversely, every genus one non-orientable minimal

surface in R" admits a representation mentioned above.

Proof: - The double surface associated to a genus one non-orientable

minimal surface is conformally equivalent to the complex plane

minus 2r points with the involution 1:.¢— ¢ given by T(z)=-1/£,

that 1s, M = € - {0,21,".,zr_1,-1/z1,".,-1/zr_1}. From Hoffman-

-Osserman's result, ¢= F(p1,".,pn), P; polynomials satisfying (i)

to (1v).

The map x: M — R" defines a double surface if and

e

only if T*(¢j(c)dc) - ¢j(c)dc, 1 ¢ 3 sn; from this fact and

r-1
(2.7), we have 3 v, = ms#l and (v).
k=0
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§3. Genus one non-orientable complete minimal surfaces in R"

First, we observe that

Theorem 3.1. - Let S be a non orientable regular complete minimal

surface of finite total curvature ~4m,

Then, S is a minimal immersion of the projective plane
minus one point and lies fully in R4 . and anv two such minimal

surfaces are similar

Proof: - From Chern-0sserman's inequality (2.8), using
4, We then

A

X(M) = 2-Y-r , we have -A4T < om(2-y-2r) and Y+2r

have the possibilities:

IA
< -7

(1) y=1, r=1 which, from (2.10), implies dim S

IA
no

(11) y=2, r=l s which, from (2.10), implies dim S

Excluding (i), if Y=1, r=1, the order of pole at the

end is, by (2.7), m1=3.

The double surface of (i) has genus zero and two ends,

thus, by theorem 2.12, it can be given by

" p
i: ¢c - {0} ——ar - ReI o(z)dz, poap e
Po

3
with the functions ¢j(C) - pj(C)/C ‘ pj(C) polynomials

satisfying:
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(1) the maximum degree of the pjs is 4,

Bl 3 pile) e ®
j=1 9
(iii) Re( ¢j(;) =0, ¥ gimple closed curve in C-{0}
Jy
(iv) -E'py(-1/2) = pyle) L 1 €3 s

Setting pj(c) = ajc4+bjc3+cjc2+dja+ej , from (iv) we

have a ,=-€.,b.; = d. , Ci=-C; Calculating

J g5 J

I ¢j(§) = 2w1.cj, for any simple closed curve y around z=0 and
Y
the condition (iii) is equivalent to Im C; A R r.

1
o

e 4 - ity M W
Therefore, MR bye™ + bz a; , 1sisr.

The polinomials satisfy (i1) 1f and only if za§=2b§ -y
- M

¥ aih la | = §Ib |2 . calling A, = (Rea Rea )

\1213‘]. J =0, g‘ aj = g; j . 1 Rl wds

A2=(Im 31,...,Im an) ’ B1 = (Reb1a"-aRebn) 982 » (Im b1,'...,1mbn) "

these last conditions are equivalent to {A1,A2,B1,82}orthogona1,

” A1” - HA2|| =” B1H =” Bz“ , and A = (1’]"0’0) = . 10,0,1,1) :

give a solution.

Any two immersions .Y may be obtained by considering
3

4 3055 a ed b

respective]y such that {A1,A2,B1,BZ},

BAEIRE .
% jC aj
0

(Aj,Aj,B1,85) - are orthogonal vectors in RT with A= 1A=
N EN P EN IR LM Al = 183l =Ball =
Therefore, there exists a real orthogonal matrix M such that

il il 1,2, and = X MX 4 X .
AY well wp, , BY = 4 MBy o 3718 0 7 g L4 Ky !
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Immediately, we have Meeks's theorem:

Corollary 3.2. - The total curvature of non-orientable regular

complete minimal surfaces in R3 ijs at most -6m

The total curvature of an orientable minimal surface in

A - _4rx. (degree g),with g the meromorphic

R3 is of the form c(S)

function of the Weierstrass representation (Hodlls thusy Ter

non-orientable minimal surfaces,
{3.¢1 c(s) = -2n(degree g)

with g: M — € the function of the Wejerstrass representation of

the double surface s , which is a rational function when it has

finite dearee and the genus of M is zero.

The next result is very important for the construction

of examples:

- Let g be 2 rational complex function satisfying

Proposition 3.3.

—

g{-1/2), = =1/g(2). Then, the degree of g is odd and g is of the form

o ‘=|1(Z 1 with |c|‘TT]—|a | s
g(Z) = C Z m 1 ’ J=1 j
'Trlz + j—)
j=1 aJ
rational function, let |

m )
1( )

o gl . , aj

n
fg-by)
;TI K

g(z) = ¢ 2 = by for any j,k,aj #0,b, =0,

L
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where the factors appears with multiplicities.

o e—

The condition g(-1/2) = -1/g(z) is equivalent to

(3.2) (- 1)a+m+n|c|2 Zn-m 17— a 5+1) (3~ J)rz'_
j=1

(b Z+1) (Z-b, )

:_‘l
1 =
—=

We can easily conclude that m=n, and (3.2) can be rewritten as:

m - - - -
(-1)a|c|2 E(ajiu)(z-aj) = - H(bkzu)(z-bk)

m
The polynomial TT“(bk2+1)(z-bk) vanish at z=b ; then,

there exists j, 1 3 sm such that a. bk+1 = 0, since aj # bk

for any j, k. Therefore, a; = -1/bk and this relation occurs

with the same multiplicity, that is:
a 0 i1 & = 1
(3.3) (-1)%]c|? o B 1T - ) TI’ 2,+1)(2-6 ).
1b. b j
J J |

From (3.3) , (-1)°‘+m|c|2 frrWajlz - -1 , and degree a is odd. A
J=

. The total curvature of a non-orientable regular

Proposition 3.4.
3 of genus one is of the form

complete minimal surface in R

C(S) s =27 M, M odd, m g 85

Proof: - This follows jmmediately from proposition 3.3. A

Meeks [6] has proved that there exists unique non- '
O 3

-orientable regular complete minimal surface in R™ of total

We extend Meeks's surface in the sense of

curvature -6m.

L —
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Theorem 3.5. - There exists a non-orientable regular complete

minimal surface in R3 of genus one, one end and total curvature

¢ = -2mm, for any m odd, m 2 3.

Proof: - With strajghtforward calculations, one can show that

2 m-1
z z-1} .
the functions f(z) = 1L%$%l_ : g(z) = —f—zéT——— are the functions
z

of the Weierstrass's Representation of a double minimal surface 5,

that 1s, the map

=

X(p) = Re[ —}(1-9
Po

2 ) 1(1+92)$29)d1;3 posp e 0 - {0}

satisfies (1) to (v) of theorem 2.12. The surfaces obtained are

regular and complete. A

Remarks:

1. 1f n=3 the surface of theor. 3.5. {s exactly the

Meeks'surface.

2. The surface is an infinite Moebius'band with (m-1)/2

e oflz|=1is acircle centered at (0,-2/(m-1),0)

twists and the imad
Witﬁ radius 2/(m-1) covered (m-1) times.

3. The normals to the surface along |z|=1 have the

third component N3||z|-1 § P‘6('7')‘|z|—_-1'
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The Chern-0sserman's inequality for non-orientable
minimal surfaces of total curvature -6m gives us the relation
Y+2r < 5; hence, if y=1, we may have r=1 or r=2, Meeks has
proved that the case r=2, c=-6bm cannot occur. We will give an

alternative proof of this fact in theor. 3.11. Using Meeks'

result, we have:

Proposition 3.6. - The total curvature of a non-orientable

reqular complete minimal surface in R® of genus one and two ends

ijs at most -10m .

For c=-10m , we have:

Theorem 3.7. - There exists a non-orientable regular complete

minimal surface in R*® of genus one, two ends and total curvature

-10m .

Proof: - The double surface associated to such a surface will be

an orientable surface of genus zero, four ends with total

and, by theorem 2.12, it may be given by

curvature -20m ,

¢ . {0,1,-1} — R, I: € — 6,1(z)=-1/2

>

a(5222-1)"’/22(2-1)4(z%1)4 and g(z) =

Let f(z)
= qszza(zz_bz)/(5222-1); f and g are the functions of the
Neierstrass'representation of a double minimal surface if and

only if (corol 2.2):




2 b

(3.4) |a| |b]z =1 anda = _35b" or acb? = -3ab?

The completeness and regula

To choose o, @ and b such that

Reri%;l (1-g2(2), i(14g2(2)), 29(2))dz =

for any closed curve Yy tn © - {0,1,-1}, We observe that,

by Cauchv's Integral Formula,

(z)d
PJ(C) 4

(3.5) f A CTAMA TN

Yo

- 2n1pj(0),

Y simple closed curve around z=0 , and

0

p-(C)dC 2 i 1 m 1" K 1
(3.6) I EETZ%TTTTZITTT " 7?} © TG [pj(1)-12pj(1)+57pj(1)-105pj(1)1

Y
1

Y1 simple closed curve around z=1.

The po]ynomials Pj

of f and g are:

py(z) = 521°-25b2zs+5b“zﬁ+a5"z“+2a5222+a
Py(z) = 1[-52‘°+25b2ze-éb“ze+a5“z“~2a52zz+a]
p3(z) = aaBZ[5227-(1+|b|ﬂzs+bzz3]

P84 TG o mib, dratd 1HAT Sed PR, TS Jul el

- py1)-120]

Ca]]‘ing Rj - (1)+57pj(1)"'105p3(1), j=1,2,3,

we have:

rity can be easily verified.

(z), j=1,2,3, obtained from the choice

!
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—105(a-5)4-30(a52-5b2)+-3(a5“-5b“)

Ry =
R, = §[-105(a+3) + 30(ab2+ab?) + 3(ab*+ab")]
R3 = 0,

Thus, Re[2n1Rj/3!.16] R B R

1052430ab24+3ab* = 0 or3b*+30b2-105 =0

For each b, a= _1/b2, a=i satisfy (3.4) and

" P
(p) = Re [ - (197, 1(1497):29)
P

gives the double surface.

We investigate the problem of the regular minimal

vature, genus one and three ends,

surfaces in R? of finite total cur

and, we obtain:
e exists a non-orientable reqular, complete minimal

Theorem 3.8. - Ther
three ends and total curvature -14m,

surface in R® of genus Oné,
ruct the double surface S defined by
with the functions f

(1.10) given by 9(2)=aB“23(z“_b“)/(guzu_1)

Proof: - We const

Ko 000 f taheat I o0 R? and g of the

weierstrass'representation

u-1)2/22(22-1)3(zz+1)3. The functions f and g satisfy

and f(Z)=a(EI’Z
(2.3) if and only if

——p1 8
, O = aa?b

(3.7) ja] [b]* =1

With some calcu]ations, we have:




|
(z)dz ' }P.(z) ; |
(3.8) { _%'iﬁ-——? = 2711.[(—‘27[:—1—-)-3:‘2:0 = 2ﬂ1Pj(0)

z2%(2"=1)
0

where y_ is a simnle closed curve around z=0 3
0 2

p.(z)

(3.9) I ook oy ey [zz(z+1)3(zz+1)3 g1
v 2°(z"~1)
1
o THEVRCE RN As Gl
Y1 : simple closed curve around z=1 3

Pj(z)dz o Pj(z) }"
o, I Z(271)° Gk [22( i 3(22,1)3 z=1

z2°(z +1 z+1)
e
o BL3 . POCROLARS: fig ) ¢4 - IR T3S
Y. simple clesed curve around z= 1

1

i ined from f a
The po]ynom1als Pj obtain

8_6 -4 4
P1(Z) . -5214+2ab4z10+ab 28-ub sV ,.20b "2 *0
-, 8.6 *3.4:
pZ(Z) = 14 2ab4 10+ab828+ab 7z n20b Z 40
| #4,0 ; By .78 3
P3(Z) = aab4(b4z11-(1+|b| )z +b'2Z )

art
We can easily verify that the real p

= 30
(3.8) are null for any i, J=1:2s

29,

nd g are, using (3.7),

of the integrals




i
)
46 1|
!

n ' 1 n st f 2
Calling R; = Pj(1)-13Pj(1)+45 0 Ry e 1[Pj(1fﬂ31Pj(1)-45Pj(1)]j‘

Ry = 45(a-a)-10(a54-ab4)-3(a58-ab8)

R, = 1[45(a+a)-10(a54+ab4)-3(a68+ab8)]
Ry = aa54[12(b4+54)+4(1+|b|8)]

Ry = -1[45(a+a)~1o(ab4+a54)~3(a58+&b8)1
R, = [45(a-a)-10(a54-ab4)—3(a58-ab8)J
RY - -aa54[12(b4+54)+4(1+lbl8)]

and the Rj and R} are real if b ~satisfiess

sl Yt o AR = 0 = b* < R

Choosing a = (/b? and) (a1 the conditfons (3.7) are

pleteness and regularity can be easily seen. A

verified. The com

tn m4’ exploring the properties of the functions g,,9,

of the representation (1,11), we have

IﬁEEzgm_g;g: -~ For any integer m, M > 2, there exists a non-
mal surface S in R4 of genus one,

-orientable regular complete mini

One end and total curvature ~2TM,
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rface S associated to S has total curvature

Proof: - The double su
~4mm = -2mm , m =2m , genus zero and two ends. We set the

functions f,g1,921n the representation (1,11} by f(z):zm~1 ,

1 k

k, odd,

2 i ot d p :
sz/z , with m = 2m = k1+k2 , kysky

91(2) = 51/2
kysk, 2 1, and M = -0}

are the functions in the represen-

; 92(2) =

w

The functions f,949,
tation (1.11) of a complete regular double surface if and only

1f_they, satisfy (i) end £ddd: Learpdaty 2,3), that is,

m-1
(3.11) |€1| = ‘EZI = 1 ’ 6162 = ("'1)

To verify that Rej¢(§)d;=5, for any closed curve in
 §

C-{0} , we observe that:

-1 m+1
¢1(C) = f(1+g192) P LR 6182/2 |
: n m+1 i
¢2(E) = if(1-g192) = 1(2m 4 €162/z )
k2 k1) m+1
94(2) = flgy-9p) * eyt~ B /1

k k
: 2 1 m+1
¢4(C) =-1f(g1+92) wd ~LE R ot €pZ" )/z

e .

, G R "
and rewriting ky=m-n"» kp=m+n > nz 1, we hay L?J =1 4

thus, the double surface S qs defined by

X(p) - ReIp o(z)dz » PP c-(0}.
p

0
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The dimension of a non-orientable regular complete

minimal surface in R" of finite total curvature has an upper

bound dim S £ 2m-2Y-r+3, given by Theorem 2.10, with y: genus

ik

of S, r: number of ends, c=-2mm the total curvature. As v

We will show that this upper bound

r'z 1, then: dim S € 2m.

is sharp for vy=1 , r=1. In fact, we have:

Theorem 3.10. - For any integer m, T > 2 , there exists a

minimal surface S in R

; 2m
non-orientable regular complete of genus

one, one end and total curvature _2mm that 1ies fully in R2m &

e § associated to S, by theorem o

Proof: - The double surfac
- p !
- ReJ o(z)de » with
Po

is given by X: C-f0} — R" » X(p) =

p.(z) to (v).

¢i(C) . -!ﬁﬁj- X pj(;) catisfying (i)

Particularly, condition (v) is equivalent to:

(3.12) (_1)m+152mp3

Taking pj(c) = a% + ai Y B

; : : om. i j =2m
(3.12): (-1)m+1(aﬂizm : aﬂczm Ly.sagy) = (3gnt *2n-1

Then, there are two possibilities:

ST
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(a) (m+1) even (b) (m+1) odd

i =] j =]
ad - & J

0 = %2m 29,2 7%2m
3 e |
a = -

1 a2m...1 a1 - a2m-1
g X i
a b =

m-1 - 2m+1 -1 © Zmet
. j J
o Tl 4 T “n

vy closed curve

The integrals I ¢j(C)dC i

¥

null real part; therefore, Re{Zvi.a%} %

J
Imam =0 ,1sJsn. Comparing with the

A

n .

A

0 1 J

or (b), we have a% :
To determine solutions in Rn s

1 n
ak,.“,ak)

mials satisfy

E]

complex vectors Ak = (

corresponding polyno

y to verify that Ag

,0) ...,Am_1 - (0,--.,0,1

s L1t
A

It is eas
Ay = (0,0,1,1,0,.
gem
A

if m is even and Ag
m-2 = (0,0,.",0,/?,i/7,0,0) !

ifmis odd.

m_1 = (0’

For the problem with two ends,

for m=3 , we obtain

,0), A,

in €-{0} should have

that is

s Y

last condition in (a)

we should find the
m-1 such that the
oy 2

(1,i,0,.",0),

,i) give 2 solution in

(0,0,1,1,0,.",0) L

0,.",0,1,i)giwaa solution

A

<

we have dim S 2m-1;
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Theorem 3.11: - There does not exist a non-orientable regular

3 of total curvature -6T , with

complete minimal surface in R
4 and RS.

genus one and two ends, but there are examples in R

Proof: - The double surface can be defined by 7

n
o
—
U
~—
s
Y
~no
P
i
1
—
~—"
i
oY
<
==
S~—r

o p
Mow g-d0/)21Y 1T2%(0) = Rer o(z)dt ¢j(C) j
0

p;(2) satisfying (i) to (v) in theorem g2,

& 8 .3 2.0 g, 5 the condition
Let pj(C) = ajc +b,T +C0 +djt, +e L+ 35495
(V) is eqU1va1ent to aj=§j ) bj='fj P Cjzej s dj='dj s On the

n

other hand ) pz2(z) = 0. 18 equiva]ent to:
: J
j=1

(Ya2=0 , Ja.b.=0 » §(bz+2a;C;)= 3¢5
j J j J J j J J J j
(2,13} . = )= (-a.B,+b E 4 d5)=0
- 151deisp ., a2a alel o bhi-2
JZ(CJ+JJ+JJ ok e
]2) = 0
{Z(-Idj|2+2|aj|2+2|bj|2+2|‘33| )
J
Calculating:
: ‘b i losed curve around z=0
J ¢j(c)d; = 271 pj(o) = -2mbj » Yo simple €10
o

Yo Simple closed curve around z=0

l1¢j(C)dC = 2ﬂi(P3(1)-3pJ(1)/4 e ni[3(aj—aj)+4bj+(cj_5j)]/2 ’
Yy simple closed curve around z=1.
We have Re[ ¢.(g)de = o for any closed curve y 10
j c 3 .
i . gy | i 315 {1 s £ N
C-(0,1,-1} if and only if by R,(c; ¢;) j-35) i



Let A = (a1,.",an) {

D = (d1,." real and imaginary parts let

Aj+iy, B=By, C = Cy-31As p = iD, .

,d ). In terms of the
Using these decompo-

>
]

sitions, the relations (3.13) can be rewritten as:

(
IA - |A2l ’ <A1’A2> = O

n
o

<B1,A1> = 0 ’ <B1,A2>
B, |2 = 20-3[As12 = <hysCy>]
A,> = 0

<B ,C1>

A
=
no
o
nNo
b 4
n

1

(3.14)-( <A1,Dz> = 0

e, |2 - 9]A,l* = _2<Ay 5Ly 6. A,
<Cy'Cys " 4 <ByaDp> 0
<By,Cy> = -3<h,sDp>
<C1,D2> = 0
2r2|Ay |2 + 1417 0,121 = [D217 2|8, |2
:
Cy> LR

Comparing, in (3.14): LR -5|A2|2 - 2<hys

8 1B[A, |4 - 2¢k),C¢> o e NOVR
(3.15) ¢yl =

Fl"Om <A2,D2> & <B1’C1> =
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and
, from last equation of (3.14),

(3.17)

D, |2 = 64]A, ]2
sumarizi
umarizing (3.14) to (3.17) we obtain
TS TRl tRy ik 0

<B,,A)> = <B1,A2> =0
1B, |? = -6|A, |7 - 2<AgsCy

b st ke w 8y ol e B2 n
ey le = |,z + 211A,1°
D
< 29A1> = <D2,A2> = <DZ’B1> =0

[D,] = 8]A,]

are orthogonal to the subspace

The vectors B1 and 02

if we are looking for solutions in R,

9enerated by {A1,A2};
the ->
n B, =D, (D, = §) and <By,Dp> = 0 {apl fes By mue Then,
<C aA >
an; (> = =3|A ]2 s <Cyifp”7 " <Cyap> = 0 cyl? = 21[A,?
C1 3 aA1, with a=-3 3 this 158 incompatible with

o £
| 1| o 21|A2|2. Therefore, there does not exist example in R?.

Em ¢% we ha
C . ,
(-3,-31,0,2/3), D = (0,0,8i,0)

in IR4.

A . s

ve the solution A =
s a double surface

that give

= (0,0,/7,0,0) ,

C « , _
(-4,-3i,0,0,/7) , D = (0,0, ,0) are solutions that give
A

a
double surface in RS.
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ve already prove that there exists a non-orientable

two ends and total curvature

We ha

mini :
nimal surface in R of genus OnNE,

-1 : . .
0m, Using the some technique 1n the last theorem, We have

exists a complete minimal immersion of the

Theorem 3.12. - There
;e
with total curvature

roj :
Projective plane punctured at two points in R

107,

the double surface 1S given by

p .
rroof: - By theorem 3 4%
pj(C)

N P, |

X(p) = Re Ip o(z)dc , where b, (8) = "
Po ¥ g3 (g-1)3(z+1)?

We
choose the order of the poles of o(z)dz at the ends to be 3.

(z) satisfy the condition (v) in theo.

The po1ynomia1s P;
4 : '
12 if and only if pj(g) = ajC10+bjc9+cj;8+djg7+ejg6+fjg5+ejc4

'a'C3+E ¥ -
.2 =b, 1 . m
J J JC +aJ ; Re fJ 0
Calculating: I ¢j(c)dc=-2ni(35j+6j) i Yo simple closed
Cur Yo “
Tl =0 ; reni : -b 384 TRES
round z=0 ; J ¢j(c)dg=n1[24(aj+aj)+15(bj bj)+8(cJ+cJ)+3(dJ dJ) J]/8 A
"
und z=1. Then, the integrals have null

Yqs 81
1* simple closed curve aro

re
al part if and only if

cy#Cy = -3(aj+aj)
3 -b 0 §
£y = 15(b b;)+3(d; i)

and imaginary parts, We write:

In terms of the real
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1,...,an)= AﬂdAZ CRER N

B = (b
9 eee ’b = 1 1
1 n) B1+1B2 (0,0,81,162,.u,0)

£ e
| (Cyumsc,) = Ci-31A5 = (0,-31a,0,0,Y,0,".,0)
D = d .

(dyensd ) = Dy+iD, =(o,04L0,0,q,162JL0)

s eee 5 € = i = i
1 n) E1+1E2..(0,m,0,0,u1nu2)

F = (f
9 tee ,f = i - 1 1
1 ) 1(3082+6DZ) = (0,0,0,30162,0,6162,0,0)

and A
,B,C,D,E e F satisfy the condition Epg =g , if and only if
J

=

(1) 5L
) ag = 0

(2) _
Z ajbj =0

(3) R
) (bj+2ajcj) =0

(4)
(ajdj+bjcj) =0
(5) ] (C%+2a.e.+2b.d.) = 0
Nk o S G
(6)
) (ajfj+bjej+cjdj) e 0
(7) L
d242a .8 +2b f+2Cs€5) 0
L 3+2a3e3+2b3f3+2°3e3)
(8) < X
o 3. eb.BitCyfirdieyd * 0
iy ) ( aJdJ+bJeJ+chJ+dJeJ)
: o 8. )= 0
e D (e3+2a;C; 2deJ+2cJeJ+2dJ ;)
. = G.+d.es- - 0
e Z (-a bj+bjCJ chJ+dJeJ eJ J)
1T (2]a]2-20bg12+2les]0 P T L R



Y=3

s

2
6a® = B2-B]
y? = 9a”

Gi = 6§+608
Wy =

2
2

2 2 2 2
T1a%+y +u1+u2

Choosing

5,=/96% ,

0]

Ha

uZ46a’+126;

2 2
- B2+4518;+61+130;

7
1, B,=/T0 , 8,72 =2 L B4,

: n 9
/5050 , we have a colution in R™.
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