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Abstract 

The aim of this paper is to provide bounds for distorted risk measures when 
the risk's joint distribution is unspecified but the margi nals a re known . We 
wi ll focus on convex distortion functions. A methodolgy to compute the corre­
sponding bounds is sugges ted and illustrated by severa l examples. 
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1 lntrodiction 

T here are several ways to measure risk. One of t he first a ttempts to provide a coef­
ficient summarizing the risk of a portfolio was based on the expected loss incurred. 
An economic agent basing his decisions on such measure was called risk neutral. T he 
truth is that , in general, people are risk averse and as a consequence, any measnre 
should capture this feature. In accordance to the theory of ut ili tarianism, t his could 
be done by using a measure based on expected utility. Following this theory, von 
Ne umann and Morgenstern [l] gave the first axiomatic construction of a risk mea­
sure. Since then, several principles t o compu te such measures have been introduced , 
t rying to capt ure t he main aspects of a particular decision-making. 

One import ant class of risk measures is the so-called distorted risk measure, D11 ( X), 
defined as fo llows: 

Dg(X ) = LXJ g(l - F(t ))dt 

where X is a cont inuous random variable with given distribu tion F (t) = P (X :=::: t ), 
(see Wang [2]) . The function g is called distortion fu nction. It is nondecreasing on 
[O, 1) with g(O) = 0 and g(l ) = 1. 

The d istorted risk measure can also be defined for negati ve X by 

D9 (X) = .l:[g( l - F (t )) - l )dt + fo00 

g( l - F(t ))dt 

(see Reference [3]) . 



Usually, one is inter steel in compu ti ng D9 (.) for a give n funct ion iv (.) of interest . 
Various expressions fo r iv (.) can be used , depending on the sit uat ion . The fo llowing examples , see Embrechts el al. [4], are ty rical: 

• iv (x 1, ... , Xn) = x 1 + .. + Xn. In a insurance sit uat ion, one is often interested 
in the sum of random var iables, which represents the aggregated claim of a 
portfolio in a given period ; 

• iv (x 1, ... ,x,i) = I::':1(xi - k)+, k > 0, where a+= max(a, 0). T his case corre­
sponds to the functional underlying an excess-of-loss t reaty in reinsurance for 
a loss greater than k. The x;'s could be individual claims or reinsurance losses 
due to di fferent lines of business; 

• iv (x 1, ... ,xn) = (I:;'.,, 1 X i - k)+, k > 0. Th is fo rm has an interpretat ion in 
derivatives (e.g. Asian opt ions or "stop-loss" reinsurance), for example. 

To calculate D9 (iv ) it is necessary to know the risk 's joint d istribution which is 
usually unknown. If we work 11nder t he absence of independence, we cannot obtain t he 
joint distribution using only t he marginals . Nevertheless, t he knowledge of marcri na ls allows us to compute bounds for D9(11' ). T he decision-maki ng wi ll depend on a limited a.mount of informat ion. For instance, if one bases his dec ision on the risk measure's upper bound, t hen it wi ll have a conservat ive chara ter ist ic fo llowing the 
worst possible scenario. 

We will compute bounds for D9 ('¥ ) using t he approach suggested by Ernbrechts et al. [4] to compute bounds fo r cumulat ive d ist r ibut ions. It wil l be clear t hat such a 
met hodology is best sui ted when the d istort ion funct ion is convex or if t he function w(. ) is d ifferent t han t he sums given above. 

In t he next sect ion we briefly present the theory behind distorted risk measures 
and disc uss several of them. In Section 3 we give bounds fo r typical risk measures, when the risk 's joint distribut ion is unknown, but t he rn argino.ls are available. Sect ion 
4 presents an algorit hm and several numerical examples. 

2 Yaari's theory 
Let X be a non-negative random varia ble. When g(. ) is a increasing function, (1) 
can be rewritten as fo llows 

(2) 

The class of risk measure defined by (1) was introduced by Yaari [5] who req ui res 
independence of direct mix ing of risky prospects, instead of t he usua l ex pected ut il­ity t heory acceptance of independence wit h respect to probabili ty m ixtures of risky 
prosrects. In the "0 11a l Theory of Choice U ncler Risk" accord ing to [5], t he dis­tort ion function g(.) applies a principle in t he computat ion of t he assoc i::ited risk 
measure, and it only clepen ls on the d ist ribut ion of t he ri sk (i.e., of X). Such class 
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of mea.-;11res preserves several desirable economic properties. For instance, if t he sur­
vival fun ction of a risk X is smaller than the one of Y for each real number, then 
D9 (.X) s; D9 (Y). This is an important characterist ic since it is obvious that Y i -
riskier t han X. The last property tell us that such risk measures preserve t he first 
order stochastic dominance. 

£30th Value-at-Risk and Ta.il-Value-at-R.i sk at level p E (0, 1) have a representation 

vi a distortion funct ion: g( x ) = I (x > 1 - p) (I (.) is th e indicator fun ction) and 
g(x ) = m·in( l ~p' 1), respecti vely. Next we comment on two useful distorted risk 
measures: 

The Power Transformat ion. This risk measure is also known as Proportional 
hazard transformation (see Reference [6]). The distortion funct ion associated to it 
is gp(x) = xP, p E (0, 1) . When using this particula r fun ction, one incorporates in 
the premium principle t he risk aversion of t he economic age nt, charact erized by the 
parameter p. The greater its value, the less averse to risk is the economic agent . 
Therefore, the risk premium demanded will be low for large values of p. 

The G ini 's Transformation. The name of this risk measure is due to the fact 
that the Gini 's coefficient (a common index for measuring wealthy distribution in 
populat ions) is used to compute the risk premium based on this transform ation. 
Its corresponding distortion function is gp(x ) = (1 + p) x - px2, p E (0, 1) . T he 
premium principle behind th is measure is t he average absolute deviat ion from median . 
According to Denneb rg [7] , to determine the safety loading for insurance premiums, 

t hi s principle is recommendable. The parameter p gives the mark-up of the insurer 
in the tail of the dist ribut ion. Since p E (0, 1) , it will never exceed 100%. 

There are many other distortion functions that may be useful in a given scenario, 
see Section 3. 2 a11d References [8 , 9]. 

3 Bounds for distribution functions 

In this sect ion we obtain bounds for risk measures associated to various distort ion 
functions considered by Wang [2), who gives insurance context interpretations. 

3.1 Bounds for VaR and TVaR 

Let X = (X 1, . . . , X,, ) be a random vector with known marginals Fx, (x;), i=l , ... , n 
defined on R = (-oo, oo ). Let \[I : Rn ---, R be an increasing and right-continuous in 

the last a rgument fun ct ion for which we want to compute the risk measure and Wn- l 

is the fun ction W with t he first n - 1 arguments held fi xed. Defin e the related copu la. 
(see Reference [10), for example) by 

a nd the corres ponding d ua l copu la by 
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r . 

where U, is uniformly distribuled over (0 , 1), i = 1, 2, ... , n. 
Define t he following quant ities: 

rc,w(s) = sup C(Fx, (x 1), .. . , Fx,,_,(.c,, _1) , Fx,, (w;;-~i(.s))) X J, , . ,X11 - 1E3? 

and 

Pc,,i, (s) = x,, ~~.f_,e!R Ccl (Fx , (x1), ... , Fx,, _,(Xn- i ), Fx,,(w ;;-~ , (s))) 
where w;;-~

1 (s ) = sup{ x E )R! w,._1 (x) :S s} , s E [O , oo], is t he generalized inverse of Wn- t (x 1, ... , Xn) - Note that the expression ac, ,i, (s) is , in fact, the d istr il ution of W · 
Under the above notat ions the followin g statement is valid . 

Theorem 1 (Embrechts et al. [ 4]) . 1 If the copula C{.} associated to the random vec tor X satisfi es C 2: Co and Cd :S Cf fo r a given pair of n- dim ensional copulas Co and C1, then 

(3) 
Besides, the limits are sharp, i.e. , f or each s E [O , ] there exists a copula C(.) such that the lower bound is attained ( and the sam e holds for the upper bound). 
Theorem 1 is used by Embrechts et al. [4] to compu te bo11nds of t he VaR when t he marginal distribution of each risk is known , but the risk ma nager does not have an indication about t heir joint distribution . Observe t hat in the condi t ions of Theorem l it is supposed that a partial informat ion of t he copula C(.) is available (since Co and Ct' are given). Here we will work under t his hypothesis. The partial information is a natural assumpt ion if one, st arting with marginals, chooses the right copula in order to describe the existing dependence structure. If no information is avai lable at all for Co and c;1 (which is very common in pract ice), then in the two dimensional case we can use Co as F're hct 's lower bound and Cf = cg = min{x , + x2, l} as an upper one. We wi ll refe r to such a situat ion as a "non-informative". For a mu ltid imensional random vector this is not the case, since Frechet 's inferior limit is not always a valid distribution (sec Reference [10]). By applying (2) in the non-informat ive set ting, we may fai l to obtain "sharp" bounds. In Embrechts and Pucctti [12] condi t ions to get a va lid distribut ion from F'rechet 's lower bound are given, and they are very restrict ive. If g(.) is concave and W (.) is t he sum of the risks one could use t he bounds given by Olm.enc et al. [13], in a non-informative situat ion. Another possibili ty is to apply t he met hodology presented by Embrechts and Pucetti [12] wh ich is compli cated and it is hard to obtain 1111merical solutions and even harder to get a nalyt ical ones. Only a few expressions fo r the bounds are known in this case. 

If we are uns11ccessful in applying any other approach for calculat ing 11pper and lower bounds under absence of in form ati on, we can still us the inequali ti es (3) . We 
1The origina l proof of this t heorem is wrong. The co rrection is 1;ivc11 i11 [ 11 ]. 
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will not be able to obtain sharp uounds, but a t least an idea about the lower and 
upper bounds will be available. 

It is wort h str s ·ing t hat it is very hard to obtain analyt ical solutions to the 
bounds given by (3) au I in most cases we will have to rely on numerical met hods 
to compu te them. Such a methodology is presented by Willi amson and Downs [14] . 
Their method is based on t he calculation of the inverses Pc1 ~,(q) and Tc- 1.,.(q) in the 

I , Q,'l' 

bidimensional setting, q E [O, l] . A more generic approa his suggested by Embrechts 
et al. [4], where the multidimensional case is treated. 

By applying theorem l and the definitions of VaR and TVaR we can easily obtain 
the fo llowing bounds for each p E (0, 1): 

and 

3.2 Bounds for various quant ile-based measures 

Here we apply (3) for obtaining bounds for various types of distort ion functions. 
For concave di tortion fun ctions one can compu te upper bounds for D9 (w) when­

ever W is the sum of th risks or a fun ction like stop-loss sum using stochastic ordering 
properties (see Referenc [15]). For two risks it is a lso possible to obtain lower boun ls . 
For a portfolio of two risks the stochast ic ordering approach is based on t he fact that 
if a bivariate random vector X = (X1, X 2 ) is riskier t han another one Y = (Y1, Y2), 

i.e ., P (X1 > s , X 2 t ) 2 P(Yi > s, Y2 > s) for a ll t, t itan the sum X 1 + X2 is greater 
t han Yi+ Y2 in stop-loss order, see Reference [16] . Since for concave distortion fun c­
tions D9 (. ) preserves the stop-loss order , one may obtai n upper and lower bounds 
for Dg {W), if IJi is the sum of the risks. One can extend the result for fun ctions like 
stop-loss sums and for multivariate risks. 

If it is possible to compute the bounds following th approach proposed by Goncalves 
et al. [15], and it should be preferred, because t he methodology suggested prov ides 
sharp bounds and the computations are easier. As a consequence, the fo llowing 
method should be applied in cases where stochast ic ordering relat ions are no longer 
useful (for instance, in the case of convex distortion fu nction). 

We wi ll consider in t he next the fo llowing measures, display ing t he rela ted distor­
tion fun ctions. 

• Power Tl:a11sfornrn.tio11 (1 T;,(X)): g1,(x) = :cP 

• Square Root Tran ·formati on (SR (X)) : o (x) = ,;r::7fiip- i 
P :.111 J 1- lnp- 1 

• Gini 's Transformation (GT,,(X)) : gp( .c) = (1 p) .r - px2 



r 

I 

• Dual Power Transformation (DPTp(X)): gp(:c) = l - (1 - :c)r 

• Exponential Transformation (ETp (X)): gp(x) = \-=_e; 

Observation. The possible values of p in the above relations li e between O and 1. 
However, one can always modify the expression of distortion functions considered (if 
necessary to include values of p outside (0, 1)). In such case, it must be taken into 
accou nt that g(.) may never be negative. 

Using (3) for the transformations introduced we obtain t he following inequalities: 

l "'[l -Pc ,,,i,(t))Pdt S PTp(iII) S Lx,[l -Tc0 ,,i,(t)]Pdt 

(
00 

J1 - (1 - Pc,,,i,(t)) lnp dt < SR,,( w) < (
00 

Jl - (1 - Tc0 ,-i,(t)) lnp dt 
lo 3(...,rr::l'np- l)lnp - - lo 3(-/f'=lnp- l ) lnp 

(
00 

ln( l - (1 - Pc,,,~(t)) lnp) dt < LT (iv )< ( ln (l - ( L - rc0 ,,i,(t )) lnp) rlt 
lo ln( L - lnp) - P - lo ln (l - lnp) 

and 

100 

{(1 + p)(l - Pc,, -i,(t)) - p[l - rc0 ,,i,(t)]2}+dt S CTp( iII ) S 

l x:, {(l + p)(l - rc0 .~,(t)) - p[l - Pc, ,-i,(t)]2}dt 

( 00 1 ( 00 I lo (1 - [Pc,,-i,(t)F)dt S DPTr(iv) S lo (1 - [Tc0,,~(t)]r)dt 

Example 1. Let X 1 and X 2 be uniformly distributed on (0, 1) and iv (x1 , x2) = 
Xi +X2. If Co= max(x1 +x2- l , 0) and Cf= min(x 1 +x2, 1) , it is possible to obtain 
expl icit analytical bounds for the risk measures listed. By using relations (11 ), (33) 
and (34) of Williamson and Downs [14], we obtai n 

l p + 2 
--. S PTr(X1 + X2) < --v + 1 - p + l 

2 -3 lnp - 2[1 - lnp] f SP(X ) 2 - 3 lnp - 2[ 1 - lnp]~ ------'-----'- < , "P I + X2 < 1 + -----'------'---'-'-
3[ ~ - 1] lnp - - 3[/f=lnp - l]lnp 

lnp - (1 - lnp) ln(l - ln p) LT. (X ) lnp - ( I - ln p) ln ( l - lnp) -----~--- < p I + X2 I + __:_....:.._ _ __:_~....:.._ _ __..:....:. 
ln[ l - l11p/l11p - - l11 [l - l11 p/l11p 
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and 

3.3 

? - p ; 5p + 7 7 S GT,,(X1 + X2) S - 4
-

1 p+2 
-- S DPTp (X1 + X2) S --

1 p+l p + 

Bounds computation 

Seldom one can obtain the bound 's exact expression. In order to use t he methodology 

proposed in [14] we must express the bounds as a fun ction of the inverses Pc .1 ,.i, (P) and 

Tc 1 .,.(p) . 'To make it possible, we will use re la tion (2) for t he r isk measure associated 
{) , 't' 

to an increasing distortion function g( .). 

Now, proceeding in t he same way we did in the previous subsection, we obtain 

the bounds: 

fo
1 

[Pc .1 .111 (1 - q)Jvq1'-
1dq s PTp(w) s 11 

[Tc},~(1 - q)JvqP- 1dq 

1
1 p- 1 (1 - q)[(l - lnp) - ½] lnp 

- c ,,.i, d < SR,,(w) < 
0 

2(J1 - lnp - 1) q _ -

1
1 Pc- 1 .i,(1 - q)[( l - lnp)-½ jlnp 

- I, dq 
0 2(J1 - lnp - l) 

- Pc ,,.i, - q n p d < LT, (w) < - Tco, •11 - q np d 11 - 1 (1 ) I 11 - 1 (1 ) l 

0 (1 - qlnp)(l - lnp) q - P - 0 (l - q ln p)( l - ln p) q 

11 
[(l + p) - 2pq]Pc ,1,.i, (l - q)dq s GT,,(w) s 11 

[(1 + p) - 2pq]Tco', .i, ( l - q))dq 

and 

As we noted before, if g(. ) is concave and tJ!( .) is the sum of the risks, one could use 

the bounds presented in Dhaene et al. [1 3] und er absence of additional information. 

In fact , such bounds shou ld be preferred , since they a re sharp and demand easier 

computat ions. Hence, t he approach illustrated in t he next sect ion ·ho11ld be used 

for convex distorti on functio11s and (or) fun ct ions w( .) which arc different tha11 the 

sum-like ex pressions. 

4 A numerical method and examples 

In orclr r to comp11 te t he bounds numerica lly, one has to restrict himse lf to piecewise 

onstant values of Pc/ ,~(p) a nd Tco1,.i, (P) (see Reference [14]). Th n, we can sta le 
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a numeri cal method as follows. Consider the expression p- 1 , (p) and r -: 1 ,(p) for 

. . () · () c,.~ Co. ~ 

rncreas111g g . m 2 . We could rewrite (2) as 

( 4) 

Now, define p; = -ft, with i = 1, 2, ... , N - l , where N denotes the number of points 

dividing the interval [O, l] . Then, using (4) we obtain t he following upper bound for 

D9 (Y1) 

One can proceed a nalogously to compute the lower bound, given by 

In summary, for a increasing function g(.) one can compute bounds for Dg (YI ) 

numerically using the inequa lities 

N - 1 N - 1 

I>co'..~ (p;) [g(l - p,) - g( 1- Pi+ I )] :::; Dg(YI) :::; I::>c.',,~(P,+i)[g(l - pi) - g(l _ P;+i) ) 

1= 0 
1= 0 

In the following table are given the s teps of the a lgori t hm we used . 

Algorithm 1 Lower a nd Urper Bou11ds of D9 (11i ) 

Upper Bound :- 0 

Lower Boun I : = 0 

for i = 0 to N - 1 do 

p; := i/N 
Upper Bound: = Upper Bound+ Pc,

1
,,i,(P;+i)[g(l - p;) - g(l - P;+i)] 

Lower Bound:= Lower Bound+ Tc0\(p,)[g(l - p,) - g(l - P;+ 1) 

end for 

(5) 

Note that the qua nt ities Pc•,1,-i,(P,+1) a nd rc0

1
,,1, (p;) can be thought as weights of 

the differences [g(l - p;) - g(l - P,+1 )] in (5) for i = l , 2, , n - I. 

For un bounded random variabl es X,, i = l , 2, ... , n one can obtain that Pc.' .,,, (l ) = 

oo. This can cause proble ms since in this case the upper bound will be . A possible 

solution is to define a ne w random var iable Y. such that 

y: _ { X, if X, :::; J\/ 
l - M if X, > M 

(G) 
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for a n a rb itrarily large consta nt 1\l . Such a procedure makes P; 1(1) = i\l fo r the 

nrw coll ect i011 of rando m vmiables Y1, ... , Y,,. A q uest ion that might arise is: "Do we 

lose generali ty by substituti ng t he X, 's by Y, 's?". In most cases, t he answer is " 110'', 

because, in general, the claims of insura nce compa nies are bounded. For instance, 

fo r a portfolio of car insurances, t he insurer will not lose more t ha n t he total value 

of the cars. Even if it is not t he case, we can choose M large enough to make the 

proba bility 

P( {Yi S X;, ... , Yn S x,, } # {X1 S X;, ... , Xn S x,. } ), X; E R, i = 1, ... , n 

close to zero, as stated in the following proposition . 

Proposition 1. Let X be a n-dimensional random vector and Y be an-dimensional 

random vector with elem ents defin ed by (6). Th en, for each E > 0 it can be found a 

cons tant M such that 

P({Y1 S X J, ... , Y,, S Xn } # {X1 S X J,· · ,X,, S x,. }) SE 

and the effect of Mon D9 (w(Y )) is arbitrarily small. 

Proof. Consider t he event A; = {X; > M} for i = 1, ... , n . Obviously, P(UA;) S 
L~=I P(A ,). Since P(A;) approaches zero as M --+ oo (it fo llows from the properties 

of t he c umulat ive dist ribu t ion fun ctions) we can select a constant M such t hat for 

ea.c h i any given c > 0, we ha ve P(A;) S t, i.e. 

P({Yi S X;, ... , Yn S x,. } # {X, S J;;, ... ,X,. S Xn }) SE 

By choosing a ppropriate number of points N, dividing [O, l] we can make the effect 

of M arbitrarily sma ll on D9 (w(Y1, .•. , Y,,) ). This might be done by selecting a n N so 

t hat PN-1 S P(X; S J\,J) < 1 for each i. Since g(x ) is increasing with g(0) = 0, we 

can choose N so t hat the las t t erms [g(l - p,) - g(l - p;+1)] in t he sums (5) a.re ma.de 

arbitrarily small (the last t erms a.re the ones multiplied by M) . Hence, the influence 

of M can be neglected . We shall refer to t his risk measure as the transformed risk 

measure. 

In fact, t he s tatement of Proposit ion 1 says t ha t it is always possible to choose 

a random vector Y de pending on a constant M such t ha t the joint d ist ribution of 

{Yi , ... , Y,,} is arbitrar ily close to that of {X1, ... , X,.} (which means that dis tributions 

of X a nd Y can be taken the sam e for pra t ical purposes) and wi t h M having an 

arbitrarily s ma ll infl uence on the distorted risk measure of w(Y) . 
ow, to evaluate the bounds, we ju t have to select t he right value of N and 

USC t he ap proa h suggested by Willi amson a nd Downs [14] to compute Pc:,,i, (P) a nd 

Tc0
1_,11 (p) . Even when it is possib le to obtain ana lytical ex pression for these quantities , 

it is profi tab le to calculate t h bounds numerically, due to t he difficulties involved in 

obta ining the exact rxprcssions for p-.,1_,i,(JJ) a nd Tc.i,,11 (p). 
We fin is h wit h two 1111111Nical examples. In both we assume that N = 20, 

1T1 (X1, X2) = X , X2 wh r X 1 a nd X2 a.re exponenti a lly rlistributed random vari-

11blcs wit h parameter l. Ari li ti orm lly , Co is Prechc l. \ lower bound a nd t herl'forc, 11 

= C11 = 111i11 (.r, I- .ri, l ) , i.e., we a re in the no 11- informat ive case sce nario . 
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Example 2 . Consider t he convex distort ion function given by g( x ) = x2
. Denote 

t lte associated ri :;k measm e by PT2. 2 Since g(x) is convex on [O , l] we cannot use the 
property t ha t distorted risk meas ures preserve second st ochastic order dominance (see 
reference [16]). So, we sha ll use t he bounds based on Embrechts et al. [4] approach 
to compute li m its for cumulative d istribut io11 functions. Using (5) we obta in the 
fo llowing bounds fo r the transformed PT2 

where we defined the Y;'s as in (6) . Since Mis arbitrary, we can choose for instance 
M = 10 to obtain 0, 197 S PT2(Y1 + Y2 ) S 2,524 and in th is case t he probabili ty 
of observing an event {Y1 , Y2 } # {X1,X2 ) is smaller t han 0.000091, accord ing to 
Proposition 1. 

Example 3. Let g(x ) = ":Ci"{_::-
1
1 . Th is function is convex for p = e0

•
5 and by applying 

(5) t o compute bounds for t he associated transformed risk measure ETeo,s , we get : 

Lettin g M = 10 it comes out 0, 429 S ETeo,s (W(Y1 + Y2)) S 2, 445. Analogously, the 
probability of observing an event {Yi, Y2 } # {Xi , X2) is smaller tha n 0, 000079. 

5 Conclusions 

In this paper we present an approach to compute bounds for distorted risk measures, 
when for some reason one cannot take advantage of second order stochast ic domi­
nance, see References [13, 16]. This is t he case when t he d istor t ion function g(.) is 
convex. In such situation, the risk measure may not preserve second order stochastic 
dom inance and the approach based on stochast ic ordering to compute boun ls wi ll not 
be usefu l. The numerical compu tations involved here are rela tively sim ple in most 
cases, which makes wort hwhile to use t he methodology proposed even when we can 
obtain a 11alytical relations for the bounds. One can compare the bounds obta ined in 
the present study with those in [15], but based on stochast ic ordering approach. 
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