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Abstract

Purpose – Motivated by the acoustics of motor vehicles, a coupled fluid–solid system is considered. The air
pressure is modeled by the Helmholtz equation, and the structure displacement is described by elastodynamic
equations. The acoustic–structure interaction is modeled by coupling conditions on the common interface.
First, the existence and uniqueness of solutions are investigated, and then, after recalling fundamental notions
of shape optimization, the tensor form of the distributed shape derivative is obtained for the coupled problem. It
is then applied to the minimization of the sound pressure by variation of the structure shape through the
positioning of beads.
Design/methodology/approach – The existence and uniqueness of solutions up to eigenfrequencies are
shown by the Fredholm–Riesz–Schauder theory using a novel decomposition into an isomorphism and a
compact operator. For the design optimization, the distributed shape derivative is obtained using the averaged
adjoint method. It is then used in a closed 3D optimization process of the position of a bead for noise reduction.
In this process, the Cþþ library concepts are used to solve the differential equations on hexahedral meshes
with the finite element method of higher order.
Findings –The existence and uniqueness of solutions have been shown for the casewithout absorption,where
the given proof allows for extension to the case with absorption in the domain or via boundary conditions. The
theoretical results show that the averaged adjoint can be applied to compute distributed shape derivatives in
the context of acoustic–structure interaction. The numerical results show that the distributed shape derivative
can be used to reduce the sound pressure at a chosen frequency via rigid motions of a nonsmooth shape.
Originality/value – The proof of shape differentiability and the calculation of the distributed shape
derivative in tensor form allows to consider nonsmooth shapes for the optimization, which is particularly
relevant for the optimal placement of beads or stampings in a structural-acoustic system.
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1. Introduction
Acoustic–structure interaction is an emerging field in mathematical modeling and in the
industry, with important applications in reducing the noise emitted by vehicles, constructions
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and machines in general. In particular in the automotive industry, there is a considerable
interest to optimize and tailor the sound amplitudes within cars by changing the shape of
parts of the elastic structure. For examples of structural optimization with acoustic
applications in the engineering community, we refer to Marburg (2002), Marburg et al. (2016)
and the references therein. The existence and uniqueness for the acoustic–structure
interaction problem were proved first for unbounded (fluid) domains in Barucq et al. (2014)
based on the Fredholm theory and in bounded domains in Stammberger and Voss (2014)
based on the theory of self-adjoint operators, where it is restricted to the case without
absorption. We present an alternative proof that simplifies significantly the one given in
Barucq et al. (2014) and is extendable to the case of absorption in the domain or through Robin
boundary conditions.

With the development of computational power in the last decades, numerical methods
have become an essential approach for optimizing designs in acoustic–structure interactions.
Various approaches to model geometry optimization in the mathematical and engineering
communities have been explored. In Antil et al. (2017), an optimal control approach is used for
shape optimization of shell structure acoustics. Topology optimization approaches such as
the Solid Isotropic Material with Penalisation (SIMP) method have been successfully used to
solve optimal design problems for acoustic–structure interactions; see for instance (Yoon
et al., 2006, 2007; Luo and Gea, 2003; Vicente et al., 2015; Du and Olhoff, 2007, 2010; Akl et al.,
2009) and the recent review (Dilgen et al., 2019). However, the lack of an explicit representation
of the interface in topology optimizationmethodsmay create difficulties when the structural–
acoustic interface needs to be optimized, due to the transmission conditions at the interface.
The level set method (Osher and Sethian, 1988) allows to have a sharp representation of the
interface and has been used successfully in structural optimization; see Laurain (2018),
Allaire et al. (2004), Wang et al. (2003), van Dijk et al. (2013). Recently, the level set method has
been extended to the coupled acoustic-structural system in Shu et al. (2014). In the present
paper, we also consider a sharp representation of the interfaces, but we do not use the level set
framework as we consider fixed shapes and rigid displacements in the numerics.

The optimization problem is often posed in a discrete setting with a certain number of
parameters or degrees of freedom, which corresponds to the approach “first discretize–then
optimize.” Here, we consider first the optimization problem in the continuous setting, and
afterward we discretize the problem using finite elements. This means that the sensitivity of
our cost functional with respect to shape perturbations is obtained in a function space
framework, using the geometric flow of a reference shape by a vector field. This yields the so-
called shape derivative of the cost functional; see Delfour and Zol�esio (2011), Sokolowski and
Zolesio (1992), Henrot and Pierre (2018) for an introduction to this concept. We perform the
analysis in the general case of free-form perturbations of the shape, and for the numerical
results, we specialize to a specific type of shape perturbations.

Shape optimization algorithms are usually based on the fact that the shape derivativemay
often be written as a boundary integral, the so-called boundary expression of the shape
derivative. Using this property, one can compute a descent direction for the cost functional in
the form of a boundary vector field. After extending this vector field to a neighborhood of the
boundary, it can be used to evolve the domain using a numerical method such as the level set
method; seeAllaire et al. (2004), Fulma�nski et al. (2007, 2008), Hinterm€uller and Laurain (2009),
Wang et al. (2003) for examples of this approach.

Alternatively, the shape derivative can also be written as a domain integral, called
distributed, volumetric or domain expression of the shape derivative; see Berggren (2010),
Hiptmair et al. (2015), Laurain and Sturm (2016), Laurain (2020). The distributed expression is
well-known, see for instance (Delfour et al., 1985, 1997), but has been usually considered as a
mere intermediate step toward the calculation of the boundary expression of the shape
derivative. Recently, numerical applications of the distributed shape derivative have
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witnessed a surge of interest, see Beretta et al. (2017), Eigel and Sturm (2018), Etling and
Herzog (2018), Hinterm€uller et al. (2015), Novotny and Sokołowski (2013), Sturm et al. (2016),
Schmidt (2018), Schulz et al. (2016), Giacomini et al. (2017), which has been fueled by new
theoretical developments. In Berggren (2010), it was shown that the discretization and the
shape differentiation processes commute for the distributed expression but not for the
boundary expression, meaning that the discretized boundary expression does not generally
yield the same expression as the shape derivative computed in the discrete setting. In
Hiptmair et al. (2015), the authors conclude that distributed shape derivatives often provide
better numerical accuracy than boundary representations in a finite element setting. It was
also observed that the distributed expression is easier to implement numerically than the
boundary expression; see Allaire et al. (2014), Laurain (2018), Laurain and Sturm (2016). In
Laurain and Sturm (2016), Laurain (2020), properties of the tensor form of distributed shape
derivatives were studied. It was shown that the tensor form is convenient for numerical
implementation and for the calculation of the corresponding boundary expression. It actually
plays an important role in continuum mechanics, with the energy-momentum tensor
introduced by Eshelby; see Eshelby (1975), Novotny and Sokołowski (2013).

In this paper, we compute the distributed shape derivative of the cost functional using a
Lagrangian method. Such methods are often used in shape optimization, they are convenient
for efficiently calculating the shape derivative of the cost functional and the adjoint state; see
C�ea (1986), Delfour and Zol�esio (2011), Pantz (2005), Laurain et al. (2020). Here, we use the
averaged adjoint method, a Lagrangian-typemethod introduced in Sturm (2015) that requires
minimal hypotheses and naturally provides the distributed shape derivative; see Laurain and
Sturm (2016), Gangl et al. (2015), Laurain (2018) for applications. To the best of our knowledge,
this is the first contribution based on the distributed shape derivative and its tensor form for
shape optimization of a structural-acoustic system.

The paper is organized as follows. In Section 2, we define the geometry and the governing
equations for the acoustic–structure interaction problem. In Section 3, existence and
uniqueness for the acoustic-structural system is proved. In Section 4 the shape sensitivity
framework is described and the distributed shape derivative of the cost functional is
computed in tensor form. Moreover, for the optimal placement of a bead for noise reduction,
search directions are derived from distributed shape derivative for which numerical results,
using a finite element discretization of higher order on hexahedral meshes using the Cþþ
library concepts (Frauenfelder and Lage, 2002), are shown and discussed.

2. The model problem
We consider the problem of time-harmonic acoustic–structure interaction in the two open,
Lipschitz and piecewiseC1 domainsΩF ;ΩS ⊆R3 (see Figure 1), which do not intersect, that is,

g p ΩF

ΩS

Γ

ΓD

ΓD

ΓW

ΓN n = n F n S = − n

ΩS ΩF

Γ

Figure 1.
The geometry of the
acoustic–structure
interaction problem

(left) and the
convention on the

normal vector on the
interface between solid

and fluid (right)
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ΩF ∩ ΩS 5 ∅. By piecewise C1, we mean that the domain is of class C1, except at a finite
set of connecting boundary points. The elastic structure represented byΩS and the fluid, for
example, air, corresponding to ΩF are interacting at the common interface Γ :¼ ΩF \ ΩS.
The elastic structure is fixed at ΓD ⊆ vΩS, that is, there is no displacement on this part of the
boundary. A harmonic load acts on ΓN ⊂ vΩS. We have vΩS ¼ Γ∪ΓD ∪ΓN and Γ, ΓD, ΓN do
not intersect each other and are relatively open. The boundary ΓW⊆ vΩF is assumed to be an
acoustically hard wall, that is, the acoustic waves are totally reflected. With nSwe denote the
outer normal vector onΩS andwithnF the outer normal vector on ΓF and setndnF5�nS

(see Figure 1). We also define Ω open such that Ω ¼ ΩF ∪ ΩS, which is assumed to be
Lipschitz and piecewise C1 as well.

The displacements of the elastic structureu : ΩS →ℂ3 and the pressure p : ΩF →ℂ in the

fluid are then given for prescribed volume load f ∈ ðL2ðΩSÞÞ3 and surface load g ∈ ðL2ðΓN ÞÞ3
by the following system of partial differential equations.

�Δp� k2p ¼ 0 in ΩF ; (2.1a)

�div σðuÞ � ρSω
2u ¼ f in ΩS ; (2.1b)

σðuÞn þ pn ¼ 0 on Γ; (2.1c)

ρFω
2u$n � vp

vn
¼ 0 on Γ; (2.1d)

vp

vn
¼ 0 on ΓW ; (2.1e)

u ¼ 0 on ΓD; (2.1f)

σðuÞn ¼ g on ΓN ; (2.1g)

where the stress tensor σ(u) is given by Hooke’s Law

σðuÞ ¼ λ trace εðuÞI þ 2 μεðuÞ; (2.1h)

where λ, μ > 0 are the material-dependent Lam�e parameters, ρF, ρS are the densities of the
fluid and structure, respectively, k ¼ ω

c
, c is the speed of sound and ω > 0 the angular

frequency. The tensor e(u) in (2.1h) stands for the elastic strain and is given by

εijðuÞ ¼ 1

2
ðviuj þ vjuiÞ i; j ¼ 1; 2; 3:

equations (2.1c) and (2.1d) describe the coupling between the fluid and the solid on the
common interfaceΓ. Equation (2.1c) is consequence of the fact that the pressure of the fluid on
the solid is in equilibrium with the normal component of the stress in the solid, which is
expressed by

σðuÞnS ¼ pnF5σðuÞn ¼ −pn:

on the common interface Γ, the displacement of the solid in normal direction is in equilibrium
with the displacement in the fluid in normal direction. With the relation ρFω

2uF5∇p, where
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uF is the displacement in the fluid and continuity of the displacement in normal direction
u $n 5 uF $n, we get the second interface condition

ρFω
2u$n ¼ ∇p$n onΓ:

For establishing the variational formulation of the problem, we introduce the space

HdH 1ðΩFÞ3
�
H 1

ΓD ðΩSÞ
�3

equipped with the norm

kðp;uÞk2Hdkpk2H 1ðΩF Þ þ kuk2ðH1ðΩS ÞÞ3 :
The variational formulation of (2.1) (for ω > 0) is then: Find ðp;uÞ∈H, such that

Bððp;uÞ; ðq; vÞÞ ¼ Lðq; vÞ ∀ðq; vÞ∈H; (2.2)

where

Bððp;uÞ; ðq; vÞÞ ¼ BFðp; qÞ � ρFω
2BFSððp;uÞ; ðq; vÞÞ

� ρFω
2B*

FSððp;uÞ; ðq; vÞÞ þ ρFω
2BSðu; vÞ

(2.3)

with

BFðp; qÞ ¼
Z
ΩF

∇p$∇q dx� ω2

c2

Z
ΩF

pq dx;

BFSððp;uÞ; ðq; vÞÞ ¼
Z
Γ
ðu$nÞq dσ;

B*
FSððp;uÞ; ðq; vÞÞ ¼ BFSððq; vÞ; ðp;uÞÞ ¼

Z
Γ
p
�
n$v

�
dσ;

BSðu; vÞ d
Z
ΩS

σðuÞ : ε
�
v
�
dx� ω2

Z
ΩS

ρSu$v dx;

where the bar denotes the complex conjugate, and

Lððq; vÞÞ ¼ ρFω
2

Z
ΩS

f $v dxþ
Z
ΓN
g$v dσ

� �
:

Remark 2.1. The coupling conditions (2.1c), (2.1d) take the same form regardless of whether the
normal vector points into the structure, asweassumed, or into the fluid.This is not
anymore the case for the variational formulation (2.3), and the sign in front of BFS

and B*
FS becomes a minus if the normal vector points into the fluid. This means

that the normal vector in Barucq et al. (2014), where it was not indicated, points
into the fluid. In Stammberger and Voss (2014), the same direction was assumed
but due to the wrong sign a physically not correct solution was considered.

3. Existence and uniqueness
The Lax–Milgram lemma cannot be applied as this problem is not elliptic. Nevertheless, it has
a unique solution up to some values of the frequencyω> 0 as stated in the following theorem
and proved based on the Fredholm–Riesz–Schauder theory.

Theorem 3.1. Let f ∈ ðL2ðΩSÞÞ3 and g ∈ ðL2ðΓÞÞ3, then up to countably many values of
ω > 0, whose only possible accumulation point is infinity, the problem (2.2)
has a unique solution ðp;uÞ∈H with
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kðp;uÞkH ≤C kf kðL2ðΩS ÞÞ3 þ kgkðL2ðΓN ÞÞ3
� �

: (3.1)

Proof. The proof is based on the Fredholm–Riesz–Schauder theory (Sauter and Schwab, 2011,
Sec. 2.1.4). The symmetric variational formulation (2.2) is quadratic in ω2. To obtain an
equivalent formulation that is linear in ω2, we insert as test functions (q/ρF, v/(ρFω

2)) leading
to

1

ρF

Z
ΩF

∇p$∇q� ω2

c2
pq dx� ω2

Z
Γ
u$n dσ �

Z
Γ
pv$n dσ þ

Z
ΩS

σðuÞ : ε vð Þ � ω2ρSu$v dx

¼
Z
ΩS

f $v dxþ
Z
ΓN
g$v dσ:

Now, we define the Hilbert space operators A;M : H→H by

ðAðp;uÞ; ðq; vÞÞH ¼ 1

ρF

Z
ΩF

∇p$∇qþ 1

c2
pq dxþ

Z
ΩS

σðuÞ : ε vð Þ þ ρSu$v dxþ
Z
Γ
ðu$nÞq� p v$nð Þ dσ

ðMðp;uÞ; ðq; vÞÞH ¼ 1

ρFc2

Z
ΩF

pq dxþ
Z
ΩS

ρSu$v dxþ
Z
Γ
ðu$nÞq dσ

for all ðq; vÞ∈H, which exist by Riesz representation theorem when the Hilbert space H is
equipped with the inner product

ðp;uÞ; ðq; vÞð ÞH ¼ p; qð ÞH1ðΩF Þ þ u; vð ÞðH1ðΩS ÞÞ3:

Then the variational formulation (2.2) is equivalent (for ω > 0) to the operator equation

A� �ω2 þ 1
�
M

� �ðp;uÞ ¼ F : (3.2)

here, we define F ∈H by the Riesz isomorphism

ðF; ðq; vÞÞH ¼
Z
ΩS

f $v dxþ
Z
ΓN
g$v dσ ∀ðq; vÞ∈H;

which is a proper definition since the two integrals are bounded for all v ∈ ðH 1ðΩSÞÞ3.
ByKorn’s inequality (see Ciarlet, 1988, Theorem 6.3–3), the operatorA is an isomorphism as it
is continuous and has a continuous inverse by the Lax–Milgram lemma using the
H-ellipticity

ReðAðp;uÞ; ðp;uÞÞH ¼ 1

ρF
jpj2H1ðΩF Þ þ

1

ρFc2
kpk2L2ðΩF Þ þ

Z
ΩS

σðuÞ : ε�u�dxþ k ffiffiffiffiffi
ρS

p
uk2ðL2ðΩSÞÞ3 ≥ γkðp;uÞk2H

for all ðp;uÞ∈H and some γ > 0.
We show now that the operator M is compact. For any bounded sequence ðpn;unÞn∈N∈H,
there exists a subsequence, again denoted by ðpn;unÞn∈N, that is weakly converging to (p, u)
in H. For the sequence ðMðpn;unÞÞn∈N in H, we find that
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kMðp� pn;u � unÞk2H ¼ ðMðp� pn;u � unÞ;Mðp� pn;u � unÞÞH

¼ 1

ρFc2

Z
ΩF

ðp� pnÞq dxþ
Z
ΩS

ρSðu � unÞ$v dxþ
Z
Γ
ððu � unÞ$nÞq dσ

� �				
ðq;vÞ¼Mðp−pn ;u−unÞ

:

and with the Cauchy–Schwarz inequality, cancelling kMðp− pn;u −unÞkH on both sides
and by the trace theorem for functions in H1/2(ΩS) for some constant C, see McLean(2000,
Theorem 3.38).

kMðp� pn;u � unÞkH ≤
1

ρFc2
kp� pnkL2ðΩF Þ þ kρSðu � unÞkðL2ðΩSÞÞ3 þ ρFku$n � un$nkH�1=2ðΓÞ

≤ C
�
kp� pnkL2ðΩF Þ þ ku � unkðH1=2ðΩS ÞÞ3

�
:

(3.3)

Due to the compact embeddings H1(ΩF) ⊂ ⊂ L2(ΩF) and H1(ΩS) ⊂ ⊂ H1/2(ΩS) by the
Rellich–Kondrachov compactness theorem (Evans, 2010), the right-hand side of (3.3)
converges to 0; hence, the sequence ðMðpn;unÞÞn∈N inH converges toMðp;uÞ∈H andM is
compact.
Denoting λ 5 1/(ω2 þ 1) < 1, T d A�1M and the identity operator I in H, the operator
equation (3.2) is equivalent to

λI � Tð Þðp;uÞ ¼ λA−1F:

Since T is compact due to the compactness of M (Sauter and Schwab, 2011), the equation is
well-posed by the Fredholm–Riesz–Schauder theory except for countably many eigenvalues
λwhose only possible accumulation point is zero (Sauter and Schwab, 2011, Theorem 2.1.36).
Hence (3.2) and in turn (2.2) are well-defined except for countably many values ωwhose only
possible accumulation point is infinity.
This completes the proof of the theorem.

Remark 3.2. The statement ofTheorem 3.1 and the proof can be easily extended to the case
of radiation conditions in an unbounded (fluid) domain, for which it simplifies
much the proof given inBarucq et al. (2014), or to the cases of absorption in the
domain or through Robin boundary conditions. With them the formulation is
only perturbed in the main part corresponding to the operator A and
additional terms of lower order appear in the formulation that can be
integrated in the operator M. In Stammberger and Voss (2014), the spectral
properties of the associated eigenvalue problem for the case without
absorption were shown – it has only nonnegative positive eigenvalues ω2 –
where the idea of the proof does not seem to be directly extendable to the
source problem with absorption.

4. Shape optimization
In this section, we first describe the main tools used to study the sensibility of a cost
functional depending on the shape of the elastic structure. We compute the so-called
distributed shape derivative (Berggren, 2010; Hiptmair et al., 2015; Laurain and Sturm, 2016;
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Laurain, 2020) (see also Delfour and Zol�esio (2011), Sokolowski and Zolesio (1992), Henrot and
Pierre (2018) for boundary expressions of shape derivatives) in an infinite-dimensional
setting, for some reference domain Ω and free-form regular perturbations. This allows to
obtain a descent direction for an optimization algorithm in the infinite-dimensional
setting. In the numerical part we specialize to particular perturbations, and we use a
discretized descent direction. We first introduce the geometric flow of a domain Ω, then we
recall some fundamental calculus lemmas and the averaged adjoint method introduced in
Sturm (2015), see also Laurain and Sturm (2016), that we use to compute the distributed shape
derivative.

4.1 Preliminaries
We start with a general description of the shape optimization theory. Let D⊆R3 be a
bounded open set and PðDÞ be the set of all subsets of D. In shape optimization, one
considers shape functionals J : Uad →R, where Uad ⊂PðDÞ is a set of admissible shapes,
that is, subsets of D satisfying certain constraints, such as regularity or geometric
constraints. For the particular problem under consideration in this paper, D contains all
admissible setsΩF ∪ΩS required for the optimization; see Section 4.3 for more details. Let us
assume that the infimum of J is attained over Uad. Our aim is to effectively determine a setΩ*
such that

J
�
Ω*
� ¼ min

Ω∈Uad

JðΩÞ:

Usually, an approximation of Ω* can be found by means of a numerical method.
To devise an algorithm for minimizing J, one needs to compute derivatives of J. However,

even though topologies can be defined for the shape spaceUad, it is usually not a vector space,
and it is not clear how to define differentiation. In order to obtain a notion of derivative for
shape functionals, we consider perturbations of a reference domain Ω using the flow

Φθ
t : D→R3 for t∈ [0, τ], for some τ>0, of a given vector field θ∈DkðD;R3Þ, k≥ 1 or k5∞,

where DkðD;R3Þ is defined as:

Dk
�
D;R3

�
dfw∈CkðD;R3Þj fx∈R3 : w≠ 0g⊂Dg:

For each x0 ∈D, the flow Φθ
t ðx0ÞdxðtÞ solves.
_xðtÞ ¼ θðxðtÞÞ in ½0; τ�; (4.1a)

xð0Þ ¼ x0: (4.1b)

Note that DΦθ
0 ¼ Id and det DΦθ

0 ¼ 1 are independent of θ. In the following we writeΦt

instead ofΦθ
t for the sake of simplicity. Using this flow we consider a variationΩtdΦt(Ω) of

the initial shape Ω.

Definition 4.1. Let J : PðDÞ→R be a shape functional and k ≥ 1. The Eulerian

semiderivative in direction θ∈DkðD;R3Þ is defined by, when the limit
exists,

dJðΩ; θÞdlim
ta0

J
�
Ωt
�� JðΩÞ
t

:

The functional J is said to be shape differentiable atΩ if it has a Eulerian semiderivative atΩ
for all θ∈D∞ðD;R3Þ and the mapping
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dJðΩÞ : D∞
�
D;R3

�
→R; θ ↦ dJðΩ; θÞ

is linear and continuous, in which case dJ(Ω; θ) is called the shape derivative of J at Ω in
direction θ.

For the actual minimization of J, we need to compute appropriate descent directions.

Definition 4.2. A vector field θ∈DkðD;R3Þ, k ≥ 1, is called descent direction of J at Ω, if
there exists a t, such that

J
�
Ωt
�
< JðΩÞ for all t ∈ 0; t

� 

;

where ΩtdΦθ
t ðΩÞ.

According to Definition 4.2, if J is shape differentiable at Ω, then θ is a descent direction if
dJ(Ω; θ) < 0.

We recall two standard results for shape derivatives, which will be useful later on.

Lemma 4.3. Let Ω⊂D be a Lipschitz domain, f ∈W 1;1ðDÞ and g ∈H 2ðR3Þ. We haveZ
ΦtðΩÞ

f dx ¼
Z
Ω
f ○Φt jðtÞ dx; (4.2)

Z
Φt ðvΩÞ

g dσ ¼
Z
vΩ
g ○Φt jΓðtÞ dσ; (4.3)

with the Jacobian j(t) 5 j detDΦtj and the tangential Jacobian

jΓðtÞ ¼ jdetðDΦtÞðDΦtÞ−Tnj ¼ jðtÞjðDΦtÞ−Tnj:
We also have

ð∇f Þ ○Φt ¼ ðDΦtÞ−T∇ðf ○ΦtÞ: (4.4)

Proof. See Henrot and Pierre (2018, Theorem 5.2.2) and Delfour and Zol�esio (2011, Chapter 9,
section 4.2).
ForC2-domains, the outward normal vector toΩt can be related to the normal vector toΩ via a
simple formula; see Delfour and Zol�esio (2011, Theorem 4.4, Chap. 9). This result can be
extended to Lipschitz domains with piecewise C1 boundary as follows.

Lemma 4.4. Let Ω⊂R3 be a Lipschitz domain with piecewise C1 boundary and Φt ¼ Φθ
t

with θ inDkðD;R3Þ, k≥ 1. Denote SΩ ⊂ vΩ the finite set of points whereΩ is
not C1. Let n be the outer normal vector to Ω on vΩ\SΩ and nt be the outer
normal vector to Φt(Ω) on Φt(vΩ\SΩ). Then we have

nt ○Φt ¼ ðDΦtÞ−Tn		ðDΦtÞ−Tn
		 on vΩnSΩ: (4.5)

We will also need the following basic results and notations for tensor calculus.
Notations. For sufficiently smooth Ω⊂Rd, vector-valued functions a;b : Rd

→Rd and a

second-order tensor S : Rd
→Rd3 d, we use the following notations.
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(1) I for the identity matrix in Rd3 d.

(2) Id: x ↦ x for the identity in Rd.

(3) a ⊗b for the outer product of a and b.

(4) a0bd1
2 ða⊗b þ b⊗aÞ for the symmetric outer product of a and b.

(5) DΓa d Da � (Da)n ⊗n for the tangential derivative on vΩ.

(6) divΓa d diva � (Da)n $n for the tangential divergence on vΩ.

(7) div(S) is defined as the vector of the divergence of the rows of S.

Lemma 4.5. (Tensor calculus). For sufficiently smooth vector-valued functions

a;b : Rd
→Rd and a second-order tensor S : Rd

→Rd3 d, we have

S : ða ⊗bÞ ¼ a$Sb ¼ STa$b ¼ ST : ðb⊗aÞ.

4.2 Averaged adjoint method
There exist several methods to prove the shape differentiability of cost functionals depending
on the solution of a PDE. Established methods comprise the material/shape derivative
method (Sokolowski and Zolesio, 1992), methods based on the implicit function theorem
(Laurain et al., 2020), the min approach for energy cost functions (Delfour, 2012), a
penalization method (Delfour and Zol�esio, 1988a) and rearrangement methods (Ito et al., 2008;
Kasumba and Kunisch, 2011, 2014). Lagrangian methods are convenient as they allow for a
direct calculation of the adjoint. The formal Lagrangian method of C�ea is frequently used; see
C�ea (1986), Pantz (2005). In this paper, we use the averaged adjoint method (Sturm, 2015;
Laurain and Sturm, 2016), which generalizes the minimax approach of Delfour and Zol�esio
(1988b) and simplifies its assumptions.

We now briefly describe the averaged adjoint method as introduced in Sturm (2015). Let
two vector spaces E 5 E(Ω), F 5 F(Ω) and τ > 0 be given, and consider a parameterization
Ωt5Φt(Ω) for t∈ [0, τ]. Our goal is to differentiate shape functions of the type J(Ωt) that can be
written using a Lagrangian as JðΩtÞ ¼ LðΩt ; ut; bψÞ, where ut ∈ E(Ωt) and bψ ∈FðΩtÞ. Since
LðΩt ; bw; bψÞ usually consists of integrals on Φt(Ω), a change of variables allows to pull these
integrals back to the reference domainΩ and consequently to transfer the dependence on t to
the integrand. However, in the process appear the functions bw ○Φt ∈EðΩÞand bψ ○Φt ∈FðΩÞ,
which are impractical to differentiate since bw and bψ are defined on the moving spaces E(Ωt)
and F(Ωt). To circumvent this problem, one works with the reparameterization
LðΩt ;w ○Φ−1

t ;ψ ○Φ−1
t Þ instead of LðΩt ; bw; bψÞ, with w ∈ E(Ω) and ψ ∈ F(Ω). In this way,

after the change of variables in the integrals, the integrand depends on w and ψ , which are
defined on spaces independent of t. In the present paper, both E and F correspond to H.

Thus, we consider Lagrangian-type functions G : ½0; τ�3E3F→Rwith

Gðt;w;ψÞ :¼ L�ΦtðΩÞ;w ○Φ−1
t ;ψ ○Φ−1

t

�
:

Theorem 4.8 shows that the shape derivative of L corresponds to the partial derivative with
respect to t of G with w equal to the state and ψ to the adjoint. The main ingredient is the so-
called averaged adjoint equation that we introduce further. In this paper, we take E ¼ Πm

i¼1Ei

and F ¼ Πm
i¼1Fi, m∈N*, to be Cartesian products of vector spaces. We also consider the

particular case

Gðt;w;ψÞdaðt;w;ψÞ þ bðt;wÞ; (4.6)
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where a : ½0; τ�3E3F→R and b : ½0; τ�3E→R are functions such that ψ ↦ a(t, w, ψ ) is
linear for all t ∈ [0, τ] and w ∈ E. The function G is called shape-Lagrangian, while b and a
correspond to the objective function and to the constraint, respectively. Throughout the
paper, the Greek lettersw andψ are used for variables, while the Gothic letters e; fare used for
the solutions of the state and adjoint states, respectively.

Let us assume that for each t ∈ [0, τ] the equation

dψG
�
t; et; 0; bψ� ¼ a

�
t; et; bψ� ¼ 0 for all bψ ∈F : (4.7)

admits a unique solution et ∈E. We make the following assumptions about G.

Assumption 4.6. For every (t, ψ ) ∈ [0, τ] 3 F, we have that

(1) ½0; 1�’s ↦ Gðt; set þ ð1− sÞe0;ψÞ is absolutely continuous;
(2) ½0; 1�’s ↦ dwGðt; set þ ð1− sÞe0;ψ ; bwÞ belongs to L1(0, 1) for all bw∈E.

When Assumption 4.6 is satisfied, for t ∈ [0, τ] we introduce the averaged adjoint equation
associated with et and e0: find ft ∈F such thatZ 1

0

dwG
�
t; set þ ð1� sÞe0; ft; bw� ds ¼ 0 for all bw∈E: (4.8)

Assumption 4.6(2) implies that for all t ∈ [0, τ] we have

G
�
t; et; ft

�� G
�
t; e0; ft

� ¼ Z 1

0

dwG
�
t; set þ ð1� sÞe0; ft; et � e0

�
ds ¼ 0: (4.9)

Assumption 4.7. We assume that

lim
ta0

G
�
t; e0; ft

�� G
�
0; e0; ft

�
t

¼ vtG
�
0; e0; f0

�
:

We can now state the main result of the averaged adjoint method.

Theorem 4.8. Suppose that Assumptions 4.6 and 4.7 hold, and that there exists a unique
solution ft of the averaged adjoint equation (4.8) for all t∈ [0, τ]. Then for any
ψ ∈ F we obtain

d

dt
b
�
t; et
�jt¼0 ¼

d

dt

�
G
�
t; et;ψ

��jt¼0 ¼ vtG
�
0; e0; f0

�
: (4.10)

4.3 Shape optimization problem
For the problem under consideration in this paper, D⊂R3 is an open set containing all
admissible sets ΩF and ΩS; see Section 2 for a description of the geometry. In fact, we have
two variable domains (ΩF,ΩS), so we are in a slightlymore general situation than thematerial
presented in Section 4.1, but the generalization is straightforward. Thus, here
Uad ⊂PðDÞ3PðDÞ is a subset of admissible pairs of Lipschitz, piecewise C1 domains
(ΩF, ΩS), which satisfy the geometric constraints described in Section 2. In Section 4.6, we
derive a general formula for the shape derivative, valid for a large range of domain
transformations. In our numerical application, we consider translations of subsets ofΩF and
ΩS. This corresponds to the positioning of a bead on a thin plate in order to reduce the noise of
the fluid area.

Acoustical and
structural

shape
optimization



Our aim is to minimize the shape functional J : Uad →R given by

JðΩF ;ΩSÞd
Z
ΩF

κjpðΩF ;ΩSÞ � pdj2 dx; (4.11)

with the constraint that the pressure p5 p(ΩF,ΩS) is the solution of (2.1) for a fixed frequency
ω. Here, κ∈C∞ðDÞ is a weighting function defining the location of the optimization and
pd : D→R is a prescribed pressure distribution.

Let us introduce a Lagrangian L : Uad 3H3H→R that combines the cost functional
and the weak formulation of the PDE constraint. Although the PDE constraint (2.2) is
complex-valued, it is sufficient to include only the real part of the PDE in the Lagrangian.
Indeed, the complex-valued PDE (2.2) can be recovered by choosing appropriate test
functions; see Hinterm€uller et al. (2015) for details. Thus we define

LððΩF ;ΩSÞ; ðp;uÞ; ðq; vÞÞ ¼
Z
ΩF

κjp� pdj2 dxþ Re

Z
ΩF

∇p$∇q dx

�
� ω2

c2

Z
ΩF

pq dx

� ρFω
2

Z
Γ
ðu$nÞq dσ � ρFω

2

Z
Γ
p
�
n$v

�
dσ

þ ρFω
2

Z
ΩS

σðuÞ : ε
�
v
�
dx� ρFρSω

4

Z
ΩS

u$v dx

� ρFω
2

Z
ΩS

f $v dx−ρFω
2

Z
ΓN
g$v dσ

�
;

where ðp;uÞ; ðq; vÞ∈H. The key feature of the Lagrangian method is that J satisfies

JðΩF ;ΩSÞ ¼ LððΩF ;ΩSÞ; ðp;uÞ; ðq; vÞÞ; ∀ðq; vÞ∈H:

The state (p, u) and adjoint state (q, v) are solutions of, respectively.

Dðq;vÞLðΩF ;ΩS ; ðp;uÞ; ð0;0ÞÞ
�bq; bv� ¼ 0 for all

�bq; bv�∈H; (4.12)

Dðp;uÞLðΩF ;ΩS ; ðp;uÞ; ðq; vÞÞ
�bp; bu� ¼ 0 for all

�bp; bu�∈H: (4.13)

Choosing first purely real and then purely imaginary test functions (4.12) yields the weak
form (2.2) of the state equation. Proceeding in the same way for (4.13) leads to the following
weak formulation of the adjoint system

Dðp;uÞLðΩF ;ΩS; ðp;uÞ; ðq; vÞÞ
�bp; bu� ¼

Z
ΩF

2κ
�
p� pd

�bp dxþ Z
ΩF

∇bp$∇q dx� ω2

c2

Z
ΩF

bpq dx
� ρFω

2

Z
Γ

�
v$n

�bp dσ � ρFω
2

Z
Γ
q
�
n$bu� dσ

þ ρFω
2

Z
ΩS

σ
�bu� : ε

�
v
�
dx� ρFρSω

4

Z
ΩS

bu$v dx ¼ 0:

(4.14)
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The corresponding strong form of the adjoint system is given by

�Δq� ω2

c2
q ¼ −2κðp� pdÞ in ΩF ;

�div σðvÞ � ρSω
2v ¼ 0 in ΩS

σðvÞn þ qn ¼ 0 on Γ;

ρFω
2v$n � vq

vn
¼ 0 on Γ;

vq

vn
¼ 0 on ΓW ;

v ¼ 0 on ΓD;

σðvÞn ¼ 0 on ΓN :

4.4 Shape-Lagrangian functional
Givenθ∈DkðD;R3Þ, k≥1,wedefine the flowsΩt

FdΦtðΩFÞandΩt
SdΦtðΩSÞas inSection 4.1.

For the perturbed domains Ωt
F ;Ω

t
S, the objective function is given by

J
�
Ωt

F ;Ω
t
S

� ¼ L��Ωt
F ;Ω

t
S

�
; ðpt;utÞ; ðq; vÞ

�
;

where ðpt;utÞ∈Ht is the solution of (2.2), inwhichH is replacedbyHtdH 1ðΩt
FÞ 3 ðH 1

Γt
D
ðΩt

SÞÞ
3
.

We also introduce the notations ΓtdΦtðΓÞ;Γt
NdΦtðΓN Þ, Γt

DdΦtðΓDÞ. The main difficulty in
differentiating JðΩt

F ;Ω
t
SÞwith respect to t is that pt and ut live in function spaces that depend on t.

Following the general procedure described in Section 4.2, this issue can be solved by using the
parameterization

H 1
�
Ωt

F

� ¼ fp ○Φ−1
t : p∈H1ðΩFÞg and

�
H 1

Γt
D

�
Ωt

S

��3 ¼ fu ○Φ−1
t : u∈

�
H1

ΓDðΩSÞ
�3
g:

Then, for ðp;uÞ; ðq; vÞ∈Hwe define the shape-Lagrangian

Gðt; ðp;uÞ; ðq; vÞÞdL �
Ωt

F ;Ω
t
S

�
;
�
p ○Φ−1

t ;u ○Φ−1
t

�
;
�
q ○Φ−1

t ; v ○Φ−1
t

�� �
: (4.15)

This yields the formula

Gðt; ðp;uÞ; ðq;vÞÞ ¼
Z
Ωt
F

κjp ○Φ−1
t � pdj2 dx

þR

Z
Ωt
F

∇
�
p ○ Φ−1

t

�
$∇
�
q ○ Φ−1

t

�
dx� ω2

c2

Z
Ωt
F

�
p ○ Φ−1

t

��
q ○ Φ−1

t

�
dx

 

� ρFω
2

Z
Γt

�
u ○Φ−1

t $nt

�
q ○Φ−1

t dσ � ρFω
2

Z
Γt
p ○Φ−1

t

�
nt$v ○Φ−1

t

�
dσ

þ ρFω
2

Z
Ωt
S

σ
�
u ○Φ−1

t

�
: ε
�
v ○Φ−1

t

�
dxþ ρFρSω

4

Z
Ωt
S

u ○Φ−1
t $v ○Φ−1

t dx

−ρFω
2

Z
Ωt
S

f $
�
v ○Φ−1

t

�
dx� ρFω

2

Z
Γt
N

g$
�
v ○Φ−1

t

�
dσ

!
:
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Here, nt denotes the outward unit normal toΩt
S. Using the change of variables t↦Φt and

(4.2)–(4.5), we obtain

Gðt; ðp;uÞ; ðq; vÞÞ ¼
Z
ΩF

jðtÞκ+Φtjp� pd ○Φtj2 dx

þ Re

Z
ΩF

AðtÞ∇p$∇q dx� ω2

c2

Z
ΩF

jðtÞpq dx

�
� ρFω

2

Z
Γ
u$BðtÞnð Þq dσ

� ρFω
2

Z
Γ
p BðtÞn$vð Þ dσ þ ρFω

2

Z
ΩS

jðtÞσtðuÞ : εt
�
v
�
dx

� ρFρSω
4

Z
ΩS

jðtÞu$vdx−ρFω2

Z
ΩS

jðtÞðf ○ΦtÞ$v dx� ρFω
2

Z
ΓN
jΓðtÞðg ○ΦtÞ$v dσ

�
;

(4.16)

where we have used, for t ∈ [0, τ], the notations

jðtÞdjdetDΦtj; AðtÞdjðtÞðDΦtÞ−1ðDΦtÞ−T ; BðtÞdjðtÞðDΦtÞ−T ;
σtðuÞdλ trace εtðuÞI þ 2μεtðuÞ; εtðuÞd1

2
DuðDΦtÞ−1 þ ðDΦtÞ−TDuT
� �

:
(4.17)

Note that the expression of B(t) follows from the following calculation, using Lemma 4.3,

BðtÞn ¼ jΓðtÞnt ○Φt ¼ jðtÞjðDΦtÞ−Tnj ðDΦtÞ−Tn		ðDΦtÞ−Tn
		 ¼ jðtÞðDΦtÞ−Tn:

4.5 State equation
In order to compute the shape derivativewe applyTheorem4.8, forwhichweneed toverify first
that the state equation (4.7) has a unique solution for each t ∈ [0, τ]. Let us introduce
ðpt;utÞ ¼ ðpt ○Φt;ut ○ΦtÞ∈H, which corresponds to the solution et of (4.7), while ðbq; bvÞ∈H
corresponds to the test function bψ in (4.7). Differentiating (4.16) with respect to ðq; vÞ∈H in
direction ðbq; bvÞ at ðp;uÞ ¼ ðpt ;utÞ, we obtain the variational formulation (4.7). Note that
although (4.16) contains only the real part of the PDE, by choosing first purely real and then
purely imaginary test functionswe can recover both the real and the complex parts of the PDE;
see Hinterm€uller et al. (2015) for details. Thus (4.7) corresponds to the variational equation

Bt
��

pt;ut
�
;
�bq; bv�� ¼ Lt

�bq; bv� for all
�bq; bv�∈H; (4.18)

where

Btððp;uÞ; ðq; vÞÞd Bt
Fðp; qÞ � ρFω

2Bt
FSððp;uÞ; ðq; vÞÞ � ρFω

2B*;t
FSððp;uÞ; ðq; vÞÞ

þ ρFω
2Bt

Sðu; vÞ;
(4.19)

with

Bt
Fðp; qÞ d

Z
ΩF

AðtÞ∇p$∇q dx� ω2

c2

Z
ΩF

jðtÞpq dx;

Bt
FSððp;uÞ; ðq; vÞÞ d

Z
Γ
ðu$BðtÞnÞq dσ;

B*;t
FSððp;uÞ; ðq; vÞÞ d BFSððq; vÞ; ðp;uÞÞ d

Z
Γ
p
�
BðtÞn$v

�
dσ;

Bt
Sðu; vÞ d

Z
ΩS

jðtÞσtðuÞ : εt
�
v
�
dx� ρSω

2

Z
ΩS

jðtÞu$v dx;

EC



and

Ltððq; vÞÞ ¼ ρFω
2

Z
ΩS

jðtÞðf ○ΦtÞ$v dxþ
Z
ΓN
jΓðtÞðg ○ΦtÞ$v dσ

� �
:

Note that we have j(0)5 1,A(0)5 B(0)5 Id, and consequently (4.18) at t5 0 corresponds to
the weak formulation (2.2). The following lemma states that, with the assumptions made, the
difference between (pt, ut) and (p, u) is of order t.

Lemma 4.9. Assume thatω is not an eigenfrequency of the state equation (2.2). Then, there
exists τ > 0 and C > 0 such that (4.18) has a unique solution (pt, ut) for all
t ∈ [0, τ] and it holds���pt;ut

�kH ≤C kf kðL2ðΩS ÞÞ3 þ kgkðL2ðΓN ÞÞ3
� �

;
���pt;ut

�� ðp;uÞkH ≤C t: (4.20)

Proof. Since by assumption Dθ is bounded in D, we find with the fix point form of (4.1)

xðtÞ � x0 ¼
Z t

0

θðxðsÞÞds

and with the Picard–Lindel€of theorem that for Φt 5 x(t) it holds

sup
D

kDΦt � Idk≤C t; ∀t ∈ ð0; τÞ

for some τ > 0 small enough, where C> 0 denotes a generic constant independent of t. Hence,
we find that

sup
D

jjðtÞ � 1j þ sup
D

kAðtÞ � Idk þ sup
D

kBðtÞ � Idk≤C t; (4.21)

where we have used properties of geometric series to estimate the last two terms. Proceeding
in a similar way as in the proof of Theorem 3.1, we define operators At;Mt : H→H and
Ft ∈H such that (4.18) can be written as�

At � �ω2 þ 1
�
Mt
��
pt;ut

� ¼ Ft; (4.22)

whereAt
→A,Mt

→M and Ft→ F converge strongly in the respective normswhen t→ 0 due
to the estimates (4.21). The equation is well-posed by the Fredholm–Riesz–Schauder theory
(Sauter and Schwab, 2011, Sec. 2.1.4) except for countablymany eigenvalues λt of the compact

operatorTtdðAtÞ−1Mt. AsTt
→Twhen t→ 0 each eigenvalue λt tends to an eigenvalue ofT

when t→ 0 (Kato, 1995, Chap. IV). More precisely, if λ is an eigenvalue of T of multiplicitym
then m eigenvalues of Tt tend to λ as well as the respective generalized eigenspace.
Asω is assumed not to be an eigenfrequency of the state equation, there exists a neighborhood
(0, τ) of 0 in which ω is not an eigenfrequency of the perturbed problem and (4.18) provides a
unique solution. Moreover, using (3.2) and (4.22), the difference (pt � p, ut � u) satisfies�
A� �ω2 þ 1

�
M
��
pt � p;ut � u

� ¼ �Ft � F
�þ �A� At � �ω2 þ 1

��
M �Mt

���
pt;ut

�
¼: Gt

∈H

where it holds kGtkH ≤C t due to (4.21). This implies the second inequality in (4.20), and the
proof is complete.
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4.6 Calculation of the distributed shape derivative
In this section, we apply Theorem 4.8 to compute the distributed shape derivative
of JðΩt

F ;Ω
t
SÞ.

Theorem 4.10. Assume that ω is not an eigenfrequency of the state equation (2.2), whose
solution is denoted by ðp;uÞ∈H. Then, the system of the adjoint equation
(4.14) is well-posed and possesses a unique solution ðq; vÞ∈H. Also, J is
shape differentiable and its distributed shape derivative in direction

θ∈DkðD;R3Þ, k ≥ 1 is given by

dJðΩF ;ΩS ; θÞ ¼
Z
ΩF

κjp� pdj2div θþ jp� pdj2∇κ$θ� 2κRe
��

p� pd

�
∇pd

�
$θ dx

þ Re

Z
ΩF

A0ð0Þ∇p$∇q� ω2

c2
pqdiv θ dx� ρFω

2

Z
Γ
ðu$B 0ð0ÞnÞqþ

�
v$B 0ð0Þn

�
p dσ

�
þ ρFω

2

Z
ΩS

ðdiv θÞ σðuÞ : ε
�
v
�
� σ0θðuÞ : ε

�
v
�
� σðuÞ : ε0θ

�
v
�
dx

� ρFρSω
4

Z
ΩS

div θu$v dx� ρFω
2

Z
ΩS

ðDf θÞ$v þ div θ f $v dx

−ρFω
2

Z
ΓN
ðDgθÞ$v þ j

0
Γð0Þ g$v dσ

�
;

(4.23)

with the notations

j0ð0Þ ¼ div θ; j0Γð0Þ ¼ divθ� ðDθnÞ$n ¼ divΓθ;

A
0ð0Þ ¼ divðθÞI � Dθ� DθT ; B 0ð0Þ ¼ divðθÞI � DθT ;

σ0θðuÞ ¼ λ traceε0θðuÞI þ 2με0θðuÞ; ε0θðuÞ ¼ 1

2
DuDθþ DθTDuT
� �

:

Proof. Following the notations of Section 4.2, we have E 5 E1 3 E2 and F 5 F1 3 F2, with

E1 5 F1 5 H1(ΩF) and E2 ¼ F2 ¼ ðH 1
ΓDðΩSÞÞ3. The proof consists in verifying the

assumptions of Theorem 4.8. Note that Assumption 4.6 is straightforwardly satisfied, indeed
(1) and (2) are satisfied since G is affine with respect to q; v and u, and depends quadratically
on p. Then, by Lemma 4.9 the formulation (4.18) has a unique solution (pt, ut) for all t ∈ [0, τ],
for some τ > 0.

Existence of solution to the averaged adjoint equation. Now we prove the uniqueness of
solution for the averaged adjoint equation (4.8). To compute the equation, we take the
derivative of (4.16) with respect to ðp;uÞ in direction ðbp; buÞ at set þ ð1− sÞe0 with

et ¼ ðpt ;utÞ and ft ¼ ðqt ; vtÞ. Note that in (4.16), all terms are either linear in ðp;uÞ or
independent of ðp;uÞ, except for the first integral, which depends quadratically on p.
This is due to the fact that we work with a linear PDE. Therefore, the integral
with respect to s in (4.9) only affects the derivative of the term depending
quadratically on p, which simplifies the equation. Choosing first purely real and then
purely imaginary test functions, we obtain the following equation for the averaged

adjoint ft ¼ ðqt ; vtÞ:
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Z
ΩF

AðtÞ∇bp$∇qt dx� ω2

c2

Z
ΩF

jðtÞbpqt dx� ρFω
2

Z
Γ

�bu$BðtÞn
�
qt dσ � ρFω

2

Z
Γ

bp�BðtÞn$vt

�
dσ

þρFω
2

Z
ΩS

jðtÞσt
�bu� : εt

�
vt

�
dx� ρFρSω

4

Z
ΩS

jðtÞbu$vt dx

¼ −

Z 1

0

Z
ΩF

2jðtÞκ ○Φt

�
spt þ ð1� sÞp� pd ○Φt

�bp dxds
¼ −

Z
ΩF

jðtÞκ ○Φt

�
pt þ p� 2pd ○Φt

�bp dx for all

�bp; bu�∈H:

(4.24)

now, we observe thatAðtÞ ¼ AðtÞT,AðtÞ ¼ AðtÞ and BðtÞ ¼ BðtÞT, BðtÞ ¼ BðtÞ. We also
have

σt
�bu� : εt

�
vt

�
¼ σt

�bu� : εt
�
vt
� ¼ εt

�bu� : σt
�
vt
�
:

using these properties and taking the complex conjugate of (4.24), we obtain the equationZ
ΩF

AðtÞ∇qt$∇bp dx� ω2

c2

Z
ΩF

jðtÞqtbp dx� ρFω
2

Z
Γ

�bu$BðtÞn
�
qt dσ � ρFω

2

Z
Γ

bp�BðtÞn$vt
�
dσ

þρFω
2

Z
ΩS

jðtÞσt�vt
�
: εt
�bu� dx� ρFρSω

4

Z
ΩS

jðtÞbu$vt dx

¼ −

Z
ΩF

jðtÞκ ○Φt

�
pt þ p� 2pd ○Φt

�bp dx for all
�bp; bu�∈H:

(4.25)

Equation (4.25) can be written as

Bt
��

qt; vt
�
;
�bp; bu�� ¼ −

Z
ΩF

jðtÞκ ○Φt

�
pt þ p� 2pd ○Φt

�bp dx for all
�bp; bu�∈H:

where Bt is defined in the perturbed state equation (4.18). In view of (4.20) we have that
kðpt;utÞkH is uniformly bounded for t ∈ [0, τ]. Thus, since we assume that ω is not an
eigenfrequency of the state equation (2.2), we can apply Lemma 4.9 to prove that the
averaged adjoint (4.25) has a unique solution (qt, vt) for each t ∈ [0, τ].

Also, proceeding as in the proof of Lemma 4.9, we obtain the estimates.���qt; vt
�� ðq; vÞ��H ≤ C t; (4.26)

���qt; vt
���

H ≤ C; (4.27)

for all t ∈ [0, τ] where C is independent on t.
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Verification of Assumption 4.7. To compute vtGðt; e0;ψÞ, we differentiate (4.16) with
respect to t at ðp;uÞ ¼ ðp;uÞ with the notations e0 ¼ ðp;uÞ and ψ ¼ ðq; vÞ. Since Φt is
continuously differentiable with respect to t ∈ [0, τ], ðp;uÞ; ðq; vÞ∈H and f ∈ H1(ΩS),
g ∈ H1(ΓN) then all terms in the derivative below are well-defined. Thus, the derivative
vtGðt; e0;ψÞ exists for all t ∈ 0, τ] and ψ ∈ F, and we obtain

vtGðt; ðp;uÞ; ðq; vÞÞ ¼
Z
ΩF

j0ðtÞκ ○Φtjp� pd ○Φtj2 dxþ
Z
ΩF

jðtÞ∇κ$θtjp� pd ○Φtj2 dx

� 2

Z
ΩF

jðtÞκ ○ΦtRe
�
p� pd ○Φt

�
∇pd$θt

� �
dx

þ Re

Z
ΩF

A
0ðtÞ∇p$∇q dx� ω2

c2

Z
ΩF

j0ðtÞpq dx

�
� ρFω

2

Z
Γ
ðu$B 0ðtÞnÞqþ p

�
B 0ðtÞn$v

�
dσ

þ ρFω
2

Z
ΩS

j0ðtÞσtðuÞ : εt
�
v
�
� jðtÞσ0θ;tðuÞ : εt

�
v
�
dx

� ρFω
2

Z
ΩS

jðtÞσtðuÞ : ε0θ;t
�
v
�
dx� ρFρSω

4

Z
ΩS

j0ðtÞu$v dx

� ρFω
2

Z
ΩS

jðtÞðDf θtÞ$vþ j0ðtÞðf ○ΦtÞ$v dx

−ρFω
2

Z
ΓN
jðtÞðDgθtÞ$vþ j0ΓðtÞðg ○ΦtÞ$v dσ

�
:

(4.28)

here, we have used θt :¼ θ ○Φt ¼ v
vt
Φt, which is a consequence of the definition (4.1) of Φt,

and the notations

σ0θ;tðuÞ dλ trace ε0θ;tðuÞI þ 2με0θ;tðuÞ;

ε0θ;tðuÞ d
1

2
DuðDΦtÞ−1DθtðDΦtÞ−1 þ ðDΦtÞ−TDθTt ðDΦtÞ−TDuT
� �

:

For t ∈ [0, τ] we have the expansion

Gðt; ðp;uÞ; ðq; vÞÞ ¼ Gð0; ðp;uÞ; ðq; vÞÞ þ tvtGðξðt; ðq; vÞÞ; ðp;uÞ; ðq; vÞÞ (4.29)

for some 0≤ ξðt; ðq; vÞÞ≤ t. Then, choosing ðq; vÞ ¼ ðqt; vtÞwe get
Gðt; ðp;uÞ; ðqt; vtÞÞ � Gð0; ðp;uÞ; ðqt; vtÞÞ

t
� vtGð0; ðp;uÞ; ðq; vÞÞ

¼ vtGðξðt; ðqt; vtÞÞ; ðp;uÞ; ðqt; vtÞÞ � vtGð0; ðp;uÞ; ðq; vÞÞ:

Thus, in order to prove Assumption 4.7, it is enough to prove that ðs; tÞ ↦ vtGðs; ðp;uÞ;
ðqt ; vtÞÞ is continuous for (s, t) ∈ [0, τ] 3 [0, τ]. The mappings t ↦ j(t) and t ↦ DΦt are
continuously differentiable (Sokolowski and Zolesio, 1992, Proposition 2.44) and we have

v

vt
jðtÞ ¼ jðtÞdiv θt ○Φt
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and

v

vt
DΦt ¼ Dðθ ○ΦtÞ ¼ Dθ ○ΦtDΦt:

Thus, the mappings t ↦ j0ðtÞ; t ↦ A0ðtÞ; t ↦ B 0ðtÞ; t ↦ j0ΓðtÞ and ðDΦtÞ−1Dθt are
continuous and uniformly bounded on [0, τ]. Using the estimates (4.20) (4.26), (4.27) and
expression (4.28) we obtain that

ðs; tÞ↦vtG
�
s; ðp;uÞ; �qt; vt

��
is uniformly bounded and continuous on [0, τ] 3 [0, τ], which proves Assumption 4.7.

Now all assumptions of Theorem 4.8 are satisfied. Taking t 5 0 and ðq; vÞ ¼ ðq; vÞ in
(4.28), we obtain the distributed shape derivative (4.23).

Proposition 4.11. Assume that the assumptions of Theorem 4.10 are satisfied. The tensor
form of the distributed shape derivative of J in direction θ∈DkðD;R3Þ,
k ≥ 1 is given by

dJðΩF ;ΩS ; θÞ ¼
Z
ΩF

S
F
1 : Dθþ S

F
0 $θ dxþ

Z
ΩS

S
S
1 : Dθþ S

S
0 $θ dx

þ
Z
Γ
S1 : DΓθ dσ þ

Z
ΓN
SN

1 : DΓθþSN

0 $θ dσ;
(4.30)

with

SF
1 ¼ κjp� pdj2 þ Re ∇p$∇q� ω2

c2
pq

� �� �
I � Re 2∇p0∇qð Þ

S
F
0 ¼ jp� pdj2∇κ � 2κRe

��
p� pd

�
∇pd

�
S
S
1 ¼ Re ρFω

2σðuÞ : ε
�
v
�
� ρFρSω

4u$v � ρFω
2f $v

� �
I � Re ρFω

2
�
DvTσðuÞ þ DuTσ

�
v
��� �

SS
0 ¼ −Re ρFω

2Df Tv
� �

SN

1 ¼ −Re ρFω
2g$v

� �
I

SN

0 ¼ −Re ρFω
2DgTv

� �
S1 ¼ −Re ρFω

2
�
ððu$nÞI � n⊗uÞqþ

��
v$n

�
I � n⊗ v

�
p
�� �

;

where (p, u) solves the state equation (2.2) and (q, v) the adjoint equation (4.14).
Proof. Expression (4.30) is obtained from (4.23). Using Lemma 4.5 and div θ 5 Dθ: I, we
compute

A
0ð0Þ∇p$∇q ¼ ∇p$∇qdiv θ� Dθ∇p$∇q� DθT∇p$∇q

¼ ∇p$∇qðDθ : I Þ � Dθ :
�
∇p⊗∇qþ ∇q⊗∇p

�
¼ Dθ :

��
∇p$∇q

�
I � 2∇p0∇q

�
:

Using DΓθ
T
n ¼ DθTn − ðDθn ⊗ nÞTn ¼ DθTn − ðdivθÞn þ ðdivΓθÞn we get

ðu$B 0ð0ÞnÞq ¼ qu$
�
divθn � DθTn

�
¼ qu$

�
� DΓθ

T
n þ ðdivΓθÞn

�
¼ DΓθ : ð � n⊗u þ ðu$nÞI Þq:

Acoustical and
structural

shape
optimization



Using Lemma 4.5, we have

σ0
θðuÞ : ε

�
v
�

¼ μ
�
DuDθþ DθTDuT

�
: ε
�
v
�
þ λ trace ε0θðuÞI : ε

�
v
�

¼ μDθ :
�
DuTε

�
v
�
þ DuTε

�
v
�T�

þ λ
�
I : ε0θðuÞ

��
I : ε

�
v
��

¼ 2μDθ : DuTε
�
v
�
þ λðDθ : DuTÞ

�
I : ε

�
v
��

¼ Dθ : DuTσ
�
v
�

and

σðuÞ : ε0θ
�
v
�
¼ σðuÞ : 1

2
DvDθþ DθTDvT
� �

¼ Dθ :
1

2
DvTσðuÞ þ DvTσðuÞT
� �

¼ Dθ : DvTσðuÞ:
This yields (4.30).
The tensor form (4.30) is convenient for numerical implementation, and it allows to quickly
compute the boundary expression of the shape derivative using (Laurain and Sturm, 2016,
Proposition 4.3 and Corollary 4.5). Here we do not compute the boundary expression since we
use the distributed expression (4.30) in the numerics.
In Theorem 4.10 and Proposition 4.11, we have computed the distributed shape derivative of J

for a general class of shape perturbationsΦθ
t , which could, for instance, be applied to optimize

the shape of the bead for noise reduction. In this paper, we are interested in a particular
application where the shape of the bead is fixed and its position is optimized. For this
application, Proposition 4.11 can be used with a class of rigid perturbations θ described in
Section 4.7.

4.7 Application to a bead optimization problem
In this section, we are going to apply the previous results to a problem of bead optimization.
Beads or stampings are widely used to reduce vibration of structures without increasing their
weight. A reduction of the vibration of a structure also reduces the sound level in the adjacent
areas. Given a bead of a specific form, our aim is to find an optimal position of the bead on the
plate of ourmodel problem to reduce the sound level at a certain position for a fixed frequency
ω. The plate of height h∈R; h > 0 with the bead is described by the simply connected

domain Σ⊂R2 and a bounded and Lipschitz continuous profile function g : Σ→R in the
following way:

ΩSd x ∈R3 : ðx1; x2Þ∈Σ; gðx1; x2Þ � h < x3 < gðx1; x2Þ
� 


:

The bead corresponds to the support of g, that is, the set where g ≠ 0, while the region where
g 5 0 is flat. The fluid domain is considered above the plate

ΩFd x ∈R3 : ðx1; x2Þ∈Σ; gðx1; x2Þ < x3 < Hðx1; x2Þ
� 


with the bounded and Lipschitz continuous function H : Σ→R satisfying infðx1 ;x2Þ∈Σ
Hðx1; x2Þ e Hmin > gmax d supðx1 ;x2Þ∈Σ gðx1; x2Þ. Then, the interface between the fluid and
the solid structure is

Γd x ∈R3 : ðx1; x2Þ∈Σ; x3 ¼ gðx1; x2Þ
� 


;

In Figure 2, a square plate with the bead also of square shape is illustrated in a top view.
Here, g is a piecewise linear function.
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We only allow translations of the bead; therefore, we choose specific perturbations θ
accordingly. The position of the bead on the plate can be described by the position (d1, d2) of
its center, whose components are used as the design parameters. Our aim is to formulate the
shape derivative as a function of (d1, d2).We choose the perturbation θ : D→R3 such that the

corresponding transformation Φθ
t leaves a large part of ΩS and ΩF globally unchanged, and

only a subdomain with and around the bead is translated. For this we use a continuous and
piecewise smooth cutoff function η : D→R that is equal to 1 in a e-neighborhood of the bead
and 0 outside a 2e-neighborhood of the bead, where e is chosen appropriately. Then, the
translation of the bead is defined by

θ ¼
β1η
β2η
0

0@ 1A;

where ðβ1; β2Þ∈R2 represents a translation vector in the xy-plane; see Figure 3 for an
illustration of θ in the xy-plane.

Writing θ 5 β1θ1 þ β2θ2 with

θ1 ¼
η
0
0

0@ 1A and θ2 ¼
0
η
0

0@ 1A;

we introduce J ðβ1; β2ÞdJðΦθ
t ðΩFÞ;Φθ

t ðΩSÞÞ. Note that J ðβ1; β2Þ is a new function at each
iteration since it depends on (ΩF, ΩS). Using the chain rule and Proposition 4.11, we have

5 mm

400 mm

400 mm

100 mm

100 mm

25 mm

60 mm

x1

x2

x3

0

0

Figure 2.
Example of a square-

shaped bead located at
the center of a thin

plate, used in numerical
experiments
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∇J ðβ1; β2Þ ¼ dJ
�
ΩF ;ΩS ; vβ1θ

�
dJ
�
ΩF ;ΩS ; vβ2θ

�� �
¼ dJðΩF ;ΩS ; θ1Þ

dJðΩF ;ΩS ; θ2Þ
� �

¼ h1ðηÞ
h2ðηÞ

� �
;

where, for i 5 1, 2,

hiðηÞddJðΩF ;ΩS ; θiÞ ¼
Z
ΩF

S
F
1 : Dθi þ S

F
0 $θi dxþ

Z
ΩS

S
S
1 : Dθi þ S

S
0$θi dx

þ
Z
Γ
S1 : DΓθi dσ þ

Z
ΓN
SN

1 : DΓθi þSN

0 $θi: dσ
(4.31)

Choosing (β1, β2) 5 �(h1(η), h2(η)) we get

J
�
Φθ

t ðΩFÞ;Φθ
t ðΩSÞ

� ¼ JðΩF ;ΩSÞ þ tdJðΩF ;ΩS ; θÞ þ O
�
t2
�

¼ JðΩF ;ΩSÞ þ tðβ1h1ðηÞ þ β2h2ðηÞÞ þ O
�
t2
�

¼ JðΩF ;ΩSÞ � tðh1ðηÞ2 þ h2ðηÞ2Þ þ O
�
t2
�
:

Thus, for sufficiently small t, (β1, β2) 5 �(h1(η), h2(η)) is a descent direction for J(ΩF, ΩS).
Then, starting from an initial bead position (d1, d2), we can update the position of the bead
using bd1bd2

� �
¼ d1

d2

� �
þ α

β1
β2

� �
;

where α > 0 is determined by a line search.

4.8 Numerical results for a bead optimization problem
In this section, we present and interpret the results of the optimization for a square bead of
100mm3 100mm and a depth of 25mm on a square plate of 400mm3 400mm and of 5 mm
thickness. The fluid domain ΩF is located above the plate and has constant height
H5 1,500mm. The bead has a depth of 25mm in a centered square of 60mm3 60mmand its
side flanks have trapezoidal shape. This means that the function g is linear on each of the four
side flanks and its gradient is a normal vector of the nearest side of the 100mm3 100mm. On
the lateral faces of the plate, we impose Dirichlet boundary conditions, and we apply the force
g 5 (0,0,1)T on the bottom face ΓN; see Figure 1. On the lateral sides and the top face of the
fluid part ΩF, we impose homogeneous Neumann boundary conditions, and the force in the
fluid is zero, that is, f 5 0.

We use the followingmaterial parameters: c5 343 $ 103mm/s for the speed of sound in the
air and λ5 23,829 N/mm2, μ5 30,327 N/mm2 and ρS5 0.25 $ 10–8 Ns2/mm4 for the structure
parameters.We also take ρF5 1.2041 $ 10–12 Ns2/mm45 1.2041 kg/m3, which corresponds to
the density of air at 20 8C.

(d1 , d2 )

β1

β2

Figure 3.
Translation of the bead
centered at (d1, d2). The
perturbation θ 5 (β1η,
β2η, 0)

u where η is a
cut-off function, is
constant within the
dashed area
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As already explained before, we limit ourselves to optimizing at a single frequency and not
a frequency range. All of the following calculations were performed with the frequency
275 Hz. The first natural frequency of a flat plate, that is, a plate without bead, with the same
dimensions, same material parameter and same but homogeneous boundary conditions as
described above and in addition with traction free boundary condition on Γ is about 288 Hz.
This frequency for the optimization is chosen considering that the influence of the first
natural frequency of the flat plate is quite high. By placing the bead somewhere on the plate,
we expect a stiffening of the structure and that the natural frequencies of the structure will be
shifted to the right. We also expect that, by optimizing the position of the bead at this
frequency, one can also measure a significant difference in sound pressure. As objective
functional we choose

JðΩÞd
Z
B

jpj2 dx;

where B is the ball of radius 50 mm and center (200 mm, 200 mm, 1,100 mm), that is, it is
located 1,050 mm above the flat plate. The functional corresponds to (4.11) with pd5 0 and a
discontinuous function κ that is equal to 1 inside and equal to 0 outside the ball B. In (4.11) we
have assumed κ∈C∞ðDÞ to simplify the presentation, but the result can be extended to the
case where κ is discontinuous as long as the discontinuity does not intersect the support of θ,
which is the case here.

For the parameterized geometry of the plate with bead and the fluid domain above, we use
Gmsh (Geuziane and Remacle, 2009) to automatically generate a hexahedral mesh. We use
concepts (Frauenfelder and Lage, 2002) for a finite element discretization of the shape
optimization problem of high order, where discrete trace spaces (Schmidt, 2008) are utilized
for the coupling terms. For the numerical experiments, we use a mesh width of 50 mm, where
the plate is resolved by one layer of thin elements. We use finite elements of polynomial
degree 3 in the solid part and of polynomial degree 1 in the fluid part. We use the direct solver
Mumps (Amestoy et al., 2000) for solving the linear systems. In each step of the optimization
problem the direction (β1, β2) is computed and the step size α is obtained via the SciPy
standard line search (Virtanen et al., 2020), where we use α < 0.05 as stopping criterion.

The optimization in this numerical experiment was performed with different starting
positions for the bead. In the following, the starting positions are described by local (x, y)-
coordinates on the plate. In Figure 4, the sequences of positions of the bead and the associated

50 100 150 200 250 300 350
100

200

30050
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300

350

d1 (in mm)
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Figure 4.
Evolution of the bead
position in the plane
and of the associated

objective function
values during the

optimization process,
for various starting

positions of the bead
(red circles)
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objective function values during the optimization process are shown, for six different starting
positions (100 mm, 200 mm), (150 mm, 150 mm), (250 mm, 150 mm), (300 mm, 200 mm),
(250mm, 250mm) and (150mm, 250mm).We observe that the iterates are converging toward
the optimal position (200mm, 200mm) and the objective function clearly has a local minimum
at this point. In all cases, the stopping criterion breaks the iteration about 5 mm before
reaching the center position. For the starting position (100 mm, 200 mm), the optimized bead
position reached in 14 iterations is (195.75 mm, 203.38 mm) and for the starting position
(150 mm, 150 mm) the optimized position reached in 15 iterations is (196.01 mm, 197.31 mm).
In Figure 5, these starting and optimized positions of the beads are shown.

In Figure 6(a), the distance of the bead position to the optimal center position is plotted as a
function of the iteration number. We observe a linear convergence with an error reduction of
about 17% per iteration step. The numerical error of the finite element solution as well as the
numerical integration error in the calculation of the objective function or the shape derivative
limits the achievable accuracy of the optimized position, which is, however, not visible at this

First starting position (100, 200)

Second starting position (150, 150)

(a) (b)

(c) (d)

Optimized position (195.75, 203.38)

corresponding to the first starting

position

Optimized position (196.01, 197.31)

corresponding to the second starting

position

Figure 5.
Comparison of starting
position and optimized
position of the bead for
the starting positions
(100, 200) and (150, 150)
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error level. In Figure 6(b), the objective function is plotted against the iteration number for the
starting positions (100 mm, 200 mm) and (150 mm, 150 mm). It can be seen here that the
objective function values hardly change in the last iteration steps. This justifies the choice of
the stopping criterion as in practice there is only a very small difference whether the bead is
exactly in the middle of the plate or is placed a few millimeters away from it, and further
computations would not yield a significant improvement.

The optimization of only one frequency can bring improvements for the selected
frequency, but may also result in deteriorations for other frequencies. In order to verify that
the first natural frequency of the structure is shifted to the right, as well as to assess
the possibly adverse effects on other frequencies, we compare the frequency responses to the
starting positions and the optimized positions. In Figure 7, the frequency response for the
plate without bead is compared to the frequency response with the bead at the first starting
position and at the optimized bead position.

It can be seen that the bead at the starting position already causes an increase in rigidity
and results in a shift to the right of the first natural frequency of the structure. The
optimization reinforces this behavior and pushes the natural frequency further to the right.
For the optimization, we used the frequency 275 Hz (dashed line in Figure 7). We observe an
important reduction of the sound pressure in the frequency range around 275Hz,which is due
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to the proximity of the first eigenfrequency of the plate without bead at 288 Hz. Also, at lower
frequencies and even at the beginning of the frequency response at 1 Hz, the sound pressure
for the optimized bead position is lower than for the plate without bead. Thus, the
optimization results in the reduction of the influence of the structural mode for the lower
frequencies. However, we also observe that the sound pressure in the area after the original
first natural frequency of the structure is now higher. Thismay be seen as an undesirable side
effect of optimizing only for one frequency, for which a possible remedy would be to
simultaneously optimize for several different frequencies.
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