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Abstract: 
Initially we extend some relationships known to hold among positive de­

pendence concepts to the case of negative dependence. Secondly, we study 
situations when it is possible to transform a mixed - positive and negative 
- structure to an entirely positive one. Ultimately, here, we search when 
mixed dependent structures can share properties solely exhibited by positive 
structures, taking advantage of a positive frame . Finally, we study T P2 and 
RRz type dependencies in the context of predictive and response variables 
aiming to bring an usual Euclidean order among predictive variable values 
when an T P2 order holds for a posteriori densities of the response variables. 

Keywords: Bayesian Association, Dependencies, Negative and Positive, TP2 
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1 Introduction 

Generally speaking, if we are to deal with dependence structures we are 
before two large groups: positive and negative. Unless previous specification 
we adopt the following notation: 

If X = (X1 , • .. , Xn) is a random vector then we denote by Fx_, Fx_ 
and /x. the joint cumulative distribution function, c.d.f., the joint survival 
function and the joint probability density function, p.d.f., respectively. The 
respective marginal distributions are denoted by Fx, and fx., i = 1, · · ·, n. 

Definition 1.1 We say that a random vector X. = (Xi, X2, ... , Xn) is 
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i. Negative Associated (NA) {Joag-Dev and Proschan{1989)} if for every pair 
of disjoint subsets A1, A2 of {l, 2, ... , n},where A1 = {i1, ... , i1:}, A2 = 
{i1:+1, ... , in}, i. < it for s < t and for every pair of increasing functions 
f and g from JRk and JRD-lc, respectively, to JR, we have 

Cov{/(Xi, i E A1),g(X;,j E A2)) ~ 0, 'r/k E {1, 2, ... , n -1}. 

ii. Pairwise Negative Associated (PNA) if every pair of its distinct coordi­
nates is negative associated. 

Definition 1.2 We say that a mndom vector X = (Xi, X2, ... , Xn) is 

i. Positive Associated {PA) [Joag-Dev(1989}] if for every pair of increasing 
(coordinatewise) functions f and g on )RD we have 

Cov(/{X),g(X.)) ~ 0. 

ii. Pairwise Positive Associated {PPA) if for eve1'J,I pair of its distinct coor­
dinates is positive associated. 

One another notion is of totally positive functions. 

Definition 1.3 (Karlin and Rinott{1980}a, b} Let f : RD ➔ R be a non­
negative function. 

i. We say f is a multivariate totally positive function of order 2 (MT P'J} if 

f (x V y)f (x A y) ~ f (x)f (y) 

for any x and y in JRD and 

x V (A)y = 
(max(min){x1, y1}, max(min){x2, !12}, ... , max{min){xn, Jin}). 

When n = 2 we say f is totally positive function of order 2 (I' P2). 

ii. We say that J is multivariate reverse rule of order 2 (M R,R-i) i,J 

/(x V y)J(x A 11) ~ /(x)/(y) 

for any x and y in RD. When n = 2 we say that f is reverse rule of 
order 2 (RR2). 
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Definition 1.4 Let X = (Xi, X2, ••• , Xn) be a random vector with density 
function fx_. We say that Xis MTP2{MRR2) if fx_ is MTP2{MR~). 

Definition 1.5 We say that the random variables X1 and X2 are PA(TP2) 

if the joint probability density function is T P2 . They are NA ( RR2 ) if the joint 
probability density function is RR2. 

Definition 1.6 (Karlin and Rinott {1980}a, Efron {196,4}} A non-negative 
function { : R ➔ R is said to be order 2 Polya frequency P F2 if the trans­
formation f : R2 ➔ R defined by 

f(x1,Y1) := {(x1 -y1) is TP2, 

Definition 1.7 {Block, Savits, Shaked {1982)) Let f : nn ➔ R be a non­
negative function. 

(i) We say that f is pairwise RR2 if f is RR2 when n-2 other coordinates 
are arbitrarily fixed. 

( ii) We say that f is pairwise T P2 if f is T P2 when n-2 other coordinates 
are arbitrarily fixed. 

Definition 1.8 (Karlin and Rinott {1980}b) We say an MRR:,. junction 
f : nn ➔ R is strongly M RR2 denoted by "S-M RR2 " if for any set of n 
PF2 functions {{i}:=l , and for each j $ n, a funfiio: 

is M RR2, whenever the integral exists, where, { i1 , ···,in} is any permutation 
of {1, .. •,n}. 

Definition 1.9 (Karlin and Rinott (1980}a) Let f 1 and h be two probability 
distribution functions in nn. If for every ~ E nn, y E nn, we have 

then we say that, h >TP2 Ji. 
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In Joag-Dev and Proschan. (1983) several examples of NA random vectors 
are presented also exhibiting the S-M RR.-i property. Some of the those exam­
ples are (a): Multinomial, (b): Multivariate Hypergeometric, (c): Dirichlet, 
(d): Dirichlet composed with the Multinomial and (e): Permutation invari­
ant measures. Other approachs are considered in Block et al.(1982) featuring 
(a), {b), (c), (d) and (f}: Multivariate Normal with special structure of co­
variance, as examples of pairwise RR2 densities and consequently exhibiting 
S-MRR2 property. Karlin and Rinott (1980)b presented elaborated proofs 
that (a), (b), (c), (f) and (g): Multivariate Hahn distribution, are S-MRR2 
densities. 

With respect to positive dependence the available literature is more ex­
tensive and more profound as can be seen in Karlin and Rinott (1980)a. 
There, a number of MT P2 densities can be found including the multi-normal 
distributions (for instance, X. ~ N(Q, E), with the off-diagonal elements of 
-E-1 being non-negative) as well as the proof that independent random 
variables have MT P2 joint probability density functions. Other examples of 
MTP2 distributions functions are (i): Multivariate Logistic, (ii): Multivari­
ate gamma, (iii): Multivariate F, (iv): Multivariate absolute value Cauchy, 
(v): Negative Multinomial. 

In order to properly understand what we mean by the advantages of a pos­
itive frame over a negative one we refer to Theorem 2.1 of Karlin and Rinott 
(1980a, p. 475) which states that if four non-negative functions satisfy: 

fi(~)/2(1/) $ fa(~ V 1/)f-&(;&./\ 1{), 

for every ~. 1l E R"; then, 

L:00 li(~)d;c_ L:00 hfa:)~ $ L: h(~)~ L: J.( .. )d._. 

Such result guarantees that T P2 positive dependence is preserved after mar­
ginalization, i.e., under the hypothesis of the theorem one guarantees: Vz_, y E 
Rk, -

'Pl (~)'P2(1i) $ cp3(~ V lO'P•(~ I\ 1[), 
where, 

'Pi(x;11 · · ·, x;.) := l · · · k /i(11.)dx;H1 · · · dx;,., i = 1, · · ·, 4, 

ii $ · · · $ it, k < n, and the set of remaining indices {i1, ·••,it} (with re­
spect to { 1, · · · , n}) is: {ik+h · · ·, j 11} [Karlin and Rinott(1980)a, Proposition 
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3.1] which means that the order >TF1.a is still preserved after marginalization. 
Moreover, the last proposition is also true for MT P2 functions allowing to 
state that if f is a MT P2 function on Ir, then the function <.p defined on Rk 
as 

ip(x1, · · ·, xk) := l · · · l /(xi,·· · , xk, Xk+1, • • ·, Xn)dxk+l · · · dxn, 

is MTP2 [Karlin and Rinott (1980)a, Proposition 3.2]. Therefore, every 
marginal sub-vector from an MTP2 vector turns out to be MTP2• This ends 
up being one of the most transcending properties of the MT P2 condition. 
Otherwise, for negative dependence, if we try repeat the sequence of im­
plications aiming to reach the preservation of the M RR2 condition after a 
marginalization then a failure is the result. To see this, it is enough to 
cite the example in Karlin and llinott (1980}b, namely, set /(x1, x2, x3) = 
exp[-x3(x1 + x2)], so that / is M RR2 for xi > 0, i = 1, 2, 3. However, the 
margin 

is not RR2, 
Under another viewpoint, the difficulties which appear to a negative struc­

ture, as well as to positive ones, are produced by terms in agreement and 
disagreement, respectively, among the random variables. Dealing with agree­
ment among random variables we make use of dependence types which con­
nect them. From this, more appropriate concepts for dealing with such terms 
appear. 

Definition 1.10 (Joe {1997}}A random vector X = {X1,X2) with c.d.f. F 
i., "Stochastically Decreasing {Increasing)" on Xi, {or the conditional distri­
bution F211 is "Stochastically Decreasing {Increasing)"), if 

P(X2 > x2IX1 = x1) = 1- F211(x2lx1) ,l. (t) on x1 Vx2, 

i.e., 
F211(x2lx1) t (,l.} on X1 Vx2 

where F211(x2lx1) = P(X2 ~ x2IX1 = x1)- Notation: X2 SD(SI) Xi. 

Definition 1.11 (Joe {1997}}LetX = (X1, · · · ,X,.) be a random vector with 
c.d.f. F. We say that, X is "Positively dependent through an stochastic or­
der" {P DS) if the conditional distribution of { Xi : i i: j} given X; = x is 
stochastically increasing on x for every j = 1, · · · , n. 
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Definition 1.12 { Joe {1997}} Let X. = (Xi,···, Xn) be a random vector 
with c.d.f. F. We say that, X. is "Negatively dependent through an stochastic 
order" {NDS} if the conditional distribution of {Xi: i 'I: j} given X; =xis 
stochastically decreasing on x for every j = 1, · · ·, n. 

Definition 1.13 { Joe {1997}} Let X. = (Xi,···, Xn) be a mndom vector. 
We say that X. is "Conditionally Decreasing {Increasing) in Sequence", which 
we denote by CDS(CIS), if Xi is Stochastically Decreasing (Increasing) on 
Xi,···, Xi-1 for i = 2, · · ·, n, i.e., 

P(Xi > xilX; = x;,i = 1,··•,i-1) .J.. (t) on x1,···,Xi-1 Vxi. 

During this work - unless previous specification - we assume that the order 

on R", is the partial usual order, i.e., {Xt ~ Xt, k E {i1, • • ·, i,}} means that 
for every k, x. ~ x,., k E {i1, • • •, i,}. 

Definition 1.14 {Joe {1997)) Let X. = (X1, X2) be a random vector with 
c.d.f. F and marginal distributions F., i = 1, 2. We say that, X2 is "Right 
Tail Decreasing {Increasing) on X1 ", if 

F(x1,x2) 
P(X2 > x2IX1 > x1) = Fi(xi) .J.. (t) on X1 Vx2, 

where F(x1,x2) = P(X1 > x1,X2 > x2). 
Notation: X2 KI'D X1(X2 Kl'/ X1). 

Definition 1.15 {Joe {1997})Let X = (X1,X2) be a mndom vector with 
c.d.f. F and marginal distributions F., i = 1, 2. We say that, X2 is "Left 
Tail Increa3ing {Decreasing) on X1 ", if 

( 
F(x1,x2) 

P X2 :5 x2lX1 ::; x1) = Fi(xi) t (.J..) on xi Vx2. 

Notation: X2 LTI X1{X2 LTD X1). 

Definition 1.16 {Joe {1997})LetX ={Xi,••• ,Xn) be a random vector with 
c.d.f. F. Xi is RTD(RTI) on X;, i E Ac, j EA, if 

P(Xi > X;, i E AclX; > x;,i EA) .J.. (t) on x;, j EA, Vxi, i E Ac 

where, A is a non-empty set of {l, • · ·, n}. 
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Definition 1.17 ( Joe {1997)) Let X = (X1, .. ·, Xn) be a random vector 
with c.d.f. F. X; is LT/ (LTD) on Xi, i E Ac, j EA, if 

P(X; $ x;,i E AclXi $ x3,j EA) t (i) on Xj, j EA, Vx;, i E Ac 

where, A is an non-empty subset of {l, • • •, n}. 

Joe(1997) shows in the bivariate case a connection between T P2 p.d.f. 
and PA random variables, namely, that T P2 p.d.f. implies PA random vari­
ables. Before that, Joag-Dev and Proschan (1983) had already proved that 
in the bivariate case RR2 p.d.f. implies NA random variables. 

From interpretations and results in Karlin and llinott (1980)a, b it is 
possible to notice the reaching and the advantages of a positive structure 
as compared to a negative one. Among other points, it plays a special role 
the might of establishing in the multivariate case, what are the conditions, 
under an appropriate action, to transform a multivariate negative (or mixed, 
positive and negative) structure into a positive one. 

Before going ahead we give some more definitions. 

Definition 1.18 {Lehmann {1966)) Let X and Y be two random variables. 
We say that they are negative quadrant dependent {positive quadrant depen­
dent), on short, NQD (PQD), if for every pair (x,y) of real numbers we 
have 

P(X $ x, Y $ y) $ (~)P(X $ x)P(Y $ y). 

Definition 1.19 (Karlin and Rinott {1980}a, b} Let Xi, X2, • • ·, Xn be ran­
dom variables. We say they are negative upper orlhant dependent {positive 
upper orthant dependent), on short, NUOD (PUOD), if for every n-ple of 
real numbers (x1,x2, • • • ,xn), we have 

n 

P(X; > X;, i = 1, · · ·, n) $ (2"..) IJ P(X; > x;). 
i=l 

We say they are negative lower orthant dependent (positive lower orthant 
dependent), on short, N LOD (PLOD), if for every n--ple (xi, x2, · · ·, Xn), it 
holds n 

P(X; $ x;, i = 1, · · ·, n) $ (;?:) II P(X; $ x;). 
i=l 

Definition 1.20 (Karlin and Rinott {1980}a, b} 
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(i} We say that random variables are negative orthant dependent, denoted 
by NOD, if they are NUOD and NWD. 

(ii} We say that random variables are positive orthant dependent, POD, if 
they are PUOD and PWD. 

Note that when n = 2, as in this case, NWD => NUOD, 

NOD= NQD and POD = PQD. 

We extend some relationships known to hold among positive dependence 
concepts to the case of negative dependence. Then, we study situations where 
it is possible to transform a mixed - positive and negative - structure to an 
entirely positive one. Ultimately, here, we search when mixed dependent 
structures can share properties solely exhibited by positive structures, taking 
advantage of a positive frame. All of those are done in Section 2. Finally, 
we study T P2 and RRJ type dependence in the context of predictive and 
response variables aiming to bring an usual Euclidean order among predictive 
variable values when an T P2 order holds for a posteriori densities of the 
response variables. This is done in Section 3. The proofs of the results are 
given in Section 4. 

2 Relationships among dependent structures 

2.1 Bivariate dependency 

It is known [H. Joe (1997), Theorem 2.3 ] that for bivariate vectors with 
positive dependence structure, 

If (Xi, X2) has T P2 p.d.f. then X2 SI Xi. Consequently, X2 LTD Xi and 
X2 KI'I X1 hold; any of the last two implies (Xi, X2) i., PA which on it.! tum 
implies PQD. 

On the other hand, if (X1,X2) has TP2 p.d.f. then its c.d.f. is TP2 as 
well as its survival function. Moreover, TP2 p.d.f. implies X 2LTDX1 and 
TP2 survival function implies X 2 RTI Xi. 

The SD notion represents a negative dependence condition since X 2 is 
less probable as X1 increases. The NDS and CDS notions try to generalize 
the SD concept. The RTD and LTI concepts can be fitted inside negative 
dependence. In the first one, X2 is less probable as much as X1 takes large 
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values, which means X2 rarely takes large values in this cMe. In the second 
one, X2 becomes more probable as X 1 increases, but X2 can only assume a 
certain value x2, 

In the following theorem we establish relationships to negative depen­
dence equivalent to the ones existing for positive dependence. 

Theorem 2.1 {a) (X1,X2) with RR2 p.d.f. => X2SDX1; 
{b) (X1,X2)NA <=> (X1,X2)NQD; 
{c) RR2 p.d.f. => RR2 c.p.f. and RR2 suroival function; 
{di}R~ c.p.f. => X2 LTI X1, and 
{d-i)RR2 suroi.val function implies X2 RT D X1. 

The following proposition establishes which are the conditions on a den­
sity probability function so that the related (X1, X2) is NA. 

Proposition 2.1 (X1, X2) is RR2 => X1 and X2 are NQD <=> X1 and X2 
are NA. 

Note that in the bivariate case we have that NUOD and NWD are 
equivalent, both together being called NQD and NQD is equivalent to NA, 
[Joag-Dev and Proscham(1983)]. Moreover, from [Karlin and Rinott(1980)b 
p. 505], we can conclude that R~ p.d.f. implies NQD proving the previous 
proposition. Contrary to the bivariate case, the equivalence between NUOD 
and N LO D is not true in higher dimensions as can be seen from an example 
in Ebrahimi and Ghosh (1981). 

Diagram 2.1 : Relationships among positive dependencies, bivariate case 

f TP. [ Fx1,x2 TP2 ===} X2 LTD X1 
X1,X2 2 ===} Fx

1
,x

2 
TP2 ===} X2 RTI X1 

JJ. 
X2 SI X1 

JJ. JJ. 
X 2 LTD X 1 X2 RTI X1 

.IJ. 

PA 

.IJ. 
PQD 

JJ. 
PA 
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Diagram 2.2 : Relationships among negative dependencies, bivariate case 

[ 
Fx1,x2 RR-i ===? X2 LTI X1 

NQD <== /x1,x2 RR2 ===? "'R 
l:' x1,x1 R~ ===? X2 RTD X1 

2.2 Multivariate dependence 

[H.Joe {1997)-Theorem 2.4, p.27] brings together PA,PUOD, PWD, PDS, 
CI S concepts giving a global idea of the strongness of each concept compared 
to the other ones. From there we know that every sul>-vector from a PA vec­
tor is PA; if one random vector is PA then it is PUOD and PWD simulta­
neously. On the other hand, PDS implies PUOD y PWD simultaneously. 
Finally, if a random vector is CI S then it is PA. 

Similarly, some of those results are true for negative structures. Every 
sub-vector from a NA random vector is NA [Joag-Dev and Proschan{1983), 
p. 288; Kim{1995), p. 852); NA implies NUOD, NLOD simultaneously 
(Joag-Dev and Proschan {1983), p. 288]; NA does not imply CDS [Joag-Dev 
and Proschan {1983), p. 291];p.d.f. S-M~ implies NUODandNWD 
[Karlin and llinott(1980)b, p. 505]. 

In order to get a similar diagram to negative structures we prove the 
following proposition. 

Proposition 2.2 NDS =} NUODandNWD; 

Diagram 2.3 : Positive dependency, multivariate case 

CIS 

,IJ. 

PA 

,IJ. 

p DS ===? I PUOD PLOjj 



Diagram 2.4 : Negative dependency, multivariate case 

CDS 

NDS ~ , NUOD NLOD I <= fx1 ,x2 S - MRR2 

2.3 Mixed structures of dependencies 

In order to learn under what conditions we can transform a mixed (pairwise 
PA and NA)structure into a PA or (exclusive) NA one, we have to base in 
the following facts: 

Remark 2.1 If (X1,X2) has TP2 p.d.f. fx 1,x2 then X1 and X2 are PA 
[Joe{1997}}. 

Remark 2.2 If (X1,X2) has RR2 f .d.p. fx 1 ,x2 then X1 and X2 are NA 
{Proposition 2.1}. 

Theorem 2.2 Let X = (X1 , X2) be a random vector with RR2 p.d.f. ix. 
andY = 11(X), where 11(x1,x2) = (111(x1),112(x2)), whose coon:linates171,1J2 
are differenciable, invertible and disagreeing (i.e., when one of them increases 
then the other one decreases). Then the r p.d.f. fr. is TP2 • Consequently, 
r is PA. 

Let us examine (X1,···,Xk), variables satisfying pairwise PA(TP2) or 
N A(RR2) conditions. 

Claim 1. If X1,X, s =/: j 0 , s = 2,··•,k are PA(TP2) and Xi,X;o are 
NA(~) then we can construct a variable 11;0 (X;,,), so that, 

X.,17;0 (X;0 ), l $ s < io are PA(TP2) and 
11,0 (X;0 ),X,, io+1$s$k are PA(TP2). 

Analogously, 
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Claim 2. If 

X,,X;0 NA(RR2), s = 1, · · · ,jo -1; 

X;o, Xt N A(RR2), t = io + 1, · · ·, k; 

X,,X; PA(TP2), i -::/:- io -::/:-j, i -::/:-j, 

then we can construct k - 1 variables 17,(X,), i-::/:- jo, so that, 

11,(Xi),11;(X;) PA(TP2), Vi,j -::/:- io; 
17,(Xi),X;0 PA(TP2), i = 1,··•,jo -1; 

X;0 ,11;(X;) PA(TP2), j = io+l,•··,k. 

In both cases, X;0 is the variable which brings negativeness to the random 
vector. Note that the goal in both two previous claims was to get a positive 
structure. That is not by chance. It is because the positive structure is 
better known besides of giving some advantages compared to the negative 
structure. 

The idea in the previous results is to conditioning the behaviour of the 
joint density in order to offer favorable conditions to do the transformation. 
The required condition admits just one variable in disagreement to the other 
variables in the random vector. 

Theorem 2.3 Let (X1,··•,X;0 ,••·,X,:) be a random vector such that the 
marginal densities /1,; are T P2 Vj -::/- jo, j = 1, · · ·, k; and fiJo is RR,z. 
Moreover, suppose that for 2 ::S s < io, io + 1 ::St ::S k, the margins Ji~,;0 and 
/i,;0 ,t satisfy: 

{i)/i~,;0 {x1, x., x;0 )/1,.,;o(x'i, X., r;0 ) 

::S li,.Jo(X1 V x'i, x, V X., x;0 A xj0)/i,,,;0{x1 A x'i, x, AX., Xjo V r;0), 

( ii)/i,;0 ,t(X1, X;0 , Xt)fiJo,t(x'i, X;0, xD 
::S /i,;0 ,t(X1 V x'i, X;0 A X;0 , Xt V xD/i,;0 ,c(X1 A :Jfi., Xj0 V X;0 , Xt Ari), 

respectively. Under such conditions, if 11;0 : R -+ R is decreasing, invertible 
and differentiable, then 

(a)(X,,11;0 (X;0 )) has TP2, p.d.f. fx.,ri;g(XJo>• 1 :$: s < io 
(b)(11;0 (X;0 ),Xc) has TP2, p.d.f. /r,;g(XJo),Xe, io + 1 ::St ::S k 

Notation: 

J,,;,1,;(x;,x;,x1c) := /x;,XJ.X•(x,,x;,x1,;), /i,;(x,,x;) = /x;,X;(x,,x;), 

12 



Corollary 2.1 Let (X1, • • ·, X;0 , • • •, Xk) be a mndom vector so that the 
marginal densities f;J satisfy, 

faJo is RR2, 'v'l :5 S < Jo, 
/;0 ,t is RR2, Vjo < t :5 k, 

fiJ is T P2 , 'v'J =/:- j 0 , j = 1, · · ·, k. 

Under such conditions, if 1730 : R --+ R is decreasing, invertible and 
differentiable, then 

(a)(X,, '1io(X30 )) has TP2 p.d.f. /x,,r,io(Xfo), 1 :5 s < Jo 
(b)(17;0 (X;0 ),Xt) has TP2 p.d.f. fr/fo(X;o),Xe, Jo+ 1 :5 t :5 k. 

Remark 2.3 When only one variable is responsible for the negativeness of 
the random vector then we can get a positive random vector which is "equiv­
alent" to the initial vector. 

The point in the following theorem consists in visualizing a decomposition 
of the density function of the random vector into factors f = hk. From that 
it is possible to visualize the unique component of the vector in disagreement 
to the other.s. 

Theorem 2.4 LetX =(Xi,··· ,X10 , • • • ,Xk) be a random vectorwithp.d.f. 
given by 

fx1 , ... ,xfo,·•,X•(x1, · · ·, Xj0 , • • ·, Xt) = h(xi, · · ·, Xj0 -1, Xj0 +1, · · ·, Xk)K(x1, x;0 ), 

where K is AA, and h satisfies the following condition: 

( · ") / h( (,-l) (k) )d( (a-l) (k) ) • 0 TP. h · bl X X iii u, x(2) , v, x(Hl) x(2) , x(•+l) .., 2 on t e vana es 1, ., 

V 3 :5 s < Jo or Jo + I < s < k - 1 and 

f h(u,x~!)1>,v)d(x[!t)) is TP2 on the variables X1,Xt­

Then, 

fx1,x. is TP2, Vs=/:- Jo, s = 2, · · ·, k and fx1,xio is R/ii. 
In such context, if 1/io : R --+ R is decreasing, invertible and differentiable 

then, 

(a) (X., 11;0(X30)) has TP2, p.d.f. fx.,flj
0

(X;
0
), l :5 8 < Jo, 

(b) (1730 (X;0 ), X,) has TP2, p.d.f. fri,
0
(x;

0
),x., Jo+ 1 :5 s :5 k. 

where x~] = (x;, Xi+1, · .. , xi)· 
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2.3.1 Mixture of associations, an example 

Example 2.1 If (Xi, X2 , X3 , X,) has distribution N,(0., E), where 

E = 1.40 
( 

0.60 0.20 -0.03 0.32 ) 
-0.01 0.74 
1.24 -0.02 ' 

1.25 

then the distribution of X. can be put as a product of a Ns(Q, Ei) and a 
N2{il, E;), ie, 

/(X1,X2,Xa,X4) (x1, X2, X3, X4) = Co/{X1 .X2.X4) (x1, X2, x,) f{x1 ,Xs) (x11 X3) 

where 

_ * ( 1.50 0.50 0.80 ) • ( 1.00 -0.05 ) 
Co is constant, E1 = 1.50 0.90 , E2 = 

1.50 1.24 

and 
(X1,X2,X,) has distribution Na(.O.,Er), MTP2 

(X1, Xs) has distribution N2(0., E2), ~-
The just given example can be shown to satisfy the hypothesis of the com­

ing proposition. We would dare to say that the kind of structure presented 
in the example would be more frequent in the daily practice than the one 
involving homogeneous dependencies (totally positive or totally negative). 

Proposition 2.3 Let X = (X1, · · ·, X;o, · · ·, Xt) be a random vector with 
p.d.f. given by, 

/x1, ... ,xJ0, ... ,x. (x1, · · ·, x;0 , • • ·, Xt) = h(x1, · · ·, X;o-1, x;0+1, • • ·, Xt)K(xi, x;o), 

where K is JlR.i and h is MT P2; then, 

• fx1,x. is TP2, Vs =I- io, s = 1, · · ·, k and fx1,x10 is JlR.i. 

Under such hypotheses, if 7J;0 : R ➔ R is decreasing, invertible and 
differentiable, then, 

(a)(X., 1J;0 (X;0 )) has TP2 p.d.f. /x.,.,J
0

(XJol• 1 :5 s < io 
(b)(1J;o(X;0 ),X,) has TP2 p.d.f. J.,Jo(x10J,x., jo + 1 :5 s $ k. 
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2.4 Positive association invariance 
We write down this section using MT P2 vectors since such condition is 
stronger compared to the others positive dependence structures. The MT P2 
condition is preserved by agreeing transformations, that is to mean, if l'.'.: is 
MT P2 and /, g are agreeing monotone functions then 

Cav(/(l'.'.), g(l'.'..)) ~ 0 

The hypotheses off and g can be modified through the use of T P2 order. 
Such modification is seen in the next proposition. 

Proposition 2.4 Let i: be a mndom vector with T P2 p.d.f. fr and h >TP:i 
/ 1, two functions, / 1 being non-negative, monotonically increasing, then, 
Cav(/1 (Y), h(Y)) ~ 0. 

If (X1, • · •, XA:), k ~ 3, is a PA random vector and / : RA:-l ➔ R is 
increasing, then X1 e f (X2, · · ·, Xk) are PA random variables. The way to 
see this is to use the following remarks. 

Remark 2.4 T.. = (T1 , · • · , Tn) (not necessarily binary) is PA if and only if, 
to every pair of binary, increasing functions r and .to, we have, 

Cav{r(T..), .t-(1:)} ~ o. 
Remark 2.5 Let S and T be mndom variables with finite E(S), E(T) and 
E(ST). Givens and t arbitmry values on the images of S andT respectively, 
let us consider Xs(s) := J{S>•} and Xr(t) := J{T>t} as the indicator junctions 
of the sets {S > s} and {T > t}. Then, 

Cov{S,T} = 1_:1_: Cov{Xs(s),XT(t)}dsdt. 

Remark 2.6 Increasing functions of PA mndom variables are PA. 

Remarks 2.4, 2.5 and 2.6, can be found in [Barlowe Proschan{1981), p.30]. 
For the use we will done of them we will prove Remarks 2.4 and 2.6. 

Application 2.1 If (X1, X2, X3) is PA, f; : R3 ➔ R, i = 1, 2, so that 
fi(u,v,w) = u, h(u,v,w) is a increasing/unction ofv andw, not depending 
on u, (with abuse of notation, h(u, v, w) = h(v, w)). 

Define, 

S.:= (S1,S2) = (/i(X1,X2,X3),h(X1,X2,X3)) = (X1,h(X2,X3)). 

Then ti is PA. 
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Definition 2.1 Leth : R2 ➔ R be an increasing function which takes the 
pair ( u, v) into a real number z. Suppose that, once we fix the first coordinate, 
it is possible to well define an inverse function h-;;1 : R ➔ R so that for each 
z E R, h;1(z) = v, and h(u, v) = z. Suppose that :! exists. 

Proposition 2.5 Leth: R2 ➔ R be increasing, satisfying Definition 2.1 .. 
Let us consider the random vector (X1,X2,Xa) so that (X1,Xa) is PA. If 

/x1,x1 (x1, hC:{(z)) >TPJ(·) : (·, hC:{(z)), 

for every xi in the image of X1 and(·) in the image of X2, z ER. Then Xi 
and h(X2,X3) are PA. 

Example 2.2 : Let (X1,X2,X3) be a vector whose coordinates take values 
on [a, b], [1, 2], [2, 3] respectively. For sake of simplicity we assume O < a < b. 
Suppose that the p.d.f. of (X1,Xa) is given by /x1,x1 (u,v) = cveuv, for u E 
[a, b] and tJ E [2, 3], and otherwise, defined as 0. 

We take h : R;,0 ➔ Rf, as h(x2, x3) := x~ + t's· Note that 

oh 
-
0 

{x2, x3) = 2xs; h;21(z) = (z - :c~)½, X2 fixed. 
X3 

Moreover, /x1,x1 is TP2 and 

or equivalentl11 

3 Pairwise TP2(RR2) Condition, Joint Distri­
bution and Bayesian Prior /Posterior Oper­
ation 

We stick to the following notation: 
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8 is the response variable, taking values on R 
X = (Xi,···, X1:) is the data vector, X E RI:, prediction variables 

/i p.d.f. of Xi, i = 1, · · ·, k, 

where 

/8,i joint p.d./. of 0 and Xi, i = 1, • • • , k, 
fe,1, ... ,k p.d.f. of 0 and X 

/(Xil0) is the likelihood function 
f (Xl0) likelihood function 

~{0) a priori p.d.f. of 0 
~*(0IX;) a posteriori p.d.f. of 0 
~•(0IX) a posteriori p.d.f. of 0 

e*(0IX,) = !Bfi~i~;) = H(Xi)f(Xil0){(0), 

H(Xi) := (j f(X;j0)!(0)d0t 1
• 

Therefore, ifwe set K(X;) := /i(X;)H(Xi), then the joint density function 

can be written as 
fe,i(0, X;) = K(X;)f(X;l0)~(0). 

From there it is easy to conclude that /9,;(0, X;) is T P2 if and only if, / (X,10) 
is T P 2 , when we see the last / as a function of(} and Xi. 

Finally, 

C(0IX,) is TP2(0,X;) # /11,i(O,X;) is TP2(8,X;) # 

/(X,10) is T P2(0, X,), i = 1, · · ·, k. 

Following this line of thinking, 

= /11,1,---,1.(0, X) 
/i,. .. ,1.(X) 

= H(X)J(Xl0)~(0) 

H(X) .- cf 1cx10>{co>d8)-1 

and we can conclude that 

~*(0JX) is TP2(8,Xi) ¢:> /,,1,. .. ,1.(0,X) is TP2(8,X;) ¢:> 

f(XIO) is TP2(0, X,), l $ i $ k. 
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Analogous conclusions can be obtained for the pairwise RR2 condition. 
In order to study the modifications brought in the a. posteriori distribution 

of the response variable fl., when the predictor vector is changed, we have to 
consider (} as a vector !!. = ( 01, · · · , 0n) taking values on R". 

Theorem 2.1 and Proposition 2.1 in Karlin and runott (1980)a. are the 
bases for the proofs of the three theorems in this section. The Theorem 2.1 
has already been stated. For the sake of completeness we state the proposi­
tion. 

Let f (~) be pairwise T P2 function for:&. E Rn, and suppose that f (~) f (llj -::/- 0 
implies f (y_) f (u) -=I- 0 'v ~. 1l E R", ~ A 1l. :5 .u., ll. :5 ~ V 1l.· Then, 

f (:I.)f (J/) :5 f (~ V llj/(~ A llj, 'v;&., 1l E R" -

Although the results we present in this section are in spirit close to the 
line of the following theorem, the tools used in the proofs are different. 

Theorem 3,1 (Fahmy et al. {1982)) If 

/c 

€*(fllX) = H(X) fi 9i(Xi, (Ji)C(fl); 

g, 

g, 

C(!l) 

TP2 on 

PF2(0i) 
S-MRR2 

i=l 

(Xi,01) Vi= 1, · · · ,k; 
for X, fixed; 

If X =(Xi, ... ,XA:), X' = (Xf,· ··,XD, wherex: = x., x; ~ X;, 
j = 1, · · •, k j -::/- i, then 

{;(0,IX)) >T.l'J(B;) {;(01IX'), 

Jori fixed, one i E {1, .. ·,k}. 

The results we have are 

Theorem 3.2 If 
le 

{*(fl.IX) = H(X) II 91(X1, 0,)C(D.), 
i=l 
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9i TP2 on (Xi, Oi), Vi= 1, · · ·, k. 

C(/!.) so that Vj and for every pair of vectors/!. and fl 

where (/!.)u = Ou and (fl)u = 0:,, u = 1, · · ·, k satisfy 

(C) C(!l)C(fl) ~ C(oriti v o'c½-1>, 9; "fl;, 0tLi v n'Jt>) 

c(0Pi>1
' A e1i_u-1>, o; v fl;, o~L, I\ o'J~1i)· 

Then, if X and X.', (X)u = Xu, (X.')u = X~, u = 1, · · ·, k, are so that 

X~=Xufor u·<j, X1>X; andX~~Xufor u>j;jE{l,, .. ,k} 

then it fallows that, 

(A.1) 

(A.2) 
{i,. .. J-1 (91,'' ·, 8;-11.X.) >TJ"J(81,···,BJ-1) 

et .. J-1(01, .. • ,o;-1IX'), i e {2, ... , k}; 

(A 9•1 ~• (n(i-1) 9(1:) )IX.) 
· I <,1,---J-lJ+l,···.k 17(1) ' (j+l) >T}"J(8Xj'°1>,1tt)) 

In the previous theorem we have in the involved vectors X. and X.' a dis­

agreeing relationship on the ordering of their components, with the j-th co­

ordinate presenting the disagreeing behaviour among the coordinates in the 

set {j + 1, • • •, k }. Shortly speaking, the coordinates in this set determine the 

ordering shown by the a posteriori density, as can be seen in A.l, A.2, A.3. 

However, we cannot forget that the involved likelihood is essentially posi­
tive (gi being T P2 and C counteract the disagreeing influence of the j-th 

coordinate.). 

Theorem 3.3 Set 

" C(fllX) = H(XJ ITg;(X;,O;)C(fl). 
i=l 
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Suppose that 3j, so that 

9; isR~(X;, 9;), Ui isTP2(Xi, 9i) 'r/i-# j, i = 1, · · ·, k 

and let C to be MTP2({l). Then, if 

and 
X' = (X~, ... , x;_1, x;, x;+1, • • •, XD 

whereX: :5 Xi 'r/i =I j, X12:::: X;, one concludes that 

In the previous result the vectors present the following relationships 

Xi ? X; y X~ :5 x. for u =I j, jfixed 

which means every coordinates, but the j-th one, are on agreement, this 
fact being portrayed by their a posteriori density being T P2• The disagreeing 
action of the j-th coordinate is counteracted by the agreeing behavior of the 
other coordinates plus the fact of 9; being~- This way, the a.ction of C 
can be seen to end up in the result of the previous theorem. Next, we present 
a direct generalization of such result. 

Theorem 3.4 

le 
{·(fllX) = H(X) II Ui{Xi, (Ji)C(fl) 

i=l 

g; is R~(Xi, Oi) 'r/i = 1, · · ·, j, 9i is T P2(X;, O;) 'r/i = j + 1, · · ·, k, 
C is MT Pl(fl). 

Then, if 

and 
x:._ =(XL••• ,x;_1,x;,x;+1,. • •,XD 

withX[? X; 'r/i = 1, • • · ,j and X[ :5 X, 'r/i = j + 1, • · ·, k, we have that 
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Example 3.1 (Multivariate Normal Distribution) Assume that X is a 
k-dimensional random vector, with independent Xi, i = 1, · · ·, k coordinates. 
Suppose that for every i, 8; := E(X;) is unknown, while af := V ar(Xi) is 
known. We have, 

f(Xlfl.) 

h(X.) 

= IEl-½exp (- (X - fl.)t 1~1-1 (X - fl)) 
= h(X)g(X,fl.) 

" -X~ .- !! exp 2af 
" X;8; " -0t 

g(X,fl.) := II exp- 2 II expT2 
i=l a; i=l a; 

Claim: his MTP2(X) and g is MTP2(XA)-

The ingredients in the proof that g is MT P2 ( X, H..) are given next, 

" g(X,fl.) = II g;(X;, 8;)D(fl.), 
i=l 

g;(X;, 0;) 
X/J; 

exp a~ 
• 

" D(fl.) .- II D;(8;), 
i=l 

D;(9;) 
-Bl 

. - expT2 . 
a; 

It goes like: D(fl.) is pairwise T P2, while Ilf=1 g;(X;, 8;) is TA on the 
pairs 

(X., X;), (8,, 0;), (X,, 9;), j -::/: s. 

Hence, g(X, fl) is pairwise T P2, but as in our case g(X, fl) -::/: 0, by Proposition 
2.1 in Karlin and Rinott {1980}a it results that g, is MTP2 • Using the same 
proposition we can prove that h is MTP2. 

Application 3.1 of Theorem 9.2 
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The a posteriori distribution is given by, 

k 

e*(fl.lX) = H(X..) II 9i(Xi, Oi)C(!l) 
i=l 

k -0~ 
where C(fl.) .- e(!l) II exp 

2 
; 

i=l qi 

and H(X..) .- h(X..)(j I (Xlfl.)e@c@-1 

Hence, in order to verify (C} in Theorem 3.2 on C is equivalent to verify 
(C) one. We assume as the a priori distribution for!!. a Normal vector with 
means Q and the covariance matri:c given by the identity I. We get 

k -0~ 
e(!l> ex II exp{ -t} 

i=l 

which satisfies ( C}. 

4 Demonstrations 

4.1 Proof of Theorem 2.1 

(a): Given x < x', to check that P(X2 > vlX1 = x) ~ P(X2 > yjX1 = x') is 
equivalent to prove that 

roo roo roo r+oo 
J, J(x, z)dz Loo f(x', w)dw ~ J, f(x', z)dz 1_

00 
f(x, w)dw 

or 400 L:00

[/(x, z)f(x', w) - f(x', z)f(x, w)]dwdz ~ 0, 

where f is the joint p.d.f .. Now, we know that, if w ::5: z, then 

f(x,z)f(x',w)-f(x',z)f(x,w) ~ 0, 

therefore, it follows that 

f(x,z)f(x',w)- f(x',z)f(x,w) ~ 0, V(z,w) E (y,oo] x (-oo,y], 
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and then, 

{'° J:)f(x, z)f(x', w) - f(x', z)f(x, w)Jdwdz ~ 0. 

Notice that 

/oo /,+oo Iv 
11 

[f(x,z)f(x',w)-f(x',z)J(x,w)Jdwdz ~ O. 

(b): (=>): it is right away from the definitions. 

( ¢:) : we prove the statement for indicator functions: Let A and B be 
Borelian sets on the real line. Whenever IA(x) and J8 (y) are agreeing func­
tions, as X and Y are NQD, we have 

As a direct consequence, given two collections of values {xi}:11 {11;}j=1 

and Borelian sets on the line, {A;}:1, {B;}1=1, respectively, it follows that 

Hence, the statement bolds on the space of simple functions. 
Consider now two Borel-measurable, monotonically increasing, non-nega­

tive functions,/ and g. The usual Monotone Convergence Theorem together 
with [Ash(l972), Theorem 1.5.5, p. 38] completes the proof of the statement. 

Finally, for general Borel-measurable functions, the decompositions / = 
1+ - 1- and g = g+ - g- where 1+, 1-, g+, g- are non-negative, monotone, 
Borel-measurable functions, takes care of the rest, since 

E{j+(X)g+(Y)} S E{j+(X)}E{g+(Y)}, 

E {r(X)g-(Y)} s E {r(x)} E {g-(Y)}, 

for the involved functions, J+ = f V 0, g+ = g V 0, are agreeing and 

E {J+(X)g-(Y)} ~ E {l+(X)} E {g-(Y)}, 

E {r(X)g+(Y)} ~ E {r(x)} E {g+(Y)}' 
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for the two involved functions, J- = (-J) V 0, g- = (-g) VO are in disagree­
ment. From there, we conclude 

E {J(X)g(Y)} $ E {f (X)} E {g(Y)}. 

Notice that, in general, NUOD and/or N LOD does not imply NA. [Joag­
Dev and Proschan(1983), p.289]. 

(c): Let us consider first the equivalence, 
Vx1 < Y1, Vx2 < y2; F, c.d.f. is AA if and only if 

F(x1, x2)F(y1, Y2) - F(x1, Y2)F(y1, x2) $ 0 

if and only if F(xi, x2)[F(y1, Y2) - F(Yi, X2) - F(xi, Y2) + F(xi, X2)] 

-[F(xi, Y2) - F(xi, x2}][F(y1, x2) - F{:t1, x2)] $ 0. 

Now, by hypothesis, we have that, 

/(81, 82)/ (ti, t2) - /(81, t2)/(t1, s2) $ 0, 82 < t2, s1 < t1; /, p.d.f. 

Given x1 < Y1, x2 < Y2 and considering, -oo $ 82 < x2 < t2 $ y2 and 
-oo $ s1 < x1 < t1 $ Y1, one can check that 

['~~ £: L:1 

L~[/(81, 82)/(t1, t2) - J(s1, t2)f(t1, s2)]dt2dt1d82d81 $ 0, 

or equivalently, 
F(x1, x2)[F(Y1, Y:2) - F(y1, x2) - F(x1, Y:2) + F{x1, :t2)] 

$ [F(xi, 112) - F(x1, x2))[F(y1, x2) - F(xi, x2)], 

from where, Fis RR2. 

{d):RR2 c.d.J. => LTI: 

F(xi, x2) F(y1, x2) 
FisRR2, if and only if F( ) $ F( ) , X1 < Y1,x2 < 112· 

X1,Y2 Y1,Y2 

If we let Y2 ➔ +oo then the previous inequality becomes 

F(x1, x2) < F(yi, x2) 
F1(x1) - F1(Y1) ' 

so that, Fj;f>) is increasing. 
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4.2 Proof of Proposition 2.2 

(c): NDS ==> NUOD: 
Given x;, x1, so that x; > xj, by hypothesis we have that 

P(X, > x,, i =I jlX; = x,) $ P(X, > x,, i =I jlX, = xi). 
Consequently, 

1:: P(Xi > x,, i =I jJX; = x)dF,(x) I;' P(X, > x,, i =I jJX; = x)dF;(x) 

1:: dF;(x) $ I:: dF;(x) 
' 

Consider j = 1 and xi ➔ -co. Then, the previous inequality becomes , 

P(X, > x,, i = 1, · · ·, n) $ P(X1 > x1)P(X, > x., i = 2, · · ·, n). 

Moreover, (X2, · · ·, Xn) is N DS and we can apply the same reasoning for 

the iterated process, i.e., 

P(Xi > Xi, i = 2, ... 'n) :5 P(X2 > X2)P(Xi > Xi, i = 3, ... ' n). 

This way, by iteration we get NUOD. 
A similar procedure proves that NDS => NWD. 

4.3 Proof of Theorem 2.2 

Let us consider Yi $ Y1, !12 $ f/2. We have to check that 

Jr.(yi, 112)/r.<v'i., y;) $ f:r.(y~, !12)f.dYi. y;) 

.. 

where y, = 7Ji(x,), i = 7Ji(Xj), i = l, 2. Checking that is the same as to verify 

/x..('711 
(y1), 'h-1 (umh('711 (YD, 'l'/i'1 (112)) ~ /x..('711 (111), ri;'(112)}/4.('l'/11M), '721 (11m 

Without loss of generality we suppose that 171 is monotonically decreas­

ing, invertible with inverse function being monotonically decreaBing. Also, 

suppose '7'l is monotonically increasing, invertible and hence, with monoton­

ically increasing inverse function. This way, as Yi $ y1 and l/2 $ r/2, we have 

that 

1/11(!11) :5 11i"1(YD, 
'121 (Y2) :5 '121 (y;)' 

and finally, as fx. is RRti,, we have the inequality. 
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4.4 Proof of Proposition 2.4 
Recall that 

(1) 

(2) 

(3) 
f 1 monotonically increasing => f 1 (u I\ .u) ~ Ii (u V .u) 

From (1)(2) and (3), it follows that, 

/1(Y.)fr(y)h(u)fr{11.) ~ fi(u v u)h(u v u)fr(u v u)fr..(11,_Au). 

Define, 

We have that, 

g;(·) .- M·)frJ) i = 1, 2, 
Ya(·) .- fr{·), 
o.C·) .- /1(·)h(·)h..(·). 

91(Y)Y2(ll) $ Yafai A ll.)94(.Y V ll.), 

so that, [Ka.rlim and R.inott(1980)a, Theorem 2.l]allows us to guarantee the 
following inequality, 

or equivalently, 

i.e., 
Cov(/1(Y), h(Y)) 2'.: 0. 
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4.5 Proof of Theorem 2.3 

Let us consider, without loss of generality, k = 4, j0 = 3. 
The proof of (a) follows from Theorem 2.2. 
(b) : /x2 ,11S(Xs) isTP2 if and only if, 
fx.,.,1s(Xs)(X2, 773(X3)}fx2,'1a(Xs)(X;, 77a(Jfa)) 

$ /x2,11s(Xs)(X2 V x~, 113(xa) V 773(Jfa))/x2,113(X3)(X2 /\ x~, 173(xa) /\ '73(x;)). 

The interesting case is when x2 $ x;, 173(x3) $ 173(xa) (i.e., xa $ x3) and in 
this case we should verify, 

f X2,'ll(Xa) (x2, 173(:z:s))f X2,'11(X1)(x;, 113(x;)) $ f X2,'ll(X1)(x;, '73(Xs))/ Xo,'11(Xa)(Z2, l'J3(zm, 

or equivalently, 

or f fx1.X2,Xa(x1, X2, xa)dx1 / /x1,x2,x3 (x1, ~. X3)dx1 

$ / fx1,X2.Xa(x1, x;, xs)dx1 / /x1,x2 ,x3 (X1, :c2, x;)dxi, 

By hypothesis, we have, 

(i)/x1,X2 ,X3 (u, X2, xa)fx1,X2 ,X3 (V, x;, x13) 

or analogously, 

Therefore, by Theorem 2.1 in Karlin and Rinott (1980)a the inequality in­

volving the integral holds. Hence, it results that (b) : fx.,.,13(xs) is TP2. .ft 

4.6 Proof of Theorem 2.4 

We need to check the conditions (i) and (ii) in Theorem 2.3, and that /x1,x. 

is TP2 Vs#= io, s = 1, · · ·, k; and /x1,x,
0 

is RR2. 
For the last part it is enough to recall that step by step through the values 

of s we should fix all the others k - 2 remaining variables and also, that h 

does not dependent on X;0 • 
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From that, recalling that T/jo is decreasing, invertible and differentiable, 
we can conclude that (a) in the theorem holds. Similar procedure can be 
used to prove ( b). 

In order to prove the condition (i) in Theorem 2.3, note that , 

Since K is RR2, 

K(x1,Xj0 )K(x~,x10 ) ~ K(x~ 1 x;0)K(x1,x10 ), when X1 :S x~,x;o :S xio. 

Equivalently, 

(1) K(x1, Xj0 )K(ri, X,10) $ K(x1 V x~, X;0 I\ xjo)K(x1 /\ x~, x;0 V x10 ). 

The hypothesis ( iii) allows us to finish the proof since, 

(2) J h( (•-1) (lt) )d( (•-1) (lt) } / h( , (a-1) , (lt) )d( (a-1) (lt) ) Z1, z(2) , z., :.i:(,+1) z(2) 1 z(a+l) Z11 Z(2) , z., z(o+l) Z(2) , :.i:(a+l) 

I h( 1 (a-1) , (A:) )d( (a-1} (A:) ) 
X1 /\X1,X(2) ,Xa /1.x,,X(a+l) X(2} 1 X(a+l) . 

Doing the product between (1) and (2) we get that f Xi.X,.X1o satisfies the 
condition ( i) of Theorem 2.3, namely, 

(i)fx1.x • .x1o (xi, x., X;o)fx1.x • .x,0 (ri, x!., X;o) 

This completes the proof for 2 ~ s < j 0 • By an analogous procedure, 
taldng io + 1 :S t ~ k, we can get that / x 1 ,x10 ,x1 satisfies the condition (ii}, 
of Theorem 2.3. 

• 
4. 7 Proof of Proposition 2.3 
It is enough to notice that his MTP2 , so that, condition (iii) of Theorem 
2.4 follows. 
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4.8 Proof of Remark 2.4 

{=>): clear. 
( <=) : Note that if f and g are arbitrary increasing functions then / (T) and 
g(T.) are random vectors, whose images can be all the R or a subset of it. 
X 1oo(s) and Xg(I)(t), are increasing, binary functions of T. Defining, 

S := J(T..), T := g(T..), r,(I) := Xl(n(s) and 6.t(X) := Xgoo(t), 

since, for each pair of fixed values s and t, the functions r, and 6.t are 
increasing and binary, we have that, 

Cov{f,(I'.), 6.t(T..)} ~ 0, 

by the hypothesis. Finally, by Remark 2.5 it results 

Gov{!(:[), g(I)} ~ 0, 

for f and g increasing and arbitrary. It follows that T_ is PA. 

4.9 Proof of Remark 2.6 

Let us consider T.. = (T1, • • •, T,.) a PA vector and a sequence of m increasing 
functions Ii : Ir' ➔ R, i = I,···, m where m ,/; n in general. Define 
the random vectors Si := f;(I'.), i = I,·· ·, m and then the vector S. := 
(S1, •••,Sm) whose coordinates are combinations of all PA random variables 
{T;}f=i· Let r, 6. : nm ➔ R be arbitrary, binary and increasing functions. 
Then, 

f(J('.r)) := r(Ji(I.), · · ·, fm(T.)) and 

6.(J(:[)) := 6.(!1(TJ, · · ·, fm(T.)) 

are binary, increasing functions of I_. Therefore, 

since, Xis PA and r of, 6. of are binary, increasing. Finally, by this last 
result and the arbitrariness of the r and 6. functions we can conclude that 
S. is PA. 
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4.10 Proof of Proposition 2.5 

We use two well known properties of the random variables. First, if U1 and 
U2 are random variables and Z. is a random vector then 

Second, that , 

(4.2) 

where Xis a r.v. and 'Pi, i = 1, 2 are two agreeing monotone functions. 
Consider r, 6 : R2 ➔ R binary increasing functions. We need to prove 

that, 
Cov{r(X1, h{X2, X3)), 6(X1, h(X2, X3))} ~ 0, 

so that, using Remark 2.4, we have X1 and h(X2, Xa) are PA. 
Let us consider in the Property 4.1, 

U1 := f(X1, h(X2, X3)), U2 := 6(X1, h(X2,X3}), Z. := X2. 

Note that, for each fixed X2 = x2, the functions 

are binary, increasing functions of X1 and X3, for h is increasing and r, 6 
are binary increasing. Since(X1, X3) is PA, then, 

Cov{f(X1,h(x2,Xa)),6(X1,h(x2,X3))} ~ 0, Vx2 ER. (4.3) 

Since by hypothesis, 

/x1,x3 (x1, h0{(z)) >Tl\(·) : (·, h0{ (z)), 

let X2 and x'2 be two values on the image of X2 so that x2 < ~ and we have, 

I ( h-1c )) ah ( , -1( )) -1 ah -1 X1.Xa Xi, z2 U -a X2, h:z:! U ~ fx1.xs(X1, h:z:! (u)) -a (x2, h,,,2 (u)). 
X3 2 2 X3 

On the other hand, for each fixed x2, 

E( r(X1,h(x2,Xa)) ) = L:00 L:00

r(x1,h(x2,X3)}/x1.xa(X1,X3)dxadx1 

= r+oo r+oo 1 du 
1-oo Loo r(xi, u)fx1.xa(X1, h;, (u)) 8h(z2,h;;cu)) dx1 

Ozs 
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where u = h(x2, X3}, allowing to see that, X3 = h;2
1(u) and dxa = ai.c ""-1c »; 

1112,11.., • 
Ls 

by the previous inequality it is possible to prove that, for x2 < x;, 

Therefore, E(r(Xi, h(·,X3))} is an increasing function on the image of X2• 

Similarly, we can show that E(~(X1,h(·,X3))) is an increasing function on 
the image of X2• Finally, by the Property in 4.2 we have, 

Now, from the results in 4.3 and in 4.4 we conclude that 

4.11 Proof of Theorem 3.2 

(A.l): it is enough to show it fort= 1,s = 2,j = 3, 

• X= (X1,X2,X3,xt:J), x:_ = (X1,X2,X~,X~f), x~ > X3. 

o If k > 3 we have that 
ei,2' 01, 921.x> 

= H(X)g1(X1,81)g2(X2,82) j g3(Xs,9s) [/- · · f C(fl) [!g;(X;,fJ;)dO;] d03. 

Consider now two arbitrary pair of points (81,~) and (lYi,,~)- One has 

if and only if, 

(2) ei,2(01 vlYi,,82 v ~IX)ei,2'81 AiYi., 02 Af41X') ~ !i.ilYi., ~IX)ei.2(81, 02IX') 
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if and only if, 

g1(x1, 91 V 8D92(x2,82 Vs;)/ g3(z3,83) [/ · · · / C(81 V fli,82 V ~.B~!?> 

!! g;(z;, 8;)d8i] d8ag1 (xi, 81 A f'1)g2(x2, 82 A~)/ ga(z~, Ba) 

[/ .. ·I C(81 Afli,8-i A~,8~:?> ng;(x;,8;)d8;] d8a 
t=4 

~ u1(z1,f/i.)92(x2,~) I g3(x3,83) [I ... I C(fli,~,e~!l> gu,(z;,9;)d8,] d83 

91 (x1, 81)92(x2, 82) f 9a(x~, 8a) [/ · · · / C(81, 82, B~!?) g g,(x,, 8,)d8i] d(J3. 

But, as g, is T P2 on (X,, 9,) Yi = 1, • • •, k, the previous inequality is 
equivalent to 

(3) / Ya(xa, Ba) [/ · · • / C(81 v ~. 82 v ~. 0~;5) 1' n,(x,, Oi)d8,] d8a 

f Ya(x~, Ba) [I··· f C(81 I\ fli, 82 /\ ~' 0[!5) g 9i(x,, 8,)d8,] d83 

~ f 9a(xa, Ba) [/ · · · / C(di, ~. 0~!5) "fl g,(x;, O,)d0,] d83 

f 9a(x~, 9a) [/ · · · f C(81, 82, o[!;) -fl 9i(xi, 8,)d8,] d03 • 

Let us denote by G(Oi,82,83 ,x~:?) the 

Claim: 
(4) G(81 V lYi_, 82 V lf:i, Oa I\ ('3, x~!~)G(01 I\ lYi_, 82 /\ ~. 9a V {'3, x~!i) 

~ G(Ot, 92, Ba, xm)G(di, ~. lfa, x~!?) 
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Proof of (4): 
Defining 

" fi{O~!?) .- C(01,02,0a,0~!]) II9i{xi,0i) 
i=4 

" h(O~!]) .- C(f4, ~. o;, 0~!]) II g;(x;, 9i) 
i=4 

fa(O~!]) .- C{01 A di' 92 /\ ~. 83 V {fa, 0~!]) IT 9i(Xi, (Ji) 
i=4 

/4(9~!]) C{01 V 9~, 92 V ~. 83 A {fa, e~!]) IT g;(x;, Bi) 
i=4 

it is possible to show that for 

one has 
ft (u)h(w.) :5 /a(u /\ w.)J4(ll. V w.), 

or, equivalently, (for the gis are TP2) 
C{f!.)C(f) :5 C{08i-1J V 8<.~-i), 0; /\ fl;, 9&li> V U;~i) 

C(0g)1
> /\ Ui(j-l)' 0; V ~. ett) /\ 0'6~1)). 

The last inequality comes from hypothesis. Now, by Karlin and Rinott 
{1980a, Theorem 2.1) we have that, 

f !1(9~!])d9~!] I f2(0i!])d9~!? :5 / !a(B~!])d9~!] I h(9~!])d9~!?, 

so that we have proven (4). ~:l is equivalent to 

/ 93(zs,8s)G(81 V~,82V~,8s,z(!i)d8s x 

/ us(z3,8s)G(81 A ~,82 A~. 8s,z(!i)d8s 

~ / 93(zs,8s)G(~.~,8s,z~!;)d8s j 93(x~,8s)G(81,82,8s,x~!~)d8s 
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In order to prove (5), we define 

verifying that 

J:(0a) .- 93(x3, 03)G({1i, ('2, 03, x!!?) 

/2(03) .- 93(x~,03)G(01,02,03,x!!i) 

J;(03) .- 93(x3, 9a)G(91 V lfi, 92 V ('2, 9a, x!!i) 

/4(9s) .- g3(x~, Oa)G(91 I\ di, 92 I\~. Os, xm), 

/~(9'a)fi(83) ~ fs(93 I\ 9'a)f4(9a V 9'a), 
because of 93 being TP2 ; then, by Karlin and Rinott (1980a, Theorem 2.1) 
we have just proved (5), and equivalently (1). 

o If k = 3 then 

er,2(01, 92IX) = H(X)91 (X1, 91)92(X2, 82) / 9a(Xa, 0a)C(91, 02, Oa)dOa. 

Hence, as 91 and g3 a.re TP2 , (1) can be checked through 
(6) g3(xa, 03)C(81 V /'1, 02 V f'2, Oa)9s(~, 9a)C(01 I\ 1'1, 82 /\ f'2, Os) 

~ g3(x;, Os)C(Oi, 82, 03)ga(xa, 0a)C({1i, ('2, 83) 

and (6) is verified from the hypotheses on C, 93• Karlin and Rinott {1980a, 
Theorem 2.1) implies (1). 

• X = (Xi, X2, Xa, x,, · · ·, X1,), X' = (X1, X2, x;, x~. • • • 1 X1,) 

withX; > X 3, X~ < x._. 
In this case (3) becomes 

(a3) 

/ 93(zs,lls) [/ g,(z,,9,) (/ · · · / C(81 V ~,62 V ~,Bj!I> gg,(z,,9,)d8,) dB,] dB, 

f g3(z~,fls) [/ g,(z~,9,) (/·· ·I C(ll1 A 9l.,82 A ~,lli:i) !1 g,(z,,8,)d81) dB,] d8s 

~ I 93(z3,l/3) [/ g,(z,,9,) (/ ... I C({1i.~,9i:t> ng,(z1,8,)d8,) dB,] d8s 

/ .93(z~,fls) [/ g,(~,9,) (/ · · · j C(61,fli,8)!i> gg,(z,,8,)d8,) dB,] d8s 
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With (x5 , • • •, x1,) fixed, let us define 

H(81,82,83,x4) := / g4(x4,84) (J .. · f C(81,82,83, · · · ,81,) ggi(x1,8,)d8,) d84 

so that (a3} becomes 
(a3*) 

f gs(xs,9s)H(91 V~,92 V~,fJs,X4)dlJ3 f 93(x;,8s)H(fJ1 t\~,92 t\~,9s,x~)d1Js 

~ f us(xa,83)H(~,8;,oa,x,)d1Js f g3(x;,fJs)H(81,fJ2,8s,x~)dlJs. 

Claim: For ~ and 03 both arbitrary, 

g3(x3, 0a A 9's)H(01 V {1i, 82 Vo;, 03 A 8;, X4) 

Us(x;, 9s V da)H(91 /\ {fi, 92 /\ ~' 93 V 0;, x~) 

2:: ga(xa, 0;)H(0~, o;, O's, x4)gs(x;, 0a)H(01, 02, Ba, x~)-

Using the claim and Karlin and llinott (198Oa, Theorem 2.l)we conclude the 
proof of (a3). 

The proof of the last claim follows using Karlin and llinott {198Oa, The­
orem 2.1 ), the fact that g4 is TP2 and that X4 > ,;. 
Proof of {A.2): 

(1) e;,. .. .;-1(01, 02, ... , 0;-1IX) 

A: 

= H(X)u1 (X1, 81) · · · Y;-1(X;-1, 8;-d f • · · f C(tl) II; Oi(xi, o,)dOi 
•=, 

Take two pair of arbitrary points (Oi, · .. , 8;-1) e ((fi, · .. , (1;_1) . Supposing 
that 

X...= (X1, ... ,X;-1,X;,X;+1, ... ,Xt)and~ = (X1,· ·· ,X;-1,Xj,Xj+1,' · · ,Xt) 

withXJ > X; X! S X. s > j note that (A.2) is equivalent to 
(8) 

g1(z1,61 v8j_) .. ·9;-1(z;-1,B;-1 v~_1) [/ .. ·/ 0(81 VBi.,···,8;-1 V~-1,Bt/> 

IT g,(x,,8,)dfJ,] 91 (z1, 61 Ml;.) .. · 9;-1 (x;-1, B;-1 t\ ~-1) 
l=j 
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[/ · · · / C(B1 Ao;,•·• ,B;-1 A Bi_1 ,o&?) !!g;(x:,o;)d8;] 

~ u1(x1,B;) · · · u;-1(z;-1,lt;-1) [ / · · · / C(O:., · · · ,lt;-1,Bt{> ITu;(xi,8,)d8,] 
'=i 

u1(x1:8i) ... 9J-1(X;-1,B;-d [I·.· I 0(91, · .. ,6;-1, (Jm) II g;(x:,9.)d8,] . 
'=J 

But, since g; is T P2 on (X;, 8;) Vi = 1, · · ·, k, (8) is equivalent to 

,. 
(9) I· .. I C(01 Vo~ •... ' 0;-1 V IY;-1, ot?) n.g,(x,, 0,)dO; 

•=J 
1: f · · · f C(01 A(fi, · · ·,0;-1 Aif;_1,8&]) TT.ui(x~,0,)dO, 

l=J ,. 
~ f · .. J c(e~ .... , (1;_11 et;> ll g;(x;, o,)do, 

•=J ,. 
j · · · f C(81, · · ·, 8;-1, 8&f) n g;(x~, 8,)dO,. 

l=J 

o Consider the case x; = x. Vs > j. 
Denoting by G(81, • • •, 8;_1, 8;, x&L>) the expression 

,. 
f · · · f C(81, · · ·, 8;-1, 8&f) . ]J g,(x,, fJ,)dO, 

l=J+l 

we can claim that 
(10) G(81 V ('1, · · · 1 8;-1 V f1;_1, 8; I\ ff;, xtt1)) X 

G(81 A ('1, · · ·, 8;-1 I\ (1;_1, 8; V (f;, xtL>> 
~ G(81, · · ·, 8;-1, 8;, x&L))G(di, · · ·, lY;-1, if;, x&ti)), 

just by adapting the proof done for (4). Therefore, (9) becomes 

(11) / g;(x;, 8;)G(81 V di,···, 8;-1 V (f,-_1, 8;, x&L>)dO; 

f Y;(r;, 8;)G(81 A 8~, · · ·, 9;-1 I\ if;_1, 8;, x&ti))dO; 
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~ f Y;(x;, O;)G(lYi_, · · · ,d;_1, 0;, x&i1i)d9; 

f Y;(x1, 8;)G(81,, · · ·, 0;-1, 8;, x&Li)d8;, 

and by a proof similar to done for (5), using (10), we get a proof for (11). 
Hence, we get that (A.2) is verified. 

o The general case (X! $ X, 'vs> j) is treated as in the proof of (A.l). 
Proof of (A.3): 

(12) ~t---.;-1.;+1,···,,.(oHt>, ot!1J IX) 

k 
= H(X) Il 9i(Xi, 9i) / g;(X;, 9;)C(H_}d8;, 

i=l 
i f-j 

Consider now two pairs of arbitrary points 

(Oi, ... , o;-1, 9;+1, • • •, o,.), (~, • • •, 0,-1, if;+1, · · ·, ~)­

Supposing X = (X1 , • • ·, X;-1 , X;, X;+1, · · ·, X,.) and 
X' = (X1,···,X;-i,Xi,Xi+1•' ··,XD where x; > X; and X! $ X, for 
s > j let us consider the two cases below: 

o X! = X, s > j case: note that (A.3} is equivalent to, 

k 
n Yi(Xi, oi V ~) 

i=l 
ifj 

k 
fl Yi(x~, (Ji/\~) 

i=l 
ijj 

/ 

(j-1} ,.1(j-l) (k} nl(k) )d(} 
g;(x;, 8;)C(8c1l V 11(1) , 8;, (J(j+l) V 11c;+i) ; 

I ( 1 ) ( (j-1) nl(j-1) 8 9(1:) nl(k) )d(} 9; X;, 8; C (J(l) /\ 11(1) ' ;, (j+l) /\ 11(j+l) j 

k 
~ [l 9i(Xi, ~) / g,(x;, O;)C(Uc½-1>, 0;, 8'J11))d9; 

i=l 
ifj 
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k 
l1 g;(x~, 9;) J g;(xj, O;)C(O[~?)dO;. 

i=l 
i-::/j 

But, since X~ = X,, s > j and g; is TP~ the previous inequality is 
equivalent to 

(13) / g;(x;, 8;)C(08;1) V 8cti-1>,e;, otlii V £1Jl1i)d8; 

I 9;(xj, 9;)C(o8;1) /\ tfcti-l), 8;, 0tl1) /\ t1J~1))d0; 

if, 

;?: J g;(x;, 8;)C{~~-i), 8;, fl(J~i))dB; J 9;(xJ, 9;)C(B[~?)d0;, 

fi(B;) .- C(ffct-1l,0;,(/&~i))Y;(x;,8;) 

!2(8;) .- C(8~~])uJ(xJ, 8;) 

Ja(8;) .- cc0rit> "9r.~-1>, 8;, 8&l1i "8'J~1J)9;(~, 8;) 

!,(B;) .- C((Jxt> V ~-l)' B;, otLi V 8'&1ii)9;(x;, 9;) 

and since /i(u)h(v) :S fa(u V v)h(u I\ v) if and only if 

C(8c½-l)' u, o'/;11))9;(x;, u)C(B8;1)' v, otli))g;(r;, v) 
:s c(og;1> /\ tfc½-1l, u v v, B&lii /\ flJ1 1>)g;(r;, u v v) 

C(0g)1> V <1<.½-1>, u /\ v, otLi V fl&11))9;(x;, u /\ v), 
comes from the hypotheses. By using arguments already used in similar 
proofs we verify (13); immediately (A.3) follows. 

o X! = X., s > j + 1, Xi+l < X;+i case: 
(A.3) is equivalent to 

9;+1 (x;+i, 0;+1 V {1;+1)9;+1 (xi+l• 8;+1 /\ if;+i) 

I 9;(x;, 8;)C(9(~1 
V 8<½-l)' 9;, 0tli) V 9'/f21))d9; 

I 9;(x3, 9;)C(98)1) /\ u,_i-l) I 9;, otL) /\ uJ~1))d9; 

~ 9;+1(X;+1, i1;+1) j 9;(x;, B;)C(~-i), 8;, 9'/f21i)d0; 

Y;+1(xj+1• 8;+1) j g;(xj, 8;)C(e~:?)d8;, 
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for the 9i,s are TP2. But, since ~+1 :S X;+1 and 9;+1 is TP2 the problem is 
reduced to the verification of (13J, already done. .Y. 

4.12 Proof of Theorem 3.3 

Note that 

is equivalent to 
(B.2) 

k k 

IT 9i(Xi, 0i V <1.) IT 9i(X~, 0i I\ <1.) 
i=l i=l 
i,:fj i-:f:j 

9;(x;, 0; V 9.i)g;(xi, 0; I\ 9.i)C(!!. V fl)C(!!. I\!!.') 

k 
~ 9;(x;, 8.,) n 9i(Xi, f1.)g;(x1, D;) 

i=l 
i =I j 

k 
IT 9i(x~, ei)C(i)C(U.). 

i=l 
i =I j 

As 9i is TP2(Xi, 0i) and~ ~ xi, Vi 'I- j, (B.2) is equivalent to 
g;(x;, 0;V0';)C(!!.Vfl)g;(x';, 0;A0';)C(!!.Af..) ~ 9;(x;, O';)C(fl)g;(x';, 8;)C(!l), 

which results directly from the hypotheses, when x'; ~ x;, g; is~ and 
C is MTP2 • 

4.13 Proof of Theorem 3.4 

following that, 

; ; ; ; 
(a) IT 9i(Xi, 0i V if.) II g;(x~, 0; I\ if.) ~ II 9;(Xi, if.) IT 9i(~, 0;). 

i=l i=l i=l i=l 
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Since g, is TP2(x., o.) and~ $ x., i = j + 1, • • •, k, it follows that, 

,. ,. ,. I,: 

(b) II g,(x., 0, V ~) II g.(x:, 8. I\~) ~ II g.(x., ~) II g.(x:, 8,) 
i=j+l i=i+l i=J+l i=J+l 

and 
(c)C(/l A ft)C(D. V ft) ~ C(U.)C(ft) 

(a), (b), (c) besides of the form of the posterior distribution allow us to finish 
the proof. 
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