








Definition 1.4 Let X = (X;,Xy,...,Xs) be a random vector with density
function fx. We say that X is MTPy(MRR,) if fx is MTPy(MRR,).

Definition 1.5 We say that the random variables X, and X, are PA(TP;)
if the joint probability density function is TP,. They are NA(RR,) if the joint
probability density function is RR,.

Definition 1.6 (Karlin and Rinott (1980)a, Efron (1964)) A non-negative
function £ : R — R i3 said to be order 2 Polya frequency PF, if the trans-
formation f : R? — R defined by

f(x,y) =&z —y) is Th,

Definition 1.7 (Block, Savits, Shaked (1982)) Let f : R® — R be a non-
negative function.

(i) We say that f is pairwise RR; if f is RRy when n—2 other coordinates
are arbitrarily fized.

(%) We say that f is pairwise TP, if f is TP, when n—2 other coordinates
are arbitrarily fized.

Definition 1.8 (Karlin and Rinoit (1980)b) We say an MRR, function
f: B = R is strongly MRR; denoted by “S-MRR,” if for any set of n
PF, functions {&}Y, , and for each j < n, a funcgdo:

Jj
9hs@iyrar e 7) 1= [+ [ £(@) T] bmlein)doin
m=1
is M RR,;, whenever the integral ezists, where, {i1,- - -,i,} i3 any permutation
of {1,---,n}.

Definition 1.9 (Karlin and Rinott (1980)a) Let f, and f; be two probability
distribution functions in R". If for every z € R,y € R", we have

Llevyhzay) 2 [z ),

then we say that, fo >rps fi.






3.1} which means that the order >rp, is still preserved after marginalization.
Moreover, the last proposition is also true for MTP, functions allowing to
state that if f is a MT P, function on R", then the function ¢ defined on R*
as

lp(:z';li"'a:l:li‘.) :=/;z"'/;tf(zl"":zk)zk+la"'7zn)dxk+1”'dzn:

is MTP, [Karlin and Rinott (1980)a, Proposition 3.2]. Therefore, every
marginal sub-vector from an MT P, vector turns out to be MTP;. This ends
up being one of the most transcending properties of the MTP, condition.
Otherwise, for negative dependence, if we try repeat the sequence of im-
plications aiming to reach the preservation of the MRR, condition after a
marginalization then a failure is the result. To see this, it is enough to
cite the example in Karlin and Rinott (1980)b, namely, set f(z;,22,73) =
exp[—z3(z) + 22)), so that f is MRR, for z; > 0,i = 1,2, 3. However, the
margin )

00
/0 f(xl) Zz,.’l;g)d.’l)a - (1:1 + 22),
is not RR,.

Under another viewpoint, the difficulties which appear to a negative struc-
ture, as well as to positive ones, are produced by terms in agreement and
disagreement, respectively, among the random variables. Dealing with agree-
ment among random variables we make use of dependence types which con-
nect them. From this, more appropriate concepts for dealing with such terms

appear.

Definition 1.10 (Joe (1997))A random vector X = (X,, X,) with cd.f. F
is “Stochastically Decreasing (Increasing)” on X, (or the conditional distri-
bution Fy, is “Stochastically Decreasing (Increasing)”), if

P(Xz > Ilel = .’131) =1- qu(.’tgl.’b‘l) d (T) on i V.’Ez,
ie.,
Fyy(zalz) + (1) on 2y Yz,
where Fy,(z3|71) = P(X; < 22| X, = ). Notation: X; SD(SI) X,.
Definition 1.11 (Joe (1997))Let X = (X1, - -, X,) be a random vector with
cd.f. F. We say that, X is “Positively dependent through an stochastic or-

der” (PDS) if the conditional distribution of {X; : i # j} given X; =z is
stochastically increasing on z for everyj=1,---,n.
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Definition 1.17 (Joe (1997)) Let X = (X1,---,X,) be a random vector
with c.d.f. F. X; is LTI (LTD) on X;,i € A%, j € A, if

P(X;<zii€c A%X;<z;,j€A)t({) onz;, j € A, Vx;, i € A°
where, A i3 an non-empty subset of {1,---,n}.

Joe(1997) shows in the bivariate case a connection between TP, p.d.f.
and PA random variables, namely, that TP, p.d.f. implies PA random vari-
ables. Before that, Joag-Dev and Proschan (1983) had already proved that
in the bivariate case RRy p.d.f. implies NA random variables.

From interpretations and results in Karlin and Rinott (1980)a, b it is
possible to notice the reaching and the advantages of a positive structure
as compared to a negative one. Among other points, it plays a special role
the might of establishing in the multivariate case, what are the conditions,
under an appropriate action, to transform a multivariate negative (or mixed,
positive and negative) structure into a positive one.

Before going ahead we give some more definitions.

Definition 1.18 (Lehmann (1966)) Let X and Y be two random variables.
We say that they are negative quadrant dependent (positive quadrant depen-
dent), on short, NQD (PQD), if for every pair (z,y) of real numbers we

have
P(X £23,Y <y) S (2)P(X L z)P(Y < ).

Definition 1.19 (Karlin and Rinott (1980)a, b) Let X1, X, -+, X, be ran-
dom variables. We say they are negative upper orthant dependent (positive
upper orthant dependent), on short, NUOD (PUOD), if for every n—ple of
real numbers (z1, %2, -+, %), we have

P(X, >zt = 1,"',1’1) < (Z)ﬁP(X, >Ig).

=1

We say they are negative lower orthant dependent (positive lower orthant
dependent), on short, NLOD (PLOD), if for every n-ple (x1, %3, -+, %), it
holds

P(X; < zii=1,-,n) < (2) [] P(X: < 22).

=1

Definition 1.20 (Karlin and Rinott (1980)a, b)
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values, which means X, rarely takes large values in this case. In the second
one, X, becomes more probable as X increases, but X; can only assume a
certain value z,.

In the following theorem we establish relationships to negative depen-
dence equivalent to the ones existing for positive dependence.

Theorem 2.1 {a) (X, X;) with RRy pd.f. = X, SD Xy;
() (X1, X2) NA & (X1, X2) NQD;
(c) RR; pd.f. = RR; c.p.f. and RR;, survival function;
(d)RR; cp.f. = Xo LTI X, and
(d2)RR, survival function implies X, RTD X,.

The following proposition establishes which are the conditions on a den-
sity probability function so that the related (X;, X,) is NA.

Proposition 2.1 (X;,X3) is RR; = X, and X, are NQD & X, and X,
are NA.

Note that in the bivariate case we have that NUOD and NLOD are
equivalent, both together being called NQD and NQD is equivalent to NA,
[Joag-Dev and Proscham(1983)]. Moreover, from [Karlin and Rinott(1980)b
p. 505], we can conclude that RR, p.d.f. implies NQD proving the previous
proposition. Contrary to the bivariate case, the equivalence between NUOD
and NLOD is not true in higher dimensions as can be seen from an example
in Ebrahimi and Ghosh (1981).

Diagram 2.1 : Relationships among positive dependencies, bivariate case
FX;,X; TP, = Xg LTD X3
x Th = [ Fx, x, TP, — X5 RTI X,
4

Xo ST X,

4 ¢ )
X, LTD X, X; RTI X,

¢ ¢
PA PA

PQD






Diagram 2.4 : Negative dependency, multivariate case

CDS
-t
NA

J
NDS =s[ NUOD NLOD|<= fx, x, S — MRR,

2.3 Mixed structures of dependencies

In order to learn under what conditions we can transform a mixed (pairwise
PA and NA)structure into a PA or (exclusive) NA one, we have to base in
the following facts:

Remark 2.1 If (X, X5) has TP, pd.f. fx, x, then X; and X, are PA
[Joe(1997)].

Remark 2.2 If (Xl,Xg) has RR2 fdp fxl,xn then X1 and X2 are NA
[Proposition 2.1].

Theorem 2.2 Let X = (X;,X;) be a random vector with RR; p.d.f. fx
andY = n(X), where  n(z1,z2) = ((z1), 72(z2)), whose coordinates m, 1.
are differenciable, invertible and disagreeing (i.e., when one of them increases
then the other one decreases). Then the Y p.d.f. fy is TP;. Conseguently,
Y is PA.

Let us examine (Xi,---,Xj), variables satisfying pairwise PA(TP,) or
NA(RR;) conditions.

Claim 1. If X3,X, s # jo, 8 = 2,---,k are PA(TP;) and X, X, are
NA(RRy) then we can construct a variable 1;,(Xj,), so that,

Xo150(X50), 1 < 8 < jo are PA(TP;) and
0(Xi0)s Xs» Jo+1< 3 <k are PA(TP,).

Analogously,
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Corollary 2.1 Let (X,, -, Xjo,-++,Xi) be a random vector so that the
marginal densities f;; satisfy,
fa,jo i3 RR21 V1 S §< j07
fiop 18 RRy, Vjo <t <k,
fl,j iSTP% VJ#]O!J= 17"'ak'
Under such conditions, if n;, : R — R is decreasing, invertible and
differentiable, then

(@)(Xs,m56(X50)) has TPy pd.f. fx,mu(xi) 1S8<o
(b)(njo(XJ'o), Xt) has TP, p.d.f. fﬂjo(xjn)’xn Jo+1<t<k.

Remark 2.3 When only one variable is responsible for the negativeness of
the random vector then we can get a positive random vector which is “equiv-
alent” to the initial vector.

The point in the following theorem consists in visualizing a decomposition
of the density function of the random vector into factors f = hk. From that
it is possible to visualize the unique component of the vector in disagreement
to the others.

Theorem 2.4 Let X = (X, -+, X, -+, Xi) be a random vector with p.d.f.
given by

le,---,on,‘--,Xg(a;lr e Tggyt Tty zk) = h(xh cy Tho—1y Tjo+1s """ .’Ck)K(x]_, xjo)l
where K is RR,, and h satisfies the following condition:

(#43) / h(u, wg;l), v, zgll))d(zg)_l) , zgfll)) is TP, on the variables X, X,,
V3<s<joorj+l < s<k—1land

/h(u, zg)_l),v)d(zg)_l)) is TP, on the variables X, X;.

Then,
thx' 13 sz, Vs#jg, 3=2,"',k and fxl’xjo 13 RRa
In such contezt, if n;, : R — R is decreasing, invertible and differentiable
then,

(a) (X,,T]jo(on)) has TP,, pdf fx"'lio(xio)’ 1 <5< jo,
® (n.‘io(on)aXa) has TP, pd.f. fn,o(X,-o),X.a Jo+1<s<k

where zg)) = (24, Tiv1, - -+ Tj)-
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2.4 Positive association invariance

We write down this section using MTP, vectors since such condition is
stronger compared to the others positive dependence structures. The MT P,
condition is preserved by agreeing transformations, that is to mean, if Y is
MTP, and f, g are agreeing monotone functions then

Cov(f(¥),9(¥)) 20
The hypotheses of f and g can be modified through the use of TP, order.
Such modification is seen in the next proposition.

Proposition 2.4 Let Y be a random vector with TP, p.d.f. fy and f2 >Tp,
f1, two functions, f, being non-negative, monotonically increasing, then,
Cov(f1(Y), fo(¥Y)) > 0.

If (Xq,--+,Xk), k > 3, is a PA random vector and f : RF"! - R is
increasing, then X, e f(Xjy,---,X;) are PA random variables. The way to
see this is to use the following remarks.

Remark 2.4 T = (T3, --,T,) (not necessarily binary) is PA if and only if,
to every pair of binary, increasing functions T' and A, we have,

Cov{T(T), AD)} > 0.

Remark 2.5 Let S and T be random variables with finite E(S), E(T) and
E(ST). Given s andt arbitrary values on the images of S and T respectively,
let us consider Xs(s) := Ijs5,) and Xp(t) := Ir>ey 63 the indicator functions
of the sets {S > s} and {T > t}. Then,

Cov{s,T} = |’ °; [ : Cov{Xs(s), Xr(t) }dsdt.

Remark 2.6 Increasing functions of PA random variables are PA.

Remarks 2.4, 2.5 and 2.6, can be found in [Barlow e Proschan(1981), p.30].
For the use we will done of them we will prove Remarks 2.4 and 2.6.

Application 2.1 If (X1, X2, Xs) is PA, f; : R® — R,i = 1,2, so that
fi(u,v,w) = u, fa(u,v,w) is a increasing function of v and w, not depending
on u, (with abuse of notation, fo(u,v,w) = fo(v,w)).

Define,

S = (51, 82) = (fi(X1, X3, X3), fa( Xy, X2, X3)) = (X3, fo( X, X3)).
Then S is PA.
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@ is the response variable, taking values on R
X = (X1, -+, X)) is the data vector, X € RF, prediction variables
fi pdf of X;,i=1,--- k,
fo; joint pd.f. of § and X;, i=1,---,k,
fﬂ,l,---,k p.d.f. of § and _.X;
f(X;|0) is the likelihood function
f(X]6) likelihood function
&(8) a priori p.d.f. of 8
£*(0)X;:) a posteriori p.d.f. of 6
£*(0|X) a posteriori p.d.f. of 6
- fﬂ,i(gj Xl) -

£'(01X;) = AN H(X;)f(X:|0)€(6),

where
H(X) = ([ £(Xl0)&(0)do)™.
Therefore, if we set K (X;) := fi(Xi)H(X;), then the joint density function
can be written as
fai(8, Xi) = K(X;) f(X:]0)(6).
From there it is easy to conclude that fy;(6, X;) is TP, if and only if, f(X;|6)

is TPz, when we see the last f as a function of § and X;.

Finally,

E'(OIX,') is TPQ(O, X.‘) L= fo,i(g, X,') is TPg(g, X.') (=4
f(X,|0) is TP2(0, X"), 1= 1, o ,k.

Following this line of thinking,
. fo,1,-k (6, X)
= H(X)f(X10)¢(0)

HX) = ([ 1(xI0)6©)d0)™

and we can conclude that

E‘(0|K) is TP2(9, X.) =4 fo,l,...,k(ﬂ,_&) is TPQ(B, X.) =4
f(X16) is TPy(6,X), 1<i<k.
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g TP, on (X;,6;), Vi=1,--- k.
C(8) so that¥j and for every pair of vectors 8§ and ¢
where (8), =0, and (&), =6, u=1,---,k satisfy
(C) CcOCE) < COE™ veag™,0;n8,65, v o)
C(Og; " NI, 0;V 6,650y A OG)-
Then, if X and X', (X)u = Xu, (X)u= X}, u=1,--+,k, are so that
X! =X, for u<j, X; > X; and X, < X, for u>j; j € {1, -, k}
then it follows that,

(A.1)
f:,t(an atl.K) >TP3(6,,0¢) f:,g(ea,otlzg i 9’5 s, t,8<j;

(A.2)

E{_...,j_l(ﬂl, ey 0,-_1|X_) >TPy(01,05-1)
& .. j1(01,--,0;11X"), j€{2,--- .k}

(A3) Ef,...J_1J+1,... (Bg) 1 98_)*_1)”&) Tﬂ("({,"):"gln))

& e Gm 1 b1 ok (9(('{) Y 9(,+1)|X')a je{2,-- k- 1}.

In the previous theorem we have in the involved vectors X and X' a dis-
agreeing relationship on the ordering of their components, with the j—th co-
ordinate presenting the disagreeing behaviour among the coordinates in the
set {j+1,-,k}. Shortly speaking, the coordinates in this set determine the
ordering shown by the a posteriori density, as can be seen in A.1, A.2, A.3.
However, we cannot forget that the involved likelihood is essentially posi-
tive (g; being TP; and C counteract the disagreeing influence of the j-th
coordinate.).

Theorem 3.3 Set
k
£(01X) = H(X) I_I1 9:(X:, 8:)C(8).
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Example 3.1 (Multivariate Normal Distribution) Assume that X isa
k-dimensional random vector, with independent X;, 1 = 1,- - -, k coordinates.
Suppose that for every i, 6; := E(X;) is unknown, while 0? := Var(X;) is
known. We have,

fxi9) = |2|-%exp(
= h(X)9(X,0)
kX

h(X) = i=Hlezp 207
X0,

k k
X,0) =

— (X -0)'|z|! (_Jg—.e))
2

—8

2
1
2
i

Claim: h is MTPy(X) and g is MTP;(X, 6).
The ingredients in the proof that g is MTP,(X, 0) are given next,

k

g(&;Q) = Hgs(Xnot)D(.o_)a
i=1

9:(X;,8;) = exp)f;gei

1

D@ = I[D:6),

=1

92
D;(6;) = exp

—
20%°
It goes like: D(f) is pairwise TP,, while [T, gi(X;,0:) is TP, on the

pairs
(Xl:Xj)s (ou 0_1')» (X.,Oj), .7 # 8.

Hence, g(X, 8) is pairwise TP,, but as in our case g(X, 8) # 0, by Proposition
2.1 in Karlin and Rinott (1980)a it results that g, is MTP,. Using the same
proposition we can prove that h is MTP,.

Application 3.1 of Theorem 3.2
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and then,
/v°° /:o[f(za 2)f(z',w) — f(&,2) f(z, w)]dwdz > 0.
Notice that

/:0 /:m[f(za 2)f(z',w) — f(2', 2) f(z, w)]dwdz > 0.

(b): (=) : it is right away from the definitions.

(<) : we prove the statement for indicator functions: Let A and B be
Borelian sets on the real line. Whenever I4(z) and Is(y) are agreeing func-
tions, as X and Y are NQD, we have

E{Iy(X)Ip(Y)} < E{I4(X)} E{Is(Y)}.

As a direct consequence, given two collections of values {z:}1;, {y;}i;
and Borelian sets on the line, {A;}7;, {Bj}}=;, respectively, it follows that

m k m
E {Z-"JJA.-(X) gyﬂsj(y)} <FE {g-"«'-‘IA‘(X)} E {i yjIB,-(Y)}-

i=1 =1

Hence, the statement holds on the space of simple functions.

Consider now two Borel-measurable, monotonically increasing, non-nega-
tive functions, f and g. The usual Monotone Convergence Theorem together
with [Ash(1972), Theorem 1.5.5, p. 38] completes the proof of the statement.

Finally, for general Borel-measurable functions, the decompositions f =
ft—f and g =g+ — g~ where f*, f~,g*, g~ are non-negative, monotone,
Borel-measurable functions, takes care of the rest, since

E{f* (X))} < E{f* X} E{s* (™M)},
E{f X)W} <E{f O}E{s (1)},

for the involved functions, f* = f v 0, g* = gV 0, are agreeing and
E{r* X))} = E{f X))} E{g (M)},
E{f-X)g* M)} 2 E{f (X))} E{s* (M)},
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4.2 Proof of Proposition 2.2

(c): NDS = NUOD:
Given z;, 1}, so that z; > z}, by hypothesis we have that

P(X.' > Tyt #]lXJ = 1‘_.,') < P(X.' > Tiyt #]IXJ = .’L‘;)
Consequently,
I3 P(X: > zi,i # j1X; = 2)dFy(a) _ 7 P(Xi > @i, i # j|X; = 2)dF;(z)
I dF5(a) s I3 dF;() '
Consider j = 1and z; = —oo. Then, the previous inequality becomes ,
P(X;>zii=1,---,n) £ P(X; > ) P(X; > 2,0 = 2, -, n).
Moreover, (Xz,+++,Xy,) is NDS and we can apply the same reasoning for
the iterated process, i.e.,
P(X. >r,i=2,- ',Tl) < P(Xg > .'L'Q)P(X,' >T5,i=3, -,n).
This way, by iteration we get NUOD.
A similar procedure proves that NDS = NLOD.

4.3 Proof of Theorem 2.2
Let us consider 3} < 1, ¥2 < y5. We have to check that
Fr(yn ) fr (vt v) < fr(Wh, vl (v, )
where y; = 17(z:), i = m(z}), ¢ = 1,2. Checking that is the same as to verify
Fx T )o@ Fx (o ) 5 (a)) 2 fx (0 () mz () Fx (i (42) e (02))

Without loss of generality we suppose that 7, is monotonically decreas-
ing, invertible with inverse function being monotonically decreasing. Also,
suppose 7, is monotonically increasing, invertible and hence, with monoton-
ically increasing inverse function. This way, as ¥, < 4 and y; < 13, we have
that

i) < mt()
') < %)
and finally, as fx is RR,, we have the inequality.
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4.5 Proof of Theorem 2.3

Let us consider, without loss of generality, k = 4, jy, = 3.
The proof of (a) follows from Theorem 2.2.
(b) : fxz,fls(Xa) iSTPz if and only if,
Fxams(xs) (%2 13(23)) F s ma(X) (22, M3 (25))
< Fxams(xs) (@2 V 2o, 1a(23) V 13(23)) o, m(xe) (T2 A T2, T3(23) A 13(23))-

The interesting case is when z; < z5, m(z3) < m(zs) (i.e., z3 < z3) and in
this case we should verify,

Xm0 (Xs) (22, 78(23)) S Xm0 (X) (T M8(25)) < FXa s (X) (%20 73(28) ) f X 0 (X5) (@2, 18(25)),

or equivalently,

Jxa3,x3 (2, ma)fx:,Xa(x'zy “7’3) < fxaxs (z'z; zS)sz,Xs(z% ""'gl)
or
/ Fx1,%a,%s (%1, T2, T3)dT1 / Fx1,%:,%3 (21, 73, 75)dz1
< /fXx,Xz,Xs(xla-r;’ T3)dz, / Fx1.%2,%5(T1, L2, 73)dz1,
By hypothesis, we have,
(i)anXz,Xs ("’ T2, 23)fX1,X:,Xa (’Un z’zv xla)
< FxyXaxs (4 V V0, T2V Th, T3 A T5) fxy Xa, x5 (4 A ¥, T2 A T5, T3 V 75),

or analogously,
fX;.X,,Xg (uw Z3, z3)fX1,Xa,Xa (U, 1'21 2'3) S .thX:,xl (u Vv, z’?l la)fx,,x,,x. (ﬂ Av,z3, z’a)

Therefore, by Theorem 2.1 in Karlin and Rinott (1980)a the inequality in-
volving the integral holds. Hence, it results that (b) : fx,ns(xs) 8TF2. &

4.6 Proof of Theorem 2.4

We need to check the conditions (i) and (i) in Theorem 2.3, and that fx, x,
sTh Vs#jo, 8= 1,"',’5; and thxjo lSRRz

For the last part it is enough to recall that step by step through the values
of s we should fix all the others k — 2 remaining variables and also, that h
does not dependent on Xj,.

27






4.8 Proof of Remark 2.4

(=) : clear.

(<) : Note that if f and g are arbitrary increasing functions then f(T) and
g(T) are random vectors, whose images can be all the R or a subset of it.
Xyr)(s) and Xy qy(t), are increasing, binary functions of . Defining,

§:= f(T), T :=g(I), To(L) := Xyzy(s) and A(T) := Xy (t),

since, for each pair of fixed values s and ¢, the functions I', and A, are
increasing and binary, we have that,

Cov{Ts(I), A(T)} 2 0,
by the hypothesis. Finally, by Remark 2.5 it results
Cov{f(D),9(D)} 20,

for f and g increasing and arbitrary. It follows that T is PA.

4.9 Proof of Remark 2.6

Let us consider T = (Ty,- - -, T,) a PA vector and a sequence of m increasing
functions f; : R* — R,i = 1,---,m where m # n in general. Define
the random vectors S; := f;(I), i = 1,---,m and then the vector S :=
(81, -+, Sm) whose coordinates are combinations of all PA random variables
{T:}~;. Let ' A : R™ — R be arbitrary, binary and increasing functions.
Then,

L(f(D) :==T((D), -, fm(D)) and

A(f(D) = AA(D), -5 fm(D))
are binary, increasing functions of I'. Therefore,
Covg{I(8), A(8)} = Covrp{T'(f(D)), A(F(T))} 2 6,

since, T is PA and "o f, A o f are binary, increasing. Finally, by this last
result and the arbitrariness of the I' and A functions we can conclude that

Sis PA.
[ )
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where u = h(z3, 73), allowing to see that, z3 = h;}(u) and dz; = ?E#:“Eﬁ;
by the previous inequality it is possible to prove that, for z; < =}, :
E(T'(X1, h(z2, X3))) < B(I'(X1, h(zh, X3))).

Therefore, E(I'(X3, h(-, X3))) is an increasing function on the image of X,.
Similarly, we can show that E(A(Xy, h(-, X3))) is an increasing function on
the image of X,. Finally, by the Property in 4.2 we have,

Cov{E(T'(Xy, h(X2, X3))|X2), E(A(X1, h(X2, X3))|X2)} > 0 a.s..  (4.4)
Now, from the results in 4.3 and in 4.4 we conclude that

CO‘U{P(Xl, h(Xg, Xa)), A(X]_, h(Xz, X3))} >0.

4.11 Proof of Theorem 3.2
(A.1): it is enough to show it for t = 1,8 =2,j = 3,
o X = (X1, X2, X5, X(g)), X' = (X1, X2, X3, X(3)), X3 > Xa.

o If k > 3 we have that
&1 2(01, 02} X)

i=4

= H(&)gl(xl,al)yz(xz,oz)fya(Xs,aa) [/"'/C(ﬂ)ﬂgi(xi,ai)dﬁi] dbs.

Consider now two arbitrary pair of points (6;,8;) and (8], 63). One has
(1) & 20+ 1X) >rape) E2(51X)
if and only if,
(2) £2(01V 81,0,V 5| X)E (0 A0, B2 A 8| XT) > €75(8), 051 XD (61, 621X)
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Proof of (4):
Defining

I

k
A% C(81,02,05,8%3)) IT 9:(z:, 6:)
i=4

k
f2(e((:))) = C(G’l, 0'2’ 0:,3’ 9&‘))) H g.-(:v.-, 0:')
1=4

k
F4(85) = C(6:.A8,6: 78,05V 85,60 T 0:(z:, 6:)

i=4
k
f6) = C(B.1V 8,62V 885186, 9&‘))) I 9:(z:, 6:)
=4
it is possible to show that for
v= (041951"'1015) a.ndy: (0179:'))"'102):

one has
fH@f(w) < fileAw)fa(uV w),

or, equivalently, (for the g;s are TP;)
COCE) <COF, VY veE™,0; 18,65, vEaL)

(k)
CO5 D 6,6, v 8,65, ABE).

The last inequality comes from hypothesis. Now, by Karlin and Rinott
(1980a, Theorem 2.1) we have that,

k) 1(k k)y 1o(k k) sk k) golk
[ 516810 [ 126(8)a88 < [ 1563 [ 1603,
so that we have proven (4).
533 is equivalent to
5
[ oa(24,6:)G61 v 4,62 v 8, 68,2(3)ds x
[ oa(25,03)6(61 £6},62 783, 60,2(3)

> [ galas, 00166}, 85,05,2(3)abs [ 05(c5,09)G (6, 3,60, 205 s
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With (zs, -, z4) fixed, let us define
k

H(64,62,03,24) := /94(24,94) (/"'/0(91102,931""ak)Hgi(zi,gi)dai) dby
=5

so that (a3) becomes
(a3x)

/gs(zs,as)H(al v 0;,02 v 9;,03,14)d93 /93(17'3, 03)H (6 A 0'1; 62 A 0'2; fs, z;)dgs
> /93(13,93)H(9'1,95,93,$4)d93/ya(xg,93)5(91,92,93,2'4)d93-
Claim: For #; and 5 both arbitrary,

93(z3, 03 AG)H (61 V 61,02V 65,05 A 63, 24)
ga(.’L‘;, 03 A\ %)H(al A 0’1, 92 A 9;, 03 A\ 9;,2’4)
> gs(xs3, 03) H(6), 03, 03, 24) g3 (x5, 03) H(1, 62, 03, 73)-

Using the claim and Karlin and Rinott (1980a, Theorem 2.1)we conclude the
proof of (a3).

The proof of the last claim follows using Karlin and Rinott (1980a, The-
orem 2.1 ), the fact that g, is TP, and that z4 > zJ.
Proof of (A.2):

(7) 5;,---,]'—1(01) 02$ B} 0]—1'&)
k
= HX)01(X1,81) - -1 (X0, 85-1) [ -+ [ C@0) TL 0 Xe, 0}t

Take two pair of arbitrary points (fy,---,60;-1) e (6,---,8;_,). Supposing
that

& = (le tee :Xj—11Xj1Xj+la tee 7Xk) a'ndi' = (Xli Tt )Xj—hx_;a _;'+1)' v ’Xk)

with X} > X; X, < X, 3 > j note that (A.2) is equivalent to
(8)

01(71,61 V 1) -+ gy-1(z5-1, 051 V 81y) [ [ [e6 v b vey )

k
[1 9:(2:,65d8: | g1(z1,61 A8}) -~ gia(Zj-1, 051 A6 _y)
=
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bl /gj(zj1 91)G(9‘17 e ,9§-1> 9_-,', 3811))‘191'
/gj(z_;'i ej)G(Gh »" 7 0]'-1’ 0_1" zg-)}-l))dajl
and by a proof similar to done for (5), using (10), we get a proof for (11).
Hence, we get that (A.2) is verified.
o The general case (X! < X, Vs > j) is treated as in the proof of (A.1).
Proof of (A.3):

(12) & . jo1541-2 650,601 X)

k
= H(X) _ Hl 9i(X;, 8;) /gj(Xj; 6;)C(8)db;.
3=
i#£J

Consider now two pairs of arbitrary points

(011 t "Bj—1’0j+la' : "ok)i (0;,1 - "0;'-1a0;'+11 ot :0;:)

Supp()Sing X= (Xl) Ty Xj—l: Xj:X,H-la Ty Xk) and
L’ = (Xh' "’Xj—la-X;'a ;’4—11' : °7Xl'c) where X_‘; > XJ and X.: S Xl for
8 > j let us consider the two cases below:

o X! = X, s> j case: note that (A.3) is equivalent to,

k k

I gz,ive) T gi(xi, 0 A6)
1=1 i=1
i#F] i#]

o .
[ 9i(25, 80068 v 657, 05,6501y v 606

] 95025 6)CET A OG,0,,0y A Oy )a;

k

> T ei(z8) [ 052, 0)C O, 0,6()d8;
1=1
i#]
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for the g;,8 are TP,. But, since 7, < zj41 and gj41 is TP, the problem is
reduced to the verification of (133 already done. &

4.12 Proof of Theorem 3.3

Note that
(B.1) £(01X) >rre (01X

is equivalent to
(B.2)

k k
M gilz,6:ve) T glzl,0:A0)
1=1 1=1
iFEJ i#7]
9;(x;,0; v 0;)g;(x5,0; AG;)C(EV E)C(OAE)

k
> 9z, 8;) I gilmi, 0))95(;. 95) H 9i(=, 6:)C(8)C(9).
i=1 i=1
iFJ £
As g; is TPy( X.,t9) and z} < z;, Vi # j, (B.2) is equivalent to
9i(25,0;V8;)C (@) g;(z}, 6;\8;)C(ONE) > 95(z;, 6;)C(&)g; (=5, 6;)C (@),
which results du'ectly from the hypotheses when > Zj, gj is RRz and
Cis MTP,.
é

4.13 Proof of Theorem 3.4
Since gi is RR2(Il'a 0!) and Z: >z, i=1,---,74,
gi(xia 0'- v 0;)9:'(121 0.' A 0:) b gl'(zia o:)gl(x’n 91)

following that,

(a) Hgi(zn 8; v 0') H gt(zn 6; A 0,) 2 H gi(zi, 0:) H gl(a'Jn 05)

i=1 i=1

39






Efron P. (1965). Increasing properties of Pélya frequency functions. Ann.
Math. Stat. 36, 272-279.

Fahmy, S.; C.A.de B.Pereira; Proschan, F.; Shaked, M. (1982). The influ-
ence of the sample on the posterior distribution. Commun. in Stat.
(Theory & Meth.) Vol.11, 16, 1757-1768.

Joag-Dev, K. (1983). Independence via uncorrelatedness under certain de-
pendence structures. Ann. Probab. Vol. 11, 4, 1037-1041.

Joag-Dev, K.; Perlman, M. D.; Pitt, L. D.(1983). Association of normal
random variables and Slepian’s inequality. Ann. Probab. Vol. 11, 2,
451-455.

Joag-Dev, K.; Proschan, F. (1983). Negative association of random vari-
ables, with applications. Ann. Stat.Vol. 11, 1, 286-295.

Joe, H. (1997). Muitivariate Models and Dependence Concepts. Monogra.
Stat. & Appl. Probab. 73 (Chapman and Hall).

Karlin, S. (1968). Total Positivity. Stanford Uni. Press. Stanford, Califor-
nia.

Karlin, S.; Rinott, Y. (1980)a. Classes of ordering of measures and related
correlation inequalities.]. Multivariate totally positive distributions. J.
Multivar. Anal. Vol.10, 4, 467-498.

Karlin, S.; Rinott, Y. (1980)b. Classes of ordering of measures and related
correlation inequalities.II. Multivariate reverse rule distributions. J.
Multivar. Anal. Vol.10, 4, 499-518.

Kim, J. S.; Proschan, F.(1995). A review: the arrangement increasing
partial ordering. Comput. Oper. Res. Vol 22, 4, 357-371.

Lehmann, E.L. (1966). Some concepts of dependence. Ann. Math. Statist.
43, 1137-1153.

Li H.; Scarsini M.; Shaked M. (1996). A tool for the construction of multi-
variate distributions with given non-overlapping multivariate marginals.
J. Multivar. Anal. Vol 56, 1, 20-41.

41






	1194849.pdf
	1194849 B.pdf



