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Abstract 

In this pa.per, we conaider linear mixed models with random effects 
and model errors follow~g asymmetric normal distributions. The 
marginal distribution for the observed quantity is derived which is 
shown to follow an asymmetric distribution belonging to a general 
class of asymmetric normal distributions. The likelihood function that 
follows from the marginal distribution can be maximized directly by 
using existing statistical software. We also implement an EM type 
algorithm. which seems to provide some advantages over direct maxi­
mization. Results of simulation studies and applications to real data 
sets are reported. 

Key Words: Ma:iimum li/celihood; EM algorithm; marginal likeli­
hood; multivariate skew-normal distribution. 

1 Introduction 

The linear mixed-effeds model (LMM, Laird and Ware, 1982) is typically 
used in analyzing repeated measurement ( or individuals sharing a same trait) 
and longitudinal data, which is defined by 

Y;=X;/3+Z;b;+E;, j=l, ... ,m, {1) 

where Y; is a n; x 1 vector of responses from m subjects or individuals, 
X; of dimension ( n; x p) is the design matrix corresponding to the fixed 
effects, f3 of dimension p x 1 is a vector of population-averaged regression 
coefficients called fixed effects, Z; of dimension (n; x q) is the design matrix 
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corresponding to the (q x 1) random effects vector h;, and E; of dimension 
( n; x 1) is the vector of random errors. Typically, it is assumed that the 
random effects b; and the residual components E; are independent with 

b;~N,iO,D), E/~· N11i(0,,P;), j=l, ... ,m, (2) 

where D = D(o) and ,P; = 1/J;h) are dispersion matrices, usually asso­
ciated with the variability between a.nd within units, which are depending 
on unknown parameters o and -y, respectively. Note that under the above 
assumptions, the model can be written hierarchically as 

b Ind. ; ~ Nq{O, D), j = 1, ... ,.m, 

(3) 

(4) 

The main interest in this · model is to make inference on the parameter 
vector 9 = (fJT, aT, -yTf, which gives information on the relationship be­
tween Y and X and also on the degree of dependence within individuals in 
the same group (or measurements from the same individual). The normal 
linear models (LMM) is typically simple to analyze, either trough direct ex­
pressions (such as ANOVA) in the balanced case or through equation solving 
algorithms (Henderson, 1956) in unbalanced situations. Typically, the funda­
mental assumption in the standard version of the model are that within-unit 
error and random effects are normally distributed, even though this model of­
fers great flexibility for modeling these effects, it suffers from the same lack of 
robustness against departures from distributional MSumptions as other sta­
tistical models bMed on the Gaussian distribution and may be too restrictive 
to provide an accurate representation of the structure that is present in re­
peated measures and clusters data. From a practical point of view, the most 
commonly adopted approach to achieve multivariate normality involves vari­
ables transformation. Although such methods may give re~nable empirical 
results, it should be avoided if a more suitable theoretical model can be found. 
By introducing a more flexible parametric family capable to accommodating 
such departures, in this paper we extend the. above normal mixed model by 
considering that E; and b;, j = 1, ... , m, follow a multivariate skew-normal 
distributions, which contains the normal distribution as special case. 

As considered in Azzalini (1985), a random variable Z follows a univariate 
skew normal distribution with location parameter µ, scale parameter u2 and 
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skewness parameter >,. if the probability density function {pdf) of Y is given 
by 

(5) 

where q,1(.) and 4>1(.), denote the probability density function (pelf) and 
cumulative distribution function (cdf), respectively, of the standard univari­
ate normal distribution. Note that if>,. = 0 then the density of Y in {5) 
reduces to the density of the normal distribution. We use the notation 
Y ~ S Ni(µ, u2

, >,.) to denote this distribution, which will be reduced to 
Y ~ SN1(>,.) when is assumed thatµ= 0 and u2 = 1. Some properties of 
this distribution includes: 

. E[Y] = µ + /frau and Var[Y] = (1 -
2
: )u2

, where & = ~• 

with asymmetry (-y) and kurtosis (11:) indexes such that: 

-0.9953 < 'Y < 0, 9953 and 3.0000 < 11: < 3.8692. 

All these properties may be obtained easily using 'that (Henze, 1986; Azzalini, 
1986) if Y ~ SN1 (>,.) then 

(6) 

· where Xi~ N(O, 1), i = 0, 1, and ,,4,, meaning "distributed as". 

Multivariate skew-normal distributions are considered in Azzalini and 
Dalla Valle (1996), Azzalini and Capitanio (1999), Branco and Dey (2001), 
among others. Genton et al. (2001) derive the moments of a random vec­
tor with multivariate skew-normal distribution and their quadratic forms. 
Arellano-Valle, del Pino and San Martin (2002) show that many of the prop­
erties of the multivariate skew-normal distribution hold for a general class 
of skewed distributions obtained from a symmetric class, defined in terms 
of independence conditions on signs and absolute values and give general 
formulae to obtain skewed pdf's. From these results, Arellano-Valle and 
Genton (2003) introduce the class of fundamental skewed distributions, giv­
ing an unified approach to obtain multivariate skew distributions starting 
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from symmetric ones. See also Arellano-Valle and del Pino (2003). 

In thls paper, we consider a multivariate extension of the univariate 
skew-normal distribution defined by (5) and using this formulation a mixed 
skew-normal model is defined extending the usual normal mixed model. The 
marginal distribution of the observed data ( observed likelihood) is obtained 
by integrating out the random effects. Although maximum likelihood esti­
mation can be obtained by directly maximizing the likelihood function by 
using statistical software such as Ox or Matlab, a stochastic representation 
is proposed which allows implementation of an EM type algorithm. The EM 
algorithm seems to be more effective in terms of starting values and, more­
over, the complete likelihood does not involve complex expressions as is the 
case with the observed likelihood function. 

The paper is organized as follows. In Section 2, for the sake of complete­
ness, we consider a multivariate extension of the skew-normal distribution 
used for defining the mixed model. Properties like moments and stochas­
tic representation of this multivariate distribution are also discussed. In 
Section 3 the mixed model is defined and the marginal density of Y; is ob­
tained by integrating out the random effects b;, j = 1, ... , m, leading to 
the observed (marginal) likelihood function that can be maximized directly 
by using existing statistical software. The asymptotic covariance matrix can 
be estimated by using the observed information matrix (Hessian). Section 4 
presents an EM type algorithm which seems to present advantages over the 
direct maximization approach, specially in terms of robustness with respect 
to starting values. Section 5 reports results of a simulation study indicating 
good performance of the maximum likelihood approach and Section 6 reports 
applications to a real data set indicating the usefulness of the approach. 

2 A multivariate skew-normal distribution 

AB is discussed in Arellano-Valle and Genton (2003) and Arellano-Valle and 
del Pino (2003), there are many definitions of the multivariate skew-normal 
distribution. In this work, we consider a definition given next of an n-variate 
skew-normal distribution (see also Azzalini and Dalla-Valle, 1996 and Azza­
lini and Capitanio, 1999). 
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Let <l>n(xlµ, :E) and <Pn(xlµ, :E) be the pdf and the cdf, respectively, of 
the Nn(I', E) distribution evaluated at x. When µ = 0 and :E = In (the 
n x n identity matrix), we denote these functions as ef>n(x) and <Pn(x). 

Definition 1. An n-dimensional random vector Y follows a skew-normal 
distribution with location vectorµ E JR", dispersion matrix I: ( a n x n positive 
definite matrix} and skewness vector A ER", if its pdf is given by 

We denote this by Y ~ SNn(I', I:, A) and by Y ~ SNn(A) when µ = 0 and 
I: = In, the n-dimensional identity matrix. 

Remark 1. Since the condition that <1>1 ( -w) = 1 - <P1 ( w) for all w E R is 
sufficient to guarantee that {7} is a pdf, we can then use different reparame­
terizations to represent the asymmetric parameter ~. as for example: 

a-112a . 
.X - --;::::.==:=== - ✓1 - 6Ta- 1a' (8) 

for some 6 E R" and positive definite n x n matrix .6. such that J 6T .6. - 1a < 
1. Two special case are .6. = I:, which is just the reparameterization used 
by Azzalini and Dalla- Valle {1996), and .6. = I,., which is used in Arellano­
Valle and Genton {2003). In a more general way, we can replace in (7) the 
asymmetric part {or skewing function; see Genton and Loperfido, 2002) (}1 (·) 

by an arbitrary function Q(·) on [O, 1], which depends on y trough an even 
real function (or antisymmetric function; see Arellano-Valle and del Pino, 
2003), say w(y), and is such that Q(w(-y)) = Q(-w(y)) = 1 - Q(w(y)). 
Thus, the skew-normal distribution in {7) can be extended by considering 

/y(y) = 2ef>n(YII-', :E)Q(w(y)), y ER". 

The following lemma will be used in the following. It can also be used to 
show that (7) is just a pdf on R". 

Lemma 1. Let Y ~ Nn(µ,I:). Then for any fixed k-dimensional vector a 
and k x n matrix B, 
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Proof. The proof follows by noticing that 

E[4>1(a + BYl71, 0)) = E[P(U ~ a!Y)] = P(U ~ a), 

wher'e UIY = y ~ N1(f1-By, 0), so that U ~ N1(f1-Bµ, n+BEBT). D 

Many properties of the above skew-normal distribution may be derived 
from the results developed by Arellano-Valle and Genton (2003) (see also 
Arellano-Valle et al., 2002 and Arellano-Valle and del Pino, 2003). From 
there it follows, for example, the stochastic representation given next for an 
standardized skew-normal random vector. The proof is based in the following 
lemma 

Lemma 2. Le.t Y ~ Np(µ, I:) and X ~ Nq{fl, 0). Then, 

~p(YII' + -@1::)~ I,.,, n) = 1/>p(YII' + A.,,, E + AnAT) · 
~ · · - x 4>lx1'1 + AATE-1(y - µ -.:-:\.'1), A), 

where A= cn-1 + ATE-1A)-1. 

Proof. By letting z = y - µ - Afl and w = x - '1, we have after some 
standard algebraic operations that · 

(z - AwfE-1(z -Aw) + wTo-1w = 
z(E + AOAT)-1z .+ (w -AATE-1zf A-1(w-AATE-1z), 

and the proof follows by noting also that IE+ Af!ATIIAI = IE11rll. □ 

Proposition 1. Let W ~ SNn(>..). Then 

w 4 cS!Xol + (In - 66T)112X1, where 6 = >,.. ' (9) 
✓1+>,..T>,.. 

Xo ~ N(0, 1) and X1;.,, Nn(O,In) and are independent. 

Proof. Let U = cSIXol+(In-cScSf)1l2X1. Since UIIXol = t ~ Nn(6t, In-66T), 
where IXol ~ HN(O, 1) (the standardized half-normal distribution), then by 
Lemma 2 it follows that 

fu(w) = 100 

ef>n(wlcSt,In -66T)2',i>(t)dt 

= 1"" IPn(wlO,ln)2ef>(t16Tw, 1-:-6T6)dt 

= 2ef>n(w)4>1 ( c5T w ) , 
✓1-0TO 
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i.e. U 4 W ~ SN,.().), with).= J 6 f , which concludes the proof. D 
1-6 6 

Note that the stochastic representation in (6) is a special case of (9). Two 
direct consequences of Proposition 1 are given next. 

Corollary 1. Let Y ~ SN,.(µ, E, ).). Then, Y 4 µ + 1::1l2w, where W ~ 
SN,.().). Moreover, 

E( Y) = µ + ~ E 112
). and V(Y) = E - ~ 1:1/ 2 66T I:1l2• y; ~ 

3 A. mixed skew-normal likelihood function 
The skew-normal linear mixed model that we consider to extend the normal 
mixed model in (3)-(4) is defined by the assumptions 

(10) 

(11) 

which, by Corollary 1, is equivalent to considering (1) with the assumptions 
that bi ~ SNq(O, D, .\i,) and t:.J ~- SN,.J (0, t/J;, )\e;), j = I, ... , m, are all 
independent. The main interest is to make inference on the parameter vectors 
9 = (fJT, or, '"YT)T and .X = (.xf, .X~, ... , .X~)T. To obtain the marginal 
distribution of Y;, which is required for deriving the likelihood function, 
we drop the subscript j, corresponding to the j-th group (or individual) 
to simplify notation. From (10), (11) and the definition of skew-normal 
multivariate distribution in (7), it follows that the marginal density of Y is 
obtained by computing the following integral: 
,) 

fr(ylB, .x) = L /(ylb, fJ, '"Y, -Xe)/(blo, ~)db 

= L 2:.J'Pn(YIX/J + Zb, 1")~1(.X; ,r112(y- XfJ - Zb)) 

¢q{bl0,D)~1(.Xfo-112b)db. (12) 

We make use of the following two propositions that will be used to prove the 
main result of the paper. 
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Proposition 2. Under the notation considered in {12), it follows that 

and 

where 

µ,1 =AZT,J,-1(y-X/3), E=tJ,+zozT, A=(n-1+zT,J,-1zr1. {15) 

µ,2 = ( ~!° 1P-1/20(y - X/3) ) and - ( ~!° t/J-1/2 z ) r - -~rn-t/2 . {16) 

Proof. Result (13) follows from Lemma 2. Result (14) is proved by noting 
that if U and V are i.i.d. N(O, 1) random variables, then (14) can be written 
as 

where T = . W + rb, with W = (U, V)T ~ N2(0,l2), and /J,2 and rand 
defined as in (16). Thus, since T ~ N2(rb, 12), we have that 

P(T ~ P2) = w2(µ,2lrb,I2) = w2(-rbl- "2,12), 

which concludes the proof. D . 
We prove now the main result of the paper. 

Teorema 1. Let Y = X/3 + Zb + E, where b ~ SNq{O,D,.\6) and E ~ 
SNn(O, ,J,, "«,) are independent. Then, the marginal distribution ofY is given 
by 

/y(yl9, .\) = 221/>n(YIX,8, :E)w2(/J,2 - rµ,110, l2 + r ArT), (17) 

where µ,1 , µ,2, :E, r and A are given in {15} and {16). 

Proof. From(12), (13) and (14), it follows that 

/y(y!B, ~) = { 221/>n(YIX/3, :E)ef>q{blµ,1, A)w2(-rbl - "2, l2)db JR, 
= 22¢n(YIX,8, :E)E[W2(-rw1 - /J,2, l2)], 

where W ~ Nq{µ, 1,A). The proof is concluded by using Lemma 1. D 
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Note that the likelihood (17) is not in the cla.$ of skew multivariate 
distributions defined in Azzalini and Dalla-Valle (1996) since the skewing 
function in that expression is of dimension 2. The likelihood function for 9 
and.\ given the observed sample y1 , ... ,Ym can be written as 

m 

L(8,.\Jy1,---,Ym) = ITfv(Y;J8,.\), 
j=l 

where fv(Y;IO, .\) is the marginal density that follows from (17) by incor­
porating again the index j. Thus, Denoting the log-likelihood function by 
f.(8, .\)', it can be written as 

1 m 1 m 
f.(8, .\) <X - 21:Iog IE;I - 2 2)(Y; -X;,BfE11(Y; - X;,8)} 

~1 ~1 . 
m 

+ Llog<l>2(1-'2; - r;µ1;IO, l2 + r;A;rf), 
j=l 

(18) 

where µ 13 , µ 2;, E;, r, and A; as defined in (15) and {16), but incorporating 
the index j on y, X, Z, 1J, and .\e: 

We call attention to the fact that no explicit solution is available for the 
maximization problem so that the likelihood function has to be maximized 
numerically. Some special cases may be of interest. For instance, the situ­
ation where -Xe1 = ... = >-em = 0 or -Xi, = 0, which are special cases of the 
above general situation and it clearly implies that the joint distribution of 
Y 1, .•. , Y m is asymmetric also. These situations are treated next. 

Corollary 2. Under the conditions of Theorem 1, it follows that: 

(i) if -Xe, = 0, then 

/y(yJO, .\b) = 2ef,,.(ylX,8, E)W1 (.;\t 1;-1l2(y- X,8)) , (19) 

i.e., 

_ 1;-112z0 112 .\b 
with ~ = --;;========, J1 + .\fn-1/2An-1/2~ 
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-
5 
:, 

(20) 

i.e., 

Proof. Note first that 

- ( .\; 1/J-1/2(1/J - ZAZT)v,-t(y- X{:j) ) 
1'2 - rµ1 - .\fo-112AzTv,-1(y - Xf:J) 

and 
T _ ( 1 + .\!' 1/J-112zAzT ,t,-112 -Xe -.\; ,t,-112zAn-1t2 .\ii ) 

12 + r Ar - -.\fo-i/2 AZT ,f,-1/2 .\e l + ,\fo-1/2 Ao-1/2 ,\b , 

which is a diagonal matrix when -Xe = 0 or ~ = 0. Hence, for .\e = 0, the 
asymmetric part of ( 17) can be computed as 

1P2(1&2 - rµ 1Jo, 12 + r ArT) = ~2((I2 + r ArT)-1' 2(1&2 - rµ 1)) 

1 (.\fn-!12AZT ,J,-1(y- X[:J)) 
= 24>1 J1 + .\fo-1/2Ao-1/2.\,, , 

where some algebraic manipulations yield AZT= DZTE-1,t,. Similarly, for 
-Xe = 0, we have that • 

4>2(1&2-rl'1IO, I2 + rArT) = !4>1 (.\;w-112
(1/J - ZAZT),t,-i(y- Xf:J)) , 

2 ✓l + .\; 1/J-1/2zAZTv,-1/2.\e 

and the proof concludes by noting that 1/J- ZA'.i' = 1/,'Ir1,t,. D 

Although simpler the log-likelihood functions that follow by replacing 
(19) and (20) in {18) must also be maximized numerically. The azymptotic 
covariance matrix of the maximum likelihood estimators can be estimated 
by using the Hessian matrix, which can also be computed numerically by 
using the program Matlab, for example. In the next section we present an 
EM-type algorithm for computing the maximum likelihood estimator (MLE) 
of densities obtained in Corollary 2. 
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3.1 An EM-type algorithm 
A direct maximization of the likelihood (19} and (20) may sometimes poses 
problems since it involves terms like log(~1(w)), which causes computational 
problems for w negative (w < -3, for example). Further, the approach seems 
not too robust with respect to starting values, that is, unless good starting 
values are used, the direct maximization approach will typically not converge. 
Simulation studies conducted indicate the EM to be more robust in the sense 
that it may converge more often than the direct maximization approach. 

In order to imple~ent the two steeps of the EM-algorithm for maximizing 
the likelihood from Corollary 2, we need first some additional results. 

Proposition 3. Suppose thatYIT = t ~ Nn(µ+dt, \JI) andT ~ HN1(0, l). 
Let lJ = '11 + ddT. Then the joint distribt4ion of (yT, Tt can be written as 

where 

(22) 

Proof. In fact, the joint density •Of Y and T is 

/v,T(Y, t18, ..\) = 2</>n(YII-' + dt, \Jl)ef>1(t)I{t > O}. 

After some simple algebraic manipulations we have that 

concluding the proof. □ 

Notice that the marginal distribution of Y follows from {21) after inte­
grating out t and is given by 

{24) 

The next result is related to properties of the truncated normal distribution. 
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Lemma 3. Let X ~ N(r,, r2). Then, for any real constant a it follows that 

¢1(7) 
E(XIX >a)= T/ + 

1 
_ 

411
(
7

) r, 

( 
2

1
x ) 2 _2 ¢1(7) ( ) 

EX > a = r, + r + 1 _ 411 (~) T/ + a r. 

Proof. See Johnson et al. (1994), Section 10.1. □ 

Proposition 4. Under the conditions in Proposition S, 

where X ~ N1(11, r 2), with TJ and r 2 given in {22}. _Particularly, 

(25) 

and 

E(T21 ) 2 2 ¢,1(;) 
y = T/ + T + 411 (;) TrJ. {26) 

Proof. Note that we can write 

1
00 

1 100 
· E(TA:IY) = _

00 

t" /(tly)dt = /v(ylB, .\) _
00 

t" /v,T(Y, t19, >.)dt. 

From (21) and (24), it then follows that 

E(TA:IY) = ~1~;) 100 
tA:ef>1(tl11,i2)dt ~ E(XA:I~ > 0), 

where X ~ N1(r,,r2
) and 411 (~) = P(X > 0). Thus, (25) and (26) follow 

from Lemma 3 with a=0, which concludes the proof. □ 

To implement the EM-algorithm, we first consider the linear mixed model 
defined by equations (10)-(11) with .\e1 = ... =>-em= 0, that is, 

{27) 
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with 

E; ~ - NnJ (0, "1;), b; ~- SNq(O, D, Ab), j = 1, ... , m. (28) 

Hence, (28) jointly with Proposition 1 imply that 

b; 4 O 1l26IXo;I + D 112{lq - 6b6f)1l2
X1;, j = 1, ... ' m, (29) 

where Xo; ~ N(0, 1), X 1; ~ Nq(0, 19), with X 0; and X 1; independent j = 
1, ... , m, and ,Sb = >.r, . Moreover, independence between b; and J1 + >.fAh 
E;, j = 1, ... , m, · imply that V; = (Xo;, Xf;)T and E;, are independent, 
j = 1, ... , m. Hence, replacing (29) in (27) we have that 

where 

6b = 01/2c5b, 

which are such that 
ind. - -T T 

r; ~ NnJ(O,tJ,;+Z;(D-6b6b)Z;), 

(30) 

t· ~ HN(O 1) ' ' , (31) 

and are independent, j = 1, ... , m. Hence, (30) and (31) imply that the 
model defined by (27)-(28) can be written as 

Y,lt/~·NnJ(l';+d;t;,W;) and t;~HN1(0,l), j=l, ... ,m, (32) 

where 

I';= X;/3 , d; = Z;6•, W; = :E; - d;df and :E; = 'P; + Z;DZf. {33) 

Note that in {33) I'; and E; are the marginal mean vector and covariance 
matrix, respectively, under the usual linear mixed model. Hence, as a direct 
consequence of Proposition 3 we have the next result. 

Proposition 5. Under {92) it follows that the complete log-likelihood func­
tion associated with (Y;, t;), j = 1, ... , m, can be written as 

1 m 1 m 1 m 
lc(8, >.r,) ex: - 2 Llog l'1';1-

2 
L(Y;-1.&;fE_;1(y;-1.&;)- D L(t;-11;)2, 

j=l j=l TJ j=l 

(34) 
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where by {22) 

(35) 

with I-';, d;, I:; and '1!; as defined in {33). 

Likewise, considering the case where .\6 = 0, that is, the linear mixed 
model in (27), with the assumption that 

e; 
1
~· SNn;(0,"1;, .\e;) and b; ~ Nq{O,D), j = 1, ... ,m, (36) 

all independent, we can write 

1/2~ Y; = X;/3 + 'P; ue;t; + r;, (37) 

where· 

t; = IX1,·I, De; = ~; T and r1· = Z;b; + "1,~12 (:ln, - 6e;6;,-)112Xo;, 
(1 + .\ .\ ,)1/2 

e3 e3 

this is 

Y;lt/~-Nn;(l';+d;t;,W;) and t;~HN(0,1), j=l, ... ,m, (38) 

where 

1/2~ ·· T T ( ) I-';=== X;/3, d; = '¢; a;, 'ii,;= :E; - d;d; and :E; = 'P; + Z;DZ;. 39 

As a consequence of the above results, it follows by Proposition 3 that: 

Proposition 6. Under {38} it follows that the complete log-likelihood func­
tion associated with (Y;, t;), j = 1, ... , m, can be written as 

(41) 
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It follows from Propositions 5 and 6 ( complete likelihood) that to imple­
ment the E (or expectation) step is ne~ary compute the following condi­
tional moments of T; given Y; = Yf 

(42) 

k = 1, 2, j = 1, ... , m, where 9 = ({:JT, aT, r) and .X = .X,, or .X = 
(.X~, ... , A~)T, which can be obtained easily using (25) and (26) in con­
junction with (32) or (38). 

--{O) --{O) 
The EM algorithm operates as follows. Given starting values (9 , .X ), 

compute t} = E(T}'j9<0>,A<0>,y;), k = 1,2, j = 1, ... ,m, by using (42). 
Replace these values in the complete log-likelihood functions (34) or ( 40) and 
maximize it with respect to (9, A) . This maximization step has to proceed 
numerically, being most easily accomplished by using Matlab, for example, 
not posing the same difficulties of a direct maximization of the observed 
likelihood (19) and (20). Further, the approach seems somewhat robust with 
respect to starting values. It may take more computing time but eventually 
will lead to the maximum of the observed likelihood. 

4 Simulation study 
In this section we present results of a small scale simulation study to demon­
strate the usefulness of the approach developed in Section 3 in studying 
linear mixed models defined by {27)-(28), where the random effects b;, j = 
1, ... , m, are assumed to follow the skew-normal distribution with diagonal 
dispersion matrix D. Similarly, the dispersion matrices t/J; are assumed to 
be equal a~ln;. We-consider the case with q = 1 and q = 2 for different val­
ues for .X,, (see Table 1). The covariate Xi; were generated from the N(5,1), 
the Zi; were considered as being 1, and the errors ft; were generated as i.i.d. 
N(O, ~), with a: = I. The true location parameters values were /31 = 1 and 
/3-i = 2. The following combinations of sample sizes were taken for simula­
tion: (m, n) = (50, 8) and (m, n) = (100, 4), which are typical sample sizes 
in longitudinal studies. For each situation, 1000 simulated samples were con­
sidered. The simulation study was conducted using the MATLAB software. 
The parameter estimates are computed a88Wlling the skew-normal likelihood 
(skew-normal column) and the incorrect symmetric normal likelihood (nor­
mal column). The summary results are presented in Table 1, where the 
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Table 1: Simulation result for the linear mixed skew-normal model, with q = 1 and 
q = 2, based on 1000 samples. The mean and standard error (SE) of each estimator 
are obtained based on the generated samples. "Skew-normal" ("normal") meaning 
that estimators are obtained using the corresponding Skew-normal likelihood (the 
incorrect normal likelihood). 

m= 50,n=8 m = 100,n = 4 
skew-normal normal skew-normal normal 

Parameter Mean SE Mean SE Mean SE Mean SE 
q=l 

fJo = 1 1.0138 0.0387 1.0522 0.0341 1.0138 0.0427 1.0460 0.0400 
fJ1=2 2.0123 0.0380 2.0431 0.0337 2.0114 0.0421 2.0511 0.0395 
a;::;: 1 1.0058 0.0781 1.0125 0.0812 0.9880 0.0715 1.0029 0.0763 
C11 = 0.5 0.4139 0.1822 0.2345 0.0779 0.4275 0.1818 0.2326 0.0716 
>.,,1 = 2 2.4595 3.1800 - - 1.9600 2.8154 "; - -
N.C. 18% 17% 

q = 2 and Ab= (>.bl, Ab1)1 

fJo = 1 1.0065 0.0444 1.0759 0.0398 1.0055 0.0460 1.0799 0.0410 
fJ1=2 2.0094 0.0449 2.0809 0.0379 2.0088 0.0451 2.0819 0.0409 
~=1 0.9897 0.0752 1.0052 0.0760 0.9872 0.0821 1.0019 0.0828 

dt1 = 0.5 0.5745 0.2694 0.2468 0.0748 0.5610. 0.2222 0.2486 0.0606 
dt1 = 0.8 0.6772 0.2029 0.3345 0.0869 0.6715 0.1571 0.3287 0.0733 
>.b1 = 2 2.9526 3.5258 - - 2.7291 3.4161 - -
N.C. 14% ll,6% 

q = 2 and ~b = (>.bi, Ab2P 
/Jo= 1 1.0069 0.0443 1.0734 0.0381 _1.0037 0.0472 1.0753 0.0395 
fh=2 2.0059 0.0447 2.0733 0.0395 2.0078 0.0462 2.0780 0.0402 
~=1 0.9893 0.0734 1.0009 0.0746 0.9880 0.0807 1.0025 0.0808 
af1 = 0.5 0.6948 0.2655 0.2638 0.0742 0.5189 0.2109 0.2721 0.0652 
dt2 == 0.8 0.5547 0.1878 0.3644 0.0949 0.7522 0.2103 0.3669 0.0782 
Abl = 1 2.0702 2.8618 - - 1.8338 2.0512 - -
>.,,2 = 2 2.3018 2.9892 - - 2.0759 2.3746 - -
N.C. 7.4% 5.6% 

entries are the mean values over the 1000 simulated samples and the column 
SE are the estimated standard errors. For the parameter fJ1, for example, 

✓ 1000 - ~ -SE = Li=l (/Ju - fJ1) 2 /1000, where /Ju is the estimator of /31 computed -using the i-th generated sample and P1 their sample mean. N.C. indicates 
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percentages of samples with any element of ~ = oo. 

In all cases, the mean values of P1 and P2 are very close to their trne 
value.s. The approach also performs well for estimating the variance error 
component u!. On the other hand, the variances due to the random effect 
components are severely underestimated if the symmetric normal model is 
assumed with asymmetric data. Hence, the main conclusion is that if re­
sponse follows an asymmetric normal distribution and a normal model is 
fitted, variance of random components will be undere.stimated, implicating 
that inter-individual association may not be significant when indeed it is sig­
nifi.cant. 

5 An application 

We illustrate the usefulness of the proposed algorithms by applying them to 
the Framingham cholesterol data. The file includes the cholesterol levels over 
time, age at baseline and gender for m = 200 randomly selected individuals. 
As in Zhang and Davidian (2001), we consider the following mixed linear 
model 

Yi; = f3o + f31sex; + fhage; + fJati; + bo; + b1;ti; + !i;, (43) 
where Yi; is cholesterol level divided by 100 at the i-th time for subject j 
and ti; is (time - 5)/10, with time measured in years from baseline; age; is 
age at baseline; sex; is the gender indicator (0 = female, 1 = male). Thus, 
Xi; = (1, age;, sex;, ti;)r, b; = (1, ti;)T. Figure l(a) shows the histogram of 
cholesterol levels, clearly indicating its asymmetric nature and that it seems 
adequate fitting a. skew-normal model to the data set. , Zhang and Davidian 
(2001) analyzed this data and show that the asymmetric behavior is par­
tially explained by the available covariates and the random effects may not 
be normally distributed. Based in this conclusion, three statistical models, 
differing in the error term and random effects distributions, are entertained. 
These models are: 

Model 1: A model with independent multivariate normal distribution for 
the errors and multivariate skew-normal distribution for random effects with 
~ = (,\H, ,\btf; 
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Model 2: A model with independent multivariate skew -normal distribution 
for random random errors with common shape parameter between groups and 
multivariate symmetric normal distribution for the random effects; and 

Model 3: A purely Gaussian model. 

In all cases we considered 1/); = ~Ini, j = 1, ... , 200 ( conditional indepen­
dence). Table 2 presents the results obtained using the EM-type algorithm 
of the three models described above, SE are the estimated asymptotic stan­
dard error based in the Hessian matrix, which was computed numerically 
by using the program MATLAB. When considering Model 2 ( only random 
errors are asymmetrically distributed), asymmetry is not detected and pa­
rameter estimates are close to the one,s obtained under normality (Model 3), 
as expected. The AIC criteria indicate that Model 1 presents the best fit. 
Notice that time factor is significant under normality but is not significant 
under Model 1. Figure l(b) shows the histogram of r as (31) for the model 
1 indicating that this model fits well the data set. 

Table 2: Results of fitting models 1, 2 and 3 to the cholesterol data. d11 , d12 
and~ are the distinct elements of the matrix 0 1

/ 2 

Model 1 Model 2 Model 3 
Parameter Estimate SE Estimate SE Estimate SE 

/Jo 1.3678 0.1483 1.5725 0.1258 1,5968 0.1543 
{Ji -0.0665 0.0549 -0.0632 0.0545 -0.0630 0.0568 

th 0.0162 0.0036 0.0184 0.0033 0.0184 0.0037 
Pa 0.0801 0.0480 0.2817 0.0249 0.2817 0.0242 
Cle 0.2086 0.0058 0.2083 0.0050 0.2084 0.0058 
du 0.4755 0.0385 0.3724 0.0187 0.3715 0.0201 
d12 0.1315 0.0306 0.0562 0.0181 0.0563 0.0179 
d22 0.2456 0.0419 0.1868 0.0280 0.1868 0.0329 
Ab 2.0273 1.2918 
>.,, 0.1563 0.1309 

AIC -1306.2916 -1301.512 -1303.5104 
iterations 187 144 72 
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Figure 1: {a) Histogram of cholesterol levels for 200 subjects of Framinghrun 
cholesterol study. (b) Histogram ofr as in (31) for Model 2. 
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6 Final Conclusion 

In this paper we developed a skew normal mixed model for fitting regres­
sion model with dependent data. We believe that this is the first attempt in 
working in such general distributional structure for mixed models and that 
the approach used in this paper can be used in treating other multivariate 
models which will be the subject of incoming papers . .A..n analytical expres­
sion (closed form) is obtained for the marginal distribution of the observed 
response vector which allows carrying out inferences using standard opti­
mization techniques and existing statistical software. For evaluation of the 
MLE, an EM-type algorithm is developed by exploring statistical properties 
of the model considered, and as is typical for the EM algorithm, reliability 
rather than speed is its best feature. An small simulation study is also pre­
sented where as observed in other context and approaches (e.g., Zhang and 
Davidian, 2001), there is potencial to gain efficiency in estimating variances 
due to the random effect components when the normality assumption does 
not hold. An additional major advantage of all approaches that relax the 
assumptions on the random effects density is the insight the estimates pro­
vide. We have implemented the approach using MATLAB software, code is 
available from the authors on request. 
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