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Abstract
In earlier works, we proposed a model for the nuclear potential of α-nucleus
systems which is energy independent and has no adjustable parameters. This
interaction has been successfully applied in the description of fusion, elastic
and inelastic scattering data for many of those systems in regions of low
energy. In the present work, we assume the same interaction as the bare
potential to study the elastic scattering for α + 208Pb in a wide energy range.
We demonstrate that the corresponding data set can be described if couplings
to inelastic states with high excitation energy are explicitly considered through
coupled-channel calculations.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The collision between two nuclei can result in several processes, such as elastic and inelastic
scattering, transfer reactions, fusion, break-up, etc. Due to the many nucleons involved, the
corresponding large number of degrees of freedom makes the theoretical description of these
processes very challenging. The couplings among the different reaction channels can sig-
nificantly affect the respective cross sections obtained in theoretical calculations. For instance,
the couplings to inelastic and transfer channels can result in an enhancement of several orders
of magnitude for the fusion cross sections at sub-Coulomb energies (see e.g. [1, 2]). Thus, the
coupled-channel (CC) formalism has been often assumed in data analyses. However, due to
limitations related to the numerical calculations, the number of states explicitly considered in
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the coupled equations is in general not very large, mostly low-lying inelastic and transfer
states.

Elastic scattering is the simplest process that occurs in a nuclear collision since it
involves the least amount of matter and energy rearrangement. A huge amount of experi-
mental data for this process has been obtained for many systems and energies. The optical
model has been assumed in many works that deal with elastic scattering data analyses. In this
approach, the theoretical calculations are performed assuming a simple one-channel Schrö-
dinger equation with a complex optical potential (OP). In this context, an important energy-
dependence of the phenomenological OP has been reported (see e.g. [3]). Several theoretical
models have been developed to account for this energy dependence, such as, for instance, the
variety of density- and energy-dependent interactions (e.g. [4, 5]), the parameter-free São
Paulo potential [6] and the Lax interaction (e.g. [7]). In most of these models, the real part of
the OP is obtained from double-folding procedures and the energy dependence is associated
to the effective nucleon-nucleon interaction. The imaginary part can also be derived in a
similar form, in the context of the Lax interaction, or most often be assumed within a
phenomenological approach, that includes the use of simple shapes such as in Woods-Saxon
shape.

In earlier works [8–10], we proposed a theoretical model for the nuclear potential of
α-nucleus systems, which is energy independent and has no adjustable parameters. This
interaction has been successfully applied in the description of fusion, elastic and inelastic
scattering data for many systems at low energy regions [8–10]. In the present work, we
assume the same interaction as the bare potential to study the elastic scattering for α + 208Pb
in a wide energy range. We demonstrate that the corresponding data set can be described if
couplings to inelastic states with high excitation energies are explicitly considered through
CC calculations. Since the bare interaction is energy independent, our results indicate that the
observed energy dependence of the phenomenological OP can be associated to the effect of
these couplings.

2. Theoretical framework

According to [8–10], we assume for the real part of the bare nuclear potential the following:

V R r r v R r r dr dr , 1N 1 1 2 2 1 2 1 2( )( ) ( ) ( ) ( )ò r r= - +
    

with

v r U e , 2r a
0

2( ) ( )( )= - -

where U0 = 87.226MeV, a= 0.95 fm, and the ρi(ri) represent the matter densities of the
nuclei. For the α particle, we assume that the matter density has the same shape of the
corresponding 4He charge distribution (from [11]). We adopt the systematics of the matter
distributions of the São Paulo potential [6] for the 208Pb.

The imaginary part of the OP assumed in our calculations has the Woods–Saxon shape:

W R
W

R R a1 exp
, 3

I I

0

0( )
( ) ( )= -
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with R r A A .I i0 0 1

1 3
2
1 3( )= + The values of the corresponding parameters were carefully

studied and obtained in [10], assuming that the absorption of flux by the imaginary part of
the OP should only simulate the fusion process without affecting the barrier tunneling:
W0 = 60 MeV, ri0 = 0.8 fm and aI = 0.25 fm.
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In [10], this OP (real and imaginary parts) was assumed in the fusion, elastic and inelastic
scattering data analyses for many α-nucleus systems. In that work, CC calculations were
performed to obtain the corresponding cross sections, in which a small number of low-lying
inelastic states (first 2+ and 3- states of even–even target nuclei) were explicitly considered in
the coupled equations. The analyses only involved data at energies around the Coulomb
barrier and the following results were obtained:

(1) the experimental fusion cross sections were very well reproduced by the theoretical
calculations in the complete energy region;

(2) the elastic and inelastic data were very well reproduced at sub-Coulomb energies;
(3) at energies above the barrier, the elastic experimental cross sections were well

reproduced at forward angles ( ,1 4q q where θ1/4 represents the quarter-point angle), but the
theoretical results largely underestimate the cross sections at the backward angular region;

(4) similar behavior was observed for the inelastic scattering cross sections at energies
above the barrier;

(5) the couplings to the low-lying inelastic states do not significantly affect the theoretical
elastic scattering cross sections.

In order to understand these results, a few simulations were performed in that work.
These simulations indicated that, for the above-barrier energies, the couplings to inelastic
states of high excitation energies could provide quite important contributions to the elastic
scattering cross sections at backward angles. Indeed, this conclusion has motivated the pre-
sent work.

We have chosen α + 208Pb to be studied because there are many experimental sets of
elastic scattering angular distributions for this system in a very wide energy range. Further-
more, also inelastic processes have been measured at low and high energies. In particular, the
data sets reported in [12, 13] are important for the present work, because they provide the
inelastic cross sections of states with high excitation energy. Data for α + 208Pb at ELAB =
120MeV were obtained in those works. Besides the presence of some particular states
observed with excitation energies up to about 10MeV, the corresponding spectra show a
quite large background beyond the giant resonance region, which reaches excitation energies
up to about 50MeV (see e.g. figure 1 of [12]). This continuum background is due to real
nuclear scattering processes and is, of course, observed in all reaction studies on giant
resonances. The nature of this background has been studied in [13]. In those measurements,
the spectra were taken at and around 0 degrees. In that experiment, special care was taken to
remove the instrumental background due to beam halos and slit scattering. Furthermore, by
studying neutron decay at forward and backward angles, it was possible to separate the
nuclear continuum into its two components: the neutron knock-out contribution correlated
with neutrons emitted at forward angles and the contribution due to single and multiple
inelastic excitations of 208Pb states with neutrons emitted more or less isotropically.

In order to estimate the cross section related to the inelastic processes in the case of α +
208Pb at ELAB = 120MeV, we have adjusted the corresponding angular distributions pro-
vided in figure 8 of [12], within the DWBA formalism, with OP and deformation parameters
adjusted to fit the data. We obtained a total (integrated in angle and excitation energy) cross
section of about 24 mb for states with excitation energy up to about 7 MeV. By assuming that
the total cross section is proportional to the counts obtained in the spectrum of figure 1 of
[12], we estimated a cross section of about 200 mb in the region of excitation energy of

E2.6 50 MeV.*  Probably, there is more contribution from states with E 50 MeV.* >
Thus, at ELAB = 120MeV, the inelastic processes can be associated to cross sections of the
order of magnitude of hundreds of milibarns.
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The most adequate method for solving a problem involving a large number of nucleons
would be to perform CC calculations including all inelastic states up to very high excitation
energies. However, due to the huge number of states, there are prohibitive limitations in the
corresponding computational numerical calculations. Systematics for the density of nuclear
levels has been performed in [14], where it is parametrized as:

E
T

e
1

. 4E E T0( ) ( ) ( )* *r = -

In the case of 208Pb, the suggested parameters values are: T=1.06 MeV and
E 0.52 MeV.0 = The semi-closed symbols in figure 1 represent the number of nuclear
levels as a function of the excitation energy, for 208Pb, obtained with (4). N is the number of
levels in the interval of ±0.5 MeV around E*. For the purpose of comparison, the closed
symbols in the figure represent the number of levels obtained in the data basis of the National
Nuclear Data Center (NNDC). Expression (4) results in a total of about 1020 levels in the
region E 50 MeV.*  Of course, usual CC calculations involving so many states are totally
impracticable.

In order to study the effects of couplings to inelastic states with high E* on the elastic
cross sections, we have coupled only a few states, within the framework of the rotational
model, using relatively large deformation parameters with the purpose of simulating the effect
of myriad of states. The deformation was applied only in the real part of the nuclear inter-
action and the calculations were performed with the FRESCO code [15]. The spin and
excitation energies related to these couplings are presented in table 1. The adopted defor-
mation parameters are δ2 = 3.5 fm and δ3 = 3.0 fm, which are much larger than the values
assumed in [10] for the 2+ and 3- low-lying 208Pb states: δ2 = 0.40 fm and δ3 = 0.78 fm. Note
that the 2+ and 3- states are coupled in first order through δ2 and δ3, respectively, while the 4+

states are coupled in second order through δ2.

3. Data analyses

We have obtained experimental elastic scattering angular distributions for α + 208Pb from
[16–21] (part of these data were taken from the EXFOR data basis). The corresponding
bombarding energy range is from E 20 MeVLAB = to 340MeV. The highest energy
(85MeV/nucleon) corresponds to a velocity of about 40% of the speed of light. Even so, we
believe that possible corrections in our results for this case due to relativity are not much
significant since cv 0.16.2 2 »

The parameter values of the couplings adopted in our CC calculations have been obtained
from qualitative adjustments of the corresponding cross sections with the data for 340MeV.
Unfortunately, we could not include more states, with higher excitation energies, since the
corresponding CC calculations do not converge. Having the parameter values fixed, we
extrapolated the calculations to lower energies. The number of coupled states for each
bombarding energy was determined in such form that the numerical convergence of the CC
calculations was achieved. Thus, we did not coupled states with the highest excitation
energies for the angular distributions taken at 58, 104 and 139MeV. Table 2 provides the
maximum number of states coupled for each angular distribution. The table also provides the
total inelastic and fusion cross sections obtained with and without couplings. For above-
barrier energies, the couplings enhance the fusion by less than 7%, while for the below-barrier
energy (E 20LAB = MeV) the corresponding enhancement is 25%.
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As indicated in table 2, we have performed CC calculations at ELAB = 120MeV using the
four first excited states of table 1. With these couplings, we have obtained a total inelastic
cross section of 247 mb, which is comparable to the aforementioned experimental value of
about 200 mb for E 50 MeV*  estimated from the results of [12]. This compatibility is an
indication that the small set of states of table 1 can be considered as a reasonably realistic

Figure 1. The number of nuclear levels as a function of the excitation energy for 208Pb.
N represents the number of levels in intervals of ±0.5 MeV around E*. The semi-closed
symbols represent the results of (4) while the closed symbols are experimental results
obtained from the National Nuclear Data Center (NNDC).

Table 1. Values of the excitation energies (MeV) and spin of the couplings adopted in
our CC calculations.

State E
*

spin

1 5 2+

2 20 3-

3 30 4+

4 37 4+

5 50 4+

6 60 4+

Table 2. The table provides, for each angular distribution, the maximum number of
coupled states (N), the total inelastic cross section ( Ins —mb), the fusion cross section
(mb) obtained from the CC calculation ( CCs ) or without couplings (σWC).

ELAB (MeV) N σIn σCC σWC

20 6 0.0095 55.5 44.2
23.6 6 2.44 445 430
27.6 6 18.9 878 872
58 5 88.4 2102 2054
104 4 201 2391 2301
120 4 247 2395 2308
139 4 283 2393 2257
340 6 814 1817 1711
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simulation of couplings to a very large number of inelastic states with high excitation
energies.

The s-wave barrier height for α + 208Pb corresponds, at the laboratory frame of refer-
ence, to about 20.9 MeV. Figure 2 shows three experimental elastic scattering angular dis-
tributions for energies around the barrier. The lines in the figure represent the results of the
CC calculations, obtained considering different numbers of coupled states: 0 no couplings;
1 coupling only the first state of table 1; 6 coupling all the six states of the table. For
E 20LAB = MeV (below barrier) the couplings almost do not affect the cross sections. At
E 23.6 MeV,LAB = the theoretical cross sections obtained coupling only the first state are
almost indistinguishable from those obtained with all the six states. At backward angles, the
CC cross sections are slightly larger than the results without couplings and agree very well
with the data set. The angular distribution at E 27.6 MeVLAB = was studied in detail in [10].
The theoretical cross sections obtained without couplings reproduce the data in the region

1 4q q and are in disagreement with the experimental values at the backward angular
region. In [10] we showed that, adopting realistic values for the deformation parameters

0.402d = fm and δ3 = 0.78 fm, the couplings to the low-lying 2+ (E 4.1* » MeV) and 3-

(E 2.6* » MeV) 208Pb states almost do not affect the elastic cross sections. For this reason,
these states were not included in the present CC calculations. On the other hand, as illustrated
in figure 2, the coupling to the first state of table 1 is significant and provides CC cross
sections in good agreement with the data. The couplings to the other states of table 1 are less
significant and just slightly improve the agreement. The deformation of the first state of

Figure 2. Elastic scattering angular distributions for α + 208Pb at ELAB = 20, 23.6 and
27.6 MeV (from [16, 17]). Note the change from linear (top) to logarithmic (bottom)
scales. The lines in the figure represent the CC results considering different numbers of
coupled states: 0 no couplings;1 only the first state of table 1; 6 all the six states
of table 1.
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table 1, 3.52d = fm, is much larger than those for the low-lying 2+ and 3- states assumed in
[10]. According to the present work, this state of table 1 is, in fact, simulating hundreds of
states with excitation energies around 5MeV (see figure 1).

Figure 3 presents data and theoretical results for E 58 MeV,LAB = in linear (left) and
logarithmic (right) scales. The elastic cross section plotted in the linear scale clearly shows the
improvement of the agreement between data and theoretical results from the calculations
without couplings (indicated by 0 in the figure ) to those coupling the first state of table 1
( 1¬ ). On the other hand, the same plot in logarithmic scale reveals that the cross sections at
the backward region are affected by the number of coupled states, and the results obtained
with the first five coupled states of table 1 describe quite well the complete data set.

We present results for E 104 MeVLAB = in figure 1 (top—logarithmic and bottom—

linear cross section scales). It is quite illustrative the form in which the agreement between
data and theoretical results significantly improves as the number of coupled states increases.
Unfortunately, the numerical CC calculations with more than 4 coupled states did not
converge.

The case of E 139 MeVLAB = is shown in figure 5. The data set clearly presents a
rainbow at 60 .c.m.

oq » Due to the computational limitation of our CC calculation, we could
not couple more than the four first states of table 1. Even so, it is possible to observe in the
figure that these couplings already seems to provoke the formation of a rainbow pattern.

Finally, figure 6 presents the results for E 340 MeV.LAB = Clearly, the agreement
between data and theoretical results becomes more satisfactory as the number of states
included in the CC calculations increases. Probably, a much better agreement between data

Figure 3. Elastic scattering angular distribution for α + 208Pb at E 58 MeVLAB = [18].
Note the change from linear (left) to logarithmic (right) cross section scales. The lines
in the figure represent the CC results considering different numbers of coupled states.
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Figure 4. Elastic scattering angular distribution for E 104 MeVLAB = [19]. Note the
change from logarithmic (top) to linear (bottom) cross section scales. The lines in the
figure represent the CC results considering different numbers of coupled states.

Figure 5. The same as figure 1, for E 139 MeVLAB = [20].

J. Phys. G: Nucl. Part. Phys. 43 (2016) 015107 L C Chamon and L R Gasques

8



and theoretical cross sections would be obtained considering many more couplings to states
with excitation energies even larger than 60MeV. However, these states with very high E*
result in numerical problems concerning the solution of the coupled equations.

4. Conclusion

CC calculations involving a large number of inelastic couplings have already been performed
in other works, but generally within limited ranges of excitation and bombarding energies.
For instance, about 70 states were coupled in [22] to study the fusion and quasi-elastic
processes for 16O + 208Pb. However, in that work the maximum excitation energy of this set
of states is about 7 MeV, and the calculations were performed only for bombarding energies
around the Coulomb barrier. The effect of couplings on the behavior of the OP has also been
studied is several works (see e.g. [23]), but again within the limitations mentioned above. In
the present work, we deal with much larger excitation energies (see table 2), and we study the
effects of these couplings not only at energies around the barrier but also at intermediate
energies, up to 85MeV/nucleon. To our knowledge, this is the first time that such kind of
calculations are reported.

As already commented, the bare interaction (real and imaginary parts of the nuclear
potential) assumed in the present work for α + 208Pb has provided a quite good description
of the fusion, elastic and inelastic scattering processes at sub-barrier energies for many
α-nucleus systems [8–10]. In the CC calculations performed in the present work, we adopted
the values of the coupling parameters within a rather schematic and arbitrary form, with the
purpose of simulating myriad of states with high excitation energies. The corresponding
theoretical result for the total inelastic cross section at E 120 MeVLAB = is compatible with

Figure 6. The same as figure 1, for E 340 MeVLAB = [21].
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experimental results obtained in [12, 13]. In this sense, this set of states represents a realistic
simulation of a large number of inelastic couplings.

For energies above (but near) the barrier, the discrepancies observed in [10] between data
and elastic scattering theoretical cross sections at backward angles can be removed con-
sidering the present set of couplings. We have also obtained a reasonable description of the
data even at very high energies. The behavior of the theoretical cross sections, while the
number of coupled states is increased, indicates that much better adjustments would be
obtained if more states with higher excitation energies were explicitly considered in the
coupled equations.

In the context of the optical model, many works have reported a significant energy
dependence of the phenomenological OP that fits elastic scattering data. The OP is composed
of the bare and polarization potentials, the latter containing the contribution arising from
nonelastic couplings. The bare potential is related to the effective nucleon–nucleon interaction
within the context of the folding models. It is already well known that the OP can present a
strong energy dependence for energies around the Coulomb barrier [3]. This behavior, coined
the threshold anomaly, is related to the closure of the reaction channels at this energy region.
On the other hand, the OP also presents significant energy dependence when observed within
the context of a much wider energy range, from near-barrier to intermediate bombarding
energies. Several theoretical models have been proposed to account for this energy depen-
dence. So far, most of these models relate the OP energy dependence to the bare interaction,
through the effective nucleon–nucleon interaction (e.g. [4–7]). Since the bare interaction
assumed in the present CC calculations is energy independent, our results represent a strong
indication that significant part of this OP energy dependence can be related with couplings to
a large number of states of high excitation energies. The development of more efficient
methods to solve coupled equations with these characteristics would be very important to
improve the study of elastic scattering at intermediate energies.
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