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Abstract 

A p-aubgroup version of the coujecturt' of Za&.eubaus is proved 
for some finit.e solvable group• including solvable groups wh011e 11,ny 
Sylow p-aubgroup is either abelian or generalized quaternion, solvable 
Frobeniua groups, nilpotent-by-nilpotent groups and solvable groups 
whoae orders are not divisible by the fourth power of any prime. 

1 Introduction 

Let U,'llG denote the group of units of a.ugmenta.tion one of the integral 

group ring of a finite group G. The Zassenha.us conjecture (ZCJ) sa.ys 

that any finite subgroup of U111,(_; is conjugate in G2G to a. subgroup of(; 

(see (19, chapter 5]). We kuow tha.t (ZCJ) bolds for 11ilpote11t groupi; (22} 

and for split meta.cyclic groups ((16}, [21]). K. W. Roggt>nka.mp a.nd L. Srott 

have shown that the Zassenha.us conjecture is false a.nd a. rounterexample is 

a finite metabelia.n group [11). However, somewhat weaker statements hold 

for large families of finite and infinite groups ( see {19, chapters 5 and 6} 

•,esearcl1 aupported by Fape,,p-Bruil 
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and [l), [3], [4], [8], (121). In the present pa.per we consider the following 

p-subgroup version of (ZC3). 

(p-ZC3) ff H ia a p-11Ubgroup of U1 'llG then there czist~ a unit a E OW 

auch that 0-1 Ha CG. 

Particulary, if (p-ZC3) is true for a. group G then any finite Sylow p­

subgroup ofU17LG is rationally conjugate to a p-subgroup ofG. Conjugation 

of those Sylow subgroups ofU1 'llG which can be embedded into a group basis 

is investigated in (9], (lOJ. 

In this paper all groups (; are asssumed to be finite. In sertion 1 w.­

esta.blish a. reduction modulo a. normal subgroup. We apply it to gruPral­

ize a result of {17] and to prove (p-ZC3) for nilpotent-by-nilpotent groups. 

Particularly, this conjecture is true for both metabelian and supersolva.ble 

groups. In sections 3 and 4 we establish (ZC3) for s◄ aud a rovering group 

of it, the Binary Octahedral Group. We apply these results in sPrtion r, 

to prove (p-ZC3) for solvable ,;ro11ps whose any Sylow sub,;roup is Pithrr 

abelia.n or generalized quaternion. As a cosequence we deduce (t>-ZC3) for 

solvable Frobenius groups. We also prove (p-ZC3) for a family of groups 

includlng those solvable groups whose orders are not divisible by th.- fourth 

power of i.ny prime. 
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2 A REDUCTION STEP AND SOME APPLI­
CATIONS 

For an element o of 71,G we put o(g) = E o(g) where C9 is the conju,;3.("y i.ec. 
clasa of g E G. 

Let N be a. normal subgroup of G, 7J = G/N, 't: 'lLG ._ 'll(G/N) the 

natural map, g = f(g) for g E G. This notation shall be used in all wha.t 
follows. 

Lemma 2.1 Leto E U11LC: be a torsion unit, /J = i(o) and (o(o), INI) = 
1. If the order of g E G i.., relatively prime to INI thrn o(g) = 1J(g). 

Proof': Set S1 = {h E G: h"" gin?:} a.nd s; = {h E S1 : o(h) = o(g)}. 
We see that i}'(g) = E o(h). Notf' that if his not ins; then (o(h), IN!) ;ii! J i.es. 
and consequently there is a 1>rim1P p suc-h that p I o(h) hut p do--s not dividf' 

o(o). By (19, Lemma 38.ll}, o(h) = O. Sine..- the complement of S~ in 
S1 is a normal subset of(;, we havt> that 1}(9) = L 0(/1). h suftirf'S to 

hES~ 
show that the elements of s; are conju,:ate tog. lndef'd, if h E .s; then 

i-1ht = gfJ for some t E G, (IE N and the eq11ality o(h) = o(g) implies that 
the cyclic subgroups (g) and (g6) are complements for N in N >O (g). Since 
(o(g), INI) = I, we get, hy Schur- Zassenhaus Theorem, that Ii is ronju,:ate 
tog. Hence, the rf'Suh follows. 

□ 

The next result generalizes (7, Lt>m111a :.i.:JJ. 

Theorem 2.2 Let H be a finite subgroup of U1 'lLG such that (IHI, !NI)= I 
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and Go be a subgroup o/ G with (IGol, jNl) = 1. Thw H is rntiu11aJly 

conjugate to Go ifl t(H) ia conjugate to Go in~G. 

Proof: Weha.vetoprovejusttheconverse. Denote1T = IJl(H).Let-y-187 = 
lTo for aome 7 eCQC::. Leto E H and let /J be u above. According to [19, 

Lemma 41.4] ha= ,-•p.., is, upto conjugacy, the unique element of G with 

P(h0 ) I 0. If we choose g,. E G such tha.t h,. = t(g0 ) and (o(g0 ), INI) = I 

then it follows from (19, Lemma 38.11) and Lemma. 2.1 that, upto conju­

gacy, 9111 is the unique element of G with o(ga) 1' O. Let G1 be the inverse 

image of Go in G. Since Gi/ N 9!' Go and (IGol, INI) = 1 we have, by Schur­

Zassen.haus Theorem, that Go is a complement for N iu G1 • Clearly, the 

restriction oft to Go gives an isomorphism between Go a.nd G0 • Denote by 

t 1 the inverse of this isomorphism and define a. homomoq>hism <I> : H - G0 

by setting <l>(o) = 111 1(7- 1/j-y). Since (o(<l>(o)), INI) = 1, Lemma 2.1 implies 

that ii( <I>( o)) = J3( t <I>( o)) = J( h,.) / 0 and <I>( o) is ronjugate to go,. It 

follows by (19, Lemma. 41.4) tha.t H is rationally conjugate to Go. D 

As a consequence we have the following: 

Corolarry 2.3 Suppose tliat (ZC:J) liolds fur t/ir factur gruup G/,V. Tl1t11 

an11 finite subgroup H C U1 '/LG wlio.'iC order is rdatillrly prime to tl,r 01-dcr 

of N ia rationally coHjugate to a subgroup of G. 

Also we obtain some consequences for split extensions. 

Corolarry 2.4 Let G In: a :-plit utc11 ... ~io11 of a rwrmal mlpotn,t .,11bgruup 
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N and a group X which satisfies (p-ZC3). If the ordcr1< of N and X arc 

relatii,eli, prime then G satisfies (p-ZC3). 

Proof: Let H be a finite p-subgroup of U17LG. If p does noL divide the 

order of N then we use Theorem 2.2 and the assumption on X. If p does 

divide INI then G has a. normal Sylow p-subgroup and hence, by {19, Lemma 

41.12), we obtain that H is rationally conjugate to a subgroup of(;. D 

We give now an improvement of Lemma 37.13 of (19]. 

Lemma 2.5 Let G = N >OX, whc,~ U1c orders of N a11<l X an- ,·datiutly 

prime, and let a = vw E U1 7J..G be a torsion unit wit/, v E U( 1 + ~( G, N)) 

and ,u E U11LX. If (o(o), INI) = 1 then a and w arc rationally coujugatc. 

Proof: We observe that ii(g) = tii(g) for all g E G. Indeed, if (o(g), INI) #, 

1 then it follows from [19, Lemma 38.11] that ii(g) = ui(g) = O. If 

(o(g), INI) = I ihen, by Schur-Zassenhaus Theorem, WP may suppose that 

g E X and apply Lemma 2.1. 

Now let d be a divisor ofo( o ). Then o" = VJw" with V,t E U( 1 + 6( U, N)) 

a.nd we use the same reasoning for the units a", wd.. Hence, according to 

(U, Theorem 2], o and w a.re conjugate in G2G. D 

The next result is a. modification of Lemma 37 .6 of [19]. 

Lemma 2.6 Let H I and Hi bt. i.sumo,·pliil.' fiuitt: .sub9mup.s of U, '/1..(; wit" 

a given isomorphism i;, : H1 - H,. Suppose that x(h) = \(-,?{h)) Ju,· 

all h e H 1 a11d all absolutely in-cduciblc character.~ '< of < ,•. Tl,rn HI i., 

conjugate to Hi iriG2G. 
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Proof: We extend the representation r : G - Gl(n,<C) rorresponding to 

X, linearly to f1 : H1 - Gl(n,<C). By the assumption the characters of f1 

and f 1.p are equal and, consequently, the images of H1 and H1 are r.onjugate 

in any simple component of CG. Hence H1 is conjugate to 81 in (C(,' and 

Lemma37.5 of[19] implies that the conjugation can be ta.kl'n inij(;. □ 

Now we extend Theorem 37 .17 of {19). 

Theorem 2.T Let G be u in Lemma !.5. Then any finite .•ubgroup H of 

U17LG with (IHI, INI) = 1 is rationally conjugate to a .•ubgroup of U17LX. 

Proof: We write H = H,H1 with H1 C U(l + 6(G, N)) and H2 C U1'llX. 

By Lemma 2.5 the isomorphism H 3 o = vu, - w E H2 sati~fies the 

hypothesis of Lemma 2.6. Hence H Is conjugate to H2 in(QG. □ 

As a consequence we have the following: 

Corolarry 2.8 Let G and N be as in Lemma :!.5. If ff i.~ a finite 1111bgm11p 

of U(l + 6(G, N)) then the or-dcr of H divide.~ the ord,r of N. 

Proof: We already know that IHI is a divisor of IGI. S111>pose that therP is 

a prime p that divides the order of H and does not divide !NI. Let a E H 

be a unit of order p. Then, by Lemma 2.5, we have that o is rationally 

conjugate to an element of U171.X nU( l + 6(G, N)) = I, a rontra.diction.D 

Theorem 2.9 ld (; be a ,1ilpotmt-by-11ilpotrnt 9ro11p. 'J'fi,,, (p-Z( '.i) lwlcls 

/orG. 
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Proof: Let H be a p-subgroup of U17lG and G1 be a normal nilpoteut 

subgroup of G 10 that G/C:1 is nilpotent. If G1 is not a p-group, then 

G possesses a normal p'-subgroup N. It follows from Theorem 2.2 and 

induction on the order of a that H is conjugate in ~G to a subgroup of 

G. If G1 is a p-group, then the Sylow p-subgroup of G is normal and [19, 
Lemma 41.12] implies that H is rationally conjugate to a subgroup of G.D 

The proof of the following Lemma can be found in [7]. 

Lemma 2.10 Let G be a 11oltiablc group and P an abdia11 Sylow p-i;ubyroup 

of G. If P is not 11on11al in G then Op,( G) "f l. 

Proposition 2.11 Let P be an abdian Sylow p-subgf'vup of a 11olvabk group 

G. If H is a finite p-subgroup of 111 71..G then H is rationally conjugate to a 

aubgroup of G. 

Proof: By [19, Theorem 41.12] we may asume that P is not nonnaJ in (i. 

It follows from the precee<ling lemma that N == Op'((i) 'F I. Since the factor 

group G / N satisfies our hypothesis we can use Theorem 2.2 and induction 

to conclude that H is rationally conjugate to a subgroup of(;. □ 

3 (ZC3) for S4 

The Zassenhaus conjf'cture for C"yclic subgroups in 'll.S4 wa.s provf'd in [5}. 
In this section we prove the following: 

Theorem 3.1 (ZC:3) holds /of' s◄ . 
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Proof: Let G = S4 and let H be a finite subgroup of U1'/LG. It is known 

that G baa a faithful irreducible complex representation r : G - <:l(:J,Q;) 

such that the trace of r(( 12)) is I. We denote also by r the extension of this 

representa.tion to '/LG. Since (ZCI) holds for Git follows that r is faithful 

on H. Therefore 

(3.2) lf(H}I = IHI. 

Denoting by F the Fitting subgroup of G we have that F = (( 12)(:34), ( 13)(24)) 

and G/ F :!!! S3. Since Fis abelian thPre exists an invertible matrix X surh 

that x-1r(F)X has a diagonal form. It is easy to see that 

(3.3) x-1r(F)X = {/,diag(-l,-1,l),diag(-l,l,-l),diag(l,-1,-1)}. 

Denote by i' the natural map 7LG - 7LG / F, 11 = ii ( H) and Ho = 

H n{l + 6(G, F)). In view of (ZCI), going down modulo F, we obtain that 

(3.4) h E Ho ifa.ncl only if7- 1h7 E F for somP nuit 1' ECQ<:. 

We may also assume that H is not ryclir. Arrording to Lemma 1.6 it 

suffices to find a monomorphism ,p: H - G such that h ~ ,p(h) in IQ(; for 

all h e: H. We consider several rases. 

Cue 1: 1: = (u, v) is isomorphic to the Klein four group. Since the order 

of "H divides 6 we havP that [H : H0J = I or 2. 

If the index is I then, by (:J.4 ), the map <.p: H - F dPfined by-,,( it) = 

(12)(34),r,,(v) = ( 13)(24) is a group isomorphism surh that h ~ c,,(h) in CQ(; 

for all h E H. Thus, His rationally conjugate to F. 

R 



Let (H : Ho) = 2. Choose generators u, 11 such that a ,J Ho and Ho = 
(v). We have that u "' ( 12) and " ~ ( 12)(34) in QC:. Clearly .v t Ho 
and, therefore, uv ~ (12) ~ (34) in IJ2G. We now define an isomorphism 

y,: H - ((12),(12)(34)) by putting cp(u) = (12),cp(v) = (12)(34). Then h 
is rationally conjugate to ip(h) for all h E Hand consequently His conju~te 

in G2G to a subgroup of G. 

Case 2: The order of H is R. Note that in this ra.'IP (ff : H0J = "1.. WP 

show that H is not abelian. First suppose that H is elementary abelian au<l 

let u1, u2, u3 be genera.tors of H such that Ho = (u2, u3). There exists a 

matrix Ysucb that y- 1r(H)Y ronsists of diagonal matrires. For h EH we 

put d(h) = y-t f(h)Y. Note that y-a H0 Y consists ofthe dia,;onaJ ma.trices 

given in {3.3). So there is u E Ho so that d( u) = diag( I, -1. -1 ). Now siuce­

u1 does not belonf!!: to Ho we- may suppose that d( u,) = dfog(-1. I. I). HPn<'P 

d( uu1 ) = diag( -1, -1, -1 ), a contradiction sin re uu1 is rationally conj11,:ate 

to (12). 

Let H = {u, v}, where o{u2) = o{11} = 2. Note tha.t u does not belong 

to Ho and, consequently, Ho is generated by u2 and 11. LPt Y be such that 

y-1r(H)Y is in the diagonal form. As above, th" dia,;ouaJ form of Ho 
consists of the matrices givPn in (;J.3). Sinre u1 e H0 w., ma_,. a:.s11111., that 

cl(u2) = diag(-1,-1,l). Henc-P, d(u) = diag(±i,±i,±l). ("h()()S(' VJ E Ho 

so tha.t d( w) = diag( I, - I, -1 ). The element uw has order 4 so, since (ZCl) 

holds for G, we see that um is rationally conjugatl' to ( 12:14). Hencl'. d(11) 

and d(uui) are conjugate. However, it is easy to chPrk that thP 111atric-1>s 
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dicag(±i,±i,±1) and diag(±i,±i,±l)diag(l,-1,-1) are not conjugate in 

Gl(3,CI:), a. contradiction. 

Thua H ia not a.belian and since Ho has exponent 2 we see that H must 

be uomorphic to the dihedral group of order 8. Let H = (u, v : u◄ = 

v2 = 1, v-1uv = v3). Then u is not in Ho and we may choose v such 

&hat Ho is generated by u1 and uv. By (3.4), the nontrivial elements of 

Ho are conjugate to (12)(34). Since (ZCl) holda for(; we have that the 

other elements of order:.! a.re rationally conjugate to ( 13) ~ (24) and those 

of order 4 a.re conjugate to (1234). Put H1 = ((1234),(t:J)) and define an 

iaomorphism of H to H1 given by <P(u) = (1234), 'w'(v) = ( 13). Tbf'u it 

i1 dear that h and IP(h) are rationally conjugate for all h e H a.nd hence, 

H ~ Bi in 4QG. 

Case S: The order of H is 6. Since (ZCI) holds for G we must have that 

B is isomorphic to S3 • Let H = (u, v) with u3 = v2 = I. Note that Hu has 

to be trivial, otherwiSt" H would be cydir. Hence the elP1t1f'11ls of ordf'r 1 i11 

H are rationally conjugate to (12). Define a. monomoq>hism ,;, : H - (,' 

by cp(u) = (123) and ',!)(v) = (12). Then it is clear that hand -.,(h) are 

rationally conjugate for all h e H and hence H is conjugate in ~(,' to a 

subgroup of G. 

Case 4: The order of H is twelve, Since U17lG does not have elf'nwuts of 

order 6 we have, by [2, pp. 13-1· J;J5], that H is i:;omorphi,· to A,.. Tlwu LJi,. 

elements of order 2 a.re pairwise conjugate in H and case I implies tha.t IJ0 is 

ra&iona.lly conjugate to F. If,;,: H -+ A◄ is a.uy isomorphism then, dearly, 
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h la rationally conjugate to IP( h) for all la E H. Hen«', H is rationally 

conjugate \o A.-

Cue I: B i• a group baai,. We shall show that H is isomorphic: \o S4• 

Fint note that H is solvable. Put H1 = 0 2,(H). Note that Ho is normal 

and hu order 4 in this case. So if H, ia not trivial then H would have 

an element of order 6 which ia, obviously, a contradiction. Accordiag lo 

cue 2, the Sylow 2-■ubgroups of H are dihedral of order R. Hence, (I, 

page 462) implies that ff is isomorphic to S4 • Denote by v, the extension 

of auy i■omorphiam G ~ H to the integral group rin~. It follows from (18, 

Tbeorem43.6} that ip is an inner automorphism induced by a unit of ~G. 

Consequently, H is rationally conjugate to G. a 

4 (ZC3) for the Binary Octahedral Group 

Let. G be the Binary Octahedral group. We know that thf' cf'D\er of G ia 

cyclic of order 2, G/ Z(G) ~ S4 , the Sylow 2-subgroups of(,' are generaliaed 

quaternion of order 16 and a ,:roup with these properties is isomorphic to 

G ( aee, for example, (20, 2.1.14)). Moreover, the Fitiin,: subgroup F of 

G is Isomorphic to the quaternion ,:roup of order Rand <:/F ~ .'i3 • LP\ 

N = Z(G) = (z} and •: 7l(; - 'llU/N the natural ma1,. 

Lemma 4.1 We can choose a Sylow !-lfUbgrot,p P = (a.h: a• = l,62 = 
a4,b-1ab = a-1} o/C: arid it's gcncmtor11110 that •Ca)= ( 1214), F = (112 ,ah) 

anti a3 ~ ab in G. 
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Proof: Obviously, we can take a. P with t(P) = ((1234),(13)). Since F 

ia Che inverse image of ((12)(34),(13)(24)), we &ee that F = (a:l,ab). Let 

:ire G be ao element of order 3. Then z-1az # a.6 • Going down 111oduloJ/ 

to S4 we &ee that z-lalz e {a:lk+lb} and consequently a1 ~ ab in G. □ 

We also note tha.t a is not conjugate to a5 in G. For if z- 1az = a5 for 

aome :t E G then z-1Pz =Pas (a:l,ab) is the Fitting subgroup. However, 

Na(P) = P and consequently z E P, a contradiction. 

1n all what follows in this section we choose P and its geuerators as in 

the lemma above. If c E G is a.n element of order 3, then we obtain, lookiuK 

a& S4, the following representatives of the conjugacy classes of G: 

order o( an element 2 3 4 6 8 

representa.ti ves z c a ,b zc a.,a 

We note that Ill ma.ps the two conjuga.ry classes of Plementi; of order 

4 of G to the two of those of order 2 in $-4. We bt>Kin by provi1111; tha.t 

the Zasseuhaus conjecture holds for cyclic subgroupi; iu 'll.G. We i;ay that 

Q E '/LG satisfies the unique trace property if there exists a. g E (;, unique 

upto conjugacy in G, such that ii{g) :/- 0. 

Propoaitioo 4.2 (ZCJ) holds for G. 

Proof: Leto E U1'll(,' he a torsion unit. 11 its ima11;e in '/l,','◄ and -" E (,'. 

Denote by 'j = 'l'(g). Since (ZCl) holds for.~·◄ we have that 

(4.3) jj(g) E {O, I}. 
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Note fint that the unit group l/1 'llG has a unique eleu1ent of order 2. 

So we may suppose that the order of a is not 2. If o( a) = 3 then we apply 

Theorem 2.2. If the order of a is 6 then we may write a = zoo, where 

the order of a 0 is 3 and so we a.re done by the previous case. Going down 

modulo N we see easily that the only possibilities left for thl' order of o a.re 

4 and 8. 

Let o be a 2-element such that o{a) ~ 4. We want to show that E'Very 

element of (o) satisfies the unique trace property. Note that z dOf's not 

belong to the support of o. lf g has order 3 or 6 then (19, Lemma 3X.ll) 

implies that o(g) = 0. So we may suppose that g is of order 4 or H. LeL g 

and g0 be elements of O whose orders a.re 4 a.nd 8 respertivE"ly. Going down 

modulo N it is easy to see that 

(4.4) Bro>= a(u>, 

iJ('Uo) = ci(go) + ci(gg). 

Since g0 is not conjugate to gg in G, there exists a.n absolutely irrPducible 

character x of G so that x(uo) = x(gg). It is easy lo Set' that the degreP 

of x divides 4 and x is nol zero on an element of ordE"r X. Mort"over, X is 

faithful a.s i'(a) = t(a~). Let r be the representation a.ssoria.ted with .\'.· 

Then f(z) = -/ and therefore 

(4.5) 

We now treat sepera.tely the remaining two cases. 
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A11ume fl.rat th&& o has order 4. It follow, from {4.3) ud (4.4) tha.t 

a(go)+ii(go1) = 0 and there exists a. unique, upto conjugacy, element YI E c: 

of order 4 nch that o(g1) -:/a O. Applying X too and using (4.3) and (4.5) 

we obtain that x(o) = x(g1) + 2a(g0)x(go), It follows from the equalities 

gl = z = o2 that the eigenvalues of f(o) and f(g1) are ±i. Note tha.t in G 

every element is conjugate to its inverse so x is real-valued. Consequently, 

x(a) = x(g1) = 0 and so 0(90) = O. Thus any element of (a) satisfies the 

unique trace property a.nd in view of (19, Lemma 41.5] o .... 91 in~(:. 

Finally aasume that o( a) = 8. By the same reasonig we obtain tha.t 

a{g) = O if o(g) t: 8 and ii(go) + ii(g8) = 1. Hence, 

(4.6} x(o) = (o(go) + ii(gB)]x(go) = (2ii(go) - l]x(oo), 

The equalities o 4 = z = ua implies tha.t the eigenvalues of o a\1d Yo are 

primitive roots of unity of order 8. Since x is rea.1-valuPd and :y(g0 ) ;: 0 WP 

see easily that the only possibilities for x(o) and x(g0 ) arP ±v'2 and ±2v'2. 

Using this fact and ( 4.6) we obtain that 2ci(g0 ) - I = ± I and so a(g0 ) is 

0 or I. It follows, from the former case, that every element of (a) has the 

unique trace property and so, by (19, Lemma. 41.5], either a~ Yo or o ..... g8 

~~~ □ 

Theorem 4.T G 11at~fie11 (ZCS). 

Proof: A, we already mentioned U1 7LG has a unique element z of order 

2, which is central, and we denoted N = (z}. So if H is a finite non-cydic 

subgroup of U17lG then the Sylow 2-sub~ups of H a.rr f'ither cyrlic, or 

quaternion of order 8 or generalized <1ua.ternion of ordl"r rn. Mol'l"Over. siucP 
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(ZC3) holds for S4 and this group does not ha.ve subgroups of order 6, U1 'llG 

does not contain subgroups of order 12. 

Let IHI = 8. Suppose first that H < U( I + ~(G, F)). Then, by (ZCI ), 

any l ~ h E H is conjugate in ijG to a1 ~ ab. Therefore, if ,p : H - F 

is uy isomorphism, h is rationally conjugate to 4,7(h} for all h E H, and 

Lemma 2.6 implies that H aud Fare conjugate inQ2G. 

If H is not contained in U(l + ~(G, F}) then it is easily .:.een that, 

going modulo N, we may choose generators ho, h1 of H such that h.0 ~ b 

and h1 ~ a1 in ~G. We now define a. homorphism ,p ; H - (a~,b) by 

,p(ho} = b, ,p(h1) = a1 . Sinn• tll(h 1/io) r/. U( I + ~(S~. Fit(.','4))) it follows 

that h1ho ~ a1b in(QG and hjh0 = zh1h0 ~ zalb = a6b iu~G. Hence h aud 

.p(h) a.re rationally conjugate for all h E H and consequently so are H and 

(a3, b). 

Suppose now that the order of H is 16. We have tha.t H a!! P. CbOOlit' 

genera.tors u, v for H so that llr(u) ~ (12J4) and llr(u) ~ (l:i) in(Q.~·◄ · It 

follows, by proposition 4.:l, thal 11 ~ b in~<: and f"iLhrr u ~ " or 11 ~ u~ 

in (QG. In the later rase we consider a5 iustead of rt, so we may suppoi.i:; 

that u ~ a. Define an isomorphism 'f' : II - P by .,:>( u) = a, 'lo'( v) = b. 

Observe that 'll(ulrv) is rationally conjugate to (1234)k(l3). So if J.: is even 

then ~(ulrv) ~ (24) ~ (13) and consequently ukv ~ b iu ~G. lf I.: is odd, 

then t(ukv) ~ (14)(23) inG2S◄ and, hence u"v ~al~ ab inij(;. So we 

proved that h ~ 'lo'(h) for all Ii E H aud. Lht-rf"furP. II «1111 /' ..r.- r.LLiuu,LII_\· 

conjuga.te. 



Let IHI = 24. Since S4 satisfies (ZC3) it follows Lhat t( H) ~ .l-1 iu 

GIS4• Since ~ has a normaJ Sylow 2-subgroup it follows that H a.lso has a 

normal Sylow 2-subgroup H0 • Hence H = H0 >0(v) with v3 = 1. (,1early Ho 

is the quaternion group oforder 8 and aa t(Ho)...., •(F) in G2S4 , going down 

modulo F, it is easily seen that Ho < U{l + 6(G, F)). Consequently, Ho is 

rationally conjugate to F. Let c E G be an element of order 3, G1 = F>0 (c) 

and cp : H - G 1 any isomorphism. Recall that the rnujugat·y dasst>s uf 

elements of order 3 and 6 are respectively represented by zc and c. From 

this it easily follows that t.p(/1) ~ h in ijG for every h e H and hence H and 

G1 are rationaJly conjugate. 

Finally let IHI = 48. It follows from the information above that H / Z( H) ~ 

S4 and the Sylow 2-subgroups of H are isomorphic to P. Hence, H must be 

the Binary Octahedral Group. Let.;,: H --+ G be any isomorphism. Theo­

rem 3.1 and Proposition 4.2 imply that cp(h) ~ h lnij(; for every h E H with 

o(h) F 8. Let o(h) = 8 and suppose that cp(h) is not rationally rnujugatP 

to h. We have that G = (P, r), c3 = I and G1 = F>a (c) has iudex 2 in (;. 

Define a map fJ by 4 - a5 and g --+ g for any g E (;1 • Since the ele111P11ts 
' 

of G1 are fixed by this map it follows that it is an automorphism of(:. It is 

easy to d1eck now that if we replare <p by ipfJ, WP get.;,( h) ~ It in~(: for a.II 

h E H and consequently II and Gare rationally conjugatP. □ 

16 



5 (p-ZC3) FOR SOME SOLVABLE GROUPS 

Theorem 5.1 Let G be a solvable group such that any Sylou, subgroup of 

G i, either al>elian or generalized quatemion. Then G Bah,'1/iea (p-ZC:I). 

Proof: Let H be a finite p-subgroup of U111,G. In view of Proposition 2.11 

we may assume that p = 2 and the Sylow 2-subgroups of G are ~neralized 

quaternion. If the Fitting subgroup F of r. is not a 2•,;roup, then G contains 

a non-trivial normal subgroup N of odd order. Since the fartor group (; / N 

satisfies the assumption of the theorem WP use Theorem 1..1 and iudurtion 

oa IGI-

Let F be a 2-group. Sinre G is solvable, Ca(F) = Z(F) (18, p. 144) 

and, consequently, G / Z( F) = Na( F)/Ca( F) is a subgroup of Aut( F). Ar­

cording to 115,Proposition 9.10] if F is not isomorphir to Q8 , the <1uaternion 

group of order 8, then A ut( F) is a 2-group and the result follows from [22J. 

Let F ~ Q8 • Then Aut( F) ~ .'i4 , jZ( F)I = 'l. and, hetl("e, IGI divid.-s -tx. 

By (22] we may suppose that (; is not nilpotent. If IGI = 24 then G has a 

normal Sylow 2-subgroup and we can use Theorem 2.9. If IGI = 4R then r; 

is the Binary Octahedral group. In this case we apply Tht'Orem 4.7. □ 

Corolarry 5.2 A finite sofoablc Frobrnius group ,'lati.,ifif',. (p-ZC:I}. 

Proof: By (18, 10.5.6) (: = N'}(J.\" where N is nilpotent. (l,Vl,IXI) = I and 

the Sylow p-subgroups of X are either abelian or ,;eneraJized quaternion. 

Hence, the result follows from Corollary 2.4 and Theorem 5. I. □ 

17 



Theorem 5.S Let G be a finite solvable group and L = L( G) tilt la..,t mm­

trivial ten11 of~ lower central series of G. If p4 doe11 uot divide IGI /or 

an1,1 prime 1' dividing ILi, ther1 G satisfies (p-ZC3). 

Proof: Let H be a. finite p-subgroup of U171.G. lf p does not divide I LI then, 

lliace G/ L i1 nilpotent, we a.pply Theorem 2.2 and the theorem of Weiss [22]. 

Let p divides Ill a.nd F be the Fitting subgroup of G. If F is nut a p­

group, then N = O,.,(F) is a non-identity normal subgroup of 0. It is easy 

to aee that the factor group G / N satisfies the hypothesis of the theorem, so 

we may uae Theorem 2.2 and induction on the order of G. 

Let F be a p-group and Pa Sylow p-subgroup of G. In view of Proposi­

tion 2.11 ud [19, Theorem 41.12] we may assume that Pis not abeliao and 

not normal in G. ln fact IPI = p3 because p4 does not dividt> 1<:1. Now samP 

arguments as in (7, pp. 4908-4909] shows that p =:.!and(,'~ S4 • Thus, the 

result follows from Theorem 3.1. □ 

Remark : The proof of the theorem shows that if H C /.11"/l(; is a finite 

subgroup whose order is relatively prime to that of L then H is ra.tioua.lly 

conjugate to a subgroup of G. 

ACKNOWLEDGEMENTS 

We express our a.ppreciation to Ma.zi Shirvani for useful conversations. 

The first author thanks the Institute of Mathematics and Statistics of the 

State University of Sao Paulo for it's warm hospitality. 

18 



REFERENCES 

[11 Bovdi, A., Marciniak, Z., Sehgal, S. K., Torsion Units in Infinite Group 
Rings, J. Num~r Theory41 (1994), 284-299. 

(2) Coxeter, H. S. M., Moser, W. O. J., Generators and Relation:t for Di.8-
crete Groupa, Springer-Verlag, Berlin, 1980. 

(3) Dokuchaev, M.A., Torsion units in integral group rin,; of nilpotent mf'­
t.abelia.n groups, Commun. Algcbm. 20(2) (1992), 42:J-435. 

(4) Dokuchaev, M.A., Sehgal, S.K., Torsion Units in Integral Group Rings 
of Solvable Groups, Commun. Algebra (to appear). 

(5] Fernandes, N.A., Torsion Units in the Integral Group Ring of S'4 , Bolt:• 
tim da Soc. Bras. de Mat.18 (1) (1987), 1-10. 

[6] Gorenstein, D., Finite groupa, Harper & Row, New York, 1968. 

[7) Juriaans, S. 0., Torsion units in integral group ring, Co"'mun. Algebra •• 
22 (12) {1993), 4905-491:J. 

[8] Juriaans, S. 0 ., Torsion Units in Integral Group Rin~ II, Canadian 
Mathematical Bulletin (to appear). 

(9) Kimmerle, W., H.oggenkamp, K.W ., Projective Limits of Group Rin~, 
Joumal of Pure. arid Applied Algebra 88 ( 199:J), 119-142. 

[10) Kimmerle, W., R.oggenkamp, K.W., Zimmerman, A., DMV-Scminar 
Part I Group Ringll: llnit.• and the lllOmorphi."lf11 Problem. 

( 11) Klinger I L., Construction of a counterexample to a conjecture of Zassen­
haus, Commun. Algebra 19 ( 1993), 2303-2330. 

{12) Lichtman, A.I., Sehgal, S.K., The elements of finite order in the ~p 
of units of group rin,;s of free products of ,;roups, Comnaun. Algdnu 
17 ( 1989),2223-2253. 

(13] Luthar, I.S., Passi, I. B. S., Zassenhaus conjectnr• fotA!I, Proc. Indian 
Acad. SCi 99 (I) ( 19R9), 1-5. 

(14) Marciniak. z., Ritt.Pr, J.. Seh,;al. S.K., Weiss. A .• Torsion units in 
integral group rings of some metabelian ,;roups, II, Jo11mal of Numbrr 
Theory 25 ( 1987), 340-;J52. 

19 



(15) Puamaa, D.S., Permutation groups, W.A. Benjamin, Inc. N.Y., 1968. 

{16) Polcino Milles, C., Ritter, J., Sehgal, S. K., On a. conjt>r.ture of Zassen­

haua on torsion units in integral group rings 11, Pnx. A111n-. Matl&. 

Soc., 97 (2) ( 1986), 206-210. 

(17} Polcino Milles, C., Sehgal, S. K., Torsion Units in integral group rings 

of meta.cyclic groups, J. Number Theof'l/ 19 (1984), 103-114. 

(18) Robinson, D.J.S., A course in the theof'l/ of groups, Springer-Verlag, 

New York, Heidelberg, Berlin, 1980. 

(19) Sehgal, S.K., Units of Integral Group Rings, Longman's, Essex, 1993. 

(20) Shirva.ni, M., Wehrfritz, 8. A. F ., .'ii.:ew Lirlt'ar Group:<, < 'ambrid~t>. 

Univ. Press, 1986. 

{21) Valenti, A., Torsion Units in Integral Group Rings, Proc.Amer.Math.Soc. 

120(1) (1994), 1-4. 

(22] Weiss, A., Torsion units in integral group rings, J. Reine A ngeu,. Math. 

41~1991)1 17:rl67, 

Inatituto de Matema.tica. e Esta.tistica 

Univenida.de de Sao Paulo 

Caixa Postal 20570 

01452-990 - Sao Paulo - Brasil 

doltucha.Oime.usp.br 

ostanleyOime.usp.br 

20 



93-01 

93-02 

93-03 

93-04 

93-05 
93-06 

93-07 

93-08 

93-09 

93-10 

93-11 

93-12 

93-13 

93-14 

93-15 
93-16 

93-17 

93-18 

93-19 

93-20 

93-21 

93-22 

TRABALHOS DO DEPARTAMENTO DE MATEMI.TICA 

T1TULOS PUBLICADOS 

COELHO, F.U. A note on preinjective partial tilting 
modules. 7p. 

ASSEM,I. ' COELHO, F.U. Complete slices and 
homological properties ot tilted algebra•. 

Up. 
ASSEM, I. ' COELHO, F.U. Glueing■ ot tilted algebras 20p. 
COELHO, F.U. Postprojective par-citions 

Auslander-Reiten quivers. 26p. 
MERKLEH , H.A. Web modules and applications. 1,p. 
GUZZO JR. ,H. The Peirce decoaposition tor 

co111111utative train algebras ot rank n.12p. 

and 

some 
PERESI, L.A. Minimal Polynomial Identities of Barie 

Algebras. Up. 
FALBEL E., VERDERESI J .A. 

Equivalence Problem 
Geometry. Up. 

' in 
VELOSO J.M. The 

Sub-Riemannian 

BARROS, L. G. X. , POLCINO MI LIES, C. Modular Loop 
Algebras of R.A. Loops. 15p. 

COELHO.F.U., MARCOS E.N., MERKLEN H.A. , SJCOWRONSJCI 
Module Categories with Infinite Radical square 
Zero are of Finite Type. 7p. 

COELHO S.P. , POLCINO MILIES, C. Auto110rphis■s of 
Croup Algebra• o~ Dihedral Groupa. Bp. 

JURIAANS. o.s. Torsion units in integral 
rings. 11 p. 

group 

FERRERO, M., GIAMBRUNO, A. , POLCINO MILIES, C. A 
Note on Derivations of Group Rings. 9p. 

FERNANDES, J.C. Ii FRANCHI , B. Existence of the Green 
function for a class of degenerate parabolic 
equations, 29p. 

ENCONTRO DE ALGEBRA - IME-USP/IMECC - UNICAMP. 4lp. 
FALBEL, E. , VELOSO, J.M. A Parallelia■ 

conformal Sub-Riemannian Geometry, 20p. 
tor 

"TEORIA DOS ANEIS" Encontro IKE. USP. IMECC-
UNICAMP Realizado no IME-USP em 18 de 
junho de 1993 - sop. 

ARAGONA, J. Some Properties 
Generalized Functions on 
Pseudoconvex Domains. Sp. 

ot Holomorphic 
Strictly 

CORREA I., HENTZEL I.R. , PERESI L.A. Minimal 
Identities of Bernstein Algebras. 14p. 

JURIAANS s.o. Torsion Units in Integral Group 
Rings II. lSp. 

FALBEL E. , GUSEVSKII N. 
of dimension 3. 28p. 

Spherical CR-manifolds 

MARTIN P.A. Algebraic curves over Q and deformations 
of complex structures. 9p. 



93-23 

94-01 

94-02 

94-03 

94-04 

94-05 

94-06 

94-07 

94-08 
94-09 

94-10 

94-11 

94-12 

94-13 

94-14 

94-15 

94-16 

94-17 

94-18 

94-19 

94-20 

94-21 

94-22 

OLIVEIRA L.A.F. de Existence and asymptotic behavior 
of poiseuille flows of isothermal bipolar fluids. 
9p. 

BIANCONI, R. A note on the construction of a certain 
claa■ of Kleinian groups. 9p. 

HENTZEL, I.R., JACOBS, D.P., PERESI, L.A. , SVERCHKOV, 
s.R. Solvability of the ideal of all weight zero 
elements in Bernstein Algebras. llp. 

CORREA, I. , PERESI, L.A. Bernstein-Jordan Algebras of 
dimension five, 6p. 

ABADIE, B. The range of traces on the Ko-group of 
quantum Heisenberg manifolds. 13p. 

BIANCONI, R., GUSEVSKII, N. and KLIMENKO, H. Schottky 
type groups and Kleinian groups acting on s 3 with 
the limit set a wild Cantor set. 30p. 

GORODSKI, c. Minimal Hyperspheres in Rank Two Compact 
Symll\etric Spaces. 20 p. 

BARROS, L.G.x. de and WATSON, B. On Modular Loop 
Algebras of RA2 Loops. 19p. 

BARROS, L.G.X. de Loop Rings of I.P. Loops. 12p. 
BIANCONI, R. A note on the non-interpretability of a 

discrete order in an o-minimal (dense) structure. 
9p. 

GOODAIRE, E.G. and POLCINO MILIES, c. on the loop or 
units of an alternative loop ring, lOp. 

GOODAIRE, E.G. and POLCINO MILIES, C. Finite subloops of 
units in an alternative loop ring. 8p. 

JURIAANS, s .o. Trace Properties of Torsion Units in 
Group Rings. 7p. 

FALBEL, E. and GOROOSKI, c. On Contact Sub-Riemannian 
Symmetric Spaces. 22p. 

GORODSKI, C. Minimal Sphere Bundles in Euclidean 
Spheres. 32p. 

COELHO, F.U., MARCOS, E.N., MERKLEN, H.A. and 
SKOWRONSKI, A. Module categories with infinite 
radical cube zero. 28p. 

CHAVES, R.M.B. on two parameter envelopes of N-Spheres 
in a real space fora. 17p. 

BARROS, L.G.X and JURIAANS, S.O. Units in Integral Loop 
Rings. 13p. 

BRASIL, JR. A. Hypersurfaces in s4(1) with constant mean 
curvature and constant Gauss-Kronecker curvature. 
7p. 

COSTAR., NEUBURG, M. and SUAZO, A. Some Results in the 
Theory of Bernstein Algebras. 19p. 

FALBEL E., GORODSKI c. sub-Riemannian Homogeneous Spaces 
in Dimensions 3 and 4. J2p. 

BARROS, L. G. X. de and POLCINO MILIES, C. Loops 
Algebras of Code Loops. 13p. 

CARRARA , V.L., RUAS, M.A.S, and SAEJCI, O. A note on 
codifflension two submanifolds with at most four 
critical points. llp. 



94-23 COELHO P.u., MARCOS E.N., KER!CLEN H.A., and SJCOWRORSKI, 
A. Domestic seairegular Branch Enlarg ... nta of 
Tame cancealed Algebras. 14p. 

94-24 DOICUCHAEV M. A., and JURIAANS, o. Finite Subgroupa in 
Integral Group Rings. 20p, 

NOTA: os titulos publicadoa dos Relat6rioa T6cnicoa doe anoa 
de 1980 a 1992 eatlo l diapo•i~lo no Departa-nto de 
Mate■Atica do IKE-USP. Cidade Univerait4ria • ~ ndo 
de Salles Oliveira• Rua do Katia, 1010 - Butantl 
Caixa Postal - 20.570 (Ag. Iguateai) 
CEP: 01498 - Slo Paulo - Brasil 




