





We assume that Q has no oriented cycles. Let A-mod denote the category
of finite-dimensional left A-modules, and A-ind a full subcategory of A-mod
consisting of a complete set of non-isomorphic indecomposable objects of
A-mod.
For each i € Qg we denote by S; (resp. F, ;) the corresponding simple A-
module (resp. the projective cover, injective envelope of 5;). The dimension-
vector of a A-module X is the vector dimX = (dimiHoma(P:, X))ieq, in
the Grothendieck group Ko(A). The support of a A-module X, supp(X) is
the full subcategory of A defined by the set {i € Qo}X (i) # 0}.
We shall use freely the known properties of the Auslander-Reiten transla-
tions, 7 and 7~1, and the Auslander-Reiten quiver of A-mod, T's . For basic
notions we refer to [R2] and [ARS]. See also [A] and [CB].

Tame algebras have the Tits form weakly non negative and for some
classes of algebras, as for instance tilted or quasi-tilted algebras, this fact is
determinant, that is, if A is tilted or quasi-tilted, then A is tame if and only

if the Tits quadratic form is weakly non negative. Also, we have

Theorem 1.1 (De la Pefia) [P1] Let A = B[M] be a one point extension,
where B is a tame concealed algebra, not of type A,, and M an indecom-

posable B-module. Then A is tame if and oaly if g is weakly non negative.

It is natural to ask when a similar result extends to tilted algebras. In
this work we will give a partial answer, that is, we prove the following:

Let B be a strongly simply connected tilted algebra of euclidean type
and M an indecomposable B-module, then the one point extension B{M] is

tame if and only if gg[an is weakly non negative.



We begin now to recall the concepts and results that form the background

for our work.

Definition 1.2 [R1] A vectorspace category (KK,| |) is a pair given by a
Krull-Schmidt k-category IK and a faithful functor | | : KK — mod &.

Given a vectorspace category (K, | |), its objects (resp. the morphisms) are
usually considered to be the objects (resp. the morphisms) of the image of
| [, and its subspace category U(IK) is defined as follows: the objects are
triples (X,U, ) with X € ObjK, U a k-vector space and ¢: U — |X]|,
k-linear. The morphisms (X, U, ¢) — (X', U’, ¢’} are the pairs (o, §) with
B: X +X'in K, o: U — U k-linear and such that |8|l¢ = ¢’a. Clearly,
any object of /(IK) is isomorphic to a direct sum of a triple (X, U, ) with
@ : U =+ | X| injective and copies of (0, k,0).

Definition 1.3 [R1] A k-category IK is schurian if Endx(X) = k for any
X € ObjIK, X indecomposable.

Lemma 1.4 [R1] Let IK be a schurian vectorspace category. If K is of
finite representation type then every indecomposable object has dimension
1. If IK is not wild then every indecomposable object has dimension at
most 2, and moreover, if X,Y are indecomposables with dim|X|= 2 then

Hom(X,Y)#0 or Hom(Y,X)#0.

Modules over a one point extension B[M] can be identified with triples
(X, U, ) where X € B-mod, U is a k-vectorspace and ¢ : U — Hom(M, X)
is k-linear. If B has finite global dimension then gldim B[M] =



maz{gldim B, pdgM + 1}. Moreover, B-mod is a full, extension closed
subcategory of B[M]-mod.

It is known ([R1]) that the representation type of B[M] depends on the
representation type of B and of Z{(Hom(M, B — mod).
A schurian vectorspace category whose indecomposable objects have dimen-
sion one, corresponds to the additive category of a poset add kS.

See [R1] for other notions and notations related to vectorspace categories.

2 Comparing quadratic forms

In this section, we assume that B is such that gldimB < 2. Then for any
B-module M we have gldimB[M] < 3. Hence we would be able to relate
the Euler and the Tits form for A = B[M].

By [R2] the Euler form of A = B[M] can be calculated in terms of xp:
Let X be a A-module and let:

dim4(X) = dimg(Y) + n.dim,4(S.), where e is the new vertex. Then
x4(dimX) = xp(dimY) + n? — n(dimHomp(M,Y)
— dimiEzty(M,Y) + dimyExt}(M,Y))

On the other hand, using Bongartz result (see [Bo]) that if gldimB < 2
then xp = ¢gp, its Tits form is computed in following:

9a(1, 22, ..., 21y 1) = gB(%1, T2, ..., 2)) + 0 —
Y icq, 125 (dimi Ext)(S., S;) + dimy Exty(S;, Se)) +
Y ieqo 125 (dimy Exty(S., S;) + dimy Ezt}(S;, S.))

Comparing, we have:

Proposition 2.1 With the above notation:



xa(dimX) = ga(dimX) — n.dim Ext}(M,Y)

Theorem 2.2 (De la Pefia)[P1]

If B is a tame algebra, then ¢g is weakly non negative.

3 Tilted Algebras

An algebra A is tilted of type A if there exists a tilting module T over a
path algebra kA such that A = Endga (T). Tilted algebras are characterized
by the existence of complete slicesin a component of their Auslander-Reiten
quiver, called the connecting component. This component is standard and
directed. A tilted algebra has at most two connecting components, and if
it has two, then it is a concealed algebra, that is, it is the endomorphism
algebra of a postprojective (or preinjective) tilting module.

Since the A-R-quiver of an hereditary algebra is known, we can get informa-
tions about the A-R-quiver of B accordingly with the different possibilities
of T and H (see [R2]).

The structure of the Auslander-Reiten quiver of a tilted algebra is given
in [R2] and in [K]. One possibility for the tilted algebras of euclidean type is
that the connecting component is the preinjective component, and, in this
case, the algebra B is a domestic tubular algebra, that is, B = Bo[E;, Rili—;,
for some tame concealed algebra By, certain ray-modules E; in the separat-
ing tubular family of By, and some non empty branches R;. The only other
possibility is that the connecting component is the postprojective compo-
nent and the algebra is a domestic cotubular algebra, that is, B is obtained

from By by branch coextensions. Other facts about this subject can be seen



in the survey of Assem, [A]

Theorem 8.1 [K] Let B be a tilted algebra of infinite representation type.
The following conditions are equivalent :
(1) B is tame

(2) xB is weakly non negative

4 Modules of the separating tubular family

Let us assume that B is a tilted algebra of euclidean type, and that M
is an indecomposable B-module. We begin studying the case that M is not
directed.

Let us observe that 4.2 is very similar to [T], but we do not assume that

B is a good algebra, but that the preinjective component of B be of tree

type.

Lemma 4.1 Let By be a convex subcategory of B such that B is a it-
erated coextension or a branch coextension of By and assume that My =

M|p,, Mp # 0. Then By[My] is a convex subcategory of B[M)].

Proof: The proof is done by induction in the number of the coextensions

or the length of the branch.q

Let us see the case when B is of domestic tubular type
Let B be a tilted tame algebra of euclidean type with
1) the complete slice in the preinjective component.
2) the preinjective component of tree type. Let M be an indecomposable

module, in the separating tubular family.
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Proposition 4.2 In the above conditions, if B[M] is wild then gB[M)] 8

strongly indefinite.
To prove this proposition, we need some preliminar results.

Lemma 4.3 [T]

Let B = Ends(T) with T an A-tilting module and M = Hom(T, X)
with X € G(T). Then there exists a A[X]-tilting module 7’ such that
BIM] = End ) (T").

Lemma 4.4 Let B = Endy(T) with H an hereditary algebra of euclidean
type and T an H-tilting module without preinjective direct summands. Let
M be an indecomposable B-module in the separating tubular family. Then

B[M] = Endgip)(T') with M = Hom(T, R) and T" splitting.

Proof: Since T does not have preinjective direct summands, B has a com-
plete slice in the preinjective component, and M belongs to the separating
tubular family. Then M € Y(T) and there exists R € G(T) with M =
Hom(T, R) and T' = T @ Pw is a H[R]-tilting module. Let us see that 7" is
splitting. Since 7 (7") = {Y H[R]-modules such that Homgg(T",Y) = 0},
let Y € F(I') so that Hom(T' @ Pw,Y) = 0. Then Hom(T,Y) = 0 and
Hom(Pw,Y) = 0. Therefore Y is an H-module and Y € F(T). Since T is
splitting idgy(Y) = 1.

Consider the H[E}-module (Y,0,0) and let us see that id (¥,0,0) = 1.
Let us consider the minimal injective resolution of Y in H-mod:
0 — Y 24 T, 25 T, — 0 with I = @I; , I; indecomposable injec-
tives and let Jo = @®(L;, Hom(R, L), 1Hom) be the corresponding injec-

tive in H[R] then: 0 — (Y,0,0) (f1.0e) Iy is an injective envelope because

7



soc(Y,0,0) = (soc Y,0,0). By [M2] Coker (f1, f2) = (T1, Hom(R, Io),{) =
&(L;, Hom(R,I),1) ® nSe that is again injective, so idgRy(Y,0,0) = 1

therefore, 7" is splitting by Hoshino’s Lemma.n

Proof of the proposition: Let B[M] be of wild type. Since B[M] =
Endyjp(T') and T' is splitting, H[R] is wild.

Since B is tilted of euclidean type and the preinjective component of B
is of tree type, H is tame, euclidean and A,-free 50, by [P1], there exist
V1, Va,+ ++V,, preinjective H-modules with gg(r)(dim(®Vi®n 5'¢)) < 0 and
each V; € G(T), in this case let W; = Hom(T,V),W; is a preinjective B-
module that belongs to Y(T). So, we have: xpp(dim & W; & n Se) =
xB(dim @ W;) + n? —n < dim M, dim &W, >p

By [R2], pag. 175, there is an isometry o7 = Ko(H) — Ko(B)
such that: o7(dim V;) = dim W; and or(dim R) = dim M so:
xu(dim ®Vi) = xp(dim®W;) and < dim M, dim®W; >p=< dim R, dim®
Vi >g then: xmr)(dim(@V; ® n S'e)) = xpim)(dim(®W; & n Se)) <
0 by [P1]. But gppn(dim(@W; + n Se)) = xppu(dim(6W; & n Se) +
n dim; Ezth (M, ®W;) and again, since Hom{M, W;) # 0 Vi and W; is a di-
rected module, we have: Ezt*(M, @W;) = 0 ¢0 ggn(dim{@W:dn Se)) < 0.

Clearly, dim(®W; & n Se) is a vector of positive coordenates.o



5 Tubular extensions

5.1 Patterns

In this section we define an equivalence relation for certain infinite
vectorspace categories, see [R1], pag. 229. This method permits the classi-

fication of important families of tubular extensions.

Definition 5.1 [[R1], pag. 229] We say that two vectorspace categories IK;
and KK, belong to the same pattern, if there exist functors that are faithful,
full and co-finite ¢ : K; — Ky and ¢ : Ko — K;.

If IK; and IK; belong to the same pattern, then there exist faithful and full
functors @ : U(KK,) — U(K3) and 9 : U(K3) — U(K;).

As in [R1] we are considering only the vectorspace categories such that
there exists a faithful, co-finite functor ¢ : IK — K such that Ne"™(K) is

finite.

Consider then, an hereditary algebra H of euclidean type and R a regular
H-module. We find in [[R1], lemma 2, pag. 232] that for ¢ a reflection
functor, the vectorspace categories Hom(R, H — mod) and Hom(oR,0H —
mod) belong to the same pattern. Moreover, if R is a module of period =,
the different H-modules of period n can be obtained from R by reflection
functors, then Hom(R, H — mod) and Hom(r'R, H — mod) belong to the

same pattern.

5.2 Iterated tubular algebras



Under certain conditions, the process of branch extensions may be iter-
ated. We define iterated tubular algebras by means of this iterated process
as follows (see [PT]).

Definition 5.2 [PT] Let Ag be a tubular or domestic cotubular algebra,
that is, a branch coextension of a tame concealed algebra Ag, and let
Ei, Ea, ..., B¢ be orthogonal ray-modules in the separating tubular family
of Ag. The restriction of E!s to Ag are again orthogonal ray-modules in the
separating tubular family of Ag. Let R; be a branch and assume that the
extension A = Ao[E;|4,, Rili=; is a tubular or domestic tubular algebra. In
this case, the extension A = Ag[E;, RiJi_, is called a l-iterated tubular al-
gebra. If A is tubular, we can repeat the process and we obtain a 2-iterated

tubular algebra. Inductively, we define a n-iterated tubular algebra.

Definition 5.3 [PT] We say that an algebra A has acceptable projectives
if the A-R quiver of A has components P,Cy,Cs,- - -,C, with the following
properties:

1) Any indecomposable projective A-module lies in P or in some C;.

2) P is a postprojective component of I'ax without injective modules.

3) Each C; is a standard inserted-coinserted tube.

4) If Hom(C;,C;) # 0 then ¢ < j.

Theorem 5.4 [[PT], 3.4] Let A be an algebra with acceptable projectives.
The following are equivalent :

a) A is an iterated tubular algebra.

b) A is tame .

c) ga is weakly non negative.
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5.3 Coils

We define the coil algebras, which have been extensively studied in the
last years. They are obtained through a construction process, which makes

them to appear even more interesting.

Definition 5.5 A coil is a translation quiver constructed inductively from
a stable tube, by a sequence of operations called admissible. Let A be an
algebra and I' a standard component of I' 4. For an indecomposable module
X in T, called pivot, the admissible operation to apply to I' depends on the
support S(X) of Hom4(X, —)|r. For details, we refer to [AS].

We have then

Proposition 5.8 [AS] Corollary 6

Let A be a tame concealed algebra, and 7T its separating tubular fam-
ily. Let A be a coil enlargement of A, using modules of 7. The following
conditions are equivalent :
1) A is tame

2) A+ and A~ are tame.

6 Domestic cotubular algebras

We will see now that the same result see in 4.2 is true for algebras of

euclidean type, with a complete slice in the postprojective component.

Theorem 8.1 Let B be a tilted algebra of euclidean type whose preinjective
component is of tree type and let M be a indecomposable B-module in the

separating tubular family such that the one-point extension B[M] is wild.
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Then gpp is stroﬁgly indefinite.

Proof: Since B is of euclidean type, either B has a complete slice in the
preinjective component, and the result follows from 4.2, or B has a complete
slice in the postprojective component. Let us see the case when

1) there is a complete slice of B in the postprojective component, and

2) the preinjective component of B is of tree type.

By [R2], B is a branch coextension of a tame concealed algebra Bo and
the preinjective component of B is the same preinjective component of Bo,
and so By is /i,,-free. Assume that B = f=1[E.-, R;)Bo where E; is a Bo-ray
module and R; is a branch, for all i. Let us consider separately the following
situations: A) Mg = M|p, is such that Mo = 0;

B) My = Mg, is such that My 7 0.

In case A, suppM is contained in a branch R and the vectorspace cate-
gory Hom(M, B — mod) is the same as Hom(M, R — mod). By [MP], if
Hom(M,R — mod) is wild then ggj is strongly indefinite. As R[M] is
a convex subcategory of B[M], if gp(a is strongly indefinite then gpas) is
strongly indefinite.

In case B, we can distinguish two situations:

B1l: Bo[Mp] is wild;

B2: By[My)] is tame.

We begin by Bl. If Bp[Mp] is wild, since the preinjective component
of B is the same preinjective component of By, By is tame concealed and
A,-free. So, by [P1], gB,[m,) is strongly indefinite. But Bo[Mp) is a convex
subcategory of B[M] and so gpya is strongly indefinite.

Let us see B2, that is Bo[Mp) is tame , but B[M] wild.
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Again, since Bp[Mp] is tame, we have two possibilities:
B2.1 M, is a ray module.
B2.2 M, is a module of regular length regular two in the tube of rank
n — 2 and By is tame concealed of type D,. In the case B.2.1, we have
that if M is a ray module over B, by [R2] 4.5 and 4.6, the component
T{M] is a standard inserted-co-inserted tube. Moreover, all indecomposable
projectives of B[M] lie in P, the postprojective component, or on T[M]
(where is the unique projective that is outside of P) therefore, B[M] is an
algebra with acceptable projectives and in this case, by 5.4 B[M], it is wild
if and only if ggas) is strongly indefinite. On the other hand, if M = Mp and
therefore, M is a ray module over By, then B[M] = B[Mjp] is an iterated
tubular algebra and in this case, B[M] is tame, a contradiction. So, we can
assume that M is not a ray module over B and moreover that M # Mg
and, therefore, that there exists an indecomposable injective I in 7, the
tube where M lies, such that Hom(M,I) # 0 and that there are two arrows
starting in M. Also, we can assume that i, the coextension vertex belongs
to supp M, so that there exists a morphism M — I,.

Let E be the ray module which is the root of the branch.

Let B; = [E}Bp and M; = M|p,. Then we have: Homp,(M;, My) #
0, but Homp,(Mp, M;) = 0, and again we have two cases:
B.2.1.1 The branch is co-inserted in E, E # Mpy;
B.2.1.2 The branch is co-inserted in F = M.
In the first case, since M is not a ray module over B, we can assume that
there exists an arrow that start in M and points to the mouth of the tube,

say M — Y. Moreover, by [[R2], 4.5] there exists a sectional path M —
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M, = M,_; =+ -+ My that does not contain injectives. So, we can consider
that all of these modules 7= M;, and in particular 7—1Mj, are non zero.
Since Mp is a Bo-ray module, then 7='Mj cannot be a Bp-module. But
in this case, it is a co-ray module and therefore My is a co-ray module,
contradiction. So, the situation B.2.1.1 does not occur.
If the branch is co-inserted in E = My, My = M|p,, M is not a ray module.
Again, we can assume that there exists an arrow starting in M and pointing
to the mouth of the tube. Moreover, since the branch is co-inserted in Mo,
there is a sectional path M — I the injective of the co-insertion. Let us
look at the category Hom(M, B — mod). This category has three pieces.
Since B is tilted, Hom({M, X) # 0 only for modules X that are preinjective
or in the same tube 7 where M lies. Let X be a By-module. Since M is
a co-inserted module, Homp(M, X) # 0 and, hence, Homp,(Mo, X) # 0.
Since Bp is a tame concealed algebra and M is a ray module over By,
Hom(M, B — mod) contains the following subcategories: the ray of 7 that
starts in My, Hom(Mo, Z(Bo) where Z(By) is the preinjective component of
By and the subcategory given by the sucessors of M in the tube, that are
not Bp-modules. Since By[My) is tame, Hom (Mo, Z(By)) is given by some
of the patterns given in [[R1], pag. 254]. Let us assume that one of the
following two situations occur:
either M is injective and so the vectorspace category restricted to the tube
is given by two sectiona! paths one, finite, pointing to the mouth of the
tube and one, infinite, ( the ray ) or M is not injective but the vectorspace
category restricted to the tube is given by two parallel paths. We will see

that in this situation, since Bo[M,] is tame, B[M] is tame, in contradiction
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to the hypothesis, because A = B[M] is a coil enlargement of Bg, by 5.6
because At = By[Mp], A~ = B, are both tame. As that A = B[M] is tame.

Let us assume then that M is not injective and that there exists a sec-
tional path M — Y; with ¢ > 1. In first place, we observe that Homp(Y;, X)
= 0 for all preinjective X. But Y; being on the coray, and to the right of
My, there does not exist an infinite path coming out of it, and similarly
Hom(r~1M, X) = 0 for all preinjective X.

In particular, Hom(Y;, X) = Hom(r™*M, X) = 0 for all X such that
Hom(M,, X) # 0 with X in the preinjective componeni. Moreover
Hom(Y;,7~1M) = 0 = Hom(77IM,Y;) for Vj > 1. Hence, by [[R1] ( 3.1)]
we can find one of the following path-incomparable (see [Ch]) subcategories
in Z(By), with the only exception of the case (Dn,n—2). K; = {4, B,C},
(in cases: (Dq, 1), (De,2), (D1, 2), (Ds,2), (Ee, 2), (Er,3), (Er,4),

(E'g,5) and K; = {A,B — C} in cases (D5,2) and (Es,3) So, in each
case, adding the objects Y;, 77! M to the categories IK; or Ky we have that
Hom(M, B — mod) is wild and that gy is strongly indefinite.

Let us calculate the quadratic form for the case (Ds, 2), the other cases
are similar. Let I be the B-module [ = 2Y, @ 2r"'M @ 24@ Bo C
and L = L @ 4S., then gpp(dimL) = xgp(dimL) + 4dimyExt*(M, L)
= xpmy(dimL) = xpp(dimL) + 42 — 4(8) = 154+ 16 - 32 = -1. Let us
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see the case (D,,n — 2). In this case, the pattern is given by:

o-—>:+0— © o .-

I t > 1, considering that K = {4, B,7"1M,Y; — Y,} is wild, again the
quadratic form is strongly indefinite. On the other hand, if £ = 1 we have
two possibilities:

Casel
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Y

e
Yo
/ Y
M M
N 7N
Zy 12
NS
Zy
N
and case 2 ]
Y
7/
Yo
7/ A
M M
N /
1
hY

Mo
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In case 1, we can again consider the wild subcategory
{Y,77'M — 1712, A, B} and the quadratic form is strongly indefinite.
On the other hand, in case 2, we have a vectorspace category which is in
fact tame, by Nazarova Theorem, so that B{M] is tame .

Let us examine now B.2.2, Mp is a module of regular length 2 in a tube
of rank n — 2 and By is tame concealed of type D,. If M = Mg lies in a
stable tube, then Hom(M, B — mod) = Hom(My, By — mod) and therefore
both are tame or wild simultaneosly. So, we can assume that M belongs to
a ;:o—inserted tube. Since My has regular length 2, there exist Ey and Ey
ray-modules over By such that 7Ey = By = My — Eyp is the ARS for Ey.
Let Ey, Ey,---E,_3 be the ray-modules over By of the tube where M lies.
Again, we divide in possibilities.
B.2.2.1 The branch is co-inserted in Ey.
B.2.2.2 The branch is co-inserted in FE;.

B.2.2.3 The branch is co-inserted in E; for j # 0 or 1.

Observe that if M = My, then Hom(M, B — mod) has the same pattern
as Hom(My, By — mod). If M is a Bg-module, then Homg(M, N) # 0 for
modules N in the same tube as M or for modules N in the preinjective
component. Hence, being Hom(M, N) = Hom(Mpg, No) it has the following
pattern

AN
| [N
N4 N
~ 2
N AN A N /2
- - B 45 o
~ A ~ A
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which is tame , by [R1]. (In this picture we indicate the non zero modules in
the category with M indicating the objects of dimension 2.) We can assume
that M belongs to the co-ray and that there exists an injective I in the tube
T such that Hom(M,I)#0.

Let us consider B.2.2.1. We have a co-inserted branch in Ey, and

¢l
7
Yo
/
M
hY
1
N 7 h
TEg FEy
N 7
M,

If there exists a sectional path M — Yy — Y;, then, Hom(M, Y1) # 0.
Let us observe that Y;|g, = 0 and Hom(Y;, X) = 0 for all preinjective mod-
ule X and in particular, Hom(Y;, X;) = 0 for each of the preinjective Xjs
such that Hom (Mo, X;) has dimension 2. Hence gg[as is strongly indefinite.
Let us assume that the longest sectional path starting at M in the direction
of the mouth of the tube has length 1. In this case, again, Hom(M, B —mod)

has the same pattern than Hom(Mp, Bo — mod) and so it is tame.
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Let us consider B.2.2.2 Since Hom(Ey, Eo) = 0, the morphisms from M to
X, for X preinjective, are just the ones that factor through the successor
of Mp, My, and those that factor through Ep are equal to zero and the

vectorspace category Hom(M, B — mod) is of the form:

M

“ ee = -+ .. = -
Bo N 2 N2
~
Mo
and we can repeat the arguments of the case B.2.1.2.
Finally, let us look at B.2.2.3. The branch is inserted in E; with j # 0
or 1. But, in this case, M = My, Hom(Mo, I) = 0 for any I injective in 7

and we fall again in a already examined case.g

Example 6.2 Let us see an example

Let B be given by:

B is tilted of type Dg, with a complete slice in the postprojective component.
Let us consider M; a module of the separating tubular family, such that
the ordinary quiver of A; = B[M;], is given below. Then A, is wild and
oa (eI @ Is®2S.)=-1.
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- -

Proposition 6.3 Let B be a tilted algebra of euclidean type, with the
postprojective component of tree type and M an indecomposable B-module
in this component. Then, if B[M] is wild, the Tits form ggi is strongly

indefinite.

To prove this results we need the following definition and facts

Definition 8.4 [Co] A component C of the Auslander-Reiten quiver of an
algebra is called a m-component if:
i) almost all modules in C lie in the T-orbit of a projective module; and

ii) at most finitely many modules in C belong to oriented cycles.

Theorem 8.5 [Co] The following conditions are equivalent for an algebra
A:

i} I(Homa(4 A)) < o0

ii) {(Homa(-, M)) < oo for all postprojective modules M.

iii) Any component C of I'(modA) containing a projective module is a -

component.

Proposition 6.6 [Co} If C is a 7-component and contains no injective mod-

ule, then C is a postprojective component.
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Now we can prove the proposition

Proof Since B is of euclidean type we have two possibilities

1) B has a complete slice in the preinjective component, or

2) B has a complete slice in the postprojective component.

In the first case, all injectives are in the preinjective component, so for any
I such that Hom(M, I) # 0, M and I are separated by a separating tubular
family and the result follows from [PT].

In case 2 all projectives are in the postprojective component and again we
divide in two cases

2A)If M € Y(T) or

2B) If M € X(T).

Let us see 24, if M € Y(T) then M = Hom(T, X) for some X € G and
there exists ( by 4.3 and 4.4 ) a splitting tilting H[X]-module 7' such that
B[M] = Endyx)(T"), so using the same argument used in 4.2 we have that
gB[M) is strongly indefinite.

Let us see 2B, that is M € X. Let us consider C' the component in the
Auslander-Reiten quiver of B[M] that contains the new projective module
P,, we will see that C’ is a m-component. By the above theorem, it is enough
to prove that I{(Hom(., B[M]) < oo, but as B]M] = B@® P. and the number
of indecomposable modules that are predecessors of B[M] is finite, so, C’ is
a m-component. Again two situations can occur:

1) The new simple injective I. belongs to C’, or

2) The new simple injective I, does not belong to C’.
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Recall that the B[M]-indecomposable injectives are of the form

T; = (I;, Hom(M, I)id.) when Hom(M, I,) # 0, (I;, 0,0) when Hom(M, I;)
= 0, where [; are the indecomposable injectives of B and the new injective
I, is equal to (0,k,0).

Let us consider 1), so I, € C’, again by the above theorem ([Co]), since C’
contains a projective module then I/(Hom( I.)) < co. But in this case the
number of B[M]-modules that are not B-modules is finite and so B[M] is
tame.

Let us consider 2). The new injective I, does not belong to C'. If no
other injective belongs to C’, by [Co] ' is a postprojective component that
contains all projectives and no injectives. In this case B{M] is a tilted algebra
and the representation type is given by the corresponding quadratic form.
Let us see that no injective belongs to C'. Let I be a B-indecomposable
injective, if Hom(M,I) # 0, there exists a non zero morphism (7,0, 0) —
(I, Hom(M, I),id.) Consider P the B- indecomposable projective associated
to 7, then (P,0,0) is the B[M]-projective associated to (I, Hom(M, I),id.)
and Hom((P,0,0),(I,0,0)) # 0. As in B-mod, P and I are in different
components, there exists infinite B-modules X; such that Hom(X;, I )#0
but in this case, Homgp((Xi,0,0),(1,0,0)) # 0 for infinite modules, a
contradiction to the fact that ({{(Hom(, (,0,0)) < 0o. SoC does not contain

any injective.q

We have been assuming that some of the directed components of B are
of tree type. In general these hypothesis does not imply that the algebrais a

good algebra or is strongly simply connected. But for tilted tame algebras,
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this is the case.

Definition 6.7 ([S3]) An algebra A is called strongly simply connected
when every full and convex subcategory of A is simply connected, or ev-

ery full convex subcategory of A satisfies the separation condition.

Theorem 6.8 [ALP] Let B be a tame tilted algebra. Then B is strongly
simply connected if and only if the orbit quiver of each directed component

of I'(modB) is a tree.

Corollary 6.9 Let B be a strongly simply connected tilted algebra of eu-
clidean type and M an indecomposable B-module. If B[M] is wild then

gB[M is strongly indefinite.

Proof: If M is a postprojective module, we have the result by 6.6. If
M is a module of the tubular family, the result follows by 6.1. Let us
assume that M is preinjective. If B has a complete slice in the postpro-
jective component the result follows from [P1]. Let us assume that B
has a complete slice in the preinjective component, we are going to use
the same argument used by De la Pefia in [P4]. Let S(M —) = {Y €
B — mod such that there exist a sectional path M — Y} and let P, denote
the new projective in B[M]. Let us call § = S(M =) U {P.}. Then Sis
a slice (in general not complete) in B[M], and we can consider C the full
subcategory of B[M] determined by the vertices i such that Y (¢) # 0 for
Y € 8. In this case, C is a convex subcategory of B[M], and S is a complete
slice in C, so C is tilted. Moreover all B[M]-modules are B-modules or are
C-modules. If B[M] is wild, then C is wild, and as C is convex in B[M]
gB[a) is strongly indefinite.o
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