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Abstract 

We present. o. class of dilation integral equations. The equations in this class depend on a. dilation 
parameter a E R. The existence of non trivial solutions in L1(R) is studied o.s a function of the dilation 
pMtuneter. The main result establishes the non existence of these solutions for !al < I. o. necessary and 
sufficient condition for the existence of solutions with non vanishing integrals in en.Se lal > 1, and sufficient 
conditions for these equations lo hnve no solutions but the trivi.tl one or to have an infinitude of non triviol 
solution~ in c o.\SC lol = 1. In all these cnscs, the dimension of the spnce of l 1 (R).solutions is determined. VI hen 
lal > I we have succeeded in writing the frequency domain representation or the solut.ions o.s convergenl 
infinite products. 

I<cywords: Convolution, Dilation integrnl equation, E:xistence of solutions, Fourier t.rtt.nsform, Unique­
ness of ~olution. 

1. Introduction 
A functional equation is called n dilo.tion equation when the unknown function / is calculated nt least at 

the arguments x o.nd ax, a # 1, and these values simultaneously appear in this equation. In general these 
equations are not ensy to solve. In this work we present a class of integral equations with dilation. They are 
of convolution type and this permits the use of Fourier transform methods to successfully study them. The 
transformed equntio1ls nre simple, i.e. 1 are neither differential nor integral, dilation equations. See (Strang, 
1989), (Heil, 1Y!l4) o.nd references therein fo,· an introduction to this type of equations. 

Let g : R ➔ R, he o.n integrable function, i.e., g E L1(1R). We will he interested in the following class of 
integral equations: 

or, in shorter notation, 

/(x) = k J (a (x - z)) g(z)dz, 

J = J(a · ) • y 

where f(a • )(:r) = /(a.1:), and • is the convolution product. 
In this work we will he interested in L' (R) solutions only. We will use the following notations: 

( 1) 

(2) 

The Fourier transform of a function/ E L1(R}, will be denoted by j_ The Fourier transform is denoted hy 
F. We use the following definition of this transform: 

J ➔ F(J) = j (3) 

This article is organized as follows: In section two we state and prove the main result and in section three 
we finish this work with some final remBiks. 

2. Main results 
Let us denote by S the set of solutions of the dilation integral equation (1). Clearly, S # 0, since f = O is a 

solution of (I) whatever the value of a is. From here on we will refer to this solution as the trivial one. 



Proposition 1: The integral equation (1) is linear, i.e., if Ji and h arc solutions to (l) so is a/1 + f3h for 
all a and {3 in R. 

Proof: a/i + /3h = afi(a · ) • g + /Jh(a ·) • g = (afi(a · ) + /Jh(a · )) • g = ((a/1 + /Jh) (a • )) • g □ 
Thus1 S is n vector spnce. 
Proposition 2: If 119111 < lal then the only solution to (I) IS t/tc trivial solution f = 0 E L 1(R). 
Proof: Suppose/ is a solution and remcmher that (L1(R), +, •, •) is n Bnnach Algebra. 
Thus 

1 11/11, = 11/(a ·) • Ylli s llf(a · )lldlYII, = r;_;j11/ll,ll9lli 

If II/Iii "I 0 then 
1 

11/11, < r;_;jll/lldal = 11/11,. 

a contrndiction. Thus J = 0 is the only solution. D 
Lemma 1: If f and g arc in L 1(R), and f 2'. 0 and g 2'. 0 then II/• glli = ll/lltlloll1-
Proof: II/ •gll, = JR,JR /(:r-z)g(z)d,Jd:r = JR JR /(:r-z)g(z)dzdx = JR JR /(w)g(z)d.,dw = ll/ll1ll!ill1- D 
Proposition 3: Suppose that g ~ 0 and that equatio,i (I) admits a non trivial non negative ,olution f. 

Then ll!ill 1 = lal-
Proof: Using Lemmo l we can write 

I o t 11/11, = 11/(a · l • 9111 = 11/(a · llldl9II, = r;_;jll/lldlgll, 

from which 
I 

jajlloll, ~ 1. o 
Proposition 4: If f is a ,olution of equation (I) t/ten its Fourie,· transform obeys tl,e functional equotron 

i(w) = j ('!'.) g(w). 
a !al (4) 

Proof: Taking the Fourier transform of (I) and using the convolution theorem nnd the scaling property of 
the Fourier transform, we have 

i(w) = J~)(w)g(w) = ~ j (~) y(w) . 0 

Proposition 5: If f is a solution of equation (l) with lal > 1 such that i(O) "IO t/ten it. Fou,~er tronsf01m 
u given by 

(5) 

Proof: Iteration of relation (4) yields 

\/meN (6) 

Since/ E L 1(R), its Fourier transform is continuous. See (Pinsky, 2009). Thus, for lal > l , we hnve for all 
wER, 

"( w ) " ( w ) • lim J -., =! lim -., =/(0) f0. m --+oo am m~oo a"" 
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Thus, for all w there is an m0 such that for all m > mo we have j ( ~) I- 0 so that 

(7) 

and, tnking limits, we have 

. rrm (· ( w) / ) . i(w) i(w) hm g - lnl = hm -.-{ --) = -.-
m .... oo l'\=O a'' m-HllO J ~ J (0) 

(8) 

which guarantees the existence of the infinite product fl:;'_0 (g (;;;;-) /lal). Thus, 

(9) 

Finally, 

This completes the proof. D 
Proposition 6: If equation (1) with Jal > l admits a solution f such that fa f(x)dx IO then f8 g(x)dx = 

JuJ . 
P1·oof: Under these conditions, equation (8) guarnntees the existence of the limit 

Tuking w = 0 in equation (8), we have fl::'go (g (0) /!al) = l which directly implies g(O) = JaJ. Now, from 

(3j, i,(0) ~ JR g(x)e0 dx This completes this prooi. D 
Let us denote hy V0 the vector subspace of L1(R) defined hy V0 = {J E L1(R): J8 f(x)dx = O} . Ohserve 

that we have Vo= If E L1(R) ; i(O) = 0). From here on we will also write W = {J ERR: f(O) = 0}. and 
\' = L1(R) \ Vo. 

Proposition 7: If equation (1) with lnl > I admits a solution in 1r' and g e::; 0 then 119111 = Jal. 
Proof: lmmedi,,te. 

Proposition 8: Consider equation (I) with lnl > I.If /lie infinite product fl::'=o (9 (;;;;-) /lal) converges 

to a limit function wliose vnlue at w = 0 is different from zero and which is Fourier invertible, 1.e. , if 

then equation (1) admits non trivial solutions . .d1.I the solutions to (1) are given by 

(10) 

for all k ER. 
Proof: It suffices to show that equation (10) generates a solution fork= l, hecause, in this case, equation 

(1) will have a non trivial solution with j(O) IO which, by proposition (5), implies that all solutions to (1) such 
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th~t i(O) ,f. 0 are written in the form of equation (5) or equivalently of equation (10) with k = j(O). Moreover, 
if /(0) = 0 then, letting m--, oo in equation (6) we have 

the trivial solution that corresponds to the choice k = 0 in (10). 
Taking k = I, we have 

and 

f = r• (JI(§(~) /1a1)) = r• (¼ig(w) ,Q (§ (~) /1a1)) = 

r• (§(w)). r• (¼i J} (§ (~) /1a1)) = g • f(a · ), 

that is, f is a solution of {I) This completes the proof. o 
Proposition 9: If 0 < ial < I tlaen the unique solution to the dilation integral equation (1) is the t,foial 

I one, f = 0. 
Proof: From (6) we have 

1/w ER (11) 

Now, since O < In! < 1, for all w ,f. 0, we hnve 

Thus, hy the Riemann Lehesgue Lemmo we hove lim= ... oo i ( ;;,!:n) = 0 ru, well os lim.,..,00 (9 ( ;/,c) /1a1) = 0. 

Consequently, 

i(w) = 0 

and, since i is continuous, we also have i(0) = 0. This completes the proof. □ 
Proposition 10 ff a= 0 then equation (1) (with point-wise equality) has non trivial solutions if and only if 

fe g(x)dx = I and, in this case, S is tlie set of constant functio11S. However, these solutions are not in £ 1{R). 
Proof: Taking a= 0 in (1), we have 

(12) J(x) = L f(0)g(z)d z = f(O) L g(z)clz = kf(0) 

Now, f(0) = J.f(0) and f(0) = 0 or k = JR g(z)dz = l. D 
Remark 1: If in Proposition 10 we use equality a. e. with respect to the Lebesgue measure instead of 

point-wise eLjuality then equation (1} has non trivial solutions if and only if JRg(x)d:r: ,f. 0 and Sis the set of 
a.c. constant functions. We observe again that these are not £ 1- solutions. 
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Proof: Equation ( 12) is still valid and we have f(x) = kf(0) a.e. 0 
Proposition 11: If a= I and g f I a.e. then equation {1) has no solutions but the trivial one. 

Proof: From equation (4), we have i(w) = i(w)g(w). Thus 

\lw ER i(w) = 0 V g(w) = I. 

Under the assumption g f l o.e., we have i(w) = 0 a.e., and, from the continuity of j, we conclude that 

j = 0. Thus f = 0 a.e. o 
Proposition 12: If a = 1 then there exuts g E L1(R) such that equation {1) admits infinitely many 

linearly independent solutions. 
Proof: Let <p he a C00-function such that for all x E [-1, I), we have <p(x) = I and that, for all x E R\[-2, 2J, 

we have <,?(x) = 0. Then, 'f' E S(R), the set of rapidly decreasing C00-functions on R. Thus, we can define g 
hy taking g = <p, and we will have g = ;:-t'f' E S(R) C L 1(R). (See Rudin, 1980). We will take <pan even 
function in order to gunrantee thnt g is n real valued function. Now, for every even C00-function, ,J,, with support 
contained in [-1. 1), we can take j = ,J, E S(R) and ohLain the real valued function f = ;:-1,p E S(R) C L1(R), 
n solution of (1). Ohscrve that we have i(w) = i(w)g(w) for nil w E R, and, consequently, the fulfillment of 
(!). Clearly, the set of the even C00-functions with support contruned in [-1, lJ is an infinite dimensional vector 
subspace of L 1(R). Since linear independence is preserved hy ;:-1, Lhe proof is complete. CJ 

Proposition 13: If a= -I and g.g(-1 • ) f I a.e. then equation (1) /,as no solutions but the trivial one. 
Proof: From equation (4), we have i(w) = i(-w)g(w). Calculating i(-w) we have i(-w) = i(w)g(-w) 

and suhstituting in the previous formula we get i(w) = i(w)g(-w)g(w) . Thus 

\lw ER j(w) = 0 V g(w)g(-w) = I, 

nnd, if iJ.iJ(-1 • ) f I n.e., then j = 0 o.e. and the continuity of j implies j = 0. Thus, f = 0 a.e. and the proof 
is complete. D 

Proposition 14: If a = -l then there exists g E L 1(R) such Uiat equation (1) admits infinitely many 
linearly independent solutions. 

Proof; An,uogous to the proof of Proposition 12. The same choice of g nnd ,/I nre mnde. Since j = !/I is 
w, even lunctiou. We huve i(w) = i(w)y(w) = i(-w)i)(w). □ 

Now we state our main result, which organizes and joins the results of the propositions. Rememher that 
'Ir'= L1(R) \ {f E L1(R): fRf(x)dx = 0} o.nd that W = {f ERR : f(0) = 0}. 

Theorem 1: Let g E L1(R) and a ER. Consider the linear dilation integrnl equation 

f(x) = k f (a (x - z)) g(z)dz. 

Then , concerning the solutions of this equation that belong to L1(R), the vector subspace Sn L'(R) of its 
L1(R)-solutions, and the values of the dilation parameter a, we have the following 

-If lnl < l then the unique solution is the trivial one, f = 0, a.e., and dim (Sn L1(R)) ,= 0, 

-If 1•1 > 1 then there exut solutions in 'Ir' if and only if the infinite product n::".o (il (;;'!,) /iai) con-

veryes and is in F[L1(R)) \ w. In this case we have f = Uaf(x)dx)F- 1 (n::".o(H;;.) /1•1)) and 

dim(((SnL'(R)) \ W)u{o}) = l. On the other hand, if i(O) =0 and n::"=o (H;;.) /1a1) E F[L'(R)] \ w 
then the unique solution is the trivial one and dim (Sn £ 1 (R)) = 0, 

-If a= l {a= -I} then if ij fl a.e. (g.g(-1 ·) f 1 a.e.) then the unique solution is the trivial one and 
dim (Sn L'(R)) = 0. However, there exut functions g such that, both for a = 1 or a = --1, Sn L 1(R) is an 
infinite dimensional subspace of L 1(R). 
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Proof: Propositions 1, 5, 8, 9, 11, 12, 13 and 14. For the only if part in the second statement, note 

that from proposition 5, taking w = 0 we have n::'=o (9 (~) /1a1) L=O = i(O)/i(O) = 1 'F O which implies 

IT::"=o (H~) /in!)¢ W . D 

3. Final remarks 
Although the choice of dilation, or scale, parameter a= I does not lend to a dilation integral equation, we 

renuu·k that this choice leads to a singular Fredholm integrnl equation of the second type. A particular co.se 
of these equations, that coiTesponds to the choice g(:z:) = >.e -1• 1, A ER, in equation {!), is the Lalesco-Picnrd 
equation, which is known to have solutions outside L2 (R) but only the trivial solution in L2(R) . See (I<rnsnov, 
I<iseliov and Makarenko, 1977). Since, m this case g(w) = ~. hy proposition (II), the Lalesco-Picard 
equation also has no other solution then the trivial one in Li(R). As we have shown, for convenient choices of 
g, these singular Fredholm integral equations present an infinitude or linearly independent solutions in L1(R), 
wluch is a very interesting feature. These equations have interest on their own and a re the subject of another 
work. 
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