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Abstract
We provide, explicitly, equivalences and dual equivalences between categories of abstract

quadratic forms theories and subcategories of multifields and multirings, that will bring

new perspectives and methods to the abstract theories of quadratic forms in forthcoming

papers.
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1 Introduction

There are many of abstract theories of quadratic forms. The first ones (abstract Witt rings,

quaternionic structures and Cordes schemes [17]) have appeared in the late 70s, by the

hands of M. Marshall and C. M. Cordes, with the following central target: analyze the

existence (or not) of fields with certain properties relating to quadratic forms. In the decade
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of 80’s, appears the Marshall’s abstract space of orderings (AOS) [19]: they are important

because generalize both theory of orderings on fields and the reduced theory of quadratic

forms. But only in the early 90’s that arise a (finitary) first-order theory that generalizes the

reduced and non-reduced theory of quadratic forms simultaneously. This theory is the

special groups of F. Miraglia and M. Dickmann [9]. At that moment, the focus was to look

at generalizations for the theory of quadratic forms with invertibles coefficients (fields, von

Neumman rings, semi-local rings..., in general, rings with a good amount of invertibles). In

the mid 90’s, Marshall generalizes the abstract ordering spaces to rings, and called his new

theory by ‘‘abstract real spectra’’ (ARS), in a first atempt to develop a theory of quadratic

forms over (general) coefficients on rings. The ring-theoretic case is much more difficult to

deal than the field one, the isometry is not well behaved and an algebraic counterpart of the

abstract real spectra just appears in years 2000, with the real semigroups (RS) of Dickmann

and Petrovich.

Following the work of professors F. Miraglia and M. Dickmann, through a fruitful and

successful partnership between IME-USP and IMJ-PRG (Paris 6,7), which began in the

1990s, the three authors of this paper continue to expand the boundaries of abstract theories

of quadratic forms, carrying forward the ideas of Dickmann-Miraglia’s works, making the

IME-USP a center for the development of such theories.

All those abstract theories constitute categories that are equivalent, or dually equivalent

to full subcategories of each other. Also, each one has a particular motivation and

advantage. In particular, some of them are categories of first-order theories and the cor-

responding language homomorphisms, thus allowing the application of model-theoretical

notions and methods in this subject of algebra.

In the present work, we will show that every such theory (and category) can be rep-

resented by a category of multirings, that is, a ‘‘ring’’ with a multivalued addition, a notion

introduced in the 1950s by Krasner’s works. The notion of multiring was joined to the

quadratic forms tools by the hands of M. Marshall in last decade ( [18]). We emphasize that

multirings by on hand can be described by a first-order theory, and by another allows

natural and useful generalization of ‘‘multicommutative’’ algebra.

Overview of the paper: Section 2 contains the preliminary definitions and results on

multirings, including multicommutative algebra and order theory, needed in the sequel.

Most of them (but not all) are already presented in Marshall’s paper ( [18]). Section 3 deals

with the dual theories of abstract ordering spaces and (reduced) special groups, repre-

senting them functorially by certain multifields. In Sect. 4 we repeat this process with the

abstract theories that deal with general coefficients over rings: we represent functorially the

dual theories of abstract real spectra and real semigroups are represented by Marshall’s real

reduced multirings, as indicated by Marshall’s paper [18] and fully described here. We

emphasize that abstract real spectra, real semigroups (and real reduced multirings) dealt

with the reduced theory, and a nonreduced approach is not available. At the end of Sect. 4,

we connect the new theory of multirings and multifields with the most significant theories

of quadratic forms. This is (in some way) a new functorial picture: despite the Marshall’s

and Miraglia’s observation about these connections, it is the first time that this is made

explicit. We summarize these functors in the diagram below:
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In Sect. 5, we finalize the paper with indications about how this functorial encoding allows

developing concrete steps towards non-reduced theory with general coefficients over rings
( [22]) and Witt rings associated with those new theories ( [20]).

2 Preliminaries

This section contains the basic definitions and results included for the convenience of the

reader. We will deal with multigroups, multirings and the analogies of commutative

algebra transposed for these new contexts, such as ideals, quotients, orderings and etc. For

more details, consult [18].

2.1 Multigroups and multirings

Multigroups are a generalization of groups. We can think that a multigroup is a group with

a multivalued operation:

Definition 2.1 A multigroup is a quadruple ðG; �; r; 1Þ, where G is a non-empty set,

� : G� G ! PðGÞ n f;g and r : G ! G are functions, and 1 is an element of G satisfying:

(1) If z 2 x � y then x 2 z � rðyÞ and y 2 rðxÞ � z.
(2) y 2 1 � x if and only if x ¼ y.
(3) With the convention x � ðy � zÞ ¼

S

w2y�z
x � w and ðx � yÞ � z ¼

S

t2x�y
t � z,

x � ðy � zÞ ¼ ðx � yÞ � z for all x; y; z 2 G:

A multigroup is said to be commutative if

(4) x � y ¼ y � x for all x; y 2 G.

Observe that by (i) and (ii), 1 � x ¼ x � 1 ¼ fxg for all x 2 G. When a � b ¼ fxg be a

unitary set, we just write a � b ¼ x.

Definition 2.2 Let A and B be multigroups. A map f : A ! B is a morphism if for all

a; b; c 2 A:

(1) c 2 a � b ) f ðcÞ 2 f ðaÞ � f ðbÞ;
(2) f ðrðaÞÞ ¼ rðf ðaÞÞ;
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(3) f ð1Þ ¼ 1.

There is another description of multigroups due to M. Marshall1:

Definition 2.3 ( [18]) A multigroup is a quadruple ðG;P; r; iÞ where G is a non-empty set,

P is a subset of G� G� G, r : G ! G is a function and i is an element of G satisfying:

(i) If ðx; y; zÞ 2 P then ðz; rðyÞ; xÞ 2 P and ðrðxÞ; z; yÞ 2 P.

(ii) ðx; i; yÞ 2 P if and only if x ¼ y.
(iii) If 9p 2 G such that ðu; v; pÞ 2 P and ðp;w; xÞ 2 P then 9q 2 G such that

ðv;w; qÞ 2 P and ðu; q; xÞ 2 P.

A multigroup is said to be commutative if

(iv) ðx; y; zÞ 2 P if and only if ðy; x; zÞ 2 P.

Let A and B be multigroups. A map f : A ! B is a morphism if for all a; b; c 2 A:

(1) ða; b; cÞ 2 PA ) ðf ðaÞ; f ðbÞ; f ðcÞÞ 2 PB;

(2) f ðrðaÞÞ ¼ rðf ðaÞÞ;
(3) f ð1Þ ¼ 1.

In fact, these definitions describes the same objects (and arrows), and that connection is

established by the following lemma:

Lemma 2.4 (Lemma 1.3 in [18]) For any multigroup G as in the second version, we have:

(a) rðiÞ ¼ i.

(b) rðrðxÞÞ ¼ x.
(c) ðx; y; zÞ 2 P if and only if ðrðyÞ; rðxÞ; rðzÞÞ 2 P.

(d) ði; x; yÞ 2 P if and only if x ¼ y.
(e) If 9q 2 G such that ðv;w; qÞ 2 P and ðu; q; xÞ 2 P then 9p 2 G such that

ðu; v; pÞ 2 P and ðp;w; xÞ 2 P.

(f) For each a; b 2 G, there exists c 2 G such that ða; b; cÞ 2 P.

Now, let ðG; �; r; 1Þ a multigroup in the sense 2.1. We can define a multigroup ðG;P�; r; iÞ
(in the sense 2.3) taking i ¼ and P� ¼ fða; b; cÞ : c 2 a � bg. The validate of the axioms

I,II, III (and IV) for ðG;P�; r; iÞ are direct consequence of axioms i,ii, iii and (iv) in

ðG; �; r; 1Þ.
Conversely, let ðG;P; r; iÞ a multigroup in the sense 2.3. By 2.4(f), the function

�P : A� A ! PðAÞ n f;g, gives by �Pða; bÞ ¼ a �P b :¼ fc 2 G : ða; b; cÞ 2 Pg is well-

defined. Hence, Let ðG; �P; 1Þ with 1 ¼ i. Then, the validate of the axioms i,ii (and iv) for

ðG; �P; 1Þ are direct consequence of I,II, Lemma 2.4(a) (and IV) for ðG;P; r; iÞ. For the
axiom iii, let x 2 a �P ðb �P cÞ. Then x 2 a �P q for some q 2 b �P c. As ðb; c; qÞ 2 P and

ða; q; xÞ 2 P, by 2.4(e), there exists p 2 P such that ða; b; pÞ 2 P and ðp; c; xÞ 2 P and

then, x 2 p �P c with p 2 a �P b imply that x 2 ða �P bÞ �P c. Finally, let

y 2 ða �P bÞ �P c. So y 2 p �P c for some p 2 a �P b, then ða; b; pÞ 2 P and ðp; c; yÞ 2 P.

By III, there exists q 2 P such that ðb; c; qÞ 2 P and ða; q; yÞ 2 P. Hence y 2 a �P q and

q 2 b �P c, imply that y 2 a �P ðb �P cÞ. Therefore, ðG; �P; 1Þ is a multigroup in the sense

2.1.

In fact, this correspondence establishes an isomorphism of (concrete) categories.

1 This is a first-order theory with axioms of the form 89.
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Now, we will define multirings and study this structure in more details. Given a non-

empty set G and a multi-operation � : G ! PðGÞ, we will use two conventions: if Z;W �
G and x 2 R, Z �W ¼

S
fx � y : x 2 Z; y 2 Wg and Z � x ¼ Z � fxg ¼

S
fz � x : z 2 Zg.

Definition 2.5 A multiring is a sextuple ðR;þ; �;�; 0; 1Þ where R is a non-empty set,

þ : R� R ! PðRÞ n f;g, � : R� R ! R and � : R ! R are functions, 0 and 1 are ele-

ments of R satisfying:

(1) ðR;þ;�; 0Þ is a commutative multigroup;

(2) ðR; �; 1Þ is a commutative monoid;

(3) a:0 ¼ 0 for all a 2 R;
(4) If c 2 aþ b, then c:d 2 a:d þ b:d. Or equivalently, ðaþ bÞ:d � a:d þ b:d.

Note that if a 2 R, then 0 ¼ 0:a 2 ð1þ ð�1ÞÞ:a � 1:aþ ð�1Þ:a, thus ð�1Þ:a ¼ �a.
R is said to be a multidomain if do not have zero divisors; R will be a multifield if every

non-zero element of R has multiplicative inverse; R is said to be an hyperring if for

a; b; c 2 R, aðbþ cÞ ¼ abþ ac.

If F be a multifield, then F is an hyperring. Of course, we already have

ðaþ bÞd � ad þ bd. For the other inclusion, if d ¼ 0, it is done. If d 6¼ 0, we have:

ðad þ bdÞd�1 � ðadÞd�1 þ ðbdÞd�1 ¼ aþ b:

Hence scaling by d we obtain ad þ bd � ðaþ bÞd.

Example 2.6

(a) Suppose that ðG; �; 1Þ is a group. Defining a � b ¼ fa � bg and rðgÞ ¼ g�1, we have

that ðG; �; r; 1Þ is a multigroup. In this way, every ring, domain and field is a

multiring, multidomain and multifield, respectively.

(b) Q2 ¼ f�1; 0; 1g is multifield with the usual product (in Z) and the multivalued sum

defined by relations

0þ x ¼ xþ 0 ¼ x; for every x 2 Q2

1þ 1 ¼ 1; ð�1Þ þ ð�1Þ ¼ �1

1þ ð�1Þ ¼ ð�1Þ þ 1 ¼ f�1; 0; 1g

8
><

>:

(c) In the set Rþ of non-negative real numbers, we define

a5 b ¼ fc 2 Rþ : ja� bj � c� aþ bg. We have Rþ with the usual product and

5 multivalued sum is a multifield, called triangle multifield [23]. We denote this

multifield by T Rþ. Observe that T Rþ is not ‘‘double distributive’’: ð25 1Þ � ð25
1Þ ¼ ½1; 3� � ½1; 3� ¼ ½1; 9� and 2 � 25 2 � 15 1 � 25 1 � 1 ¼ 45 25 25 1 ¼ ½0; 9�.

(d) Let K ¼ f0; 1g with the usual product and the sum defined by relations

xþ 0 ¼ 0þ x ¼ x, x 2 K and 1þ 1 ¼ f0; 1g. This is a multifield called Krasner’s

multifield [12].

Now, another example that generalizes Q2 ¼ f�1; 0; 1g. Since this is a new one, we will

provide the entire verification that it is a multiring:

Example 2.7 (Kaleidoscope) Let n 2 N and define Xn ¼ f�n; :::; 0; :::; ng � Z. We define

the n-kaleidoscope multiring by ðXn;þ; �;�; 0; 1Þ, where � : Xn ! Xn is restriction of the
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opposite map inZ, þ : Xn � Xn ! PðXnÞ n f;g is given by the rules:

aþ b ¼
fag; if b 6¼ �a and jbj � jaj
fbg; if b 6¼ �a and jaj � jbj
f�a; :::; 0; :::; ag if b ¼ �a

8
><

>:
;

and � : Xn � Xn ! Xn is is given by the rules:

a � b ¼
sgn ðabÞmaxfjaj; jbjg if a; b 6¼ 0

0 if a ¼ 0 or b ¼ 0

�

:

In this sense, X0 ¼ f0g and X1 ¼ f�1; 0; 1g ¼ Q2. For X2, we have the following ‘‘mul-

tioperation’’ table for the sum:

þ �2 �1 0 1 2

�2 f�2g f�2g f�2g f�2g f�2;�1; 0; 1; 2g
�1 f�2g f�1g f�1g f�1; 0; 1g f2g
0 f�2g f�1g f0g f1g f2g
1 f�2g f�1; 0; 1g f1g f1g f2g
2 f�2;�1; 0; 1; 2g f2g f2g f2g f2g

and the following operation table for the product:

� �2 �1 0 1 2

�2 2 2 0 �2 �2

�1 2 1 0 �1 �2

0 0 0 0 0 0

1 �2 �1 0 1 2

2 �2 �2 0 2 2

Clearly ðXn; �; 1Þ is a commutative monoid and a � 0 ¼ 0 for all a 2 Xn.

Now, we will verify that ðXn;þ; �;�; 0; 1Þ is a multiring.

(1) By construction, aþ b ¼ bþ a, aþ 0 ¼ fag and 0 2 a� a for all a; b 2 Xn.

(2) d 2 aþ b , b 2 d � a: We divide the proof in cases. Let a 6¼ �b and suppose

without loss of generality that jaj\jbj. Thus aþ b ¼ fbg. Hence d 2 aþ b implies

d ¼ b. So b 2 b� a ¼ fbg. By symmetry, the same proof applies to the implication

b 2 d � a ) d 2 aþ b. The case jbj ¼ jaj is immediate.

(3) ðaþ bÞ þ c ¼ aþ ðbþ cÞ: Again we divide in cases. We suppose without loss of

generality that a; b; c 6¼ 0. If a 6¼ �b, b 6¼ �c, and jaj � jbj � jcj,

ðaþ bÞ þ c ¼ aþ ðbþ cÞ ¼ fcg:

Similarly, ðaþ bÞ þ c ¼ aþ ðbþ cÞ for the cases jaj � jcj � jbj, jbj � jaj � jcj,
jbj � jcj � jaj, jcj � jaj � jbj and jcj � jbj � jaj (under the hypothesis a 6¼ �b,
b 6¼ �c).
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Now let a ¼ �b. We want to prove that ða� aÞ þ c ¼ aþ ð�aþ cÞ. If jaj � jcj,

ða� aÞ þ c ¼ Xa þ c ¼ fcg and aþ ð�aþ cÞ ¼ aþ c ¼ fcg:

If jcj\jaj, then

ða� aÞ þ c ¼ Xa þ c ¼ Xa and aþ ð�aþ cÞ ¼ a� a ¼ Xa

The case b ¼ �c is analogous.

(4) dðaþ bÞ � daþ db: If d ¼ 0 there is nothing to prove. Let d 6¼ 0. If a 6¼ �b,
suppose without loss of generality that jaj\jbj. Then aþ b ¼ fbg and

dðaþ bÞ ¼ fdbg ¼ dbþ db.
Now let a ¼ �b. We have two cases:

(a) jdj � jaj: since da ¼ sgn ðdaÞjaj, we have da� da ¼ Xda ¼ Xa and

dða� aÞ ¼ dXa � Xa.

(b) jdj[ jaj: since da ¼ sgn ðdaÞjdj, we have da� da ¼ Xda ¼ Xd and

dða� aÞ ¼ dXa � Xd .

Thus Xn is a multiring.

Now, another example that generalizes K ¼ f0; 1g. Since this is a new one, we will

provide the entire verification that it is a multifield:

Example 2.8 (H-multifield) Let p	 1 be a prime integer and Hp :¼ f0; 1; :::; p� 1g � N.

Now, define the binary multioperation and operation in Hp as follow:

aþ b ¼

Hp if a ¼ b; a; b 6¼ 0

fa; bg if a 6¼ b; a; b 6¼ 0

fag if b ¼ 0

fbg if a ¼ 0

8
>>><

>>>:

a � b ¼ k where 0� k\p and k 
 ab mod p :

By a similar argument used in Example 2.7 we obtain that ðHp;þ; �;�; 0; 1Þ is a multifield

such that for all a 2 Hp, �a ¼ a. For example, considering H3 ¼ f0; 1; 2g, using the above
rules we obtain these tables

þ 0 1 2

0 f0g f1g f2g
1 f1g f0; 1; 2g f1; 2g
2 f2g f1; 2g f0; 1; 2g

� 0 1 2

0 0 0 0

1 0 1 2

2 0 2 1
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In fact, these Hp is a kind of generalization of K, in the sense that H2 ¼ K. Now, we

proceed with the verifications. Clearly ðHp; �; 1Þ is a commutative monoid and ðHp n
f0g; �; 1Þ is an abelian group. Moreover, a � 0 ¼ 0 for all a 2 Hp.

Now, we will verify that ðHp;þ; �;�; 0; 1Þ is a multiring:

(i) By construction, aþ b ¼ bþ a, aþ 0 ¼ fag and 0 2 a� a ¼ aþ a for all

a; b 2 Hp.

(ii) d 2 aþ b , b 2 d � a ¼ d þ a: We split the proof in cases. The case where

a ¼ 0 or b ¼ 0 is immediate, so we treat the case a; b 6¼ 0. If a ¼ b, then
aþ a ¼ Hp and d 2 aþ a iff a 2 d þ a. Let a 6¼ b, thus aþ b ¼ fa; bg, and
d 2 aþ b , d ¼ a or d ¼ b. If d ¼ a, then d ¼ a 2 b� b ¼ bþ b, and if

d ¼ b, we obtain d ¼ b 2 a� a ¼ aþ a, proving the desired property.

(iii) ðaþ bÞ þ c ¼ aþ ðbþ cÞ: Again we divide in cases. We suppose without

loss of generality that a; b; c 6¼ 0. If a 6¼ b, b 6¼ c and a 6¼ c, then

ðaþ bÞ þ c ¼ aþ ðbþ cÞ ¼ fa; b; cg:

Now let a ¼ b (the case b ¼ c is similar). We want to prove that

ðaþ aÞ þ c ¼ aþ ðaþ cÞ.

ðaþ aÞ þ c ¼ Hp þ c ¼ Hp and aþ ðaþ cÞ ¼ aþ fa; cg ¼ Hp:

(iv) dðaþ bÞ � daþ db: If d ¼ 0 there is nothing to prove. Let d 6¼ 0. If a ¼ 0 or

b ¼ 0, again, there is nothing to prove. Let a; b; d 6¼ 0. If a ¼ b, then

dðaþ bÞ ¼ dðaþ aÞ ¼ dHp ¼ Hp ¼ daþ da ¼ daþ db:

If a 6¼ b, then da 6¼ db and

dðaþ bÞ ¼ dfa; bg ¼ fda; dbg ¼ daþ db:

Thus Hp is a multifield.

Now, we treat about morphisms:

Definition 2.9 Let A and B multirings. A map f : A ! B is a morphism if for all

a; b; c 2 A:

(i) c 2 aþ b ) f ðcÞ 2 f ðaÞ þ f ðbÞ;
(ii) f ð�aÞ ¼ �f ðaÞ;
(iii) f ð0Þ ¼ 0;

(iv) f ðabÞ ¼ f ðaÞf ðbÞ;
(v) f ð1Þ ¼ 1.

For multirings, there are types of morphisms that can be considered. Let f : A ! B a

multiring morphism.

• f is a strong morphism if for all a; b; c 2 A, if f ðcÞ 2 f ðaÞ þ f ðbÞ, then there exist

a0; b0; c0 2 A with f ða0Þ ¼ f ðaÞ; f ðb0Þ ¼ f ðbÞ; f ðc0Þ ¼ f ðcÞ such that c0 2 a0 þ b0.
• f is an ideal morphism if for all a; b; c 2 A, if f ðcÞ 2 f ðaÞ þ f ðbÞ, then exists c0 2 A

with f ðc0Þ ¼ f ðcÞ such that c0 2 aþ b. In other words,

f ðaþ bÞ ¼ ðf ðaÞ þ f ðbÞÞ \ Im ðf Þ
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• We say that f is a full morphism if it is a strong morphism for all a; b 2 A and all

d 2 B,

d 2 f ðaÞ þ f ðbÞ ) exists c 2 aþ b such that d ¼ f ðcÞ:

In other words, f ðaþ bÞ ¼ f ðaÞ þ f ðbÞ.
• We say that f is a strong embedding if f is injective and it is a strong morphism. In this

case, A is a submultiring of B if A � B and the canonical inclusion i : A,!B is a strong

embedding.

• We say that f is a full embedding if it is a strong embedding and a full morphism2.

The following diagram illustrates the diferent notions of morphisms and their relations.

Full Morphism ) Ideal Morphism ) Strong Morphism

Full Embedding ) Strong Embedding , Ideal Embedding

If f : A ! B is multiring morphism with B ring, then f is a full morphism. Furthermore, an

isomorphism in multiring category is a full embedding.

The category of multifields (respectively multirings) and their morphisms will be

denoted by MF (respectively MR).

Some of the properties of rings morphisms are not extended to multirings morphisms. In

the sequel there are some examples and counterexamples:

Example 2.10

(a) Let f : R ! Q2 be f ðxÞ ¼ sgn ðxÞ, the signal function (with convention that

sgn ð0Þ ¼ 0). f is a multiring morphism, but f is not injective and Ker f ¼ f0g.
Furthermore, f is a strong morphim that it is not an ideal morphism, and therefore,

also it is not a full morphism.

(b) Consider F2 ¼ f0; 1g (the field with two elements) and let K ¼ f0; 1g be the

multifield with the structure 1þ 0 ¼ 0þ 1 ¼ f1g, 1þ 1 ¼ f0; 1g, and product as

usual (in Z). Consider the inclusion i : F2 ! K, i.e, ið0Þ ¼ 0 and ið1Þ ¼ 1. Then i is
an embedding that is not strong (and hence, not ideal neither full):

ið1þ 1Þ ¼ f0g 6¼ f0; 1g ¼ ið1Þ þ ið1Þ;

hence ið1þ 1Þ 6¼ ðið1Þ þ ið1ÞÞ.
(c) The inclusions functions Q2,!R and T Rþ,!R are not multiring morphisms.

if a 6¼ 0, a2 ¼ 1. For example, considering H2 ¼ f0; 1; 2g, using the above rules we

obtain these tables

(d) Consider the set of multifields Hp; p	 1, in Example 2.8, where H2 ¼ K. Then

inclusion morphism j : H2 ! H3 given by the rule jð0Þ ¼ 0, jð1Þ ¼ 1.Then j is an

ideal embedding that is not full:

jð1þ 1Þ ¼ f0; 1g 6¼ H3 ¼ jð1Þ þ jð1Þ:

(e) Consider the diagonal morphism D : Q2 ! Q2 � Q2, given by the rule DðxÞ ¼ ðx; xÞ.
Then D is a strong embedding that is not full:

2 There is no consensus on the definition ‘‘submultiring’’: here we do adopted one of intermediary strength
that coincides with the notion of substructure in relational structures; in [18], submultiring means an
inclusion of multirings that is strong and full.
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ð1;�1Þ 2 Dð1Þ þ Dð�1Þ; but ð1;�1Þ 62 Im ðDÞ:

2.2 Commutative multialgebra

Here, we will extend some terminology of commutative algebra to multirings and multi-

fields. As expected, many concepts such that ideals, fractions, and localizations have a

natural generalization for multirings. We register that some of the results below seem to be

new, or at least, unpublished. For other details about this subject, the reader can consult

[21].

Definition 2.11 An ideal of a multiring A is a non-empty subset of A such that aþ a � a

and Aa ¼ a. An ideal p of A is said to be prime if 1 62 p and ab 2 p ) a 2 p or b 2 p. An

ideal m is maximal if for all ideals a with m � a � A ), then a ¼ m or a ¼ A. We will

denote Spec ðAÞ ¼ fp � A p is a prime ideal g.

If a is an ideal of A, note that 0 2 a and �a � a.

With the notion of ideal, we can define some new multirings structures with the lan-

guage of commutative algebra in mind:

Definition 2.12

(a) If fAigi2I is a family of multirings, then the product Pi2IAi is a multiring in the

natural (component wise) way.

(b) Let a � A be an ideal. Elements of A=a are cosets a ¼ aþ a, a 2 A. More

explicitly,

a 
 b mod I if and only if b 2 a, if and only if ðb� aÞ \ a 6¼ ;:

This is the multialgebra analogous of the usual congruece relation in commutative

algebra. We define a multiring structure on A=a by aþ b ¼ fc : c 2 aþ bg,
�a ¼ �a, the zero and the unit element of A=a are 0 ¼ 0 and 1 ¼ 1 respectively and

multiplication on A=a is defined by ab ¼ ab. Note that if c 2 aþ b, then exists

c0 2 aþ b such that c0 ¼ c. The natural arrow p : A ! A=a is a strong morphism and

as in the ring case it is easily proved that given another multiring morphism f :

A ! B with f ðaÞ ¼ fg, there is a unique morphism f : A=a ! B such that f ¼ f � p.
(c) Let S be a multiplicative set in A. Elements of S�1A have the form a/s, a 2 A, s 2 S,

a=s ¼ b=t if and only if atu ¼ bsu for some u 2 S. 0 ¼ 0=1, 1 ¼ 1=1 and the

operations are defined by ða=sÞ � ðb=tÞ ¼ ab=st, and c=v 2 a=sþ b=t if and only if

cstv 2 atuvþ bsuv for some v 2 S. The natural arrow q : A,!S�1A is a strong

morphism and given a multirng morphism f : A ! B with f ðSÞ � B�, then exists a

unique morphism f : S�1A ! B such that f ¼ f � q.
(d) If D is a multidomain, we define the multifield of fractions ff ðDÞ :¼ ðD n f0gÞ�1D.

Let X be a subset of a multiring A. We define the ideal generated by X as

hXi :¼
T
fa � A X � a; a is an ideal g. If X 6¼ ;, it can easily checked that
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hXi ¼
S
fk1x1 þ � � � þ knxn : n	 1; ki 2 A; xi 2 X; for all i ¼ 1; . . .; ng. In particular

hai ¼
X

Aa :¼
Xn

j¼1

kja : k1; :::; kn 2 A; n	 1:

( )

:

If A is a hyper-ring, i.e. if it satisfies also the second-half distributive, then
P

Aa ¼ Aa.

Proposition 2.13 Let A and B be multirings and u : A ! B a surjective morphism.
Consider u : A=Ker ðuÞ ! B the induced morphism. Then the following are equivalent:

(i) u is a strong morphism and if uðaÞ ¼ uða0Þ for a; a0 2 A, then
ða� a0Þ \ ker ðuÞ 6¼ ;.

(ii) u is an ideal morphism.
(iii) u is an isomorphism.

Proof (i) ) (ii): Assume that uðaÞ 2 uðbÞ þ uðcÞ. Since u is a strong morphism, exists

a0; b0; c0 2 A with uða0Þ ¼ uðaÞ;uðb0Þ ¼ uðbÞ;uðc0Þ ¼ uðcÞ such that a0 2 b0 þ c0. By

hypothesis, exists b0 2 bþ i and c0 2 cþ j such that i; j 2 ker ðuÞ. Then a0 2 b0 þ c0 �
ðbþ cÞ þ ðiþ jÞ and so exists x 2 iþ j � ker ðuÞ such that a0 2 bþ cþ x. Thus exist

a00 2 a0 � x with a00 2 bþ c and note that uða00Þ ¼ uða0Þ ¼ uðaÞ.
(ii) ) (iii): Let a; b 2 A such that uðaÞ ¼ uðaÞ ¼ uðbÞ ¼ uðbÞ. By hypothesis exist

x 2 a� b such that x 2 ker ðuÞ and so a ¼ b in A= ker ðuÞ, proving the injectivity of u.
Since u is a strong morphism, if uðaÞ 2 uðbÞ þ uðcÞ, then exists a0; b0; c0 2 A with

uða0Þ ¼ uðaÞ;uðb0Þ ¼ uðbÞ;uðc0Þ ¼ uðcÞ such that a0 2 b0 þ c0. By hypothesis, it is easy

to see that a0 ¼ a; b0 ¼ b; c0 ¼ c and so a 2 bþ c in A=ker ðuÞ. Thus u is an isomorphism.

(iii) ) (i): Assume that uðaÞ ¼ uða0Þ for a; a0 2 A. Then uðaÞ ¼ uða0Þ and hence

a ¼ a0, which means that ða� a0Þ \ ker ðuÞ 6¼ ;.
Therefore 0 ¼ uð0Þ 2 uðaÞ � uða0Þ, and by hypothesis there exist i 2 a� a0 such that

uðiÞ ¼ uð0Þ ¼ 0. On the other hand, we have u ¼ u � p, where p : A ! A= ker ðuÞ. Then
u is a composition of strong morphisms and so u is strong itself. h

Theorem 2.14 (Isomorphism Theorem) Let A and B be multirings and u : A ! B an ideal
morphism. Then Im ðuÞ is a multiring (contained in B) with the structure induced by the
domain A, and the induced morphism u : A=Ker ðuÞ ! Im ðuÞ is an isomorphism.

Proof By the previous proposition, it is enough to prove that Im ðuÞ is a multiring and

this is accomplished by proving the associativity property for Im ðuÞ. Assume that uðxÞ 2
uðpÞ þ uðwÞ with uðpÞ 2 uðuÞ þ uðvÞ. Since u is an ideal morphism, exists x0 2 pþ w
and p0 2 uþ v such that uðx0Þ ¼ uðxÞ and uðp0Þ ¼ uðpÞ. Then, by the same argument as

the previous lemma, it should exist i 2 Ker ðuÞ such that p 2 iþ p0. Then p 2 iþ ðuþ
vÞ � ðiþ uÞ þ v and thus exist u0 2 iþ u such that p 2 u0 þ v. Then exist q 2 vþ w with

x 2 u0 þ q. Thus uðxÞ 2 uðu0Þ þ uðqÞ ¼ uðuÞ þ uðqÞ and uðqÞ 2 uðvÞ þ uðwÞ. h

Lemma 2.15 Let A be a multiring and a and ideal. Consider p : A ! A=a the canonical
projection. Then it induces a one-to-one correspondence between the ideals of Athat
contains a and the ideals of A=a.

Proof The proof is the same as the ring case. h
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Lemma 2.16 Let A be a multiring. Then:

(a) an ideal p of A is prime if and only if A=p is a multidomain.
(b) An ideal m is maximal if and only if for all a 6¼ 0 in A=m, exists t1; . . .; tn such

that 1 2 at1 þ � � � þ atn. In particular, maximal ideals are prime and if A is a
hyperring, an ideal m is maximal if and only if A=m is a multifield.

Proof

(a) The same of the ring case.

(b) ): Let a 2 A=m non-zero, that is, a 62 m. Since m is maximal, the ideal I ¼S
fmþ at1 þ � � � þ atn : n	 1 and ti 2 Ag generated by m [ fag is improper. Then

exists m 2 m and t1; � � � ; tn 2 A such that 1 2 mþ at1 þ � � � þ atn and so

1 2 at1 þ � � � þ atn.
(: Let a 62 m. By the property valid in A=m, exists m 2 m and t1; � � � ; tn 2 A such

that 1 2 mþ at1 þ � � � þ atn and so the ideal generated by m [ fag is improper.

Then m is maximal.

h

Proposition 2.17

(a) Let A be a multiring, I � A an ideal and S � A be a multiplicative subset of A. Then

ðS=IÞ�1A=I ffi S�1A=S�1I:
(b) Let fAigi2I be a family of multirings and ai � Ai be an ideal of Ai for every i 2 I.

Then
Y

i2I
Ai=ai ffi

Y

i2I
Ai=

Y

i2I
ai:

Proof For the item (a), consider the morphism f : S�1A ! ðS=IÞ�1A=I given by f ða=sÞ ¼
a=s and apply the Theorem 2.14. For the item (b), the same strategy holds with the

morphism g :
Q

i2I Ai !
Q

i2I Ai=
Q

i2I ai given by gðaiÞi2I ¼ ðaiÞi2I . h

Now, we present a construction that will be used several times below:

Definition 2.18 Fix a multiring A and a multiplicative subset S of A such that 1 2 S. Define
an equivalence relation 
 on A by a
 b if and only if as ¼ bt for some s; t 2 S. Denote by
a the equivalence class of a and set A=mS ¼ fa : a 2 Ag. Then, we define in agreement

with Marshall’s notation, aþ b ¼ fc : cv 2 asþ bt; for some s; t; v 2 Sg, �a ¼ �a, and

ab ¼ ab.3

In particular, the canonical projection p : A ! A=mS is a strong morphism.

3 If 0 2 S, then A=mS ¼ f0g. We keep this trivial case available for precaution in Definition 2.18. One of

the possible aspects to be investigated after the considerations of this paper is the creation of a corre-

spondence ðF;TÞ7!F=m _T , for suitable category which objects are pairs (F, T), where F is a field and T � F.
It is desirable for a such category of pairs to provide good categorical properties (for example, closeness by
finite products and colimits), and for a such correspondence, to provide good functorial properties. In this
hypothetical scenario, the trivial Marshall’s quotient may play the role of zero object.
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Proposition 2.19 Let A, B be a multiring and S � A a multiplicative subset of A. Then for

every morphism f : A ! B such that f ½S� ¼ f1g, there exist a unique morphism ~f :
A=mS ! B such that the following diagram commute:

where p : A ! A=mS is the canonical projection pðaÞ ¼ a.

Proof Straightforward. h

Proposition 2.20 Let A be a multiring, I � A an ideal and S � A a multiplicative subset
such that I � S. Define S=I ¼ fs : s 2 Sg (modulo I). Then

ðA=IÞ=mðS=IÞ ffi A=mS:

Proof Define U : A=I ! A=mS given by UðaIÞ ¼ aS and use the previous proposition. h

Proposition 2.21 Let A be a multiring and P; S � A multiplicative subsets of A such that
P � S. Then

A=mS ffi P�1A=mP
�1S:

Proof Straightforward. h

We discuss now the inductive limit of multirings. We will define this structure in terms of

multivalued operations. However, is the case that this definition coincides with the cate-

gorical (and logical) definition of limit in terms of ternary relation.

Let ðI;�Þ be a poset, and hAi;uij; Ii be a directed system, i.e, if i; j 2 I with i � j, then

there exist a morphism uij : Ai ! Aj, uii ¼ idAi
and for i � j � k, the following diagram

commutes:

Now, let A be a multiring and hAi;uij; Ii be a directed system. A collection of morphisms

fwi : Ai ! Agi2I is said to be compatible, if wjuij ¼ wi for all i � j.

Proposition 2.22 Let hAi;uij; Ii be a directed system of multirings. Then there exist a

unique directed limit lim
�!
i2I

Ai of the system.
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Proof The uniqueness is immediate. To show the existence, let

lim
�!
i2I

Ai ¼
_[i2IAi


 ;

where 
 is the following equivalence relation: for xi 2 Ai and xj 2 Aj, xi 
 xj if and only if

there exist k � i; j such that uikðxiÞ ¼ ujkðxjÞ. We have lim
�!
i2I

Ai is a multiring with the

obvious product and the sum defined by xi þ yj ¼ fd : d 2 uikðxiÞ þ ujkðxjÞ; k � i; jg.
Moreover, w : Ai ! lim

�!
i2I

Ai given wiðxiÞ ¼ xi provides a compatible collection of mor-

phisms. Then h lim
�!
i2I

Ai;wii is the compatible system desired. h

Proposition 2.23

(a) Let hAi;uij; Ii be a directed system of multirings and let Si � Ai be a multiplicative

subset of Ai for every i 2 I. Suppose that for each i; j 2 I such that i � j,
uij½Si� � Sj. Then hSi;uij�; Ii and hAi=mSi;uij; Ii are directed systems, lim

�!
i2I

Si is a

multiplicative subset of lim
�!
i2I

Ai and

lim
�!
i2I

Ai=mSi ffi lim
�!
i2I

Ai

 !

=m lim
�!
i2I

Si

 !

:

(b) Let fAigi2I be a family of multirings and Si � Ai be a multiplicative subset of Ai

for every i 2 I. Then
Y

i2I
Ai=mSi ffi

Y

i2I
Ai=m

Y

i2I
Si:

Proof Straitforward. h

2.3 Ordering structures

Part of the standard Artin-Schreier theory for fields can be extended to the multifield theory

as in section 3 of [18]. For the convenience of the reader, we will list some results that we

will use in the next sections:

Definition 2.24 Let F be a multifield. A subset P of F is called an ordering if

Pþ P ¼� P, P � P � P, P [ �P ¼ F and P \ �P ¼ f0g. The real spectrum of a mul-

tifield F, denoted Sper ðFÞ, is defined to be the set of all orderings of F.

Definition 2.25 A preordering of a multifield F is defined to be a subset T of F satisfying

T þ T � T , T � T � T and F2 � T . Here, F2 :¼ fa2 : a 2 Fg. A multifield F is said to be

real if �1 62
P

F2. If F is real, then �1 6¼ 1. A preordering T of F is said to be proper if
�1 62 T .
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Proposition 2.26 Let F be an multifield and T a proper preordering of F. Then
T ¼

T
P2XT

P, where XT ¼ fP 2 Sper ðFÞ : T � Pg.

Proof Proposition 3.4 of [18]. h

Consider the multifield Q2. The set f0; 1g is the unique ordering on Q2. For any ordering

P on a multifield F, considering _P :¼ P n f0g, we have QPðFÞ ¼ F=m _P ffi Q2 by a unique

isomorphism. So orderings of a multifield F correspond bijectively to a multiring homo-

morphism r : F ! Q2 via P ¼ r�1ðf0; 1gÞ. We define QredðFÞ ¼ F=mð
P

F2 n f0gÞ.

Proposition 2.27 For a real multifield F are equivalent:

(a) The multiring morphism F ! QredðFÞ is an isomorphism;

(b)
P

F2 ¼ f0; 1g;
(c) For all a 2 F, a3 ¼ a and ða 2 1þ 1Þ ) ða ¼ 1Þ.

Proof Proposition 4.1 of [18]. h

Definition 2.28 A multifield F is said to be real reduced if satisfies the equivalent

conditions of Proposition 2.27.

A morphism of real reduced multifield is just a morphism of multifields. The category of

real reduced multifields will be denoted by MF red.

Corollary 2.29 A multifield F is real reduced if and only if a3 ¼ a for all a 2 F and
a 2 1þ 1 ) a ¼ 1.

In general, for every multifield, the map sgn : F ! Q
SperðFÞ
2 is available, and is given by

the rule sgn ðxÞ ¼ ð sgnPðxÞÞP2SperðFÞ, where

sgnPðxÞ ¼
1 if x 2 P n ð�PÞ

0 if x 2 supp ðPÞ :¼ P \ �P

�1 if x 2 ð�PÞ n P

8
><

>:

Theorem 2.30 (Local-Global principle) For any real reduced multifield F, the map

sgn : F,!Q
SperðFÞ
2 is a strong embedding. In particular, for any real reduced multifield,

Sper ðFÞ separate points of F and c 2 aþ b � F if and only if, for every r : F ! Q2,

rðcÞ 2 rðaÞ þ rðbÞ.

Proof Proposition 4.4 [18]. h

Definition 2.31 Let A be a multiring. A subset P of A is called an ordering if Pþ P � P,
P � P � P, P [ �P ¼ A and P \ �P is a prime ideal of A, called the support of P. A set

T � A with just T þ T � T , T � T � T and A2 � T is called a preorder. The real spec-
trum of a multiring A, denoted Sper ðAÞ, is defined to be the set of all orderings of A.
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Like in the multifield case, orderings of a multiring A correspond bijectively to multiring

homomorphisms r : A ! Q2 via P ¼ r�1ðf0; 1gÞ. A preordering of a multiring A is a

subset T of A satisfying T þ T � T , TT � T and A2 � T . A preordering T of A is said to be

proper if �1 62 T . Every ordering is a proper preordering.
P

A2 us a preordering, and is

the unique smallest preordering of A. A multiring A is said to be semireal if �1 62
P

A2.

Let A be a semireal multiring and consider T a preorder. We denote by QTðAÞ the image

of A in QXT

2 , where XT ¼ fP 2 Sper ðAÞ : T � Pg.
Denote the image of A in QXT

2 by QTðAÞ. Addition on QTðAÞ is defined by

aþ b :¼ fc : c 2 aþ bg, ab :¼ ab, �a :¼ �a. The zero element of QTðAÞ is 0.

Proposition 2.32 (Local-Global principle) Let A be a semireal multiring and T a proper
preordering of A. Then:

1. QTðAÞ is a multiring.

2. QTðAÞ � QXT

2 is a submultiring.

Proof Proposition 7.3 [18]. h

We denote QPA2ðAÞ by QredðAÞ which we refer to as the real reduced multiring asso-

ciated to A. Note that in multifield case, this reduction definition is compatible with the

reduction for multifields, by Theorem 2.30.

Proposition 2.33 For a semireal multiring A, the map a 7!a from A onto QredðAÞ is an
isomorphism if and only if A satisfies the following properties:

(a) a3 ¼ a.

(b) aþ ab2 ¼ fag.
(c) a2 þ b2 contains a unique element.

Proof Proposition 7.5 [18]. h

Definition 2.34 A semireal multiring satisfying one of the equivalent conditions of

Proposition 2.33 will be called real reduced multiring. A morphism of real reduced

multirings is just a morphism of multirings. The category of real reduced multirings will be

denoted by MRred.

Corollary 2.35 A multiring A is real reduced if and only if the following properties holds
for all a; b; c; d 2 A:

(i) 1 6¼ 0;

(ii) a3 ¼ a;

(iii) c 2 aþ ab2 ) c ¼ a;

(iv) c 2 a2 þ b2 and d 2 a2 þ b2 implies c ¼ d.

Proof Corolllary 7.6 [18]. h
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This implies that the morphism a 7!a from A to QredðAÞ is an isomorphism. In particular,

follow by the local-global principle 2.32 that for any real reduced multiring A, c 2
aþ b � F if and only if, for every r : A ! Q2, rðcÞ 2 rðaÞ þ rðbÞ.

3 Multifields, abstract ordering spaces, and special groups

Marshall’s abstract space of orderings (AOS), arised in the decade of 80’s and presented in

[19], are important because they generalize both theory of orderings on fields and the

reduced theory of quadratic forms. But only in the decade of 90s a (finitary) first-order the

theory has arisen that generalizes the reduced and non-reduced theory of quadratic forms

simultaneously. This is the theory of Special Groups of M. Dickmann and F. Miraglia,

presented in [9] (and generalized for invertible coefficients in rings in [10]).

The reduced special groups are dually equivalent to the abstract ordering spaces

(RSG ’ AOSop). This simplicity brings two new methods and tools to the algebraic

theory of quadratic forms, the K-theory ( [1]) and the boolean hull of a special groups (

[9]), culminating in a proof of problems on quadratic forms theories that were open by 25

years (Marshall’s and Lam signature conjectures, [6] and [11] respectively).

From the middle of years 2000’s, the development of special group theory focused on

expanding the class of examples (see for example, [2] and [7]). In recent book of Dick-

mann and Miraglia [10], they extend the classical algebraic theory of quadratic forms over

fields to a broad class of commutative rings with unit (of course, which was mediated by

the theory of special groups). The context is of a ring A of characteristic not 2, with

�1 62
P

A2 and 2 2 _A.
Given a such ring A and a preordering T on A, they define that two n-dimensional forms

u ¼ a1X
2
1 þ :::þ anX

2
n , w ¼ b1X

2
1 þ :::þ bnX

2
n with ai; bi 2 _A are T-isometric, u �T u if

there is a sequence u0;u1; :::;uk of n-dimensional diagonal forms over _A, such that

u ¼ u0, w ¼ uk and for every 1� i� k, ui is either isometric to ui�1 in the usual sense

that there is a matrix M 2 GLnðAÞ such that ui ¼ Mui�1M
t or there are t1; :::; tn 2 _T such

that ui ¼ ht1x1; :::; tnxni and ui�1 ¼ hx1; :::; xni. Value representation relation DT on

(A, T) is given by: for a; b1; :::; bn 2 _A,

a 2 Dv
Tðb1; :::; bnÞ , 9 t1; :::; tn 2 T such that a ¼

Xn

i¼1

tibi:

Given a preordered ring (A, T), they associate a structure GTðAÞ, whose domain is _A= _T ,

endowed with the product operation induced by _A, togheter with a binary isometry relation


GT ðAÞ, defined on ordered pairs of elements of _A= _T , and having �1 ¼ �1= _T as distin-

guished element. The structure ðGTðAÞ;
GT ðAÞ;�1Þ is not quite a special group, but satisfy
SG0, SG1, SG2, SG3 and SG5. They observed that the ring-theoretic approach, based on

the definition of n-isometry and the formal approach via GTðAÞ, though related, are far

from identical.

Beside this, they called T-faithfully quadratic any preordered ring (A, T) such that

GTðAÞ is a special group and T-isometry and value representation in (A, T) are faithfully

coded by the corresponding formal notions in GTðAÞ. After this brilliant idea, they was able
to replicate most of the consequences of the theory of special groups in field theory in this

extended ring-theoretic context.

In this section, we will construct two equivalence of categories. The first one, is given

by a functor MF red ! AOSop where AOS is the category of abstract ordering spaces as
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in [19] andMF red is the category of real reduced multifield. This functor was indicated by

Marshall in [18], so we will establish precisely its definition and examine some properties.

The second equivalence extends the first one and is given by a functor SG ! SMF , from

the category of special groups to the category of special multifields, here introduced.

Recall that for any set X, we give to f�1; 1gX a group structure by defining

ðabÞðxÞ ¼ aðxÞbðxÞ, and that if G is a group of exponent 2, the character group of G is the

group vðGÞ :¼ Hom ðG;Z2Þ.

Definition 3.1 (Space of Orderings) An abstract ordering space or space of orderings,
is a pair (X, G) satisfying:

AX1 - X is a non-empty set, G is a subgroup of f�1; 1gX , G contains the constant

function �1, and G separates points in X (i.e, if x; y 2 X, x 6¼ y, then there

exists a 2 G such that aðxÞ 6¼ aðyÞ).

If a; b 2 G we define the value set D(a, b) to be the set of all c 2 G such that for each

x 2 X either cðxÞ ¼ aðxÞ or cðxÞ ¼ bðxÞ. In particular, a and b are both elements of D(a, b).

AX2 - If x 2 vðGÞ satisfies xð�1Þ ¼ �1 and

a; b 2 ker ðxÞ ) Dða; bÞ � ker ðxÞ, then x is in the image of the

natural embedding X,!vðGÞ.
AX3
(Associativity) -

For all a; b; c 2 G, if t 2 Dða; rÞ for some r 2 Dðb; cÞ then t 2 Dðs; cÞ
for some s 2 Dða; bÞ.

Definition 3.2 A morphism of abstract ordering spaces a : ðX;GÞ ! ðY ;HÞ is a mapping

a : X ! Y such that for each h 2 H, the composite function h � a : X ! f�1; 1g is an

element of G. Note that this implies that a induces a group homomorphism h 7!h � a from

H to G. Also, a�1ðUðhÞÞ ¼ Uðh � aÞ for each h 2 H, so a is continuous.

An isomorphism from (X, G) to (Y, H) is an AOS-morphism a : X ! Y which is

bijective and such that the induced group homomorphism h 7!h � a is also bijective.

Theorem 3.3 Let (X, G) be a space of orderings and set MðGÞ ¼ G [ f0g where
0 :¼ fGg. Then ðMðGÞ;þ; �;�; 0; 1Þ is a real reduced multifield with the extended
operations:

• a � b ¼ 0 if a ¼ 0 or b ¼ 0

a � b otherwise

�

• �ðaÞ ¼ ð�1Þ � a

• aþ b ¼

fbg if a ¼ 0

fag if b ¼ 0

MðGÞ if a ¼ �b; and a 6¼ 0

Dða; bÞ otherwise

8
>><

>>:

Proof Firstly, observe that þ is well-defined. Then, we will verify the conditions of

Definition 2.5:

(i) For this, we will check the conditions of Definition 2.1.
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(a) We will prove that if d 2 aþ b, then a 2 d þ ð�bÞ and b 2 ð�aÞ þ d. If
a ¼ 0 or a ¼ �b, then d 2 aþ b implies trivially that a 2 d þ ð�bÞ and

b 2 ð�aÞ þ d. Now, let a; b 6¼ 0 with a 6¼ �b (this implies d 6¼ 0). Now it

is enough to note that for all x 2 X if dðxÞ 2 faðxÞ; bðxÞg, then aðxÞ 2
fdðxÞ;�bðxÞg and bðxÞ 2 f�aðxÞ; dðxÞg. Thus a 2 d þ ð�bÞ and

b 2 ð�aÞ þ d.
(b) ðy 2 xþ 0Þ , ðx ¼ yÞ is direct consequence of the definition of multival-

uated sum.

(c) aþ 0 ¼ fag ¼ 0þ a and aþ ð�aÞ ¼ MðGÞ ¼ ð�aÞ þ a. Let a; b 2 MðGÞ,
a; b 6¼ 0 and a 6¼ �b. Since Dða; bÞ ¼ Dðb; aÞ, we have aþ b ¼ bþ a.
Then, the commutativity holds.

(d) Now we prove the associativity, that is, ðaþ bÞ þ c ¼ aþ ðbþ cÞ for all
a; b; c 2 MðGÞ. If a ¼ 0 (the cases b ¼ 0 and c ¼ 0 are analogous), then

0þ ðbþ cÞ ¼ f0þ g : g 2 bþ cg ¼ bþ c and

ð0þ bÞ þ c ¼ ðfbgÞ þ c ¼ bþ c.
Now, assume that a; b; c 6¼ 0. If �c 2 aþ b, then

ðaþ bÞ þ c ¼
[

fgþ c : g 2 aþ bg ¼ MðGÞ (I)

and

aþ ðbþ cÞ ¼
[

faþ h : h 2 bþ cg ¼ MðGÞ (II)

because �a 2 bþ c. So (I) ¼ (II) . For the case a; b; c 6¼ 0, �c 62 aþ b
we have

ðaþ bÞ þ c ¼
[

fgþ c : g 2 aþ bg
¼
[

fgþ c : g 2 Dða; bÞg ¼
[

g2Dða;bÞ
Dðc; gÞ (III)

because the hypothesis implies a 6¼ �b and

aþ ðbþ cÞ ¼
[

faþ h : h 2 bþ cg

¼
[

faþ h : h 2 Dðb; cÞg ¼
[

h2Dðb;cÞ
Dða; hÞ (IV)

because by item a) above �a 62 bþ c and so b 6¼ �c. By the inductive

description of the value sets (as in 2.2 of [19]) we have (III) ¼ (IV) . Thus

ðaþ bÞ þ c ¼ aþ ðbþ cÞ for all a; b; c 2 MðGÞ.

(ii) Since ðG; �; 1Þ is an abelian group, we conclude that ðMðGÞ; �; 1Þ is a commutative

monoid. Beyond this, every nonzero element of M(G) has an inverse.

(iii) a � 0 ¼ 0 for all a 2 MðGÞ is direct from definition.

(iv) For the distributive property, let a; b; c; d 2 MðGÞ with d 2 aþ b. If a ¼ 0 or

b ¼ 0 or c ¼ 0, then cd 2 caþ cb (*) and if a; b 6¼ 0 and a ¼ �b we also

conclude (*) easily. If a; b 6¼ 0 and a 6¼ �b, then by definition d 6¼ 0 and for all

x 2 X we have dðxÞ 2 faðxÞ; bðxÞg. Then dðxÞcðxÞ 2 faðxÞcðxÞ; bðxÞcðxÞg and so

cd 2 Dðca; cbÞ. Therefore cd 2 caþ cb.

Then, ðMðGÞ;þ;�; �; 0; 1Þ is a multifield. As G is a subgroup of f�1; 1gX , we have G is a

group of exponent 2, i.e, g2 ¼ 1 for all g 2 G and then, a3 ¼ a for all a 2 MðGÞ. If
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a 2 1þ 1, then aðxÞ ¼ 1 for all x 2 X. This implies a ¼ 1 and so ðMðGÞ;þ;�; �; 0; 1Þ is a
real reduced multifield. h

Corollary 3.4 The correspondence ðX;GÞ7!MðGÞ extends to a contravariant functor
M : AOSop ! MF red.

Proof Let (X, G) and (Y, H) abstract ordering spaces and a : Y ! X be an AOS-mor-

phism. By Definition 3.2, a induces a group homomorphism u : G ! H given by

uðgÞ ¼ g � a. Define MðaÞ ¼ ~u : MðGÞ ! MðHÞ extending this morphism u to

M(G) making ~uð0Þ ¼ 0. Note that we already have ~uð1Þ ¼ 1, ~uð�1Þ ¼ �1 and ~uðabÞ ¼
~uðaÞ ~uðbÞ for all a; b 2 MðGÞ.

Then, we just need to prove that for all a; b; c 2 MðGÞ,
c 2 aþ b ) ~uðaÞ 2 ~uðbÞ þ ~uðcÞ. The cases a ¼ 0; b ¼ 0; c ¼ 0 and ða; b 6¼ 0;uðaÞ ¼
�uðbÞÞ are trivial and we can assume a; b; c 6¼ 0;uðaÞ 6¼ �uðbÞ (in particular, a 6¼ �b).
Hence, we need to prove that c 2 Dða; bÞ ) uðcÞ 2 DðuðaÞ;uðbÞÞ. But note that

c 2 Dða; bÞ ) cðxÞ ¼ aðxÞ _ cðxÞ ¼ bðxÞ 8 x 2 X )
cðaðyÞÞ ¼ aðaðyÞÞ _ cðaðyÞÞ ¼ bðaðyÞÞ 8 y 2 Y )

c � a 2 Dða � a; b � aÞ ) DðuðaÞ;uðbÞÞ:

Therefore MðuÞis a MF-morphism. If are AOS-

morphism, with u : G ! H and s : H ! K the respectively induced group homomor-

phisms, the fact of MðabÞ ¼ MðbÞMðaÞ is direct consequence of ab be an AOS-morphism.

h

Let F be an real reduced multifield. Observe that by the local-global principle for multifield

2.30 we have the following identities:

• a 2 aþ b;
• If a 6¼ 0, then aþ ð�aÞ ¼ F;
• a 6¼ 0 ) rðaÞ 6¼ 0 for all r 2 Sper ðFÞ.

Consider the map sgn : F ! Q
sperðFÞ
2 from 2.30.

Theorem 3.5 Let F be a real reduced multifield. Then ð sper ðFÞ; sgnð _FÞÞ is an abstract
order space.

Proof Since sgn : F ! Q
sperðFÞ
2 is a injective morphism, it is easy to see that sgnð _FÞ �

f1;�1gsperðFÞ is subgroup that contains the constant functions and sper ðFÞ separates

points of sgnð _FÞ. h

Claim Let a; b; c 2 _F and a0 ¼ sgnðaÞ; b0 ¼ sgnðbÞ; c0 ¼ sgnðcÞ. Then a0 2 Dðb0; c0Þ if, and
only if, a 2 bþ c.
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Proof By definition, we have

a0 2 Dðb0; c0Þ , for all r 2 sper ðFÞ : a0ðrÞ 2 fb0ðrÞ; c0ðrÞg
, for all r 2 sper ðFÞ : rðaÞ 2 frðbÞ; rðcÞg
, for all r 2 sper ðFÞ : rðaÞ 2 DQ2

ðrðbÞ; rðcÞÞ
, a 2 bþ c;

where the last equivalence follows by the local-global principle (2.30). h

Now we check the axioms AX2, AX3 from Definiton 3.1.

AX2 Let x 2 vðsgnð _FÞÞ satisfying xð�1Þ ¼ �1 and for all a0; b0 2 sgnð _FÞ if
a0; b0 2 kerðxÞ, then Dða0; b0Þ � kerðxÞ. Using the above claim, since sgn is a strong

injective morphism, exists ~r : _F ! f1;�1g satisfying

(i) ~rð�1Þ ¼ �1 and ~rðabÞ ¼ ~rðaÞ~rðbÞ for all a; b 2 _F.
(ii) If a; b 2 kerð~rÞ, then _ðaþ bÞ � kerð~rÞ.
(iii) ~r ¼ x � sgn.

If we define r : F ! Q2 by rðaÞ ¼ ~rðaÞ for a 6¼ 0 and rð0Þ ¼ 0, it is easily

verifiable that r satisfies every axiom of multiring morphism except possibly the

multivalued sum preservation. Thus let a; b; c 2 F with a 2 bþ c. We want to

prove that rðaÞ 2 rðbÞ þ rðcÞ (*). The cases 0 2 fa; b; cg or rðbÞ ¼ �rðcÞ are

trivial . So assume a; b; c 6¼ 0 and rðbÞ ¼ rðcÞ. If rðbÞ ¼ rðcÞ ¼ 1, then by item ii)
above rðaÞ ¼ 1 and so (*) is verified. If rðbÞ ¼ rðcÞ ¼ �1, then since

�a 2 �b� c, we conclude by the last case that rð�aÞ ¼ 1, that is, rðaÞ ¼ �1.

Thus (*) is fully verified and r 2 sper ðFÞ. Therefore by the item iii) above,

x 2 vðsgnð _FÞÞ is the image of r by the canonical map X ! vðsgnð _FÞÞ.

AX3 Now let t0 2 Dða0; r0Þ with r0 2 Dðb0; c0Þ. We want to prove that exist s0 2 Dða0; b0Þ
such that t0 2 Dðs0; c0Þ. Let t; a; r; b; c 2 _F with

t0 ¼ sgnðtÞ; a0 ¼ sgnðaÞ; r0 ¼ sgnðrÞ; b0 ¼ sgnðbÞ; c0 ¼ sgnðcÞ. By the above claim,

t 2 aþ r; r 2 bþ c. Using the associative property of F, exist s 2 aþ b with

t 2 sþ c. If s 6¼ 0, then again by the claim sgnðsÞ 2 Dða0; b0Þ and t0 2 DðsgnðsÞ; c0Þ.
If s ¼ 0, then t ¼ c and so choosing s0 ¼ a0 we have s0 2 Dða0; b0Þ and t0 2 Dðs0; c0Þ.

h

Corollary 3.6 The correspondence F ! ð sper ðFÞ; sgnð _FÞÞ extends to a contravariant
functor sper : MF red ! AOSop.

Proof Let f : F ! G a morphism between real reduced mutifields. Consider the induced

map af : sper ðGÞ ! sper ðFÞ. Note that given sgnFðaÞ 2 sgnFð _FÞ, sgnFðaÞ � af ¼
sgnGðf ðaÞÞ 2 sgnGð _GÞ and so af : ð sper ðGÞ; sgnGð _GÞÞ ! ð sper ðFÞ; sgnFð _FÞÞ is a AOS-
morphism. Furthermore, it is easy to see that if f : F ! G and g : G ! H are morphism

between real reduced multifields, then ag�f ¼ af � ag. h

Theorem 3.7 The functors M : AOSop ! MF red and sper : MF red ! AOSop

establish a equivalence of categories.
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Proof Let F a real reduced multifield and (X, G) an abstract order space. We exhibit two

ismorphisms: g : F ! Mðsgnð _FÞÞ multifield morphism and a : ðX;GÞ !
ð sper ðMðGÞÞ; sgnð _MðGÞÞÞ AOS-morphism.

g : Consider the strong injective morphism sgn : F ! Q
sperðFÞ
2 . By the claim in the

Theorem 3.5, in the AOS ð sper ðFÞ; sgnð _FÞÞ given a; b 2 _F the value set is given by

DðsgnðaÞ; sgnðbÞÞ ¼ sgnð _aþ bÞ. Define g : F ! Mð _FÞ by

gðaÞ ¼
sgnðaÞ if a 6¼ 0

0 if a ¼ 0

�

It is imediate that g is bijective and preserves constants and product. Note that given

a; b 2 F, we have by definition

• If a ¼ 0, then gðaþ bÞ ¼ gðbÞ ¼ gðaÞ þ gðbÞ.
• If a; b 6¼ 0 and a ¼ �b, then gðaþ bÞ ¼ gðFÞ ¼ Mðsgnð _FÞÞ ¼ gðaÞ þ gðbÞ.
• If a; b 6¼ 0 and a 6¼ �b, then

gðaþ bÞ ¼ sgnðaþ bÞ ¼ DðsgnðaÞ;DðsgnðbÞÞÞ ¼ gðaÞ þ gðbÞ:

Thus g is an multifield isomorphism.

a : Given x 2 X, we can consider the evaluation function x : G ! f1;�1g given by

xðgÞ ¼ gðxÞ for all g 2 G. Then consider rx : MðGÞ ! Q2 given by

rxðgÞ ¼
gðxÞ if g 6¼ 0

0 if g ¼ 0

�

Following the proof of item AX2 in Theorem 3.5, we see that rx is a multiring mor-

phism. Define a : X ! sper ðMðGÞÞ by aðxÞ ¼ rx. Note that given sgnðgÞ 2 sgnð _MðGÞÞ,
sgnðgÞ � a ¼ g 2 G (*) and so a is in fact an AOS-morphism. The injectivity of a : X !
sper ðMðGÞÞ is a consequence of X separate points of X and the surjective follows by the

axiom AX2 of Definition 3.1. The equality (*) shows that a is in fact an isomorphism, as

desired. h

Let A be a set and 
 a binary relation on A� A. We extend 
 to a binary relation 
n on A
n,

by induction on n	 2, as follows:

(1) 
2¼
.

(2) ha1; :::; ani 
n hb1; :::; bni if and only there are x; y; z3; :::; zn 2 A such that

ha1; xi 
 hb1; yi, ha2; :::; ani 
n�1 hx; z3; :::; zni and hb2; :::; bni 
n�1 hy; z3; :::; zni.
Whenever clear from the context, we frequently abuse notation and indicate the afore-

described extension 
 by the same symbol.

Definition 3.8 (Special Group) A special group is an tuple ðG;�1;
Þ, where G is a group

of exponent 2, i.e, g2 ¼ 1 for all g 2 G; �1 is a distinguished element of G, and 
�
G� G� G� G is a relation (the special relation), satisfying the following axioms for all

a; b; c; d; x 2 G:
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SG 0 
 is an equivalence relation on G2;

SG 1 ha; bi 
 hb; ai;
SG 2 ha;�ai 
 h1;�1i;
SG 3 ha; bi 
 hc; di ) ab ¼ cd;
SG 4 ha; bi 
 hc; di ) ha;�ci 
 h�b; di;
SG 5 ha; bi 
 hc; di ) hga; gbi 
 hgc; gdi; for all g 2 G.
SG 6

(3-transitivity)
the extension of 
 for a binary relation on G3 is a transitive

relation.

A group of exponent 2 satisfying SG0-SG5 is called pre-special group. A pre-special

group (or special group) ðG;�1;
Þ is reduced if 1 6¼ �1 and if ha; ai 
 h1; 1i ) a ¼ 1.

A n-form (or form of dimension n	 1) is an n-tuple of elements of G. An element

b 2 G is represented on G by the form u ¼ ha1; :::; ani, in symbols b 2 DGðuÞ, if there
exists b2; :::; bn 2 G such that hb; b2; :::; bni 
 u. Now, some examples:Example 3.9 (The

trivial special relation) Let G be a group of exponent 2 and take �1 as any element of

G different of 1. For a; b; c; d 2 G, define ha; bi 
t hc; di if and only if ab ¼ cd. Then
Gt ¼ ðG;
t;�1Þ is a SG ( [9]).

Example 3.10 (Special group of a field) Let F be a field. We denote _F ¼ F n f0g, _F2 ¼
fx2 : x 2 _Fg and R _F2 ¼ f

P
i2I x

2
i : I is finite and xi 2 _F2g. Let GðFÞ ¼ _F= _F2. In the

case of F is be formally real, we have R _F2 is a subgroup of _F, then we take

GredðFÞ ¼ _F=R _F2. Note that G(F) and GredðFÞ are groups of exponent 2. In [9] they prove

that G(F) and GredðFÞ are special groups with the special relation given by usual notion of

isometry, and GredðFÞ is always reduced.

Definition 3.11 A map between pre-special groups

is amorphism of pre-special groups or PSG-morphism if f : G ! His a homomorphism

of groups, f ð�1Þ ¼ �1and for all a; b; c; d 2 G

ha; bi 
G hc; di , hf ðaÞ; f ðbÞi 
H hf ðcÞ; f ðdÞi

A morphism of special groups or SG-morphism is a PSG-morphism between the cor-

respondents pre-special groups. f will be an isomorphism if is bijective and f ; f�1 are PSG-

morphisms.

The category of special groups (respectively reduced special groups) and theirs morphisms

will be denoted by SG (respectively RSG). Now, we will analyze the connections between
the SG and MF . For this, we need more results about special groups and their charac-

terization. For this, we use the results proved in Lira’s thesis [14]. Consider these axioms

concerns about a group of exponent 2 with a distinguished element:

SG 7- 8a8a0 8x8t 8t0 8y½ða; a0Þ 
 ðx; tÞ ^ ðt; t0Þ 
 ð1; yÞ�
) 9a00 9s 9s0½ða; a00Þ 
 ðy; sÞ ^ ðs; s0Þ 
 ð1; xÞ�.
An equivalent statement for SG7 is

[

t2DGð1;yÞ
DGðx; tÞ ¼

[

s2DGð1;xÞ
DGðy; sÞ
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for all x; y 2 G.
SG 8- For all forms f1; :::; fn of dimension 3 and for all a; a2; a3; b2; b3 2 G,

ha; a2; a3i 
 f1 
 ::: 
 fn 
 ha; b2; b3i ) ha2; a3i 
 hb2; b3i:

SG 9- 8a8b8c 8d½ha; b; abi 
 hc; d; cdi ) ha; b; abi 
 hd; c; cdi�
Proposition 3.12 Let ðG;�1;
Þ be a pre-special group. The following are equivalent:

(1) G � SG6
(2) G � SG7 ^ SG8
(3) G � SG9

Proof [14] page 32. h

Proposition 3.13 Let ðG;
;�1Þ be a special group and define MðGÞ ¼ G [ f0g where
0 :¼ fGg4. Then ðMðGÞ;þ;�; �; 0; 1Þ is a multifield, where

• a � b ¼ 0 if a ¼ 0 or b ¼ 0

a � b otherwise

�

• �ðaÞ ¼ ð�1Þ � a

• aþ b ¼

fbg if a ¼ 0

fag if b ¼ 0

MðGÞ if a ¼ �b; and a 6¼ 0

DGða; bÞ otherwise

8
>><

>>:

Proof The proof is analogous to 3.3. h

Corollary 3.14 The correspondence G 7!MðGÞ extends to a faithful functor
M : SG ! MF .

Proof Let f : G ! H be a SG-morphism. We will extend f to Mðf Þ : MðGÞ ! MðHÞ by
Mðf Þ�G ¼ f and Mðf Þð0Þ ¼ 0. By the definition of SG-morphism we have Mðf Þð1Þ ¼ 1,

Mðf Þð�aÞ ¼ �a and Mðf ÞðabÞ ¼ Mðf ÞðaÞMðf ÞðbÞ. As d 2 DGða; bÞ implies f ðdÞ 2
DHðf ðaÞ; f ðbÞÞ we have d 2 aþ b ) Mðf ÞðdÞ 2 Mðf ÞðaÞ þMðf ÞðbÞ for all a; b 2 MðGÞ.
So M(f) is a multiring morphism. Now, let be SG-morphisms. How

Mðf � gÞ�G ¼ f � g ¼ Mðf Þ�G �MðgÞ�G and Mðf � gÞð0Þ ¼ 0 ¼ Mðf Þ �MðgÞð0Þ, we have

Mðf � gÞ ¼ Mðf Þ �MðgÞ. Since MðidÞ ¼ id, then M : SG ! MF is a functor.

This functor is faithful, because if G and H are special groups and f ; g : G ! H are SG-

morphisms such that Mðf Þ;MðgÞ : MðGÞ ! MðHÞ are equal, then Mðf ÞjMðGÞnf0g ¼
MðgÞjMðGÞnf0g and therefore f ¼ g, since MðGÞ n f0g ¼ G. h

Proposition 3.15 Let G be an SG and M(G) as above. Then:

(1) a2 ¼ 1 for all a 2 MðGÞ n f0g;
(2) 1 2 1þ a for all a 2 MðGÞ;
(3) 1þ a is closed by multiplication for all a 2 MðGÞ;

4 Here, the choice of the zero element was ad hoc. Indeed, we can define 0 :¼ fxg for any x 62 G.
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(4) If exist p 2 _MðGÞ such that

a 2 cþ cp

b 2 pþ ap

d 2 pþ cp:

then exist l 2 _MðGÞ such that

a 2 d þ dl

b 2 lþ al

c 2 lþ dl:

Proof

(1) Is just the fact of G be a group of exponent 2.

(2) Trivial.

(3) If a ¼ 0 or a ¼ �1 it is trivial. If a 6¼ 0;�1, given x; y 2 1þ a ¼ DGð1; aÞ, we have
hx; xai 
 h1; ai and hy; yai 
 h1; ai. Multiplying the first equality by one, we have

hxy; xyai 
 hy; yai 
 h1; ai and then xy 2 DGð1; aÞ ¼ 1þ a 
G.

(4) Assume that exist p 2 _MðGÞ with

a 2 cþ cp

b 2 pþ ap

d 2 pþ cp:

Then a 2 Dðc; cpÞ; b 2 Dðp; apÞ; d 2 Dðp; cpÞ and so

ha; api 
 hc; cpi
hb; abi 
 hap; pi
hd; cdi 
 hcp; pi:

Therefore ha; b; abi 
 hc; d; cdi. But since G is special group, ha; b; abi 
 hd; c; cdi.
Thus exists x; y; z 2 G such that

ha; xi 
 hd; yi
hb; abi 
 hx; zi
hc; cdi 
 hy; zi:

It is possible to conclude that a ¼ bðabÞ ¼ xz and d ¼ yz. So x ¼ az; y ¼ dz and

then

ha; azi 
 hd; dzi
hb; abi 
 haz; zi
hc; cdi 
 hdz; zi:

We conclude a 2 d þ dz; b 2 zþ az; c 2 zþ dz as desired.

h
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Definition 3.16 A multifield F satisfying the properties i–iv of Proposition 3.15 will be

called a special multifield. Note that, if G is a special group, then M(G) is a special

multifield.

Proposition 3.17 Every real reduced multifield is a special multifield.

Proof Let F be a Real Reduced Multifield. If a 2 _F, from a3 ¼ a, cancelling we obtain

a2 ¼ 1.

ð1þ aÞð1þ aÞ � 1þ aþ aþ a2 ¼ ð1þ 1Þ þ ðaþ aÞ ¼ 1þ a:

Let x 2 1þ a. We get

x 2 1þ a ) 1 ¼ x2 2 xþ ax ) ax 2 1þ a:

Then 1 ¼ ðaxÞðaxÞ 2 ð1þ aÞð1þ aÞ ¼ 1þ a.

Now, let a; b; c; p 2 _F such that

a 2 cþ cp ð1Þ

b 2 pþ ap ð2Þ

d 2 pþ cp: ð3Þ

Multiplying the last equation by pcd we obtain cp 2 d þ cd. Then a 2 cþ ðd þ cdÞ. By the
associativity property of F, exist l0 2 cþ cd with a 2 d þ l0. If l0 ¼ 0, then d ¼ �1; a ¼ d
and l ¼ p satisfies a 2 d þ ld; b 2 lþ al; c 2 lþ dl. If l0 6¼ 0, then let l ¼ l0d. Thus

a 2 d þ dl ð4Þ

c 2 lþ dl: ð5Þ

To complete the proof, we need to show b 2 lþ al. Let r 2 sper ðFÞ. If rðaÞ ¼ �1, then

rðbÞ 2 rðlÞ þ rðalÞ (*). If rðaÞ ¼ 1, then we have two more cases. If rðlÞ ¼ 1, then 4

implies rðdÞ ¼ 1 ¼ rðcÞ and so 1 gives rðbÞ ¼ 1. This proves ð�Þ. If rðlÞ ¼ �1, then by

similar case analysis we conclude rðbÞ ¼ �1 and so ð�Þ is verified. Then by the local-

global principle 2.30 b 2 lþ al. h

Theorem 3.18 If F is a special multifield the ð _F;
;�1Þ is a special group where ha; bi 

hc; di , ab ¼ cd and a 2 cþ d.

Proof By (i), we have ð _F; 1Þ is a group of exponent 2. Now, we will check each axiom of

Definition 3.8:
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SG0- By (ii) 1 2 1þ ab, so ab 2 1þ ab and a 2 bþ a. As ab ¼ ab, then
ha; bi 
 ha; bi, i.e, 
 is reflexive. If ha; bi 
 hc; di, then ab ¼ cd and a 2 cþ d.
Then ab 2 cbþ db, so by ab ¼ cd, we have cd 2 ad þ db and then c 2 aþ b. So
hc; di 
 ha; bi and 
 is symmetric. Finally, suppose that ha; bi 
 hc; di and
hc; di 
 he; f i. First, ab ¼ cd and cd ¼ ef implies ab ¼ ef . Second, in order to

show that a 2 eþ f , note that a 2 cþ d ) ac 2 1þ cd ¼ 1þ ef and

c 2 eþ f ) ce 2 1þ ef ; then by (iii), we have ae 2 1þ ef and so a 2 eþ f .
Therefore ha; bi 
 he; f i.

SG1- As F is a multifield, ab ¼ ba. By (ii), 1 2 1þ ab, then ab 2 1þ ba and b 2 aþ b.
Therefore ha; bi 
 hb; ai.

SG2- Since 1 2 1� a, we have a 2 1� 1. Therefore ha;�ai 
 h1;�1i.
SG3- Follows by definition.

SG4- ha; bi 
 hc; di ) ab ¼ cd and a 2 cþ d.

ab ¼ cd ) �abbc ¼ �bccd ) �ac ¼ �bd ð6Þ

a 2 cþ d ) ad 2 1þ cd ¼ 1þ ab ) d 2 aþ b ) a 2 �bþ d ð7Þ

so by 6 and 7 follow that ha;�ci 
 h�b; di.
SG5- ha; bi 
 hc; di ) ab ¼ cd and a 2 cþ d )

I
ðgaÞðgbÞ ¼ ðgcÞðgdÞ and ga 2 gcþ

gd ) hga; gbi 
 hgc; gdi.
SG9- The proof is analogous to 3.15, item iv.

h

Corollary 3.19 In the objects of SMF , define SðFÞ ¼ _F as the special group as stated in
Theorem 3.18. Now, let r : F ! K be a SMF-morphism and define SðrÞ ¼ rj _F. Then
S : SMF ! SG is a functor.

Proof We have SðrÞ is a group homomorphism with SðrÞð�1Þ ¼ �1. If a; b 6¼ 0 and

c 2 aþ b, c 6¼ 0, then there exists d 2 _F such that ha; bi 
SðFÞ hc; di, and as

c 2 aþ b ! rðcÞ 2 rðaÞ þ rðbÞ, we have hrðaÞ; rðbÞi 
SðKÞ hrðcÞ; rðdÞi. Therefore:

ðc 2 aþ b ! rðcÞ 2 rðaÞ þ rðbÞÞ )
ðc 2 DSðFÞða; bÞ ! rðcÞ 2 DSðKÞðrðaÞ; rðbÞÞÞ

And SðrÞ is a SG-morphism. Applying the same argument, we proof that

SðrsÞ ¼ SðrÞSðsÞ. Hence, S is a morphism. h

Theorem 3.20 S : SMF ! SG gives an equivalence of categories between SG and
SMF .

Proof By the Corollaries 3.14 and 3.19, we have functors M : SG ! SMF and

S : SMF ! SG. We will proof that M � S ffi IdSMF and S �M ffi IdSG.
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(1) M � S ffi IdSMF . Let F be a special multifield. How SðFÞ ¼ _F and

MðSðFÞÞ ¼ SðFÞ [ f0g, we have MðSðFÞÞ ¼ F. Next, let r : F ! K be a SMF-

morphism. We have SðrÞ ¼ rj _F and MðSðrÞÞ is defined with the extension

SðrÞð0Þ ¼ 0. Therefore MðSðrÞÞ ¼ r and M � S ffi IdSMF .
(2) S �M ffi IdSG. Let G be a special group. Again, MðGÞ ¼ G [ f0g and

SðMðGÞÞ ¼ MðGÞ n f0g. Hence SðMðGÞÞ ¼ G. Next, let f : G ! H be a SG-

morphism. How M(f) is defined with the extension f ð0Þ ¼ 0 and

SðMðf ÞÞ ¼ Mðf ÞjMðGÞnf0g, we have SðMðf ÞÞ ¼ f and S �M ffi IdSG, finalizing the

proof.

h

We can summarize the functors obtained by the following diagram:

Theorem 3.21 Let M : SG ! SMF the functor defined in 3.14.

(1) M preserves products.
(2) M preserves quotients.
(3) M preserves directed limits.

Proof

(i) Firstly, observe that SMF has products, because the categorical equivalence with

SG. However, this product is not the restriction of the product in MF .

Now, let fGigi2I be a family of special groups. The product G ¼
Qn

i2I Gi is

defined with the operation and special relation given pontwise, and

�1 ¼ ð�1;�1; :::Þ, i.e,

hðaiÞi2I ; ðbiÞi2Ii 
G hðciÞi2I ; ðdiÞi2Ii , hai; bii 
Gi
hci; dii; 8 i 2 I:

This implies that ðaiÞi2IDGððciÞi2I ; ðdiÞi2IÞ if and only if ai 2 DGi
ðci; diÞ for all

i 2 I. This argument shows that

M
Yn

i2I
Gi

 !

¼
Yn

i2I
MðGiÞ:

(ii) More specifically, we want to show that if G is a special group and D � G is a

saturated subgroup5 then MðG=DÞ ffi MðGÞ= ~D, when ~D ¼ fMðdÞ : d 2 Dg. The
isometry relation on the quotient group G=D is:

5 We say that D is saturated if for all a 2 G, a 2 D ) DGð1; aÞ � D.
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ha=D; b=Di 
�
G hc=D; d=Di if and only if

9 a0; b0; c0; d0 2 G such that

aa0; bb0; cc0; dd0 2 D and

ha0; b0i 
G hc0; d0i:

8
><

>:

This implies that a=D 2 DG=Dðc=D; d=DÞ if and only if there exist r; s; t 2 G such

that r 2 DGðs; tÞ, with ar; cs; dt 2 D. Multiplying this by arcsdt 2 D, we have

aðcsdtÞ 2 DGðcðardtÞ; dðarcsÞÞ, and csdt; ardt; arcs 2 D. Applying the functor,

we have a 2 cþ d in MðGÞ= ~D, and the desired follow by this.

(iii) Let G ¼ ðGi; ffij : i� jg; IÞ be an inductive system of special groups. Let G be the

inductive limit of G and let fi : Gi ! G the correspondent SG-morphism

associated to this construction. Then given ha; bi 
G hc; di if and only if there

exist i 2 I and ai; bi; ci; di 2 Gi such that hai; bii 
Gi
hci; dii and

hfiðaiÞ; fiðbiÞi ¼ ha; bi, hfiðciÞ; fiðdiÞi ¼ hc; di (both over G). This is suffice to

show that

M lim
�!
i2I

Gi

 !

¼ lim
�!
i2I

MðGiÞ:

h

4 Real reduced multirings, abstract real spectra and real semigroups

Since abstract ordering spaces and special groups generalizes almost entire classical and

reduced theory of quadratic forms over fields, we could (naturally) ask the following

Is there some reasonable theory of quadratic forms over general coefficients in rings?
There is an excellent book, [13], that deal with quadratic forms in an style near to that

was presented in Lam’s classical books [15] and [16], in the most general possible setting.

And of course, some abstract theories appears trying to deal with this question. In 90’s

Marshall generalizes the AOS to rings, and called his new theory by ‘‘Abstract Real

Spectrum’’. But the ring-theoretic case is much more difficult that the field one, the

isometry is not well behaved and an algebraic counterpart of the ARS’s appears just in

years 2000, with the real semigroups (RS) of Dickmann and Petrovich [3].

The RS appears in an atempt to creat a duality RS ’ ARSop likewise SG ’ AOSop,

goal that was successfully achieved. This theory is still in development: there is a pre-

liminary book [4], which cover almost of the basics aspects of the theory. From the middle

of the years 2010’s, Dickmann and Petrovich expanded the theory in [5] and with the

participation of F. Miraglia, more sophisticate constructions appears firstly in [8]. Dick-

mann and Miraglia achieved another step in [10]: they exhibit a new description of the

invertible elements of a real semigroup associated to a ring with many units.

In this section, we will construct (again) two equivalence of categories. The first one is

given by a functor MRred ! ARSop where ARS is the category of abstract real spectra

as in [19] andMRred is the category of real reduced multirings. This functor was indicated

by Marshall in [18], so we will establish precisely its definition and examine some

properties. This encoding reveals how to extend the category of real semigroups to for-

mally real semigroup (FRS), here introduced. The second equivalence extends the first one,

that is alternatively given by a functor MRred ! RS, from the category of real reduced
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multirings to the category of real semigroups. This second equivalence provides a functor

M : FRS,!MR, here introduced, when MR is the category of multirings. The image of

this functor is a subcategory of MR, that we will call special multirings, and denote by

SMR.

Recall that, f�1; 0; 1g has a natural ordering relation and for any set X, f�1; 0; 1gX
denotes the set of all functions a : X ! f�1; 0; 1g. This is a monoid with the operation

given by ðabÞðxÞ ¼ aðxÞbðxÞ.

Definition 4.1 (Abstract Real Spectra) An abstract real spectra or space of signs, is a
pair (X, G) satisfying:

AX1- X is a non-empty set, G is a submonoid of f�1; 0; 1gX , G contains the constants

functions �1; 0; 1, and G separates points in X.

If a; b 2 G, the value set D(a, b) is defined to be the set of all c 2 G such that, for all

x 2 X, either aðxÞcðxÞ[ 0 or bðxÞcðxÞ[ 0 or cðxÞ ¼ 0. The value set Dtða; bÞ is defined to

be the set of all c 2 G such that, for all x 2 X, either aðxÞcðxÞ[ 0 or bðxÞcðxÞ[ 0 or

cðxÞ ¼ 0 and bðxÞ ¼ �aðxÞ. Note that c 2 Dtða; bÞ ) c 2 Dða; bÞ. Conversely,

c 2 Dða; bÞ ) c 2 Dtðac2; bc2Þ.

AX2- If P is a submonoid of G satisfying P [ �P ¼ G, �1 62 P, a; b 2
P ) Dða; bÞ � P and ab 2 P \ �P ) a 2 P \ �P or

b 2 P \ �P, then there exists x 2 X (necessarily unique) such that

P ¼ fa 2 G : aðxÞ� 0g.
AX3 (Strong
Associativity)-

For all a; b; c 2 G, if p 2 Dtða; rÞ for some q 2 Dtðb; cÞ then p 2
Dtðr; cÞ for some r 2 Dtða; bÞ.

Definition 4.2 A morphism of abstract real spectras ðX;GÞ ! ðY ;HÞ, or an ARS-mor-
phism, is a mapping s : X ! Y such that for each a 2 H, the composite mapping is

a � s : X ! f�1; 0; 1g is an element of G (so s is surjective and induces a mapping

a7!a � s from H to G). s is said to be an isomorphism if the mappings X ! Y and H ! G
are bijective.

Theorem 4.3 Let (X, G) an abstract real spectra and define aþ b ¼ Dtða; bÞ. Then
ðG;þ; �;�; 0; 1Þ is a real reduced multiring.

Proof Firstly, observe that þ is well-defined. Then, we will verify the conditions of

Definition 2.5. Commutativity, associativity and neutral element (a 2 Dtð0; bÞ , a ¼ b)
are immediate. In fact, the unique non-trivial part of the proof is

a 2 Dtðb; cÞ ) b 2 Dtða;�cÞ and c 2 Dtð�b; aÞ:

We will prove that b 2 Dtða;�cÞ and the case c 2 Dtð�b; aÞ analogous. Let x 2 X and

a 2 Dtðb; cÞ. Remember that a 2 Dtðb; cÞ means that aðxÞbðxÞ[ 0 or aðxÞcðxÞ[ 0 or

aðxÞ ¼ 0 and bðxÞ ¼ cðxÞ happens for all x 2 X.
If aðxÞbðxÞ[ 0, then bðxÞaðxÞ[ 0 and it is done. If aðxÞcðxÞ[ 0, we have some cases:

• aðxÞ ¼ cðxÞ ¼ 1. We can suppose that aðxÞbðxÞ� 0 and bðxÞ 2 f0; 1g. If bðxÞ ¼ 0 it is

done. If bðxÞ ¼ 1, then bðxÞ½�cðxÞ�[ 0.
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• aðxÞ ¼ cðxÞ ¼ 1. Again, we will suppose that aðxÞbðxÞ� 0 and bðxÞ 2 f0; 1g. If bðxÞ ¼
0 it is done. If bðxÞ ¼ 1, then bðxÞ½�cðxÞ�[ 0.

• aðxÞ ¼ 0 and bðxÞ ¼ cðxÞ. If bðxÞ ¼ cðxÞ ¼ 0 then bðxÞ ¼ 0 and aðxÞ ¼ cðxÞ. If

bðxÞ ¼ cðxÞ 6¼ 0, then bðxÞcðxÞ[ 0.

Hence G is a multiring. For the real reduced part, we have immediately that 1 6¼ 0 and

a3 ¼ a for all a 2 G.

c 2 Dtða; ab2Þ , 8x 2 XcðxÞaðxÞ ¼ 0 _ ðcðxÞ ¼ 0 ^ aðxÞ ¼ 0Þ , c ¼ a

and

c 2 Dtða2; b2Þ ,
8 x 2 XððcðxÞ ¼ 1 ^ ða2ðxÞ ¼ 1 _ b2ðxÞ ¼ 1ÞÞ _ ðcðxÞ ¼ 0 ^ aðxÞbðxÞ ¼ 0ÞÞ

This implies that c is uniquely determined. Therefore, G is a real reduced multiring. h

Corollary 4.4 Let (X, G) and (Y, H) be two abstract real spectra and s : Y ! X be an
ARS-morphism. Define M(X) as the real reduced multiring as in Theorem 4.3 and MðsÞ ¼
f when f : G ! H is the group homomorphism induced by s. Then M : ARSop ! MRred

is a functor.

Proof We have c 2 aþ b ) c 2 Dtða; bÞ ) f ðcÞ 2 Dtðf ðaÞ; f ðbÞÞ ) f ðcÞ 2 f ðaÞ þ f ðbÞ
by an argument analogous to the Corollary 4.15. Then MðsÞ is a multiring morphism and

this is suffice to prove that M is a (contravariant) functor. h

Theorem 4.5 Let A be an real reduced multiring and consider the strong embedding

i : A ! Q
SperðAÞ
2

given by iðaÞ ¼ â : Sper ðAÞ ! Q2 when âðrÞ ¼ rðaÞ. Define Â ¼ iðAÞ. Then

ð Sper ðAÞ; ÂÞ is an abstract real spectra.

Proof We will check each definition of 4.1:

AX1- Is consequence of the multiring structure on Â (with the fact that Â is contained in

Q
SperðAÞ
2 ).

AX2- Let P be a submonoid of Â such that P [ �P ¼ Â, �1 62 P, a; b 2 P ) Dða; bÞ �
P and ab 2 P \ �P ) a 2 P \ �P or b 2 P \ �P. Firstly, observe that

Dtða; bÞ ¼ fd : d 2 aþ bg: ð8Þ

In fact, d 2 Dtða; bÞ if and only if 8r 2 Sper ðAÞ, rðdÞrðaÞ[ 0 or rðdÞrðbÞ[ 0

or rðdÞ ¼ 0, and rðaÞ ¼ �rðbÞ if and only if rðdÞ 2 rðaÞ þ rðbÞ for all
r 2 Sper ðAÞ. By the local-global principle for multirings 2.32 we have this

happens if and only if d 2 aþ b.
AX3- This is consequence of 8 and associativity. h
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Theorem 4.6 Define M : ARSop ! MRred and Sper : MRred ! ARSop as we
already defined in corollary 4.4 and theorem 4.5. These functors defines an equivalence of
categories between ARSop and MRred.

Proof Follow from M � Spec ffi IdMRred
and Spec �M ffi IdARSop . h

Definition 4.7 (Ternary Semigroup) A ternary semigroup (abbreviated TS) is a structure

ðS; �; 1; 0;�1Þ with individual constants 1; ; 0;�1 and a binary operation ‘‘�’’ such that:

TS1- ðS; �; 1Þ is a commutative semigroup with unity;

TS2- x3 ¼ x for all x 2 S;
TS3- �1 6¼ 1 and ð�1Þð�1Þ ¼ 1;

TS4- x � 0 ¼ 0 for all x 2 S;
TS5- For all x 2 S, x ¼ �1 � x ) x ¼ 0.

We shall write �x for ð�1Þ � x. The semigroup verifying conditions [TS1] and [TS2] (no

extra constants) will be called 3-semigroups. We denote Id ðSÞ ¼ fx 2 S : x2 ¼ xg ¼ S2

and S� ¼ fx 2 S : x2 ¼ 1g.

Example 4.8

(a) The three-element structure 3 ¼ f1; 0;�1g has an obvious ternary semigroup

structure.

Here, we will enrich the language f�; 1; 0;�1g with a ternary relation D. In agreement with

4.1, we shall write a 2 Dðb; cÞ instead of D(a, b, c). We also set:

a 2 Dtðb; cÞ , a 2 Dðb; cÞ ^ �b 2 Dð�a; cÞ ^ �c 2 Dðb;�aÞ:

The relations D and Dt are called representation and transversal representation
respectively.

Definition 4.9 (Real Semigroup) A real semigroup is a ternary semigroup together with a

ternary relation D satisfying:

RS0- c 2 Dða; bÞ if and only if c 2 Dðb; aÞ.
RS1- a 2 Dða; bÞ.
RS2- a 2 Dðb; cÞ implies ad 2 Dðbd; cdÞ.
RS3 (Strong
Associativity)-

If a 2 Dtðb; cÞ and c 2 Dtðd; eÞ, then there exists x 2 Dtðb; dÞ such that

a 2 Dtðx; eÞ.
RS4- e 2 Dðc2a; d2bÞ implies e 2 Dða; bÞ.
RS5- If ad ¼ bd, ae ¼ be and c 2 Dðd; eÞ, then ac ¼ bc.
RS6- c 2 Dða; bÞ implies c 2 Dtðc2a; c2bÞ.
RS7
(Reduction)-

Dtða;�bÞ \ Dtðb;�aÞ 6¼ ; implies a ¼ b.

RS8- a 2 Dðb; cÞ implies a2 2 Dðb2; c2Þ.
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The theory of real semigroups can be alternatively axiomatized by the transversal relation

Dt. In this case, we define

c 2 Dða; bÞ , c 2 Dtðc2a; c2bÞ:

The definition of morphism is quite standard: f : ðG; �; 1; 0� 1Þ ! ðH; �; 1; 0� 1Þ is an

RS-morphism if f : G ! H is a morphism of semigroups, (i.e, f ðabÞ ¼ f ðaÞf ðbÞ, f ð1Þ ¼ 1

and f ð0Þ ¼ 0); f ð�1Þ ¼ �1 and a 2 Dðb; cÞ ) f ðaÞ 2 Dðf ðbÞ; f ðcÞÞ (hence

a 2 Dtðb; cÞ ) f ðaÞ 2 Dtðf ðbÞ; f ðcÞÞ). The category of real semigroups and their mor-

phisms will be denoted by RS.
A formally real semigroup is a ternary semigroup together with a ternary relation

D satisfying [RS0]-[RS6], [RS8] and:

RS7a (Zero)- Dtð0; aÞ ¼ fag.
RS7b
(Semi-reality)-

For all n	 1, a1; :::; an 2 G, �1 62 Dtða21; :::; a2nÞ, with the conventions

DtðaÞ ¼ fag and

Dtða1; :::; anÞ :¼
[

c2Dtða2;:::;anÞ
Dtða; cÞ:

The definition of morphisms of a formally real semigroup is analogous. The category of

formally real semigroups and their morphisms will be denoted by FRS.

Proposition 4.10 The properties below holds in any formally real semigroup G, for all
a; b; c; d 2 G:

1. a 2 Dðb; cÞ , a 2 Dtða2b; a2cÞ.
2. a 2 Dtðb; cÞ ) �b 2 Dtð�a; cÞ.
3. 0 2 Dða; bÞ.
4. a 2 Dtðb; cÞ ) ad 2 Dtðbd; cdÞ.
5. d 2 Dðca; cbÞ ) d ¼ c2d. In particular, Dð0; aÞ � fa2x : x 2 Gg.
6. a2 2 Dð1; bÞ.
7. a 2 Dð0; 0Þ , a ¼ 0.

8. 1 2 Dtð1; aÞ.
9. Dtð1;�1Þ ¼ G.

10. ab 2 Dð1;�a2Þ.
11. Dtða; bÞ 6¼ ;.
12. (Weak Associativity) a 2 Dðb; cÞ ^ c 2 Dðd; eÞ ) 9 x½x 2 Dðb; dÞ ^ a 2 Dðx; eÞ�.

Moreover, if G is a real semigroup, then:

13. For all a; b 2 G, Dtða2; b2Þ ¼ fx2g for some x 2 G.
14. 0 2 Dtða; bÞ , a ¼ �b is equivalent to RS7a.

15. a 2 Dð0; 1Þ [ Dð1; 1Þ ) a ¼ a2.
16. a 2 Dtðb; bÞ , a ¼ b.

Proposition 4.11 The ternary semigroup 3 ¼ f1; 0;�1g has a unique structure of real
semigroup, with representation given by:
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D3ð0; 0Þ ¼ f0g;
D3ð0; 1Þ ¼ D3ð1; 0Þ ¼ D3ð1; 1Þ ¼ f0; 1g;
D3ð0;�1Þ ¼ D3ð�1; 0Þ ¼ D3ð�1;�1Þ ¼ f0;�1g;
D3ð1;�1Þ ¼ D3ð�1; 1Þ ¼ 3

8
>>><

>>>:

and transversal representation given by:

Dt
3ð0; 0Þ ¼ f0g;

Dt
3ð0; 1Þ ¼ Dt

3ð1; 0Þ ¼ Dt
3ð1; 1Þ ¼ f1g;

Dt
3ð0;�1Þ ¼ Dt

3ð�1; 0Þ ¼ Dt
3ð�1;�1Þ ¼ f�1g;

Dt
3ð1;�1Þ ¼ Dt

3ð�1; 1Þ ¼ 3

8
>>><

>>>:

Proof See corollary 2.4 in [3]. h

Theorem 4.12 (Separation Theorem from [3]) Let G be a RS, and a; b; c 2 G and
XG ¼ HomðG; 3Þ. Then:

(1) a 2 DGðb; cÞ if and only if for all h 2 XG, hðaÞ 2 D3ðhðbÞ; hðcÞÞ.
(2) a 2 Dt

Gðb; cÞ if and only if for all h 2 XG, hðaÞ 2 Dt
3ðhðbÞ; hðcÞÞ.

(3) If a 6¼ b, there is h 2 XG such that hðaÞ 6¼ hðbÞ.

Proof See theorem 4.4 in [3]. h

Corollary 4.13 Every real semigroup is a formally real semigroup.

Proof If �1 2 Dtða2; b2Þ, then for all h 2 XG, �1 ¼ hð�1Þ 2 D3ðhða2Þ; hðb2ÞÞ. Since

hða2Þ; hðb2Þ 2 f0; 1g for all h 2 XG, D3ðhða2Þ; hðb2ÞÞ � f0; 1g for all h 2 XG, a contra-

diction. If �1 ¼ x2, the same argument holds with �1 2 Dtðx2; 0Þ.
By 4.10(13) the above argument is enough to show that �1 62 Dtða21; :::; a2nÞ for all

a1; :::; an 2 G, and all n	 1. h

Theorem 4.14 Let ðG; �; 1; 0;�1;DÞ be a real semigroup and define
þ : G� G ! PðGÞ n f;g, aþ b ¼ Dtða; bÞ and � : G ! G by �ðgÞ ¼ �1 � g. Then
ðG;þ; �;�; 0; 1Þ is a real reduced multiring.

Proof Firstly, observe that by 4.10(xv) the sum is well-defined, i.e, Dtða; bÞ 6¼ ; for all

a; b 2 G.
Now, we will check that G is a multiring: of course, by RS0 we have aþ b ¼ bþ a (i.e,

Dtða; bÞ ¼ Dtðb; aÞ) and

d 2 Dtða; bÞ , d 2 Dða; bÞ ^ �a 2 Dð�d; bÞ ^ �b 2 Dða;�dÞ
a 2 Dtðd;�bÞ , a 2 Dðd;�bÞ ^ �d 2 Dð�a;�bÞ ^ b 2 Dðd;�aÞ
b 2 Dtð�a; dÞ , b 2 Dð�a; dÞ ^ a 2 Dð�b; dÞ ^ �d 2 Dð�a;�bÞ

8
><

>:
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So d 2 Dtða; bÞ ) a 2 Dtðd;�bÞ ^ b 2 Dtð�a; dÞ, or in other words,

d 2 aþ b ) a 2 d þ ð�bÞ ^ b 2 ð�aÞ þ d. If x ¼ y, by RS1 x 2 0þ y. Conversely, let
x 2 0þ y. We just proved that 0 2 x� y and 0 2 y� x then by RS7, x ¼ y. How RS3

states the associativity (like 2.3) we have G is a commutative multigroup.

Because the commutative semigroup structure of ðG; �;�1; 0; 1Þ, we have ðG; �; 1Þ is a
commutative monoid and a � 0 ¼ 0 for all a 2 G. The distributive law is just 4.10(iii), we

have G is a multiring.

Finally, we prove that G is real reduced. We already have �1 6¼ 0 and a3 ¼ a. We have

too, that 1 2 Dtð1; b2Þ by 4.10(ix) then by 4.10(iii) a 2 Dtða; ab2Þ. Now, how t3 ¼ t we
have

t 2 Dtðv2x;w2yÞ )
t 2 Dðv2x;w2yÞ ^ �v2x 2 Dð�t3;w2yÞ ^ �w2y 2 Dðv2x;�t3Þ

)
RS4

t 2 Dðx; yÞ ^ �v2x 2 Dð�t; yÞ ^ �w2y 2 Dðx;�tÞ

ð9Þ

Hence, how by RS1 �a 2 Dð�a;�xÞ for all a; x 2 G, follow

x 2 Dtða; ab2Þ ) x 2 Dtða2 � a; ðabÞ2 � aÞ)
9

x 2 Dða; aÞ ^ �a 2 Dð�x; aÞ ^ �ab2 2 Dða;�xÞ )
½x 2 Dða; aÞ ^ �a 2 Dð�x; aÞ ^ �a 2 Dða;�xÞ� ^ �ab2 2 Dða;�xÞ )

x 2 Dtða; aÞ ^ �ab2 2 Dða;�xÞ )
4:10ðviiþxÞ

x ¼ a

Then aþ ab2 ¼ fag. For the last property, we have by Theorem 4.12(ii), we have d 2
Dtðb2; c2Þ , hðdÞ 2 Dt

3ðhðb2Þ; hðc2ÞÞ for every h 2 XG. How by Proposition 4.11

Dtðt2; s2Þ is unitary for every s; t 2 3, we have Dtðb2; c2Þ is unitary for every b; c 2 G.
Hence, by Definition 2.34 G is a real reduced multiring. h

Corollary 4.15 There is a functor M : RS ! MRred.

Proof Let R; S 2 RS and f : R ! S a RS-morphism. Define M(R) how the real reduced

multiring as in Theorem 4.14 and Mðf Þ ¼ f . Of course, M(f) is a multiring morphism,

because c 2 aþ b ) c 2 Dtða; bÞ ) f ðcÞ 2 Dtðf ðaÞ; f ðbÞÞ ) f ðcÞ 2 f ðaÞ þ f ðbÞ. This is

suffice to prove that M is a functor. h

In order to associate a real semigroup to each real reduced multiring, we are going to set

down some facts about multirings:

Proposition 4.16 Let A be a real reduced multiring. Then we have the following:

(1) x 2 ax2 þ bx2 if and only if x 2 aA2 þ bA2;

(2) x 2 aþ b if and only if x 2 ax2 þ bx2, �a 2 ba2 � xa2 and �b 2 ab2 � xb2;

(3) If ax ¼ bx, ay ¼ by and z 2 xz2 þ yz2, then az ¼ bz;

(4) If x 2 ax2 þ bx2, then x2 2 a2x2 þ b2x2.

Proof Since A is a real reduced multiring, we have by the local-global principle for

multirings 2.32 that a 2 bþ c if and only if rðaÞ 2 rðbÞ þ rðcÞ for all r 2 Sper ðAÞ. So to
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prove these items we just need to do it in Q2 which is trivial (it is just an amount

of cases).

h

Theorem 4.17 Let A be a real reduced multiring. Then ðA; �; 1; 0;�1;DÞ is a real

semigroup, where d 2 Dða; bÞ , d 2 d2aþ d2b.

Proof Firstly, note that by the preceding proposition, x 2 Dða; bÞ , x 2 aA2 þ bA2 and

Dtða; bÞ ¼ aþ b.
Now, we will check each axiom of Definition 4.9:

RS0- Is just commutativity of sum.

RS1- It follows by item i of the preceding proposition.

RS2-
a 2 Dðb; cÞ , a 2 a2bþ a2c )

d3¼d
ad 2 ðadÞ2bd þ ðadÞ2cd ) ad 2 Dðbd; cdÞ.

RS3- It is just associativity of the sum.

RS4- It follows by item i of the preceding proposition.

RS5- It follows by item iii of the preceding proposition.

RS6- It follows by the characterization of Dt.

RS7- Since in a real reduced multiring we have aþ a ¼ a, if exist c 2 a� b with

�c 2 a� b, then 0 2 c� c 2 a� bþ a� b ¼ a� b and then a ¼ b.
RS8 - It follows by item iv of the preceding proposition.

h

Corollary 4.18 Define the functor S : MRred ! RS as in Corollary 4.15. Then S is an
equivalence of categories between RS and MRred.

Proof The proof of S �M ffi IdRS and M � S ffi IdMRred
is mutatis mutandis of Theo-

rem 3.20. h

Of course, we can adapt the proof of theorem 4.14 to obtain a functor M : FRS,!MR.

The image of this functor is a subcategory of MR, that we will call special multirings,
and denoted by SMR. Again, we can summarize the functors obtained by the following

diagram:

Corollary 4.19 Let M : RS ! MRred the functor defined in 4.14. Then M preserves
products and directed limits.
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Proof Follow directly by the definition of product and directed limits in RS. h

Finally, we provide a diagram for a better visualization of the functors obtained:

5 Conclusion and future works

We have provided a functorial picture of categories of abstract theories of quadratic forms,

connecting them with multifields and multirings. This brings new perspectives and

methods to the abstract theories of quadratic forms in forthcoming papers, that will be

briefly described in the sequel.

The generalization of the theory quadratic forms to general coefficients in rings is a hard

step. The book [13] cover some basic aspects in the most general setting possible, and we

have Marshall’s theory of abstract real spectra ([19]) and its algebraic counterpart, the real

semigroups of Dickmann and Petrovich ([3]) given a nice approach for the reduced theory

of quadratic forms on rings, but, most of the relevant aspects of quadratic forms, like Witt

rings, Pfister forms and etc, are uncovered. In the forthcoming [22], we propose the

fundamentals for a non reduced and first-order abstract quadratic forms theory in general

coefficients on rings, with the intuition and machinery of multirings and multifields,

inspired by the functorial picture described here.

In the forthcoming [20], we describe the reduction functor, presented in section 3, from

the category of von Neumann regular hyperrings to the category of real reduced multirings

as a definable functor. This is achieved through sheaf theoretic (scheme like) methods in

the hyperring setting (again, inspired by our functorial picture). Applications of this will

appear in others contexts, for example, more general abstract Witt rings in an attempt to

obtain a more concrete theory of quadratic forms with general coefficients over rings,

complementing [22], which is not dependent on the signatures and orderings, that are not

first-order definable.
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