SOLUTIONS OF A CAUCHY-GOURSAT PROBLEM

Reinaldo Salvitti

In a former paper‘[RJ we studied a Goursat abstract
problem and now we shall apply these results to a Cauchy-Gou
rsat problem. The purpose is to verify how one caa solve a
concrete problem using the Goursat problem on Banach Spaces
Scales and also, with convenient hypotheses, to privent qua-

ci-linearization processes.
§1. The Goursat non linear abstract problem [r].
Definition

A Banach Spaces Scales is a vector space OVer G,
which is the union of a family (Xs)0<s<1 of complex Banach

spaces such that if 0<s'<s¢l them X =X, and || |l o<l I .

Theorem - Consider the system,

Dtau(t) = F(u,t)

(1.7)

u-u® = O(tu)
o1 al

a
* - N - a
where a=(a1,...,aN), aiGIN , D —D1 ...DN and V=0(t") €<=>
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D§V=0 when tjxo. 0‘r<aj, j=l,...,N. Let F be the map such
that,

(1.2) F:V(O,R)XD_ —» X= U X
n 0<s¢1 S

where V(0O,R)= U B (0 R), B (O.R) is the ball with center 0
0<s<1
and radius R of X,, D ={tGCN [ti<n} .

(1.3 The restriction of F on BS(O,R)XDn is G-analytic with

values in X_,, 0<s'<s¢l and E(u, )|, < L , m(a)=
s s (s_s.)m(a5
"tag, i=l,...,N},
1 »
where DBu(o)=0. 8>a and supllu (t)lll<p<R. Then there exists

(1.4) The map u° is holomorphic in Dn with values in X

a unique map u and a number &, 0<A<n, such that for each S,
O<s¢l, u(t) is the unique sclution of (1. 1), holomorphic in

rrech vltl<a(l-s)} with the values in X . Further

lal
A = mln{~ Rh}
(32e)"eCa
: ~ L2 4
with ’a‘*al+.-.*aN and g =a1...aN.
Remark
If uj=0 the variable tj can be considered as a para

meter.

82. Solution of a Cauchy-Goursat problem

Consider the system,
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8 B

4
p%u(t) = £(t,z,D_"u,...,D_Pt)
(2.1) t = %

u(z,t)-u(z,t) = 0(t%)

where tecN, z6c", si=sl,....80), 1sicp, with 0<|8| <m(a)

N
and f is a complex analytic function of variables (t,z,wl,

.,wp)ECN’n+p when |t]<n, Izi<l, |wi|<R. i=l,eee,P, which
is bounded by M>0. The function ul is analytic with D%P(O,ﬁ=0,

83a, sBpIIuo(t,z)I|<R if |z|<1.
n

Then there exists a unique analytic solution u of

(26 1)

Proof

o
We call XS=H(BS.C), the complex Banach space of func

tions of n complex variables z€C", with values in C, holomor

phic and bounded, with partial derivatives bounded in  the

ball
B = {zec",lzl<s}, lz| = max |z ],
* 1<j¢n
with the norm
lTully = sup max (I0%u(z) 1), 0<s<l.

B 0<|B8l<m(a)

Let F(u,t) be the function defined by
By 8

F(u,t)(z) = £(t,2,D, u.....szu)

with ||u||s< R, |zl<s, if 0<s<1.
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We have

M

IF(u.t)(z)lsM$'E;j;T;ETET

and by Cauchy's inequality

8.
1 M !
ID,"Fu,t) (z) < (s-5) B € (5-5 ') (@)

if Jlul] <R, 0<|z|<s'<s¢1, then

M

LB
(s-s')mla v Bests

Flu,t)ex.. . |l Flu,t)]l,

By §1 there exists a unique map u and a number A
such that u(t) is the unique analytic  solution in {tECN.
Iti<a(i-s) with values in Xs+ Then u(t,z) is the unique ana

lytic solution in {(t,z)y i§i+|z]<1),

This theorem generalizes a similar result in [D| .

for a non-linear Cauchy-Kovalevska system.
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