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In a former p ap er '(R] we studied a Goursat ab s t r ac t 

problem and now we shall apply these results to a Cauchy-Go~ 

rsat problem. The purpose is to verify how one ca..~ solve a 

concrete problem using the Goursat problem on Banach Spaces 

Scales and also, with convenient hypotheses, to privent qua- 

si-linearization P.rocesses, • 
§ 1 . The G o u r sa t n o 11 l i n e a r a b s t r a c t p r o b l e m [ R] . 

Definition 

A Banach Spaces Scales is a vector space over C, 

which is the union of a family (X5)o<s(l of complex Banach 

s pa c e s such t h a t if O<s'<s<l then X5,:::iX5 and II \\ s'.,;\\ 115• 

Theorem - Consider the system, 

( l. l) 
F(u,t) 

"' 0 (t0) 

a 01 °N 
where a=(a

1
, •.. ,aN), aiGIN*, D =D1 ... DN and V=O(t

0
) <~ 
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D:V=O vhen t.=O, D'r<a., j=L, ••• ,N. Let F be the ma p such J J J 
that, 

( l . 2) F:V(O,R)xD ~ X• U X 
n O< s, 1 5 

where V(O,R)~ U B5(0,R), B
5
(0,R) is the ball with c~nter 0 

o< s~ I 
and radius R of X, D ={tGCN; ltl<ri} . 

s l1 

( 1. 3) The restriction of F on Bs ( O ,R) xo
11 

is G-analytic with 

values in X5,, O<s'<s;Sl and 1/F(u,t)II .~ C (), m(et)= 
s ( , )m a . s-s 

•(ai, i=l, ... ,N}. 

(l.4) The map u
0 

is holomorphic in D
11 

with values in X
1

, 

where D~u(o)
00

0, B~a and s up j] u0(t) //
1
< o c R. Then there exists 

Dri 
a unique map u and a numher t, O<a<n, such that for each s, 

G<s~l. u(t) is the unique solution of (1.1), holomorphic in 

{tfCN;jt/<~(1-s)} with the values in X
5
• Further 

I al 
· ,11 \ I R } 

~ - mintz• V -:-- N 2 
(32e) eCa 

I I 2 2 2 with a =a1+ ••• +aN and a •a
1 

... aN. 

Rernark 

If a.=O the variable t. can be considered as a par~ J J 
meter. 

§2. Solution of a Cauchy-Goursat problem 

Consider the system, 
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( 2. 1 ) l a 81 B 
Dtu(t) • f(t,z,Dz u, ••• ,D/t) 

u(z,t)-u0(z,t) = O(t0) 

where tECN, zGCn, Bi=(B{, .•• ,8~), Ls i-s p , with O.i.lBil ,;:m(a) 

and fis a complex analytic fun~tion of variables (t,z,w1, 

... ,wp)ECN+n+p when ltl<n, lzl<l, lwil<R, i=l, ..• ,p, which 

is b o un de d by M>O. The Func t i on u0 is ana ly t ic with D~u0(0,z)=O, 

e~a, supll u0(t,z) II <R if [z l c L, 
Dr, 

Then there exists a unique analytic solution u of 

( 2. 1) . 

Proof 
0 

We call X
5 
=H (Bs ,C), the complex Banach space of fun~ 

tions of n complex variables zEC0, with values in C, holomor 

phic and bounded, with partial derivatives bounded in the 

ba Ll 

{zECri, lzl<s}, [ z ] = max I z. j, 
Ls j s n J 

with the norm 

s up ma x (ID~u(z) I), O<s<l. 
B
5 

r¼ I 8 I .$m(a) 

Let F(u, t) be the function defined by 

81 8 
F(u,t)(z) = f(t,z,D

2 
u, ... ,D/u) 

with II u 11
5
< R, [z l e s , if O<s<l. 
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We have 

M I F(u, t) (z) l~M ~ (a) 
(s-s')m 

and by Cauchy's inequality 

M 
(s-s')m(aY 

if Ilu /l < R, O<jz/<s'<s~l. then s 

F(u,t)EX5,, II F(u,t)/1
5
, M 

(s-s')m(cx)' 
0< $I< 1. 

By §1 there exists a unique map u and a number 4 

such that u{t) is the unique analytic 

lt/<j(l-s) with values in X
5
• Then u(t,z) is the unique ana 

iytic solution in {(t,z); ill+lzl<l}. 
4 

solution 

for a non-linear Cauchy-Kovalevska system. 

in {t8CN, 

This theorem generalizes a similar result in /D/ , 

/R/ - SALVITTI, Reinaldo - Solution d'un syst~menon lineaire 

abstrait de Gousart et d6pendence des conditions 

initiales - C.R. Acad. Sc. Paris. 

/DI - PISANELLI, Domingos - Solutions of a non-linear abs­ 

t,act Cauchy-Kovalevska system as a local Banach 

analytic manifold - Proceedings ~f the Brazilian 

Math. Soc. Symp. of Funcional Analysis - 1974 -ed. 

D.G. Figueiredo M. Dekker, Inc. New York - 1976. 

Inscituto de Maternatica e Estatistica 
Universidade de Sao Paulo 

Sao Paulo -Brasil 


