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de Finetti type theorems characterize models in terms of invariance. The idea is to 
begin with observables, postulates of simmetry and then represent the model as mixtures 
of standard parametric models. If additional conditiona arc given, then the mixing measure 
can be determined. Invariance under the action of special groups of orthogonal transforma­
tions may give result. on the mixtures of parametric normal distributions (Diaconis, Eaton 
and Lauritzen, 1992). The additional conditions to determining the mixing measure in this 
case can be obtained following some result, in Diaconis and Ylvisaker (1979,1985). Using 
these results, we obtain a predictivistic characterization of the multivariate t distribution. 
Also, we give conditions under which the n-dimcnsional law of sequences of random vari­
ables is a location mixture of multivariate C distributions. The results are extended to the 
case of sequences of random vectors orthogonally invariant. 

Key Wor.u an4 Plaruer. Conjugate prior diatributions, exponential family, de Finetti's 
Theorem, orthogonally invariant distributions, multivarite t distribution, inverted Wishart 
distribution and inftrled gamma distribuiton 

1. lntrodudion 

A n-dimenaional random vector X is said to have a multivariate t distribution with 
location parameter m = (m1, ... ,m.)' e R• and scale matrix C, a nxn positive definite 
matrix, if its density is (Dickey, 1967) 
(1) 

J( I C D ..n _ r(½(d + n))Df ICl-t {D + ( _ )'c-•( _ )}-l('+•> x ER" 
X m, I , .. , - rtr[fl X m X m ' I 

where D and d are poeitiYe real numben ( typically, D a d and di• the degrees of freedom 
or the kurthoaia parameter). We uy that X ~ e.(m,C,D,cl) or X ~ t,.(m,C,d), when 
D = d. It us not difficult to 11ee that X bu mean vector m for d > l and covariance matrix 
E = (d-2>-1DC, ford> 2. Moreover, ford> 2, we can write the density in (1) in terms 
of E as followa 

When m = 0 and C a I., the nxn identity 01atrix, the random vector X = (X a, ••• , X • )' 
us said to have a apherical t distribution (Kelker, 1970) and, provided they exist, we have 
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that 

(2) 

where a= (d - 1)- 1 and b = (d - 1)-1 D. 
It is well known that the t11{0,l,.,D,d) is a mixture of the N .. (O,vl .. ) in the scale 

parameter 11. The mixing measure is the inverted gamma distributin with scale and shape 

parameters D/2 and d/2, respectively. wich we denote by IG(D/2; d/2), with density given 

by 

(3) 

where 

{ 
1 if z e A, 

I,.(z) = o'. otherwise. 

Thus, it follows that n. multivariate t distribution can be derived in two stages. In the first 

stage the conditional distribution o( X given the scale parameter is specified. The second 

follows by specifying the prior distribution for the scale parameters. By adopting the pre­

dictivitic approach (de finetli, 1931, 1937), this stages are replaced by the judgment about 

the observabl..-s (Iglesias, 1993; Wechsler, 1993). For example, the judgement of invariance 

under various groups of orthogonal transformation over infinite sequences o( random quan­

tities implies (Kingman, 1972; Smith, 1981; Diaconis, Eaton and Lauritzen, 1992) that the 

law of the sequence of observables can be represented as mixtures of conditionally inde­

prndent normally distributed quantities. However, this type of condition does not permit 

on«- to cl1arnclerize the mixing measure. Additional conditions can be examined to obtain 

the form of the mixing measure. Diaconis and Ylvisaker (1985) provided some results in 

this direction. They characterize a scale mixture of exponential distributions with mixing 

m«-a:;ure gamma by judgements o( simmetry and additional conditions in terms of how one 

would predict X 11+ 1 given X 1, ••• , X 11 • These results follows by using a theorem presented 

in Din.conis and Ylvisaker (1979), where the conjugate prior o( a specified exponential fam­

ily is characterized through the property of linear posterior expectations. This theorem is 

stated in Section 2. In Section 3, we use this result to characterize the mixing measure in 

the representation of infinite sequences of random quantities under special groups of or­

thogonal transformations. First, we consider orthogonally invariant random sequences and 

we show that if the observables satisfy the second property in (2) then any n-dimensional 

distribution is the spherical f distribution. Hence, we show that if the random sequence 

is invariant under orthogonal transformations that preserve the vector of ones and sat­

isfy an additional condition similar to the second condition in (2) then, for each n, the 

ra-dimeusional distribution is the location mixture of the noncentral f distribution with 

thr i1lc11lity matrix as th«- srn.le matrix. Finally, in Section 4, the results of the previous 

sr<"tions ar«- ext«-n<lcd lo cover the cases of orthogonally invariant (David, 1977; Diaconis, 

Eaton and Lauritzrn, 1!)!)2) st'qucnces of p-dimensionn.1 random vectors and it is shown 

that similar coaulition!i implies that the mixing mca.~ure is the Wishart distribution. 
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2. Preliminaries 

Diaconi, and Ylvisaker {1979) provide a characterization of the conjugate priors for 
the natural parameter of a regular exponetial distribution. They show that linf'arity of thf' 
posterior expectations imply that lhe prior distribution must be conjugated. Their m...in 
result is stated in the sequel. Let µ be a o--finite measure on the Borel sets of R". Consider 
the convex hull of the support set of the measureµ, and let ,\' be the interior of this sel. 
Assume that ,\' is a nonempty open set in R'. For 9 E R', define 

M(S) =log/ e•·'µ(dz) 

and let 8 = {l;M(I) < 00}, a nonempty open set in R'. The exponential family {P,} of 
probability measures through µ is determined by-

(4) 

The puameter I is called the natural puameter. Also, if X is ad-dimensional random 
vector with distribution P, of (4), then differentiating the identity 

L P,(dz) = 1, 

with respect to I and making adimissible interchanges of differentiation and integration, 
we find that 

E(Xl8) .. M'(8), 

where 

M'(I) = (8M(9) 8M(9))' 
ae, •···· ,, · 

Here 8 denota a randcm -vector and I a particular value of 0. 

Theorem 1. (Diaeon.u •-' Yl.ud:er,1979). Sa,,o,e tlat 8 i, ope"'" R'. Ld X •e • 
Hmpl,: of •i~e one from P, give• in U) an, ••710.te tlat tle ••pport •/ µ contairu •• open 
inten,al in R'. If 8 lu • prior '-•tm•tion, .. , toAiel ,oe, n.ot eo,.centrate at • .tingle 
point an, i/ 

E{M'(8)IX) = oX + b, 

for .tom,: eouunt o •-' • c:on.ttaat Hdor 6, tlen o ,t;. 0, .- i, d,ol1atelp continvo1'ol toitA 
rup,:d to ,A,: Lc6e,pe meuure anl la, flen.tifJ 

3. Pndltlvi.stlc characterization of the multivariate 
t distribution 
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Let 0,. be the group of nxn orthogonal matrices. An infinite sequence of real random 
variables, 11ay, X1, X2, •.. , is said to be orthogonally invariant if, for each n, x<•) = 
(Xi, .. ,,X,.)' bas an 0,.-invariant distribution, that is, for each n, x<•> and rx<•> are 
identically distributed, for all r e 0,.. For example, if z., Z2, ••• , have independent 
and identically distributed (i.i.d.) coordinates which are N(O,o-2), then the sequence is 
orthogonally invariant. Let P. denote the probability on R00 of Z1,Z21 ••• , and ,r a 
probabilty measure on (0, oo ). Hence, it is clear that 

P,, = f P,1r(du) 
/10,00) 

is orthogonally invariant. It i, also true that the law of all infinite sequences of orthogonally 
invariant random real variables can be represented in this maner. This representation bas 
been shown to hold in a number of different contexts (Kelker, 1970; Kingman, 1972, 
Andrews and Mallows, 1974; Diaconi, and Freedman, 1987). Ao interesting review on the 
subject can be found in Eaton (1989). We state the next result following Kingman (1972). 

Theorem 2. (Kingman, 1971) Ld Xa,X2 , ••• , 6e an infinite ,epence of random 1'aria61e, 
whicla are orthogonallp in111&rianC. Tlaen there i., a non-neg1ti11e real ranlom Hriable V ••cl 
that, conditional on V, the Xa,X2 , ••• , are indepenlent 1nl normallJ li.dri6•tel with mean 
zero and 11ariance V. 

The random variable V defined io the previous theorem may be expressed more ex­
plicitly in a different number of ways. For instance, the strong law of large numbers shows 
at once that 

with probability one. This fact is used in the next result. 

Remark 1. If in Theorem I we put the J.rther conlilion that X1 = O with pro6a6ilitr 
zero then µ{u;O' > O} = 1 (Eaton, 1981) whereµ i, the Law of V. Tlai, /ad follow, from 
the identitp 

P(Xa = OJ = / P,(Xa == O)µ(d«7), 

with P,(Xa = 0) = IcoJ(O'). 

Proposition 1. Ld Xa, Xi, ... , 6e •n infinite aepence of ranum 111ria6le, orthoganall1 
invariant .,.cla tlaat Xi = 0 witla pro6a6ilitr one. If Var[X2IX1) - aXf + 6, /or O < o < 1 
ind 6 > O, tlaen, for •nr n, X(•J = (X,, ... ,X,.)' i, wtri6uted., t.(O,I,.,0-16,0-1(0+ 
1 )). Tlae con11er,e al.,o laoll,. 

Proof. By using Kingman'• Theorem, the first condition implies that conditional on V, 
x<nl is N,.(O, VI,.), whl"re V > 0 with probability one. 

Let Yj = Xl, i = 1, 2, .... Then1 given V = 11, the~•• are iid gamma random variables 
with parameters v/2 and 1/2, denoted by f(v/2, 1/2) and setting I = -(2vJ-1 , we have 
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that 

where 

and 
1 

M(S) = - 2 log(-8). 

Using this £act and the second condition, standard properties 0£ conditional expectations 
imply that 

E[E{Yal8}1Y,) = E[E{Y,IV}IYa) = E[E{Y21V}IYa) 

= E[E{Y2IV, Ya }IYa) 

= E[Y2IY1) 

= E(E{Y21Ya}IY.2) 

= aY1 + 6. 

By using Theorem 1, we obtain that 

Thus, it follows that Vis distributed according to the IG(a-16/2;a- 1(a + 1)/2), which 
concludes the proof. 

Proposition 1 implies that the law of the sequence Ya, Yi, ... , defined above can be 
represented aa a scale mixture of the gamma distribution with the inverted gamma as a 
mixing measure. Moreover, £or each n, Y,. = (Y1, ••• , Y,.)' bu an n-variate distribution 
with a density given by 

/(v) = r[,{a (a+ 1) + n)J( -16)l•-•<•+I) n •-• a-•,+" . l ·' 
l -1 • { • }-ll•-•<•+ 1H•I 

J f f[l -1( + 1)) Cl If, ~ II, (l,cm) l 
11" 2 4 Cl iml i•I 

where (a,l,)• denotea the ca.rtesian product of (a,6) n-folds. This distribution may be 
considered aa a multivariate venion of the ordinary Betal I distribution ( Olkin and Rubin, 
1964; Tan, 1969) and is called then-variate inverted Dirichlet in Tiao and Guttman (1965), 
where it is denoted by 

a-1uD,.(j•··., ji ½a- 1(a + 1)). 

The oot.atioo and the rault that foUowa next are used to characterize a clasa of 
orthogonally invariant random ftriables which c:&D be represented u a location mixture of 
a multivariate oonc:entral t distributi011. Let 0,.(1,.) = {A e O,.; Al,. = 1,.), where 1,. is 
a vector of onea of dimension n. 
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Theorem 3. (SmiiA, 1981) Ld X 1, X2, .. • , 6e •ra infinite ,e9uence of real n1nlom'11&ria6le, 

.tucla tla&t, for any n, i!e Ji.ttrihtion of X(•l i.t O.(t.) invariant. TAen, tlaere are real 

ran4om t111ria6le.1 M •n4 (nonneg1dit1e) V, ••cla iA,d conlifiono.l on M •ncl V, X1,X2, ... , 

are independent a.nd N(M, V). 

As emphasized by Smith (1981), this result is of particular interest to Bayesian statis­

ticians because it provides a characterization of the form of the aubjective usesment about 

the sequence x<•l which would justify using a normal likelihood together with a prior dis­

tribution for (M, V). The parameters M and V may be interpreted as the limits of the 

sequences { .X,.} and { S!}, that is, 

lim .t. = Al, and lim S! = V, 
"-oo •-ao 

with probability one, where Xn = n-1 E:'. 1 X;/n and 5! = n-1 E:.1(X; - .X,.)2• 

Remark 2. U.sing .timilar 11rgumenu u in in Remarl 1, it can 6e .shown tla1d i/ in Tlaeorem 

j we incl"cle i!e 4',litional condition tlaaf X 1 = X 2 vii! 1rolua6ilifr zero, i!en V > 0 wit/a 

probability one. 

Proposition 2. Ld X 1, X2, .•. , 6e an infinite .te9uence of real ranclom Hridle, ,uch that, 

for any n, tlae dutri6ution of X'•l i., • O.{l.) in11&riant cli.dri6ution. If, acl,litiono.llr, 

(5) 

JorO <a< 1 an.cl 6 > 0, i!entlae law ofX(•) i, alocationmizf•rc o/t,.(M,l,.,a-16,a-1(a+ 

1 )). Furt/aermore, M 11n4 V •re indepenclent. 

Proof. Standard properties of conditional expectations and assumption (5) imply that 

E(E{(X1 - M)2 IM, V}l(X1 - M)2 ,M) = E(E{(X2 -M)2 1M, V}l(X1 - M)2,M) 

= E[E{(X2 - M)2 l(X1 - M)2,M, V}l(Xi - M)2,M) 

= E[(X1 - M)2 l(X1 - M)2,M] 

= E[E{(X, - M)2IX1,M)}l(X1 - M)2 ,M] 

=a(X1 -M)2 +6. 

Let P., be the conditional law of Xi,X2 , ••• , given M = m and let E,. be the expectation 

operator with respect lo P,.. Theo, by the previoua identities we have that 

E,.,(E,.,{(X, - m)2 1V}l(X1 - m)2)-= a(X1 - m)2 + 6. 

Now, if Pl">(.lv) denote the P,.-law of x<•I = (X,, .••• X.)', we have that p!_•>c.111) is 

the N.(ml.,vI.). Moreover, since for each realm, the sequence X1 - m,X2 - m, ... , is 

orthogonally invarinnt relative lo P,.,, it follows from Proposition 1 that 

(6) 
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whim implies that 

j J>!.11>(.lv)ir,..(clv) 

ii the t 11(m,I,.,a-•l,,a-1(a + 1)). Finally, we note that the conditional distribution of V 
given M • m doa not depend on m. Hence M and V are independent, which concluda 
the proof. 

4. A Predictivistic characterization of the matric-variate 
t distribution 

Here the results of the previous section are extended to the matrix case. In the sequel, 
A ® B denotes the Krooecker product of the mxm matrix A and the pxq matrix B which 
is defined as the mpxnq matrix with entries 

where A= {ai;) and B = {~r,}, 
The nxp random matrix X has a matrix-variate t distribution, say X ~ t(M, C, D; d), 

where M is a nxp location matrix and C and D are nxn and pxp positive definite matrices 
and d + (n - l)(p - I} > 0, if the density of X is given by (Dickey, 1967) 

r [l(d + p)J101t<.r+< .. -o,>1c1-b 
/(XIM,C,D,d) = ' 1 n ID+(X-M)'c-1(X-M)i-t<1+11,>, 

irt•,r ,(½(d + n(p- l)}J 

where 

The above notation differs from that of Dickey (1967) and Dawid (1981), who denote the 
above distribution by t(C, D, M, d + np) and t(d + (n - l){p - l); M, C, D), respectively. 
The major diference being in the degrees of fredom parameter. It is also known that the 
t(O,l11,D,d) is a mixture of N(O,l,.®V), in the pxp positive definite scale matrix V. The 
mixing measure is the Inverted Wishart with parameters D and d + n(p - 1), wich we 
denote by IW,(D,d + n(p-1)), with density given by 

10It<'+11<,-1)) ,r(dV),.. ~--;.._;;-------jVj-l(4+t1(p-l)+p+l)ef'1-lDV·'Jc1V 
2t<4+•<,-mr ,(½(d + n(p - 1))) ' 

for any positive definite matrix V and zero otherwise. By using similar arguments u the 
ones considered in the previous aection, we characterize this mixing measure by setting 
additional conditions on the orthogonally invariant random column vectors of the matrix 
X. First we state a theorem due to Dawid (1978). Let X1,X2,, .. , be a sequence of 
p-dimensional randam column vectors. For each t, let xc•> be the hp matrix whose rows 
are the transposed vecton X~, . .. , X~. The group of hk orthogonal matrices, O,, acta on 
X('l by left multiplication. The sequence X1, X2 , ••• , is said to be orthogonally Invariant if 
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for each k, the law of X(lt), say p(ltl, is 01; invariant. Now, let P be the law of the sequence 

X1, X2 , ••• , and let Q,; denote the law of Y 1 , Y 2 , ••• when the Y!.1 are independent and 

identically distributed N,(O, :E) and Qnr; is the N(O, In © :E) distribution. 

Theorem 4. ( Dawid, 1978). If X1, X1 , . .. , i.1 orthogonally invariant, then there i.t a 

unique probability meaJure /J defined on the Bord .1etJ of s;, the Jet of all prp .1ymetric 

nonnegative definite matriceJ, .1uch that 

p = I Q.µ(dE). 

In particular, for each k, 

p<•l = / Q,,;µ(dE). 

T/ac convcr.,c i.t al.,o true. 

In other words, if X1, X2 , ••• , is orthogonally invariant, then there exists a pxp sym­

metric nonnegative definite matrix V, such that for each k, conditionally on V, X,, ... , X1r 
are independent and identically distributed N1(0, V). From the strong law of the large 

numbers, it follows that 

with probability one. 

Remark 3. If If in Theorem 4 we include t/ac additional condition t/ad X 1 , ••• , X, are 

linerlJ inclepcnclent with probability zero, t/acn 

µ{:E; :E is positive definite} = 1, 

where µ i, the law of V. Thu follow.1 aimilarl1 u t/ac reault i,a Remark J a nil muru t/aid 

i/ X1, •.. , X. arc random identically di.ttri6utecl N.(O, E) •cdor, with :E po,itivc definite, 

t/acn X1, ... , X. are linearly tlcpcnilcnt with probabilit1 zero (Mairhcatl, 198!). 

Proposition 3. Let X 1, X2, ... , 6c a,a infinite ,c91&cncc •/ p-dimcn.1ional column vector, 

111/aic/a are ort/aogonally invariant and for k fizeJ. Id X~I.) = (X(i-l)lt+t, ••• , X;1t )', i = 
1, 2, •... If X., ... , X, arc linearly independent with probabilit1 one and 

(8) 

111Aere O < a < l and B u a pzp po,itivc clcfinitc matriz, theft the cli,trill•tion o/ x<•> i, 

tlc t(O,l.,a-•B,a-•(a + p)- n(p- l))di.stri6ution. 

Proof. The first condition and the previous theorem implies that, for each n, the cliatribu­

tioo of x<•> given V is N(O, I.® V), where V is a positive de6nite matrix with probability 

Let Y, - x<,>' x'1> · 1 2 one. i - i i , a = , , .... Because V is positive definite then, given V, the 
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Y:• are pxp poeitive definite matrices with probability one (Remark 3) and identicall7 
distributed according to the p-dimensional Wishart distribution with parameters V and p, 
which we denote by W,,(V,p). Setting 8 = -(2V>-1 we obtain a ½p(p+ !)-variate denai&y 
for Y 1, which we write as 

where 

µ(dY1) = {f(~p)}-1 IY I i- 112dYi. 

Standard properties of conditional expectations and (7) imply that 

E(E{Y1l8}1Y1) = E(E{Y1IV}IY1) 

= E(E{Y2IV}IY1) 

= E(E{Y2IY1, V)IY1) 

= E(Y2IY1) 

=aY1 +B. 

Now, using Theorem 1, it follows that 

which implies that -8 is distributed according to the W,(2a- 1B,a-1(a + p)). Conse­
quently, V is distributed according to the IW,,(a-• B, a-• (a+ p)), which proves the theo-
rem. 

Ao extension of Proposition 2 follows by making minor changes in Proposition 3 and 
using 10me results in Diaconis et al. (1992). Let Xi, ... , X,. be p-dimensional random 
column vectors, Conning the nxp matrix 

The group 0 11(1 11) acts 011 Xl 11> by left multiplication. The law of X(II) is asummed to be 
0,.(1,.)-iovarianl. Let p<t> be the law oC x<t> and 

where m = (m1 , ••• ,m,,)' is in R". 
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Theorem 5. (Di•conu, E•ton &nd Lauritzen, 1991). Suppo,e tAat Clere end,• prok6il• 

itr mea.n,rc µ on R'%St, ,uch that for •II k tDith p+ k + 2 < n - 1, the 11&riation ,li,tance 

khoeen pU) and QUI i., bounded obove by 

2{(1 - .l: + p + 2)-c - l} + 2{(- n-)l' -1}, 
n-1 n-2 

where c = t2 /2 1&nd t = min{k,p}. 

Let now X 1 , X 2, ••• , an infinite sequence of p-dimemional random column vectors such 

that for each n, the law of x<•>, say, p(•>, is 0,.( 1,.)-invariant and let P be the law of 

the infinite sequence. Suppose also that E[X1) < 00 and E(X 1X~J < 00. Hence, with this 

condition, an infinite version of Theorem 5 can be obtained by using similar arguments 

as in Diaconi1 et al. (1992). In fact, Crom the infinite exchangeability of {X,.; n e N}, if 

E(X1) < oo and E(X1X~J < 00, then the there exists a a-algebra 'T of events such that 

(Chow and Taicher, 1978) 

- 1 • • • 
x,. = - EX;.: . .- E[X,l'T) = M, 

n i•l 

and . . . 
1~ - - ,.. , )' 

S,. = - L.)X; - X,.)(Xi - X,.) .: . .- E(XaX1l'T)- E(X1l'T]{E(X1f'T} = V. 

n i•I 

By stting µ 11 as the P-law of (X,.,S,.) and using Theorem 5 it follows that p(ll = Q~l), 

for all k, whereµ is the measwe of (M, V). 

Let, now 

X<,J - • (
X(1-o,) 

' - : ' 
x~., 

and z<•> = x~•> - X~'1• It follows by virtue of arguments similar to the ones considered 

in Remark 3 that if 

P(Za, ..• , Z.,are linearly dependent] = 0, 

where Z; = Xi - X,+1t i =I, ... ,p, then 

p{R'x{V; V ii poeitive definite}} = 1. 

Proposition 4. Let X1,X2, ... , 6e •• infinite ,epence o/p-limen,ioad nanlom colam• 

•edor, ••cl t4aC for all n, x<•> u 0,.(1,.)-invariant. If M, V an,l z, arc u ,lefine,l dove 

•nl i/ 

E((X~> - 1,M')'(X~,> - 1_,M')IX!-'>, M} = a(Xt'> - 1,M')'(Xt'> - 1,M') + B, 
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where 0 < a < 1 ancl B i., • pzp ,ymmetric po,itive definite matriz, then x<"I i., • mizture 
in the location parameter o/f(l~M.I,.,a-•B,a-1(a+p) ·-n(p- l)). Furthermore, Man.I 
V are independent. 

Proof. Using similar arguments as in the proof of Proposition 2 we have 

(8) 

Let Pm be a regular conditional probability version of Xi, X 2 , ••• given M = m and Em(,) 
the expectation operator relative to Pm. Then the Pm•law of Y1 = X 1 - t,m' given Vis 
N(t,m',I, ® V}. Morerover, (8) implies that 

which together with Proposition 3 concludes the proof. 
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