





that
(2) E[Xp|Xe] =0 and Var[XenlXa] = aX} +0b,

where a = (d — 1)~ and b= (d - 1)"'D.

It is well known that the to(0,1,, D,d) is a mixture of the Na(0,v1,) in the scale
parameter v. The mixing measure is the inverted gamma distributin with scale and shape
parameters D/2 and d/2, respectively, wich we denote by IG(D/2;d/2), with density given
by

D!
214l

(3) n(dv) = v~ MNP g v,

where

_J1, ifzeA,
Ta(z) = {0, otherwise.

Thus, it follows that a multivariate ¢ distribution can be derived in two stages. In the first
stage the conditional distribution of X given the scale parameter is specified. The second
follows by specifying the prior distribution for the scale parameters. By adopting the pre-
dictivitic approach (de Finetti, 1931, 1937), this stages are replaced by the judgment about
the observables (Iglesias, 1993; Wechsler, 1993). For example, the judgement of invariance
under various groups of orthogonal transformation over infinite sequences of random quan-
tities implies (Kingman, 1972; Smith, 1981; Diaconis, Eaton and Lauritzen, 1992) that the
law of the sequence of observables can be represented as mixtures of conditionally inde-
pendent normally distributed quantities. However, this type of condition does not permit
one to characterize the mixing measure. Additional conditions can be examined to obtain
the form of the mixing measure. Diaconis and Ylvisaker (1985) provided some results in
this direction. They characterize a scale mixture of exponential distributions with mixing
measure gamma by judgements of simmetry and additional conditions in terms of how one
would predict Xo41 given X,,..., Xa. These results follows by using a theorem presented
in Diaconis and Ylvisaker (1979), where the conjugate prior of a specified exponential fam-
ily is characterized through the property of linear posterior expectations. This theorem is
stated in Section 2. In Section 3, we use this result to characterize the mixing measure in

“the representation of infinite sequences of random quantities under special groups of or-
thogonal transformations. First, we consider orthogonally invariant random sequences and
we show that if the observables satisfy the second property in (2) then any n-dimensional
distribution is the spherical ¢t distribution. Hence, we show that if the random sequence
is invariant under orthogonal transformations that preserve the vector of ones and sat-
isfy an additional condition similar to the second condition in (2) then, for each n, the
n-dimensional distribution is the location mixture of the noncentral t distribution with
the identity matrix as the scale matrix. Finally, in Section 4, the results of the previous
sections are extended to cover the cases of orthogonally invariant (David, 1977; Diaconis,
Eaton and Lauritzen, 1992) sequences of p-dimensional random vectors and it is shown
that similar conditions implies that the mixing measure is the Wishart distribution.
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2. Preliminaries

Diaconis and Ylvisaker (1979) provide a characterization of the conjugate priors for
the natural parameter of a regular exponetial distribution. They show that linearity of the
posterior expectations imply that the prior distribution must be conjugated. Their main
result is stated in the sequel. Let u be a o-finite measure on the Borel sets of R4. Consider
the convex hull of the support set of the measure 4, and let X be the interior of this set.
Assume that X is a nonempty open set in RY. For 8 € R¢, define

M(8) = log / e u(dz)

and let © = {0; M(8) < co}, a nonempty open set in RY. The exponential family {P,} of
probability measures through u is determined by

4) Py(dz) = e* "M Oy(dz), 4€®O.

The parameter @ is called the natural parameter. Also, if X is a d-dimensional random
vector with distribution P, of (4), then differentiating the identity

/ar Pi(dz) =1,

with respect to @ and making adimissible interchanges of differentiation and integration,
we find that
E[X|©] = M'(0),

where

58,

Here © denotes a random vector and 6 a particular value of ©.

Theorem 1. (Disconis and Yivisaker,1979). Suppose that © is open in R4, Let X be o
sample of size one from Py given in () and suppose that the support of u contains an open
interval in R%. If © has & prior distribution, x, which does not concentrate at @ single

point and if
EM'(©)|X] =aX + b,

for some constant a and & constant vector b, then a # 0, x is sbsolutely continuous with
respect to the Lebesgue measure end Ras density

I’(d‘) = ke(a"b.l—c"(l—l)u(l))da.

3. Preditivistic characterization of the multivariate
t distribution
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Let O, be the group of nxn orthogonal matrices. An infinite sequence of real random
variables, say, X;,X2,..., is said to be orthogonally invariant if, for each n, X(*} =
(X1,....X,) has an O,-invariant distribution, that is, for each n, X! and X" are
identically distributed, for all ' € ©O,. For example, if Z;,2,,..., have independent
and identically distributed (i.i.d.) coordinates which are N(0,0?), then the sequence is
orthogonally invariant. Let P, denote the probability on R*® of Z;,Z;,..., and x a
probabilty measure on [0, 00). Hence, it is clear that

P, = A : ) P,x(do)

is orthogonally invariant. It is also true that the law of all infinite sequences of orthogonally
invariant random real variables can be represented in this maner. This representation has
been shown to hold in a number of different contexts (Kelker, 1970; Kingman, 1972,
Andrews and Mallows, 1974; Diaconis and Freedman, 1987). An interesting review on the
subject can be found in Eaton (1989). We state the next result following Kingman (1972).

Theorem 2. (Kingman, 1972) Let X\, X3,..., be an infinite sequence of random variables
which are orthogonally invariant. Then there is a non-negative real random varigble V such
that, conditional on V, the X;, X,,..., are independent end normally distributed with mean
zero and variance V.

The random variable V defined in the previous theorem may be expressed more ex-
plicitly in a different number of ways. For instance, the strong law of large numbers shows
at once that F

SRS A,
=

with probability one. This fact is used in the next result.

Remark 1. If in Theorem 2 we put the further condition that Xy = 0 with probability
zero then p{o;0 > 0) = 1 (Eaton, 1981) where p is the law of V. This fact follows from
the identity

PlX, = 0] = [ P(X, = O)u(de),
with P (X, =0) = Ioy(o)-

Proposition 1. Let X;,X,,..., be an infinite sequence of rendom variables orthoganally
invariant such that X, = 0 with probabdility one. If Var[X;]X;] = aX? +b, for0<a<1
snd b > 0, then, for any n, X(™ = (Xy,...,X,) is distributed s t2(0,I,,67'b,6"(a +
1)). The converse also holds.

Proof. By using Kingman's Theorem, the first condition implies that conditional on V,
X is N.(O, V1,), where V > 0 with probability one.

LetY; = X},i = 1,2,.... Then, given V = v, the ¥/s are iid gamma random variables
with parameters v/2 and 1/2, denoted by I'(v/2,1/2) and setting § = —(2v)~!, we have
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that
Py(dy,) = e~ M y(dy,),

where
uldyr) = (xy1)™ 1o cop(y1 )dun
and
M(8) = 3 log(~6).

Using this fact and the second condition, standard properties of conditional expectations
imply that
E[E{vi|6}INi] = E[E{|V}INi] = E[E(Y2IV}T]

= E[E{(n1]V,}IN)
= E[Y;I%]
= E[E("a)h}IYY)
=aY; +b.
By using Theorem 1, we obtain that

k

afa—i(a+) A L L(o,00)dv.

x(dv) =

Thus, it follows that V is distributed according to the IG(a~'8/2;a~'(a + 1)/2), which
concludes the proof.

Proposition 1 implies that the law of the sequence Y}, Y;,..., defined above can be
represented as a scale mixture of the gamma distribution with the inverted gamma as a
mixing measure. Moreover, for each n, Y, = (1},...,Ya) has an n-variate distribution
with a density given by

T(0,00)e

- a =l (at1)4n]
r[%(a"(a +1) 4+ n)) 1y de~"(a41) }-1) o
= - e (e . b .
)= S le@en @ Y I ™ (a4 3o
where (a,b)® denotes the cartesian product of (a,b) n-folds. This distribution may be
considered as & multivariate version of the ordinary Betal[ distribution (Olkin and Rubin,
1964; Tan, 1969) and is called the n-variate inverted Dirichlet in Tiao and Guttman (1965),
where it is denoted by

.r'bm.(;,.... %; -;-a"(a +1)).

The notation and the result that follows next are used to characterize a class of
orthogonally invariant random varisbles which can be represented as a location mixture of
a multivariate noncentral t distribution. Let 0,(1,) = {A € O,; Al, =1,}, where 1, is
a vector of ones of dimension n.



Theorem 3. (Smith, 1981) Let Xy, Xa... ., be an infinite sequence of real random variables
such that, for any n, the disiribution of X" is Ou(1,) invariant. Then, there are resl
random variables M and (nonnegative) V, such that conditional on M and V, Xy, Xa,...,
are independent and N(M,V).

As emphasized by Smith (1981), this result is of particular interest to Bayesian statis-
ticians because it provides a characterization of the form of the subjective assesment about
the sequence X(*) which would justify using a normal likelihood together with a prior dis-
tribution for (M, V). The parameters M and V may be interpreted as the limits of the
sequences {X,} and {S?}, that is,

lim X, =M, and lin:oS?. =V,

with probability one, where X, =n~' 10, Xi/n and S} =n"" T (X - Xa)%

Remark 2. Using similar arguments as in in Remark 1, it can be shown that if in Theorem
$ we include the additional condition that X, = X; with probability zero, then V > 0 with

probability one.

Proposition 2. Let Xy, Xa,..., be an infinite sequence of real rendom variables such that,
for any n, the distribution of X s a On(1,) invariant distribution. If, additionally,

(8) E((X; — M)*|X,, M] = a(X, - M) +b,

for0 < a<1andb>0, then the law of X'™ is & location mizture of t.(M, I.,a'b,07 (a4
1)). Furthermore, M and V are independent.

Proof. Standard properties of conditional expectations and assumption (5) imply that
EIE{(X, - MPIM,V}I(X, - M)?, M] = E[E{(X; - M)}|M, V}|(X, - M), M]
= E[E{(X: - M)*|(X; — M)*, M, V}I(X) — M)*, M]
= E[(X) - M)'(X, — M)*, M)
= E[E{(X) — M)*| X\, M)}I(Xy — M)*, M]
= a(X; = M)’ +b.

Let P, be the conditional law of X;, X3,..., given M = m and let E,, be the expectation
operator with respect to Py. Then, by the previous identities we have that

En[En{(Xy - mPIV}(X; — m)?] = a(X; —m)’ +b.
Now, if P{(.lv) denote the Pp-law of X(* = (X,,...,X.), we have that P ) is
the N,(m1,,vl,). Moreover, since for each real m, the sequence X; — m, X3 —m,...,is
orthogonally invariant relative to P,,, it follows from Proposition 1 that

(6) T (dv) = ky—de e )42) — fa=tie! Tl

]



which implies that
[ P toyrn(ao)

is the ty(m,I,,a7'b,a~"(a + 1)). Finally, we note that the conditional distribution of V
given M = m does not depend on m. Hence M and V are independent, which concludes
the proof.

4. A Predictivistic characterization of the matric-variate
t distribution

Here the results of the previous section are extended to the matrix case. In the sequel,
A ® B denotes the Kronecker product of the mxm matrix A and the pxq matrix B which
is defined as the mpxng matrix with entries

(A ® B)ir.jl = ai)'bru

where A = {a;;} and B = {b,,}.

The nxp random matrix X has a matrix-variate ¢ distribution, say X ~ t(M, C, D;d),
where M is a nxp location matrix and C and D are nxn and pxp positive definite matrices
and d+(n —1)(p — 1) > 0, if the density of X is given by (Dickey, 1967)

Tpl1(d + np)][D|} 4+ (»-Dp) |- 4

_MYCO-Y_ —§(d4np)
SN I

f(X|M,C,D,d) =

where .

1 1

Zq] = g ir(>-1) e ]

Fulgel =40~ [ 30—+ 1)

The above notation differs from that of Dickey (1967) and Dawid (1981), who denote the
above distribution by #(C, D, M,d + np) and t(d + (n — 1)(p — 1); M, C, D), respectively.
The major diference being in the degrees of fredom parameter. It is also known that the
¢(0,1,, D, d) is a mixture of N(0,I,® V), in the pxp positive definite scale matrix V. The
mixing measure is the Inverted Wishart with parameters D and d + n(p — 1), wich we
denote by IW,(D,d + n(p — 1)), with density given by

[Dj}44nC-1)
24(4=(r=0T, [}(d + n(p - V)]

*(dV) = [V[-4+0-D4p41m-{DV- " gy

for any positive definite matrix V and zero otherwise. By using similar arguments as the
ones considered in the previous section, we characterize this mixing measure by setting
additional conditions on the orthogonally invariant random column vectors of the matrix
X. First we state a theorem due to Dawid (1978). Let X,,X;,..., be a sequence of
p-dimensional random column vectors. For each &, let X(*) be the kxp matrix whose rows
are the transposed vectors X},...,X}. The group of kxk orthogonal matrices, O;, acts on
X by left multiplication. The sequence Xy, X3, ..., is said to be orthogonally invariant if
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for each k, the law of X(¥), say P® is O, invariant. Now, let P be the law of the sequence
X,.Xa,..., and let Qg denote the law of Y;,Y3,... when the Y!s are independent and
identically distributed N,(0,X) and Qgx is the N(0,1, ® E) distribution.

Theorem 4. (Dawid, 1978). If X,,X2,..., 18 orthogonally invariant, then there 1s a
unique probability measure u defined on the Borel sets of S:‘, the set of all pzp symetric
nonnegative definite matrices, such that

P= / Q. u(dE).

In particular, for each k,
PO = [ Queudn)

The converse is also true.

In other words, if X;,X3, ..., is orthogonally invariant, then there exists & pxp sym-
metric nonnegative definite matrix V, such that for each k, conditionally on V, X;,..., Xy
are independent and identically distributed N,(0,V). From the strong law of the large
numbers, it follows that

1 e
Jim -~ ; X X! =V,

with probability one.
Remark 3. If If in Theorem § we include the additional condition that Xi,..-, X, sre
linerly independent with probability zero, then

u{E; X is positive definite} =1,

where g is the law of V. This follows similarly as the result in Remark 1 and means that
if Xi,...,Xn ere random identically distributed No(0, L) vectors with B positive definite,
then X1, ..., X, arc lincarly dependent with probability zevro (Muirhead, 1982).

Proposition 3. Let X;,Xa2,..., be en infinite sequence of p-dimensional column vectors
which are orthogonally invariant and for k fized let X?) = (X(i-a41s-- - Xar)s 1 =
1,2,.... If X,,...,X, are linearly independent with probability onc and

(8) E[x(z’)'x(z’)lx(l’)l = ax(l’)'x(l’) +B,

where 0 < a < 1 and B is a pzp positive definite matriz, then the distribution of X(™) is
the £(0,1.,a7'B,a"'(a + p) — n(p — 1))distribution.

Proof. The first condition and the previous theorem implies that, for each n, the distribu-
tion of X(™ given V‘is N(0,1,®V), where V is a positive definite matrix with probability
one. Let Y! = X?'X{” i=1,2,... Because V is positive definite then, given V, the



Y{s are pxp positive definite matrices with probability one (Remark 3) and identically
distributed according to the p-dimensional Wishart distribution with parameters V and p,
which we denote by W,(V,p). Setting © = —(2V)~! we obtain a 1p(p+1)-variate density
for Yy, which we write as

Po(dY;) = e*iO¥itirlagl-0l,ay;),

where )
wdYs) = {T(5pl} [V, as.
Standard properties of conditional expectations and (7) imply that
E[E{Y1]©}IY)] = E[E{Y,|V}|Y)]

= E[E{Y2|V}Y))
= E[E{Y2|Y1, V}Yy]
= E[Y3|Y)]
=a¥; +B.

Now, using Theorem 1, it follows that
2(d©) = k| — @)}re~"(a-N)gtrle~'BO) yg

which implies that —© is distributed according to the W,(2a~'B,a~'(a + p)). Conse-
quently, V is distributed according to the IW,(a~!B,a~"(a + p)), which proves the theo-
rem.

An extension of Proposition 2 follows by making minor changes in Proposition 3 and
using some results in Diaconis et al. (1992). Let X,,...,X, be p-dimensional random
column vectors, forming the nxp matrix

X3
X(™) =
x'a
The group O,(1,) acts on X{™ by left multiplication. The law of X(*) is asummed to be
Oa(1,)-invariant. Let P(*) be the law of X(*) and
Q¥ = / N(1am', I ® E)u(dm, dE),

where m = (m;,...,m,) isin R”.



Theorem 5. {Diaconis, Eaton and Lauritzen, 1992). Suppose that there exists o probabil-
ily measure p on R’zs:’, such that for all k with p+ k+2<n—1, the variation distance

between PY and QY is bounded above by

n

= _2)*' - l}v

2((1 - EE2E 2y _ay oy

where ¢ = t2/2 and t = min{k, p}.

Let now X;, X3, ..., an infinite sequence of p-dimensional random column vectors such
that for each n, the law of X, say, P(™ is O,(1,)-invariant and let P be the law of
the infinite sequence. Suppose also that E[X)] < oo and E[X;X{] < oo. Hence, with this
condition, an infinite version of Theorem 5 can be obtained by using similar arguments
as in Diaconis et al. (1992). In fact, from the infinite exchangeability of {Xa;n € N}, if
E[X,] < oo and E[X,X)}] < oo, then the there exists a o-algebra 7 of events such that
(Chow and Taicher, 1978)

o lgng e
Xa = ;Zx.- S E[Xu|T] =M,

im]
and
S = ‘l': E(XI = x-ln)(x| - xn)’ a:s: EIXIX'l lT] = Elxll’r]{E[xlrrl}l =V.
=1

By stting sia s the P-law of (X,,S.) and using Theorem 5 it follows that P = Q'
for all k, where p is the measure of (M, V).
Let, now
X@-1)p
x(:) - E -
(]
kp

and Z® = X{» — X It follows by virtue of arguments similar to the ones considered
in Remark 3 that if

P(Z,,...,Z,are linearly dependent] =0,
where Z; = X; — X,41,i = 1,...,p, then
p{R?’x{V;V is positive definite}} =1.
Proposition 4. Let X, X3,..., be an infinite sequence of p-dimensionel random column
vcc;o;a such that for alin, X is On(1,)-invariant. If M, V and Z, arc as defined above
ana i
E((X{ - 1,M)(XY - 1,M)[X{", M} = a(X{ - 1,M')'(X{” - 1,M) + B,
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where 0 < a < 1 end B is & pzp symmetric positive definite matriz, then X(™ is a mizture
in the location parameter of t(1,M,1,,a""'B,a~(a + p) — n(p—1)). Furthermore, M and
V are independent.

Proof. Using similar arguments as in the proof of Proposition 2 we have

E[E{(X,-1M')(X{"-1,M")IM, V}IX{”, M] = E(X{-1,M")'(X{"-1,M") X", M

(8) =a(X!” - 1,M'y(X, - 1,M') + B.

Let Py, be a regular conditional probability version of X;,X3,... given M = m and E|]
the expectation operator relative to Pr,. Then the Pn-law of Y, = X; — 1,m’ given V is
N(1,m',I, ® V). Morerover, (8) implies that

En[Em{Y1Y}|V}]Y)] = aY, +B,
which together with Proposition 3 concludes the proof.
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