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Abstract. This paper presents a total Lagrangian formulation of the Finite Element Method (FEM)
and its implementation, for static and dynamic analysis of tension structures. The proposed
formulation is based on the Principle of the Minimum Mechanical Energy written regarding nodal
positions, not displacements. The adopted finite elements are truss elements, which are adapted to
simulate positional actuators (active elements). Using these active elements one can simulate pre-
tensioned cables and compressive actuators. It is also possible to adjust tension in the cables in order
to guarantee its continuity for different spans of general suspension or tension structures. The resulting
nonlinear system of equations is iteratively solved using the Newton-Raphson method. The classical
Newmark equations are used to integrate time and three techniques to eliminate the numerical
singularity of unstressed cable problems are employed. The linear elastic constitutive law of Saint-
Venant-Kirchhoff is considered, which relates second Piola-Kirchhoff stress and Green-Lagrange
strain, but any other constitutive model can be used. Representative examples are presented to validate
the proposed formulation.
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A Positional finite Element Formulation for Tension Structures Analysis

1 Introduction

Structures in cables have a noble use in civil engineering, resulting in lightweight and elegant
structures, with interesting applications where large spaces are needed, as bridges, stadiums, bus
stations and airports, among others. Different structural cable arrangements are possible, which for
cable roof the most usual are: simply suspended cables, pretensioned cable beams, pretensioned cable
nets, tensioned straight cables and tensegric shells, as described by Santoso [1] and Buchholdt [2]. In
addition, there are basically two distinct configurations for cable-supported bridges, which are the
suspension bridges and the cable-stayed bridges.

Structural analysis of cable structures, given analytically, is quite complicated, since they are
structures with high degree of nonlinearity, mainly in assembly phase and when subjected to dynamic
actions. Due to the characteristics of this system, to define a configuration and a proper tension on
each cable element without overloading certain cables, is the challenge associated with the design of
cable structures.

There are some current scientific papers denoting strategies for calculating an isolated cable or
structures composed of cables, some of them used analytical methods and also iterative methods to
implement it, such as Jia et al. [3], Jung, Min and Kim [4], Wang, Chai and Xu [5] and Zhang et al. [6]
to analyze statically a suspension bridge, as well done by Chen et al. [7] to analyze cable-stayed
bridges.

Several numerical analyses, that as well-known, is a way to converting a continuous problem to a
discrete problem, have been published in this context, mainly using the Finite Element Method (FEM),
as done by El Debs [8]; Chatzis and Deodatis [9]; Filho [10]; Feng et al. [11] and Kim, Lee and Chang
[12], the last also uses a force based shape-finding analysis of a suspension bridge. Cardoso [13] also
used FEM, written in terms of nodal positions, as one of the models to analyze an isolated cable.

Regarding numerical modeling one can see, for example, in Ytza [14] a numerical modeling of
cable-stayed bridges to find a method to obtain a good load distribution in the cables, or Feng, Shen
and Wang [15] that studied the thermal stress and crack propagation due to temperature on the cable-
stayed bridge pylon. In the same field of thermal analysis, but as an experimental study, as done by
Yang et al. [16].

Moreover, many papers concerning the optimization of cable structures has recently been
developed, with respect to the cable system elements only, less stresses in the bridge members or to
control the vertical deflections of the deck, among others (Song, Xiao and Sun [17]; Lonetti and
Pascuzzo [18]; Asgari, Osman and Adnan [19]; Cid, Baldomir and Hernandez [20]).

In this paper, a Finite FElement Method that employs a total Lagrangian position-based
formulation, not based on displacement, was developed for application in static and dynamic analysis
of simple cable structures. The Positional MEF was first approached in Coda [21]. Regarding the
formulation for truss elements, that is the element used in this paper, one can also find several works,
as seen in Greco et al. [22], Greco et al. [23], Carrazedo and Coda [24]; Greco and Ferreira [25]. Other
research provides an interesting overview of different applications of the formulation: Fernandes,
Coda and Sanches [26], Carrazedo, Paccola and Coda [27], Siqueira and Coda [28], Gomes and Beck
[29], Soares, Paccola and Coda [30], Pascon and Coda [31] and Kan, Peng and Chen [32].

2 Formulation

This study uses an alternative formulation to solve the mechanical problem based on the Principle
of the Minimum Mechanical Energy written regarding nodal positions. A brief review is made here
mainly based on Coda [33], with current contributions in relation to the formulation so that the truss
element can represent the cable element.

The total mechanical energy of a system is written in terms of potential energy of the applied
forces (1), total strain energy ( U ) and kinetic energy (K ), as expressed:
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Mn=P+U+K . (1)
Therefore, to find the minimum energy one applies the first variation as:

éH—Z—l;’I SY = Grad (I1)- 5Y =0, 2

in which the symbol & means variation. Considering that the Eq. (2) is valid for any variation of the
position, it is concluded that equilibrium occurs when
6—1}:6—?+6—H{+6—W§:0. 3)
oY oY oY oY
The potential energy of the applied forces can be written considering three forpe types:
concentrated, distributed in parts of the surface (g ) or distributed in parts of the domain (4 ), which,
using index notation, results in:

P=—FY = [ al (So) 37 (S5)dSo = [ b7 (S6) 57 (Q)dC, - (4)

In Eq. (4), the terms Y*, y/ or y/ are the current position of the force, in which y are points of
continuum and Y refers to isolated points; Q, indicates domain and dS, is an infinitesimal area of
the analyzed surface, and index 0 that the reference is the initial one (Lagrangian). As our problem is a
simple truss element domain and surface forces are considered applied at nodes and the derivative of
potential energy of the applied forces regarding the current position is given by:

oP
— ==k, 5
o1 ; &)
The total strain energy can be written for the reference volume (7)) or it can be understood as the
work done by internal force (F™), as:

) A .
U= IVouedVO = IYOF (Y)dy, (6)
this implies that
)
= F 7
7 (7

Without loss of generality, in the present study a linear elastic constitutive law relating second
Piola-Kirchhoff stress (§) and Green strain ([&), usually called Saint-Venant-Kirchhoff elastic law
was used for modeling the problem. For truss elements the uniaxial Green strain is given regarding
length (£ ) or current positions, as:

2 2 2
g1r-a 1 (F-n) (o) + (1 -n)
2 2 [

0

and the second Piola-Kirchhoff stress for Saint-Venant-Kirchhoff constitutive model is written as:

SVK 6[_E2j
GZTE: 2@ =S$"%(E)=KE.

(€)

in which K is the elastic constant that represents the Young modulus for small strains.

Further developing the Eq. (7), expanding by the chain rule and deriving the Eq. (8) one obtains
the intern force:
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Finally, it remains to determine the part of the energy that considers dynamic effects, called
kinetic energy, as follows:

nnos Ya Ya

K= ZK ; (11)

in which Y,.a is the velocity of the node a and (M(a)) is the mass associated with the node. By

differentiating the Eq. (11) regarding current position, and doing some algebraic manipulations one
can obtain:

oK o /. -
— = M Yl_a - %Yia = },Ziwrcml , (12)
oY; (@)
where I is the inertial force, 4, is the area, p is the mass density and ¥ is the acceleration.

Thus, the dynamic equilibrium equation results in:

ﬁ‘int _ﬁ‘exr +ﬁ~iner — 6 ‘ (13)

2.1 Solution of nonlinear dynamic equilibrium equations

It can be noticed hv the Pn (10) that the internal forces are written in terms of the current

iv Laii UL LUuULCU 1adeiiadr aUILCS Qi ii1v Luiitii

(10) that written in terms
position, which implies that the dynamlc equilibrium equation is nonlinear regarding current positions.
To solve the system of equations, the Newton-Raphson procedure is used by setting the unbalanced
force vector (¢ ) in Eq. (13):

g=F"(F)+M-Y +C-Y - F* (1) (14)

where C is the damping matrix adopted proportional to the mass matrix (C =4, -M ). Equation (14)
only returns zero when the exact equilibrium position is obtained.
The Newmark method, used for time integration, is summarized by the two following equations:

Y, =Y +YAr+K; ﬂjY +/ m} (15)

Y, =Y +(1- )AiY +7/AIY+l , (16)

where B and y are parameters of the method, assumed here to be 0.25 and 0.5, i.e., constant
acceleration along time steps.

The Newton-Raphson method is applied by an expansion in Taylor series truncated in the first
order of the Eq. (14), expressed as:

g(%..)=2(¥%)+vg(r,)Ar =0, (17)

where the ¥° ", 1s the trial position. From the Eq. (17) one obtains the Hessian matrix (H ):

_(> 0TI o*U M . M
g(YHI)Z == — 42e| + 5 + yC :Hsmnc_'_ > 7C H, (18)
oY=\, oY\, PpAr  pAr BAL ﬁAt
and calculates the position correction:
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AY=-H"-g(¥’,). (19)
Thus, the AY is used to calculate a new trial position, as

7o, =72

s+1 s+1

+AY, (20)

and therefore velocity and acceleration, see Eq. (15) and Eq. (16).

The stop criterion considers a chosen tolerance (70l ) and is given by

A% o 1)
||

It remains to determine the static Hessian matrix H**, by developing the corresponding term
from Eq. (18) and using the properties of the Kronecker delta (J,) and other simple algebraic
manipulations, results

o°U, _( i

_ (/) =¥ W =T
).~y oy A P

oY or|., ¢ ( ) 50 |- (22)

kY4 |yo 0 =0 0

The algorithm presented can be used both for the static problem and for the dynamic problem, by

simply changing the characteristic input data of the dynamic problem: mass density, Newmark

parameters and increment of time, in order to disregard the part of kinectic energy (K ) related to the
dynamic effects.

2.2 Active Elements

In order to simulate the pretension of cables or even actuators present in movable structures (or
mechanisms), it is proposed to use the truss element described above as active elements or uniaxial
actuators. The actuators are truss elements subjected to a shortening or lengthening. This is done by
rewriting Eq. (8) as

E= (23)

y 2 >
{0

12— (L, +AL,)
2

in which A/, is the change of length imposed to each element, written in terms of the current time
(1,,,), as follows:

A, =a+b-t, +c-1}, +d-sen(e-1,), (24)

where a, b, ¢ and d are constants.
2.3 Providing continuous forces on cables

A continuous cable has continuity of forces along its length, therefore this strategy is intended to
adjust forces in the cables in order to provide its continuity for different spans of suspension bridges or
tension structures, or even, simply impose equal forces between disconnected cables. From Eq. (9) and
supposing, for simplification, a linear strain, the change value of the length to be imposed on the cable
elements is given by:

_ |A1S1_A2S2| ./

Al »
© K(4+4)/2 °

(25)

in which S, and S, is the stress in the cables analyzed and A4, and A, are their areas. The A/, is
added to the value of A/_, in Eq. (24). The process continues until the following convergence
condition is satisfied:

a’
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|F - F|
——F— <10l (26)
(F+Fl2)
in which F, and F, are the cables forces.
In suspension bridges, the continuity of cables can be made even more accurate, by simulating the
saddle at the top of the bridge towers, as briefly described in the next section.

2.4 Simple penalty technique to simulate sliding saddles and pulleys

The truss element is also used to simulate continuous cables over saddles and / or pulleys. in
order to make it possible, a limit length for special elements (penalty) and the point of rotation are
defined. Special elements have zero modulus of elasticity when their lengths are greater than the
predefined length (inactive element) and assume high modulus of elasticity when lengths tends to be
less than the predefined one (active element). An active element is deactivated when it presents
positive stress values. As it is a trivial penalty technique, to save space, no further details will be given
in this paper.

2.5 Removal of numerical singularity of cable problems

For the regularization of the Hessian matrix in statically cable problems different techniques can
be used, in this paper three alternatives were evaluated: (i) pretension and special boundary conditions;
(i1) damped dynamic analysis and (iii) modified dynamic analysis. In this third technique, the mass
matrix is added in the Hessian matrix, but its influence is reduced at each Newton-Raphson iteration
as:

M 1

H — Hstatic + . -
PAt st

27)
in which st is the iteration number. Therefore, the last iteration of each load step is done using static

model, for the refinement of the equilibrium position of the structure. Moreover, no inertial force is
considered.

3  Numerical Examples

Six examples are selected to verify and to present the applications of the formulation. The
tolerance adopted for equilibrium verification is to/ =1x107"*.

3.1 Crane

The following example is taken from Baiocco [34] and is used to validate the developed code
regarding loading phases. It is a crane, which the spear is lifted by the action of an actuator located at
the top end of the tower. At the end of the spear a static load of F'=3.2kN is applied in the vertical
direction and downward. The actuator is shortened until the final length of 180 mm is reached,
considering an initial length of 165v2 ~ 23334 mm. A lengthening of equal value is also applied so
that the spear moves downwards. The structure was moved in four phases, corresponding to: raising
the spear, lowering to the initial position, lowering until the lengthening imposed on the actuator
element is reached and, finally, returning the spear to the initial position. The actuator length change,
in each phase, was imposed in 15 steps.

The crane bars have 45 mm diameter circular cross section and the material has an elastic
modulus 210 GPa. The adopted boundary conditions and steel bars elements are displayed in Fig. 1.

CILAMCE 2019
Proceedings of the XLIbero-LatinAmerican Congress on Computational Methods in Engineering, ABMEC,
Natal/RN, Brazil, November 11-14, 2019



A. P. de O. Silva, H. B. Coda

0.165m

m

0.1760m l

£
[e]
i)
o«
0.165m
£
[+2]
~
s
0.165m| |
sy o

Figure 1. Simulated crane with actuator element

Figure 2 shows the displacement of the crane spear at the end of the first and third phases, as well
as the normal forces on the elements after upward movement of the spear.

1.566E+00 8.506E+01
1.161E+00 6.730E+01
7.552E-01 4.954E+01
3.497E-01 3.178E+01

3
0 0 Y G N 0 0 0 NN

-5.578E-02 }/] 1.402E+01
-4.613E-01 -3.739E+00
-2.150E+01

-8.667E-01

-1.272E+00 -3.926E+01
-1.678E+00 . -5.702E+01
-2.083E+00 -7.478E+01

(a) Vertical displacement (1) (b) Normal force in the elements (kV)

Figure 2. Vertical displacement and normal force on the crane
3.2 Cable subjected to a uniform distributed load

The problem is solved here using the proposed numerical model and compared with the parabolic
analytical solution (Schiel [35]). We adopt a distributed load (£ ) of 2 kN/m, the length of the cable of
10 meters and an arrow ( /' ) of one meter. From these values it is possible to calculate the geometrical

parameters of the cable, as well as the internal force. The cable model is given in Fig. 3.
- f -

N AT ITTTTTTR e

> H

|
T
r T

Figure 3. Parabolic cable: Adapted from Schiel [35]

Calculating the inclination (¢ ), the horizontal ( H ) and vertical (V') force at the ends of the
cable, one can obtain the normal force ( V) in the cable and the final length ( L) of the cable, as given
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by

¢:tga:#:0.40, (28)

,
v=L"_10kN, (29)

2

/2
H=L" —25pN, (30)

8f
N,=N,=N=+V>+H* ~26.93kN, (31)

L:(-/I:C-BJH# +2i¢1n(¢+,/1+¢2 )}zlo.%m. (32)

The same problem is solved using the developed computational code and three models were used
as a way to regularize the analysis of cable problems: by means of pretension, by dynamic problem
and using the modified dynamic technique.

The first regularization scheme is divided in four phases, depicted in Fig. 4. In the first one, the
structure is simulated statically by applying a shortening of 1% in the length of each bar element,
providing roller supports in the intermediate nodes so that the structure does not present singular
Hessian. In the second phase, the reduction of the elements is maintained, which would be equivalent
to a pretension and then the roller supports can be removed, since the Hessian will not be more
singular, as well the distributed load can be applied. In the third phase, the elements are lengthened
until they return to the initial length (£ ). Finally, in the last phase, the elements are lengthened until
reaching the final length (L) calculated by means of the Eq. (32). The first three phases were
performed in 10 steps, and the fourth phase in 26 steps.

PHASE 1: A¢=-1%.¢

FANIWANIRY AN ANIRY AN AR ANIRVANIRVAY

€-0.99.8

PHASE 2: A€ =-1%.
kN/m

FERRRERERRRNNNNALY

0.99.¢

PHASE 3: Af=+1%.¢
kN/m

FERRNERRNRNRRNNnNN

0.99.86 - ¢

PHASE 4: Af =+1%.¢
kN/m

T

€-L

Figure 4. Cable submitted to distributed load resolved by static model

The second regularization scheme is solved in two phases. In the first phase, the distributed load
was applied dynamically in 500 steps of time. In addition, a mass density of 7000 kg / m* and a mass
proportional damping coefficient of 0.5 were considered. In the second phase, the cable was statically
simulated, with the elements lengthened at 1% of the length until the calculated final length (L) was
reached. For this, 26 steps were required.

The last regularization scheme is solved using the modified dynamic model. In the first phase the
load was applied in 10 steps of fictitious time with the modified Hessian matrix and another step using
static model, and after the cable was lengthened in 26 steps until reaching the previously calculated

CILAMCE 2019
Proceedings of the XLIbero-LatinAmerican Congress on Computational Methods in Engineering, ABMEC,
Natal/RN, Brazil, November 11-14, 2019



A. P. de O. Silva, H. B. Coda

length ( L), also using static model.

The cable diameter is 2 ¢m and the material used is steel, assuming an elastic modulus of 210
GPa.

In order to evaluate the influence of the discretization on the accuracy of results, two
discretization were adopted: one with ten finite elements (A/,,) and the other with twenty finite
elements (Al,,).

In Fig. 5, the vertical displacement for the two discretization are presented. It is observed that the
value of the obtained arrow was very close to the value used in the analytical model (1 m).

0.000E+00 0.000E+00
-1.120€E-01 -1.116E-01
-2.241E-01 -2.233E-01
-3.361E-01 -3.349E-01
-4.482E-01 f =2 -4.465E-01
o o —
-5.602E-01 ——— -5.581E-01
-6.723€-01 -6.698E-01
-7.843E-01 -7.814E-01
I -8.963E-01 -8.930E-01
-1.008E+00 -1.005E+00
(a) 10 elements (b) 20 elements

Figure 5. Vertical displacement, in meters (72)

At the last step, the normal forces values are the ones depicted in Fig. 6. The force value at the
end of the cable calculated using the present formulation ( N Ay = 26.07 kN and N Ay = 26.33kN ) and
using the analytical model (N =26.93 kN ) are very close. )

The results obtained by means of the three regularization schemes are identical, thus, Fig. 5 and
Fig. 6 correspond to the results found by the three simulation strategies used. The modified dynamic
model dispenses some phases, necessary in the technique of the static model, and this is the model that
presents better convergence.

2.608E+01 2.634E+01
2.591E+01 2.614E+01
2.573E+01 2.595E+01
2.556E+01 2.575E+01
2.538E+401 G 2.555E+401
2.521E+01 e ——— 2.536E+01 B o
2.503E+01 2.516E+01
2.485E+01 2.496E+01
. 2.468E+01 l 2.477E+01
2.450E+01 2.457E+01
(a) 10 elements (b) 20 elements

Figure 6. Normal force on the cable in the last step (kNV)

In this way, we conclude that the positional based truss finite element is capable of representing
cable structures. In addition, it turns out that 10 finite elements are sufficient to statically simulate
cables with good accuracy.

3.3 Three-dimensional Tension Structure

This example, although simple, already brings the basic idea of the behavior of a tension
structure, and mainly, closer to a tensegric shell system. It is a structure composed of cables that must
work under tension, whose diameter is 1 ¢m, and vertical bars, which should be compressed, with 10
cm diameter. Figure 7 shows the geometry of the structure and the applied load.
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<[ =" | =

3m

Figure 7. Geometry of the tension structure

The problem was solved in two phases. Initially, the vertical bars, which are the actuators
elements, are lengthened in 1% of the length, and in this way the cables are subjected to a tension.
Then, the load (£ =5kN) can be applied to the structure without loss of stability, because the cables
remain tensioned. In fact, in this case, there was only a tension relief in the upper cables. The material
has an elastic modulus of 210 GPa.

It can be observed that the structure already has an initial instability, due to the presence of
intermediate nodes in the cables. However, as the cables are all tensioned, the structure does not lose
stability and even can be solved using static model.

The normal forces in the elements of the structure and the nodes position can be seen in Fig. 8.
5.347E+01 6.461E+01

4.543E+401 5.528E+01
3.739E+01 4.594E+01
2.935E+01 e /_Vf 3.661E+01
2.131E101 A;”; -\\\ 2.727E+01
1.327E+01 1.794E+01
5.228E+00 \l\ 8.605E+00
-2.812E+00 -7.294E-01
I -1.085E+401 . -1.006E+01
-1.889E+401 -1.940E+01

(a) After lengthen of the actuator (b) After load application

Figure 8. Normal forces on tension structure (kN)
3.4 Cable force continuity

A cable subjected to two different concentrated loads in each side (£, =5kN and F, =10kN ) is
analyzed to show the proposed strategy to simulate continuous force in cables gives good results. The
material properties are: circular cross section with diameter of 10 mm, Young modulus equal to
210 GPa e mass density of 7000 kg/m>. A sketch is given in Fig. 9.

lS kN l10 kN

3.0m ! 30m 3.0m ! 30m

Figure 9. Four cables subjected to different forces in each span

In the first phase the load was applied in 10 steps without matching cable force, using modified
dynamic technique. In the second phase the force of the two central cables was matched, using static
model. The normal forces in the cable are presented in the Fig. 10 and the horizontal displacement
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after matching forces is given in Fig. 11.

5.943E-05 5.084E-05
5.698E-05 5.082E-05
5.452E-05 5.079€-05
5.207€-05 5.077€-05
4.962E-05 5.075E-05
4.717€-05 5.073E-05
4.471E-05 5.071E-05
4.226E-05 5.069E-05
I 3.981E-05 . 5.067E-05
3.736E-05 5.065E-05
(a) Before imposing equal forces (b) After imposing equal forces

Figure 10. Normal force on cables (x10° kN )

8.803E-03
7.825E-03
6.847E-03
5.869E-03

4.891E-03
3.913E-03

2.934E-03
1.956€-03
l 9.782E-04
0.000E+00

Figure 11. Horizontal displacement due to force adjustment ()

3.5 Pulley

This example is a three-dimensional model of a pulley with a cable subject to self-weight. The
pulley is modeled by special penalty truss elements. The problem was simulated in two phases: one of
load application and another for the movement of the cable through the pulley, by lengthening
(Al =1cm ) the cable near the lower support (Fig. 12).

D LV T )

R=0.1m: -

2m  ————— Pulley

j — 09m
10eml| P€7 [2Y ‘ penalty

; IOch 10cm_,
b ¢ P

y Pulley Detail

Figure 12. Geometry of a pulley - 3D

The cable has a diameter of 10 mm, elastic modulus of 210 GPa and mass density equal to
7000 kg/m? thus the load corresponding to the self-weight is of 5,5x107° kN /m. Each phase was
modelled using 100 steps, in which the first one used a dynamic model with a mass proportional
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damping coefficient equal to 0.05 and in the second phase the modified dynamic model was used,
considering an auxiliary mass matrix and a pseudo time step equal to the real one.

Figure 13 shows the vertical displacement in the first and second phase without showing special
elements (penalty). Figure 14 shows the normal force in the cable after lengthening of the element, see
that special elements are displayed in perspective. It can be noticed in Fig. 12 that, because it is a
three-dimensional model, the pulley is simulated by means of two elements that connect pinned
supports to each node which has the possibility of having the restricted displacement, in other words,
pass through the pulley. The distance between the pinned supports corresponds to the width of the
pulley.
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Figure 13. Vertical displacement of the cable in the pulley ()
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Figure 14. Normal force on cable in the pulley (x10° kN )

3.6 Bascule Bridge

A moveable bridge is simulated using an actuator to move the bridge and a special element
(penalty) to simulate the central column, three phases are modelled. First, in order to lift the bridge,
the cable is shortened (Af =—-30cm ), and the element corresponding to the column, that is the special
element in this case, remains deactivated. Then the cable is lengthened to its initial length and the
bridge return to the horizontal position. Therefore, the column reaches its initial length, meaning that it
is activated and comes to support the bridge. The analyzed bascule bridge is shown in Fig. 15.
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Figure 15. Geometry of a moveable bridge

The material properties assumed for this analysis are: diameter of the cable d, =10mm , cross-
section area of the horizontal truss bars 4, =50cm’ and of vertical and diagonal bars are
A,=812cm’>, E=210GPa and ,0=7000kg/ m’ . During the lifting of the bridge, a distributed
load of 2 kN/m is applied on the structure and when in horizontal position the value of distributed load
is 10 kN/m.

The vertical displacement in the first phase is illustrated in Fig. 16 and see that the special
element (column) is not shown.
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Figure 16. Vertical displacement at the final of the first phase

The normal force in the structure is presented in Fig. 17. It can be observed that during lifting the
bridge, the (special) column element has zero normal force and when the bridge is in the horizontal
position, with a distributed load, the column is compressed and the cable has zero normal force on it.
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Figure 17. Normal force on the moveable bridge
4 Conclusions

An alternative formulation of the Finite Element Method, based on nodal positions, for static and
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A Positional finite Element Formulation for Tension Structures Analysis

dynamic analysis has been proposed and successfully implemented for the analyses of tension
structures and cables. Using space truss elements adapted to simulate positional actuators the present
formulation is capable of simulate pretensioned cables and compressive actuators, which are of
practical interest. Three techniques to remove the numerical singularity of statically cable problems
were used, concluding that the modified dynamic model was the one that presented better convergence
and simpler use. The formulation is also adapted to simulate restriction of displacement problems
(penalty) and to provide equal forces on chosen cables in a simplified way. Six examples were shown
demonstrating the accuracy, stability and applicability of the formulation. Future developments
include the extension of the proposed formulation to simulate representative models of suspension
bridges, cable-stayed bridges and cable roof structures, and to analyze vibration and transient
problems in near unstable structures.
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