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Abstract. This paper presents a total Lagrangian formulation of the Finite Element Method (FEM)
and its implementation, for static and dynamic analysis of tension structures. The proposed
formulation is based on the Principle of the Minimum Mechanical Energy written regarding nodal
positions, not displacements. The adopted finite elements are truss elements, which are adapted to
simulate positional actuators (active elements). Using these active elements one can simulate pre-
tensioned cables and compressive actuators. It is also possible to adjust tension in the cables in order
to guarantee its continuity for different spans of general suspension or tension structures. The resulting
nonlinear system of equations is iteratively solved using the Newton-Raphson method. The classical
Newmark equations are used to integrate time and three techniques to eliminate the numerical
singularity of unstressed cable problems are employed. The linear elastic constitutive law of Saint-
Venant-Kirchhoff is considered, which relates second Piola-Kirchhoff stress and Green-Lagrange
strain, but any other constitutive model can be used. Representative examples are presented to validate
the proposed formulation.
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in which 1F and 2F are the cables forces.
In suspension bridges, the continuity of cables can be made even more accurate, by simulating the

saddle at the top of the bridge towers, as briefly described in the next section.

2.4 Simple penalty technique to simulate sliding saddles and pulleys

The truss element is also used to simulate continuous cables over saddles and / or pulleys. in
order to make it possible, a limit length for special elements (penalty) and the point of rotation are
defined. Special elements have zero modulus of elasticity when their lengths are greater than the
predefined length (inactive element) and assume high modulus of elasticity when lengths tends to be
less than the predefined one (active element). An active element is deactivated when it presents
positive stress values. As it is a trivial penalty technique, to save space, no further details will be given
in this paper.

2.5 Removal of numerical singularity of cable problems

For the regularization of the Hessian matrix in statically cable problems different techniques can
be used, in this paper three alternatives were evaluated: (i) pretension and special boundary conditions;
(ii) damped dynamic analysis and (iii) modified dynamic analysis. In this third technique, the mass
matrix is added in the Hessian matrix, but its influence is reduced at each Newton-Raphson iteration
as:

2

1static

t st

M
H H (27)

in which st is the iteration number. Therefore, the last iteration of each load step is done using static
model, for the refinement of the equilibrium position of the structure. Moreover, no inertial force is
considered.

3 Numerical Examples

Six examples are selected to verify and to present the applications of the formulation. The
tolerance adopted for equilibrium verification is 141 10tol .

3.1 Crane

The following example is taken from Baiocco [34] and is used to validate the developed code
regarding loading phases. It is a crane, which the spear is lifted by the action of an actuator located at
the top end of the tower. At the end of the spear a static load of 3.2F kN is applied in the vertical
direction and downward. The actuator is shortened until the final length of 180 mm is reached,
considering an initial length of 165 2 233.34mm . A lengthening of equal value is also applied so
that the spear moves downwards. The structure was moved in four phases, corresponding to: raising
the spear, lowering to the initial position, lowering until the lengthening imposed on the actuator
element is reached and, finally, returning the spear to the initial position. The actuator length change,
in each phase, was imposed in 15 steps.

The crane bars have 45 mm diameter circular cross section and the material has an elastic
modulus 210 GPa. The adopted boundary conditions and steel bars elements are displayed in Fig. 1.
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Figure 1. Simulated crane with actuator element

Figure 2 shows the displacement of the crane spear at the end of the first and third phases, as well
as the normal forces on the elements after upward movement of the spear.

(a) Vertical displacement (m) (b) Normal force in the elements (kN)

Figure 2. Vertical displacement and normal force on the crane

3.2 Cable subjected to a uniform distributed load

The problem is solved here using the proposed numerical model and compared with the parabolic
analytical solution (Schiel [35]). We adopt a distributed load ( p ) of 2 kN/m, the length of the cable of
10 meters and an arrow ( f ) of one meter. From these values it is possible to calculate the geometrical
parameters of the cable, as well as the internal force. The cable model is given in Fig. 3.

Figure 3. Parabolic cable: Adapted from Schiel [35]

Calculating the inclination ( ), the horizontal (H ) and vertical (V ) force at the ends of the
cable, one can obtain the normal force ( N ) in the cable and the final length ( L ) of the cable, as given
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Figure 7. Geometry of the tension structure

The problem was solved in two phases. Initially, the vertical bars, which are the actuators
elements, are lengthened in 1% of the length, and in this way the cables are subjected to a tension.
Then, the load ( 5F kN ) can be applied to the structure without loss of stability, because the cables
remain tensioned. In fact, in this case, there was only a tension relief in the upper cables. The material
has an elastic modulus of 210 GPa.

It can be observed that the structure already has an initial instability, due to the presence of
intermediate nodes in the cables. However, as the cables are all tensioned, the structure does not lose
stability and even can be solved using static model.

The normal forces in the elements of the structure and the nodes position can be seen in Fig. 8.

(a) After lengthen of the actuator (b) After load application

Figure 8. Normal forces on tension structure (kN)

3.4 Cable force continuity

A cable subjected to two different concentrated loads in each side ( 1 5F kN and 2 10F kN ) is
analyzed to show the proposed strategy to simulate continuous force in cables gives good results. The
material properties are: circular cross section with diameter of 10 mm, Young modulus equal to
210 GPa e mass density of 7000 kg/m³. A sketch is given in Fig. 9.

Figure 9. Four cables subjected to different forces in each span

In the first phase the load was applied in 10 steps without matching cable force, using modified
dynamic technique. In the second phase the force of the two central cables was matched, using static
model. The normal forces in the cable are presented in the Fig. 10 and the horizontal displacement
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Figure 15. Geometry of a moveable bridge

The material properties assumed for this analysis are: diameter of the cable 10cd mm , cross-
section area of the horizontal truss bars 250hA cm and of vertical and diagonal bars are

281.2vdA cm , 210E GPa and 37000kg m . During the lifting of the bridge, a distributed
load of 2 kN/m is applied on the structure and when in horizontal position the value of distributed load
is 10 kN/m.

The vertical displacement in the first phase is illustrated in Fig. 16 and see that the special
element (column) is not shown.

Figure 16. Vertical displacement at the final of the first phase

The normal force in the structure is presented in Fig. 17. It can be observed that during lifting the
bridge, the (special) column element has zero normal force and when the bridge is in the horizontal
position, with a distributed load, the column is compressed and the cable has zero normal force on it.

(a) First phase (b) Third phase

Figure 17. Normal force on the moveable bridge

4 Conclusions

An alternative formulation of the Finite Element Method, based on nodal positions, for static and
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dynamic analysis has been proposed and successfully implemented for the analyses of tension
structures and cables. Using space truss elements adapted to simulate positional actuators the present
formulation is capable of simulate pretensioned cables and compressive actuators, which are of
practical interest. Three techniques to remove the numerical singularity of statically cable problems
were used, concluding that the modified dynamic model was the one that presented better convergence
and simpler use. The formulation is also adapted to simulate restriction of displacement problems
(penalty) and to provide equal forces on chosen cables in a simplified way. Six examples were shown
demonstrating the accuracy, stability and applicability of the formulation. Future developments
include the extension of the proposed formulation to simulate representative models of suspension
bridges, cable-stayed bridges and cable roof structures, and to analyze vibration and transient
problems in near unstable structures.
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